RESONANCES AND SPECTRAL SHIFT FUNCTION FOR A
MAGNETIC SCHRODINGER OPERATOR
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ABsTRACT. We consider the 3D Schrédinger operator Hy with constant magnetic field and
subject to an electric potential vo depending only on the variable along the magnetic field xs.
The operator Hy has infinitely many eigenvalues of infinite multiplicity embedded in its con-
tinuous spectrum. We perturb Hy by smooth scalar potentials V = O({(x1, x2)) ~°+ (z3) ~°I),
01 > 2, 6 > 1. We assume also that V and v have an analytic continuation, in the mag-
netic field direction, in a complex sector outside a compact set. We define the resonances of
H = Ho+V as the eigenvalues of the non-selfadjoint operator obtained from H by analytic
distortions of Ry,. We study their distribution near any fixed real eigenvalue of Ho, 2bg + A
for ¢ € N. In a ring centered at 2bqg+ X\ with radiuses (r, 2r), we establish an upper bound, as
r tends to 0, of the number of resonances. This upper bound depends on the decay of V' at
infinity only in the directions (z1,z2). Finally, we deduce a representation of the derivative
of the spectral shift function (SSF) for the operator pair (Ho, H) in terms of resonances. This
representation justifies the Breit-Wigner approximation and implies a local trace formula.
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1. INTRODUCTION

The resonance theory for non-relativistic particles satisfying the Schrédinger equation has
been developed following several approaches. Among them we can mention the analytic dila-
tion (see Aguilar-Combes [1]) or the analytic distortion (see Hunziker [10]) and meromorphic
continuation of the resolvent or of the scattering matrix (see Lax-Philips [14] and Vainberg
[20]). For Schrodinger operators with constant magnetic field, the resonances can be de-
fined by analytic dilation (only) with respect to the variable along the magnetic field (see
Avron-Herbst-Simon [3], Wang [21], Astaburuaga-Briet-Bruneau-Fernandez-Raikov [2]) and
by meromorphic continuation of the resolvent (see J.F.Bony-Bruneau-Raikov [4]).

The link between the resonances and the spectral shift function (SSF) by the so-called
Breit-Wigner approximation has been developed in different situations. Such a representa-
tion of the derivative of the spectral shift function related to the resonances, implies trace
formulas. In the semi-classical regime we can mention Sjostrand [18], [19], Petkov-Zworski
[15], J.F.Bony-Sjostrand [5], Bruneau-Petkov [6] and Dimassi-Zerzeri [8] for the Schrédinger
operator and [12] for the Dirac operator. In [4], J.-F.Bony, Bruneau and Raikov obtain a
Breit-Wigner approximation of the spectral shift function near a Landau level for the 3D
Schrodinger operator with constant magnetic field. For the last operator, under more general
assumptions, Fernandez-Raikov [9] studied the singularities of the spectral shift function at a
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Landau level. These singularities has been analysed at eigenvalues of infinite multiplicity by
Astaburuaga, Briet, Bruneau, Ferndndez and Raikov [2] for a magnetic Schrodinger operator
having electric potential depending (only) on the variable along the magnetic field.

In this paper we consider the magnetic Schrédinger operator Hy with an electromagnetic
field introduced in [2]. We suppose that the magnetic field is constant and that the electric
potential vy depends only on the variable z3 and is analytic outside a compact set. This
operator is remarkable because of the generic presence of infinitely many eigenvalues of infinite
multiplicity, embedded in the continuous spectrum of Hy. We perturb the operator Hy by a
smooth scalar potential V' analytic outside a compact set with respect to the variable xj.

The purpose of this work is to define the resonances of the electromagnetic Schrédinger
operator H = Hy + V for analytic perturbation outside a compact set in the third direction
x3. We define the resonances for H as the discrete eigenvalues of the non-selfadjoint operator
Hy obtained from the magnetic Schrédinger operator by a general class of complex distortions
of Ry,. In Section 3, we prove that the discrete eigenvalues of Hy are the zeros of a regularized
determinant dets(-) which is independent of the distortion. This justifies the definition of the
resonances. We calculate the essential spectrum of the distorted operator to determine the
sector where we can define the resonances. In Section 4, we establish an upper bound for the
number of resonances of H in a domain of size r — 0 near an embedded eigenvalue of Hj.
The second goal of this work is to obtain a Breit-Wigner approximation for the derivative of
the spectral shift function {(\) related to the resonances of the operator H, as well as a local
trace formula (see Section 5).

2. ASSUMPTIONS AND RESULTS

In this section, we summarize some spectral properties of the 3D Schrédinger operator Hy
with constant magnetic field B = (0,0,b), b > 0 and subject to a non-constant electric field

E = —(0,0, v{(x3)) depending only on the variable x3 (see [2]). We also state the main results.
Let
(2.1) Ho = Ho,p @Iy + 1, ® Hy,
where [ and I are the identity operators in L*(R;,) and L? (Rilm) respectively,

o bxx\? (.9 | bar)’ 2
2.2 Hy = (iz——— —+— | —b R
(2.2) 0,1 <Z(‘9x1 5 > + <Z(‘9x2 T , (z1,32) ERY,
is the Landau Hamiltonian shifted by the constant b, self-adjoint in L?(R?), and

2

(2.3) H07|| = + v, x3€R.

T2
dzg

The operator vy is the multiplication operator by an one dimensional scalar potential vg(x3).
We suppose that vy € L°°(R) and satisfies

(2.4) [vo| = O({a3) =),

with (x) = (1 + |:17|2)% and 69 > 1. Then using Weyl theorem, we have
d2

(25) O-ess(HO7||) = Uess(_ 2) = [07 +OO[

da
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It is well known that the spectrum of the operator Hy | consists of the Landau levels 2bg, g €
N:={0,1,2... }, and the multiplicity of each eigenvalue 2¢b is infinite (see [3]). Consequently,
the eigenvalues of Hy have the form 2bg + A where ¢ € N and A\ is an eigenvalue of the one
dimensional Schrodinger operator Hy | = —% +vo(x3). For simplicity, throughout the article

we suppose also that
(2.6) inf O'(HQ”) > —2b.

Note that, (2.6) holds true if vy > —2b. The eigenvalues of Hy, 2bg+ A, ¢ € N*, are embedded
in its continuous spectrum [0, +oo[= UyZ[2bg, co[ and are of infinite multiplicity.

Now, we introduce the perturbed operator H = Hy + V where V is the multiplication
operator by the potential V' (z). Assume that V' € L>°(R?) and satisfies

(2.7) |V (2)] = O((X 1)~ (a) ™), X1 = (21, 22),

with 6, > 2 and 4 > 1. We suppose also that V' and vg have holomorphic extensions in the
magnetic field direction x3 in the sector

(2.8) Cep:={2€C;|Im (2)] <€Re (2)|, |Re ()| > Ro >0}, for0<e<1,
and satisfy respectively (2.7) and (2.4) for z3 € C¢c.
For § € D.NR with D, := {0 € C; 0] < 7. := \/ﬁ}, we denote
Hy = (I.®Up)H(IL®U;") = Hog+ Vp,
where
(2.9) Hop = (1L ®Ug)Ho(IL ® U, ") = Ho 1 ® I+ 1, ® Hy(0)

and Hy | (0) = U9H07||U9_1 (see (3.2) for the definition of Uy). We will prouve in the next
section that the operator Hy has an analytic extension for 6 € D..

For 6 fixed in D := D, N {0 € C; Im (0) > 0}, ¢ € N and r € R, we define

(2.10) T,.0, 1= 2br + (1 + 60) %[0, +o0]

and

(2.11) Seoo = |J Troo
q<r<qg+1

The spectrum of Hy g, is purely essential and we have

(2.12) O'(H0790) = O'ESS(H0790) = U (qu + O'(HQ”(@())))
qgeN

= U (Pqﬁo U (2bq + O'disc(HO,H(eO)))) ’
qeN

where 0gisc(Ho,||(00)) = oaisc(Ho ) U{21, 22, - - - }, 0disc(Hp ) denotes the discrete spectrum of
Hy and z1, 29, ... are the complex eigenvalues of HO,”(HO). In the following, we assume that
oaisc(Ho|) = {\}. Note that A is necessarily simple.

The essential spectrum of Hy coincides with that of Hyg. We prove also that the discrete
spectrum of Hy in Sy = quN Sy is independent of § in DI (i.e. for two values 6, 2, the
discrete spectrum of Hy, and Hy, coincide on Sp, N Sy, ), (see Proposition 3.2). This justifies
the following definition.
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Definition 2.1. The resonances of H in Sp, are the discrete eigenvalues of Hg,. The multi-
plicity of a resonance zg is defined by

1
(2.13) mult(zg) := rank— [ (2 — Hp,) 'dz,
2im Jr,

where Ty is a small positively oriented circle centered at zg. We will denote Res(H) the set of
resonances.

Remark 2.1. The resonances of H in {z € C; Re(z) < 0} are the real discrete eigenvalues
of H.

D >~
)

Fig.1. The set Sp,

Now, we state an upper bound as 7 — 0 on the number of resonances of H in a ring in ),
with radiuses (r, 2r) and centered at 2bg + A, ¢ € N* fixed.

Theorem 2.1. [Upper bound] Suppose that V' and vy satisfy the above hypotheses. Then
there exist 1o > 0 and v > 0, such that, for any 0 < r < rg,

(2.14) #{z € Res(H) N Qg;7 < |2 —2bg — | < 21} = O(ny (1, vpgWpg)| Inr]),

where W = sup,,cc. , [(23)01V|, py is the orthogonal projection onto H, := ker(Hy | —2bq) and
n4(r,pgWpg) is the counting function of the eigenvalues larger than r of the Toeplitz operator
PgWpq. In particular, under our assumption we have always ny(r,psWp,) = O(r_2/5l).

The counting function n (r,p,Wp,) := rank 1, 1)(psWp,) satisfies asymptotic relations
depending on the decay of W at infinity. The following three lemmas give an upper bound
of ny(r,pgWp,) in the case power-like decay, exponential decay, or compact support of W,
respectively. For more precise results concerning the asymptotic properties, we refer to the
cited theorem.
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Lemma 2.1. (Theorem 2.6 of [16]) Let the function U € L*®(R?) satisfy the estimate
UX1) <C{X1)™™, XL eR’
for some o« > 0. Then for each q € N, we have
ni(r,pgUpqg) = O(r=),
Lemma 2.2. (Theorem 2.1 of [17]) Let U € L>(R?). Assume that

an(XJ_)

2
|XJ_|26 <0, X | € R4,

lim sup
| X1 |—o0

for some 3 >0 (with the convention In(u) = —oo if u < 0). Then for each q € N, we have
n4(r,pgUpq) = O(p(r))
where, for 0 <r < e !,

]lnr\% if 0<pB<1,
(2.15) ¢p(r) == |Inr| if g=1,
(In|Inr|)~tIn7r| if g>1.

Lemma 2.3. (Theorem 2.4 of [17]) Let U € L™(R?). Assume that the support of U is
compact. Then for each q € N, we have

n4 (1, pgUpq) = O(peo(r)),
where, for 0 <r < e !,
Yoo (r) == (In|In7|) " 1Inrl.
Now, we study the spectral shift function (SSF) for the pair (H, Hy). The SSF £()) for a
pair of self-adjoint operators (H, Hp) is a distribution in D’'(R) whose derivative is
(2.16) ¢ f € CR) — —tr (f(H) — f(Ho)) -
In our case, |V|%(H0 +14)~! is in the Hilbert-Schmidt class, (2.16) is well defined and the SSF
() is a function in L} (R).
We will see further that the resonances of H in Sy, are the zeros of the holomorphic extension
of
z€{2€C, Im 2z >0} — D(2) =deto((H — 2)(Hy — 2)™ 1)
into Sp, (see (3.1) for the definition of detz). Thus in order to obtain a link between the SSF
and the resonances, it will be convenient to introduce the regularized spectral shift function

(2.17) &(v) = %J_i)r& argdety ((H — v —ie)(Ho — v —ie)™!),

whose derivative is the following distribution (see [4])

(2.18) € < £ € CR(R) — —tr () = (o) = .1 (Ho+ V)l )

We will deduce the properties of the SSF from those of the regularized SSF using the relation
(2.19) & =&+ %Im tr (Va(Hop —2)72) .

We represent now, the derivative of the spectral shift function near 2bg + A\ as a sum of a
harmonic measure related to the resonances and the imaginary part of a holomorphic function.
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Let Q CC Q be open relatively compact subsets of C \ {0}. We assume that these sets are
independent of r and that €2 is simply connected. Also assume that the intersections between
Q and R is a non-empty interval I.

Theorem 2.2. [Breit-Wigner approximation] We suppose V' and vy satisfy the above

hypothesis. For QccQandl as above, there exists a function g holomorphic in Q, such that
for p € 2bqg+ X+ 11, we have

1 w—2bg— A —Imw
(1) = ;Img,(fﬂ’) - > Tk > o(p — w)
weERes(H)N2bg+A+rQ wERes(H)N2bg+A+rI
Im w#0

where g(z,r) satisfies the estimate

(2.20)  g(z,7) = O (ng(r,vpgWpg) | Inr| + ny(r/v) + na(r/v)) = O] lnr|r_%), v >0,

uniformly with respect to 0 < r < rg and z € §~2, with np, p =1, 2, defined by

p
, r>0.
p

PgW g

(2.21) Fy(r) == ‘

10,1/ (W)

Here, || - ||, stands for the trace-class norms (p = 1) and Hilbert-Schmidt norms (p = 2).

Using [4, Corollaryl], for W defined above satisfying the assumption of Lemma 2.1 with
o > 2, we have

(2.22) fip(r) = O(r~a), p=1,2.
Finally, if the assumption of Lemma 2.2 or 2.3 hold for W = U, we have

(2.23) np(r) = o(pp(r)) 7 \0,
the function ¢g(r) being defined in Lemma 2.2 or 2.3.

As in [15], [6] or [4] and repeating the arguments used in the proof of [4, Corollary 3|, we
deduce from Theorem 2.1-2.2 the following theorem

Theorem 2.3. [Trace formula] Let Q CcC Q be as in Theorem 2.2. Suppose that f is

holomorphic on a neighborhood of 2 and that ¢ € C(L N R) satisfies ¢ = 1 near QN R.
Then, under the assumptions of Theorem 2.2, we have the following trace formula

Lk ST (L k) PR S L/ EES S

(o1 :
weRes(H)N2bg+A+r

with
|Efo(r)] < Mgsup{|f(2)]: z € Q\ §~2,Imz <0} x Ny(r),

_2
where Ng(r) = ny(r,vpgWpg)|Inr| + ny(r/v) + na(r/v) = O(|Inrlr °1), and My depends
only on ¢.
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3. DEFINITION OF RESONANCES VIA DISTORTION ANALYTICITY

In this section, we start with the definition of the deformation for the electromagnetic
Schrodinger operator by analytic distortion on R,,. We calculate the essential spectrum
of the distorted Schrodinger operator Hy. We prove that the discrete eigenvalues of Hy are
independent of the distortion, this justifies the definition of a resonance as a discrete eigenvalue
of the distorted operator Hy. We will also prove that the resonances of H repeated with their
multiplicity coincide with the zeros of a regularized determinant dety(I + A) defined for a
Hilbert-Schmidt operator A by

(3.1) deto(I + A) := det((I + A)e™™),

(see Krein [13]). Let us now introduce the one-parameter family of unitary distortions in the
magnetic field direction x3:

(3.2 Uof () = T4 o F(6o(@), BER, feSR),

where ¢p(x) =z +0g(x), g : R — R is a smooth function and Jy, ) = det(I +0g'(z)) is the
Jacobian of ¢y(x). We suppose that g satisfies the assumption
(i) superly'(z)] <1,
(Ag) ¢ (ii) g(x) =0, in the compact set [—Rg, Ro], (see (2.8)),
(iii) g(x) =z, outside a compact set K (D [—Rp, Ro]).
We recall that
Hy:= (I @ Up)H(IL. ® Uy ") = Hog + Vp.
From (2.9) and using Kato’s theorem [11, Theorem 4.5.35] we have the following (see also
Hunziker [10] for Schrodinger operator and [12, Section 3| for the Dirac operator).
Proposition 3.1. We suppose that the potential V' satisfies all the assumptions of Section 2.
Then we have
(i) 6 € D — Hyp = Hy g + Vj is an analytic family of type A.
(ii) O'ess(Hg) = O'ess(HO,G) = 2bN + U(H0,||(9))

Lemma 3.1. The essential spectrum of Hy (6) is

(33) Oess (Ho,(6)) = {ﬁ eC; pelfo,+oof}.
The rest of the spectrum is
Udisc(H0,||) U {2’1, 22y ... },
where Udz‘sc(Ho,”) denotes the discrete spectrum of H07|| and z1,z2,... are the complex eigen-

values of Ho(0).

Remark 3.1. The part ogisc(Hp ) U {21, 22, ...} of the spectrum of Hy)/(0) correspond to
eigenvalues with infinite multiplicity of 1, @ Hy (0).

In the following we fix ¢ € N and a compact set €}, centered at 2bg 4 A such that
(3.4) Qg Noess(Hg) = {2bg + A}

Repeating arguments in the proof of [4, Proposition 1|, [4, Lemma 1] and using the resolvent
equation
(H() — Z)_l = (HO — Vg — Z)_l (I — ’UQ(HQ — Z)_l) s
we obtain the following lemma.
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Lemma 3.2. The operators V(Hy — z)~! and 0,(V(Hy — 2)™1) are holomorphic on {z €
C; Im(z) > 0} with values in the Hilbert-Schmidt class Sy and in the trace class Sy respectively.

Lemma 3.3. The operators Vy(Hog — 2)~! and 9,(Vy(Hog — 2)~1) are holomorphic for z €
Q4 \{2bg+ A} with values in the Hilbert-Schmidt class Sy and in the trace class Sy respectively.

Proof. According to (i) of Proposition 3.1 and to the definition of €, the function z +—
Vo(Hop — 2)~ ! is analytic for z € Q,\{2bg + A\}. Moreover, from the resolvent equation, for
z € Q,\{2bg + A}, we have

(3.5)  Vyp(Hop—2)"" = Vy(Ho—i)"' (14 (Ho— Hop+2—i)(Hopg—2)"").

If we denote by p, the orthogonal projection onto H, := ker(Hp | — 2bg) we have

(3.6) (Hop — 2) qu (Ho,|(0) + 2bq — 2)7h 2 € Q\{2bg + A}
geN

Since
Ho— Hog =1, ® (Hy — Hoy,(0))

the operator (Ho — Hyg)(Hog — 2)~! is bounded. Consequently, according to Lemma 3.2 and
equation (3.5), we obtain the lemma. O

Let us now introduce the function
(3.7) z € Qg \ {2bg + A} — dy(z) = deto(I + Tvp(2)),
with Typ(2) = Vy(Hog — 2z)~*. The determinant dp(2) is well defined according to Lemma 3.3

Proposition 3.2. Let V' and vy as in Section 2. The resonances of H in € are the zeros of
the regqularized determinant dg(z) = deta(I + Ty g(2)) in Q4\{2bq + A}, and are independent
on 0 € D, such that Qy N oess(Hp) = {2bg + A}.

If z is a resonance, there exists a holomorphic function f(z), for z close to zy, such that
f(z0) # 0 and
deta (I + Tvg(2)) = (= — 20)' ™ f(2),
with 0 < I(z0) = mult(zp) where mult(zy) is the multiplicity of the resonance defined by (2.13).

Proof. Since the operator Hy g has no spectrum in Q,\{2bq + A}, we have
(3.8) Hy—z=(I+Vy(Hop—2)"") (Hop — 2).

Then, if z € Q,\{20q + A} is a resonance of H which is by definition a discrete eigenvalue of
Hy, the determinant dg(z) = deta(I + Vy(Hog — 2)7!) = deta(I + Typ(2)) vanishes.

Let us recall that, if A is a bounded operator and B is a trace class operator on some
separable Hilbert space, we have det(I + AB) = det(I + BA). Moreover, for A bounded and
B Hilbert-Schmidt, we have

(3.9) deto(I + AB) = deto(I + BA).

Then, the function dy(z) = deta(I+Tvp(z)) coincide with deto(I+Tv,o(2)) = deto (I +V (Ho—
2)71) for § € R, Im z > 0 and by uniqueness of the extension, it is independent on 6 € D..
Since the resonances of H are the zero of dg(z) the resonances are independents on 6 € D..
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In a neighborhood of a zero zp of dy(z) with multiplicity I(z9), we write dg(z) = (z —
20)1#0)G(z), where G(z) is a holomorphic function in a neighborhood of zy with G(z0) # 0.
Then, by the definition of lp(z),

l(](Z /8 In deto (1—|—Tvg( ))d

%

where T is a small positively oriented circle centered at zy. Further, we have
d:Indet (1+ T(z)) =tr (1 +T(2))10.T(2)), z€Q
for any operator-valued holomorphic function 7'(z) in the trace class S;. Therefore,
9. Indety (1 + Typ(z)) = tr ((1+ Tvo(2) 0. Tvp(2)) — tr (0:Tve(z)) .

According to Lemma 3.3, 0,Tv (%) is holomorphic in the trace class, then its integral on T’
vanishes and (3.8) yields

1 _ N
lo(z) = P tr ((Hp — 2) ' Vp(Hop — 2)7 ") dz
1T T
1
=—— [ tr((Hp—2)"' = (Hyp—2)"
5im r ((Hp — 2) (Hop —2)7") dz
1
= rank% . ((Z — Hg)_l — (Z — Hoﬂ)_l) dZ

1
= rankT (z — Hy) tdz.

T Jr

In the two latter equalities, we have used that the trace of the projector coincide with its rank
and the integral of (Hpp — z)~! on I vanishes since it is holomorphic in €. O

4. UPPER BOUND FOR THE NUMBER OF RESONANCES NEAR 2bq + A

In this section, we establish an upper bound on the number of resonances in a ring of €2,
centered at 2bg + A (see (3.4)). For z € Q,, we write z = 2bg + A + 1 where 7 is a complex
number in a domain centered at 0 and 0 < r < |n[. Let W = sup,,cc,, |(x3)°1V|. There
exists a bounded function M (z) such that

V(l’) = W(XL)<x3>_263M(x), for 03 = (5”/2

According to the previous section, the resonances in €, can be identified with the points
z € Qg where the determinant dy(z) = deto( + Ty ¢(2)) vanishes. Using (3.9), we have

d@(z) = detg([ + Tvﬂ(z))
with
(4.1) Typ(2) = W2 Mp{ws)y ™ (Hop — 2) " W (w3)y ™
where My = M(XJ_, ¢9($3)) and <1’3>9 = U9<1’3>U (1 + (¢9($3)) ) .

=

Using spectral theorem, for Im z > 0, we can write

(4.2) (Hog—2)"' = p; @ (Hoy(0) — 2 + 2b5) "
JeN
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In order to study the resonances near 2bg + X, we split 7y ¢(z) into two parts:
Tvg(2) = Try + Til,

where 75 ,(z) = >, ; Tj0 and T, = >_j>y Tjo for J > g sufficiently large such that 17551 <
2 and || 75|l < % (for that we use the h-pseudo-differential calculus and the spectral theorem).
Here,

Tjo = MoB; @ (3); " Ry p(ws)y ™,
with B; = W%ij% and R;g = (Hy (0) — 2z +2bj)~'. The operator (23) % Rjo{x3) ™% is of

class trace (see [2]).

Further, let us decompose the self-adjoint operator B; into a trace-class operator whose
norm is bounded by /2 for some ¢ > 0 and an operator of finite-rank independent on r,
namely

(4.3) Bj = Bjlie/9(Bj) + Bjlje 2 400[(Bj)-
Then, for j # ¢, we have
Tio = MyBjly.ss(B;) ® (w3)y ® Rjg(r3)g* + MyBjl)e s soo(Bj) ® (w3)y ® Rjg(ws)y ™
- T3+
Let us now analyze the term 7, . Denote by p| (6) the spectral projection onto Ker(Hj j(€)—
A). We have p)(0)- = (-, )1 With 1y = Ue_li/) and v is an eigenfunction satisfying
Hoyp =M, |¢ll2@y =1, ¢ =1¢ onR.
Then we have, for n =z — 2bg — A
Ty0 =MoBy ® (x3), " Ry op) (0)(w3); " + Mg By ® (w3)y** Ryo(I — py (0)){3), ™

1 ~
=— —Tq +T,97
n

with 7, = MyB, ® (a:3>9_53p||(9)(a;3>9_53. We also have

Too = MyByli./o(Bg) @ (3)y ® Ryo(I — p(0)){zs),™
+ MyBqLye s, 4oof(Bg) ® (3)g ™ Ryg (I — py(0)) w3y ™
= T+ T
We denote by A7 (2) = 175 + X4 <y T and AS(2) = 15+ X4y j<s T + Ty
Then, we have

(1.4) Togl) = =2+ 47 () + A%(C).

We decompose the operator 7, into a trace-class operator whose norm is bounded by rv—! for
v > 0 and an operator of finite-rank:

Ty = MyByly .-1(Bg) @ (3)y 2y (0)(23)y ® + MyByly,—1 4 oo(Bg) ® (23), % p) (0)(z3),
= Tq11+ Tg2-

If we take e sufficiently small and v > 0 sufficiently large, we have the two following lemmas
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Lemma 4.1. Let 9 > 0. For z =2bg+ X +n €y and 0 <r <Imn <o, we have
(4.5) Tve(z) = Ro(z) + E(2),
where the operator Rg(z) € S1 is the holomorphic operator defined by

1
(4.6) Ro(z) = —ZTq’Q + A7 (2).
The operator Eyg(z) € So is the holomorphic operator defined by
1
59(z) = —57'%1 + A<(z).

Moreover, Ey(z) satisfies the following estimate
3

(1.7) I€(2)] < 5.

Using the limiting absorption principle for (z3) 7% R;o(z3)7%, j < ¢, the decomposition
(4.4) is also available for # = 0, and we have

Lemma 4.2. For z =2bg+ A +n€Q, and 0 <r <Imn < rg, we have

(4.8) Tvo(z) = Ro(z) + &o(2),
with Ro(z) = Ra(2) . and &E(z) = Ea(2) o Moreover, &y(z) satisfies the following
estimate - -
3
(1.9 &l < 3.

Proposition 4.1. Let V' and vy as in Section 2. For 0 < r < |n| < ro with ro sufficiently
small, z = 2bqg+ X\ +n € Qg is a resonance of H if and only if z is a zero of

(4.10) Dy(z,7) = det (I + Ro(2)(I + Ep(2)) "),

where Ry(2) is a class trace operator. Moreover, for Im z > 0, the determinant Dy(z,s)
cotncides with
Do(z,s) = det (I + Ro(2)(I +E(2))7").

Proof. By Proposition 3.2, for r < |n| < r¢, z is a resonance of H if and only if z is a zero of
dp(z) = deta(I + Ry(z) + Ep(z)). We can write

do(z) = det(I + Ro(2)(I + Ep(2)) ™) det((I + Ep(2))e o)),

According to (4.7), we have det((I + &(z))e~7v0(2)) £ 0, and then the zeros of dy(z) are the
zeros of Dy(z,r) with the same multiplicity.

Using the theory of h-pseudo-differential operators (see [7]), the resolvent (Ho (o) — z +
2b5)~! is uniformly bounded for a« € DF, j < J and Im z > 0 sufficiently large. Then for z
fixed with Imz > 1, § — Dy(z,r) is a holomorphic function on D (since the construction of
Ep(z) is not uniform with respect to €, this property is not clear for Im z > 0 near the real
axis). Using that for § € R

Dy(z,7) = det (I + UpRo(2)(I + E(2)) " U, ) = det (I + Ro(2)(I + E(2)) 1),

the function § — Dy(z,r) is constant on the real axis. Thus, by uniqueness of the extension
on 6, the determinant Dy(z,r) coincides with Dy(z,r) for Im z > 1 and 6 € DF. Moreover,
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since for  fixed in D}, z — Dy(z,7) and z — Dy(z,7) are well defined and holomorphic

for Im z > 0 (see Lemmas 4.1, 4.2), Dy(z,r) coincides with Dy(z,r) for Im z > 0. O

Since there exists an operator C' : L?*(R?) — L?*(R?) such that B, = C*C and CC* =
PgW (X 1)pg (see [9] and [4]), then for any r > 0 we have

(4.11) n(r, By) = ny. (1, psWpy),

where, for a compact self-adjoint operator A and r > 0, we set ny (r, A) = rank 1, , o) (A).
Lemma 4.3. For z =2bg+ A +n € Qy and 0 <1 < |n| <o, there exists v > 0 such that
(4.12) Dy(z,r) = O(1) exp (O(ny(r,vpsWpg) + 1)|Inr]) .

Proof. Since z — A~ (z) is holomorphic near z = 2bg+ A or n = 0 with values in Sy, for ro suf-
ficiently small, there exist a finite-rank operator A7 independent of z and A~ (z) holomorphic
in S near z = 2bq + A with |4~ (2| < £, [n| < 7o such that
(4.13) A (2) = Ag + A7 (2).

Since we have |4~ (2)|lw < %, for 0 <7 < |n| < 7o,
det (1 v AT () + 59)—1) £ 0.

It follows that for 0 < r < |n| < ro, the zeros of Dy(z,r) are the zeros of

(4.14) Dy(z,r) =det (I + Ky(z,7)),
with
(4.15) Ko(zr) = (— %Tq,ﬁAﬁ)(ugﬁp(z))—l.

We recall that 7,2 = MpBy1j,,-1 4[(By) @ (:173>9_63p|| (9)(:173>0_63. Since the rank of the projec-
tor pj(f) is equal to 1, the rank of the operator Ky(z,r) is bounded by O(ny(rv™!, By) +1) =
O(ny(r,vp,Wpy) + 1) (see (4.11)) and its norm is bounded by O(n|~!) = O(r~!) (see also
Proposition 4.1).

By the properties of Ky(z,7) for 0 < r < |n| = |z — 2bg — A\| < 19, we have

O(n4 (r,vpgWpq)+1)
(4.16) Dy(z,r) = 11 (L4 A;(z,7r) = OQ1) exp (O(n(r, vpgWpg) + 1) In 1) ,
j=1

uniformly with respect to (z,7), where \;(z,r) are the eigenvalues of Ky(z,r) which satisfy
Aj(z,r) = O(|r|71). Since

(4.17) Dy(z,7) = Dy(z,7) det (1+A>(z)(1+59)—1),
and the norm of det (I + A> (2)(I + 59)_1> is uniformly bounded, the lemma follows. O

Lemma 4.4. For z=2bg+X+n €y, and 0 <r <Im n <rg, there exists v > 0 such that
(4.18) Do(z,7)] = Cexp (—Clns (r,vpWpy) +1)|In 7)),

uniformly with respect to (z,r).
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Proof. Repeating the argument (4.13) in the proof of Lemma 4.3 for = 0 and using Lemma
4.2, there exist a finite-rank operator Ky(z,r) satisfying

rank Ko(z,7) = O (nq(r,vp,Wpy) + 1), | Ko(z,r)|| = O(r™1),
uniformly with respect to r < |n| < r¢ and an operator ¢(z) such that
Do(z,r) =det (I + Ko(z,7)) det(I +e(z))
with [|e(z)]le < 2 (see (4.17)).

Let us now estimate Dy(z,7)~" = det (I + Ko(z,7))~". For Imz > r , we have

(4.19) Do(z,r)" ' =det (I + Ko)™') = det (I — Ko(I + Ko) ™).

By the construction of K, it satisfies
-1
T+ Ko = (T+To(2) (1+&)
with & an operator bounded as [|&|| < % and

Tro(z) = Tua(2)|,_ = W) M (Ho — 2)~ () 0 WH,

Using the resolvent equation, the operator I + 7yo(z) is invertible for Im z > r > 0, and

(I + TV,O(Z))_l =T~ W {ag) ™ M(H — ) Hag) W

Then I + Kj is invertible for Im z > r and from the spectral theorem

1

[Im z|

(4.20) (I + Ko) Y| = O + W= (ag) ™™ M(H — =)™ {ws) "W |)) = O(1 + )-
Since the operator K is of finite-rank O(ny (r,vpsWp,) + 1) and using (4.19) and (4.20), we
obtain the lemma. O

The following lemma contains a version of the well known Jensen inequality which is suitable
for our purposes (see [4] for the proof).

Lemma 4.5. Let Q be a simply connected domain of C and let g be a holomorphic function
in Q with continuous estension to Q. Assume there exists zg € Q such that g(z9) # 0 and
g(z) # 0 for z € 00. Let z1,29,..., 2y € Q be the zeros of g repeated according to their
multiplicity. For any domain Q' CC Q, there exists C > 0 such that N(,g), the number of
zeros z; of g contained in Y, satisfies

N(@.g) < C ( [ Il + |g<zO>||> |

Now, applying this lemma to the function g(z) = Dy(z,7), we deduce from (4.12), (4.18)
and Proposition 4.1 the upper bound on the number of resonances near 2bg + A\ stated in
Theorem 2.1.
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5. SPECTRAL SHIFT FUNCTION AND RESONANCES

In this section, we represent the derivative of the spectral shift function (SSF) near 2bg + A
for ¢ € N as a sum of a harmonic measure related to resonances, and the imaginary part of a
holomorphic function. Asin [15], [6], [8], and [4] such representation justifies the Breit-Wigner
approximation and implies a trace formula. We deduce also an asymptotic expansion of the
SSF near 2bg + A; in the case of vy = 0, this expansion is given in [4]. For a positive potentials
V' which decay slowly enough as || X || — oo, this expansion yields a remainder estimate for
the corresponding asymptotic relations obtained in [9].

In order to obtain such a representation formula, the first step is the factorization of the
generalized perturbation determinant. To this end, we need some complex-analysis results
due to Sjostrand, summarized in the following

Proposition 5.1. (see [18], [19]) Let Q be an open simply connected domain in C\ {0} such
that QNR is an interval. Let z — F(z,h), 0 < h < hg, be a family of holomorphic functions
in Q containing a number N (h) of zeros. We suppose that,

F(z,h) = O(1)ePWNM) - e Q

and for all p > 0 small enough, there exists C > 0 such that for all z € Q, := QN {Imz > p}
we have

|F(z,h)] > e N,

Then for each open simply connected subset Q € Q there exists g(., h) holomorphic in Q such
that

N(h)
F(z,h) = [ (z = 2)e?™M, 0.9(z,h) = O(N(h)), =€
j=1

Let Q cC Q be open relatively compact subset of C\ {0}. We assume that these sets are
independent of r and that Q is simply connected. Also assume that the intersections between
Q and R is a non empty interval I. With these hypotheses we can obtain the following
representation of the regularized spectral shift function near 2bg + .

Theorem 5.1. [Representation formula] Suppose that V' and vy satisfy the hypotheses of

Section 2. For @ CC Q and I as above, there exists a function g holomorphic in Q, such that
for p € 2bqg+ X+ 11, we have

1 —2bg — A —Imw
G = —mg(“—1=2 - Y N - w)
r r e — w)
wERes(H)N2bg+A+rQ2 weRes(H)N2bg+A+r1
Im w#0
1
(5.1) —;Im tr (0.Tvo(1))

where g(z,r) satisfies the estimate
_2
(5.2) 9(z,7) = O (ny(r,vpgWpg)| Inr| + 1y (r/v) + na(r/v)) = O(|Inr|r °1)

uniformly with respect to 0 < r < rg and z € §~2, with ny, p = 1,2, defined by (2.21).
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Proof. First, using the resolvent equation, we have

dety ((H — 2)(Ho — 2)~") = deto (I + Tv(z)) .
Using (3.9), the last determinant coincides with dy(z) = deta(I + Ty g(2)) for § € R, where
Ty o(z) is defined in (4.1). According to previous section, Ty (z) is extended on 6 € D, and

dg(z) = Dg(z,7)det ((I + A% (2) + 59(2))6—7\/,9(2))

where Dy(z,r) is defined by (4.14).

By the properties of A~ (z) (see (4.13)), for K(z) = A>(2) + &(2), the difference Tyg(z) —
K(z) = —% 2.2 + Ag is a finite-rank operator. Using the fact that deto(I + B) = det(I +
B)e‘trB for a trace-class operator B, we have

(5:3)  det ((I+ 4% (2) + E(2))e™ ™)) = dety(I + K (2))e T =K (),

where dety(I + K(2)) is a non-vanishing holomorphic function. Since A>(z) is holomorphic
in Sy and

B "2 -
1210 (Bl = = | g (. By) = Talr),

we have
1K (2)[[5 = Oa(r/v)),

which implies that Ldetg(l—kf?(z))\ = O(exp(fz(r/v))). Using moreover that ||K(2)|| < 1, we
have also |det(I + K (2))|7! = O(exp(n4(r/v))). Then there exists gi(-,7) holomorphic on Q
such that, dilzgl(z,r) = O(na(r/v)), on Q, and

deto(I 4+ K (z2)) = e (1),
We consider now the functions
Fyp: z€Q— Dy(z,r).

The functions Fy are holomorphic in 2 and w € Q is a zero of Fy if and only if z = 2bd +
A + wr is a resonance of H. Then applying Proposition 5.1 to F' = Fy with h = r, N(r) =
n4(r,vpyWpg)|Inr|, we obtain existence of functions gp holomorphic in 2 such that for z € €,
we have the following factorization:

B ar4+2bg+ A —w\ g
(5.4) Fy = 11 ( ; > e :
weRes(H)N2bg+A+rQ

with
d
(5.5) 7, 90(2,7) = O(n (1, vpgWpg) | In]),

uniformly with respect to z € Q.
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Then by definition of & (see (2.17)), for p € 2bg + A + (2 N R) we obtain

1 w—2bg— A —Im w
! = —Imo L A R i S —
52(M) o m 2(90“‘91)( r 7T) Z ﬂ_’M_wP Z (lu’ w)
weRes(H)N2bg+A+rQ wERes(H)N2bg+A+r1
Im w#0

+%Im r (azk(wﬁ _ %Im tr (0. Tvg(1) -

T

Then, we conclude the proof of Theorem 5.1 with g = gg 4+ g1 + g2 taking

g2(2,7) = tr(K(2)),
which satisfies %gg(z,r) = O(ny(r/v)). O
Lemma 5.1. On R\ ({2bN + A} U{2bN}), for 6 € DI, Im 6 > 0, we have
(5. € =&+ ~Im 1 (2. (),
where Ty g(z) = Vo(Hog — 2) L.

Proof. We follow the proof of [4, Lemma 8]. From (2.18), we have only to prove

m<%ﬂmeVmﬂ>z—%éﬂmmwM@RﬂMM%

for any f € Cg°(R\ ({20N + A} U {2bN})). As in [4, Lemma 8|, we use the Helffer-Sjostrand

formula and we have
d 1 [ —~
%f(Ho +&V)|em0 = - / Of(2)(Hy — 2) 'V (Hy — 2) 1 L(dz),
C

for f € C§°(R?) an almost analytic extension of f, (i.e. ﬂR = f and 5”?()\) = O(|ImA|*>?))
and L(dz) denotes the Lebesgue measure on C.

Let us now define
o1(2) =tr((Ho — 2) 'V (Hy — 2)7Y), +Im (2) > 0.

The functions o4 (z) satisfy the relation
(5.7) o_(2)=0.(%), Im(2)<O0.
For 6 € R, the operator

(Hy — 2)"'V(Hy — 2)7,
is unitarly equivalent to the operator

(Hop —2) "' Vo(Hop — 2)".

Using the cyclicity of the trace, we deduce
(5.8) o0+(z) =tr(0;Tve(z)), +Im (2) >0, 6 €R.

From Lemma 3.3, the function § — 9.Ty(z) is holomorphic on D} with value in the
trace class for Im (2) > 0. Then, (5.8) is also available for # € DI and taking Im 6 > 0,
z — 04(z) can be extended to R\ ({2bN + A} U {2bN}). According to (5.7), o_(z) satisfies
the same property of o (z).
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Hence, d%f(Ho + eV)|e=o is of trace class, and

d 1 —~ 1 —~
tr <—f(H0 + EV)]EZO> = — / 0f(z)o4(z)L(dz) + —/ Of(z)o_(z)L(dz).
de 7 JIm (2)>0 T JIm (2)<0
Then the Green formula yields the lemma. O

We will deduce Theorem 2.2 from Theorem 5.1 by using the previous lemma and the cyclicity
of the trace.
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