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ABSTRACT. We study the Klein paradox for the semi-classical Dirac operator on R with
potentials having constant limits, not necessarily the same at infinity. Using the complex
WKB method, the time-independent scattering theory in terms of incoming and outgoing
plane wave solutions is established. The corresponding scattering matrix is unitary. We
obtain an asymptotic expansion, with respect to the semi-classical parameter h, of the scat-
tering matrix in the cases of the Klein paradox, the total transmission and the total reflection.
Finally, we treat the scattering problem in the zero mass case.
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1. INTRODUCTION

In mathematics and physics, the scattering theory is a framework for studying and under-
standing the scattering of waves and particles. The scattering matrix for the one-dimensional
Dirac operator H is closely related to the transition probability of particles through a poten-
tial. However, if the potential does not vanish at infinity, a Klein paradox might occur. The
latter is of great historical importance in order to justify the existence of the antiparticle of an
electron (the positron) and explaining qualitatively the pair creation process in the collision
of particle beam with strongly repulsive electric field. The explanation of this Klein paradox
usually resorted to the concept of "hole" in the "negative-energy electron sea". For more phys-
ical interpretations we refer to Klein [14], Sauter [21], Bjorken-Drell [2|, Sakurai [20], Thaller
[23] and Calogeracos-Dombey [3] for the history of the Klein paradox. This paradox appears
also for the Klein-Gordon equation, here no concept of "hole" is needed (see Winter |25] and
Ni-Zhou-Yan [16] for a constant potential at infinity and Bachelot |1] for an electrostatic po-
tential having different asymptotics at infinity). The comparison between the Klein paradox
for this two equations has been discussed in [25, Part C|. A Klein paradox phenomenon occurs
also in quantum field theory (see Hund [13] and Manogue [15]). It is clear that this paradox
cannot appear for Schrédinger operators.

For a scalar potential having real limits V* at 400, the Klein paradox of the Dirac equation
occurs if V¥ —V~ > 2me?. In this case the higher part of o(H) intersects its lower part. If the
energy F isin this intersection, for a wave-packet which comes from the left and moves towards
the potential, a part of it is reflected, another part being transmitted. The transmitted part
moves to the right and behaves like a solution with negative energy. Ruijsenaars-Bongaarts
[19] (see also Thaller [23]) have mathematically treated the Klein paradox and the scattering
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theory for the Dirac equation with one-dimensional potentials constant outside a compact
set. They have established the connection between time-dependent and time-independent
scattering theory in terms of incoming and outgoing plane wave solutions. The exact calculus
of the scattering matrix for one-dimensional Dirac operator is only known for a few number
of explicit potentials (see Klein [14] for a rectangular step potential and Fliigge [6] for the
potential V(z) = tanh(z)). Nevertheless, we are neither aware of works dealing with the
asymptotic expansion of the scattering matrix, with respect to the semi-classical parameter h.

For one-dimensional Schrédinger operators, there are several approaches which have been
developed dealing with the computation of the transmission coefficient through a barrier.
Ecalle [5] and Voros [24] have developed the so-called complex WKB analysis which gives
approximations in the complex plane of the solutions of a Schrédinger equation. This approach
is used in a new formalism by Grigis for the Hill’s equation [11]. This method is also used
by C. Gérard-Grigis [10] to calculate the eigenvalues near a potential barrier and by Ramond
[18] for scattering problems. For references and a historical discussion, we refer to Ramond
[18]. The complex WKB method has been extended to a class of Schrodinger systems by
Fujiié-Lasser-Nédelec [9].

The purpose of this paper is to give an asymptotic expansion, with respect to the semi-
classical parameter h, of the coefficients of the scattering matrix for the one-dimensional
Dirac operator with potentials having different limits at infinity. We establish the exponential
decay of the transmission coefficient in the Klein paradox case (cf. Theorem 2.1 below). We
calculate the coefficients of the scattering matrix in terms of incoming and outgoing solutions.
Therefore, we use the complex WKB analysis to construct solutions of the Dirac equation.
The usefulness of this analysis is that it provides, rather than approximate solutions with error
bounds, solutions in the complex plane with a complete asymptotic expansion with respect to
the semi-classical parameter h, with a priory estimates on the coefficients.

The paper is organized as follows. In the next section, we introduce the perturbed Dirac
operator on R, study the time-independent scattering theory and state our main results. In
Section 3, we develop the complex WKB method and show a complete asymptotic expansion
of the coefficients. In Section 4, the existence of incoming and outgoing Jost solutions is
proved. In Section 5, we analyze the semi-classical behavior of the scattering matrix in the
Klein paradox case. The total transmission over a potential barrier and the total reflection
are studied in Section 6 and Section 7. Finally, in Section 8, we study the Klein paradox for
the zero mass case.

2. ASSUMPTIONS AND RESULTS

We consider the self-adjoint Hamiltonian H = Hy+ V', where Hj is the semi-classical Dirac
operator on R:

(2.1) Hy = —z'hcozi +mc?p,
dx
with domain D(Hp) = H}(R) ® C?> C¢ H = L*([R) ® C2, where h \, 0 is the semi-classical
parameter, m > 0 is the mass of the Dirac particle and c is the celerity of the light. The
coefficients «, § are the 2 x 2 Pauli matrices satisfying the anti-commutation relation
off + Pa =0,

and o? = 32 = I, where I is the 2 x 2 identity matrix.
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The operator V is the multiplication by V Iy, where V' is a smooth electrostatic potential
satisfying:
(A): The function V is real on the real azis, analytic in the sector
S ={xe€C, |Im z| < ¢Re z| + n},
for some €, > 0, and satisfies the following estimates:
(2.2) (V(z) — VE)| =0({(z)"%) for Re (z) — +o0 in S.
Here, (x) = (1+ |x\2)% §>1 and V- <VT.

V+

Fig. 1. The potential V'

The spectrum of the free Dirac operator Hy is | — oo, —mc?] U [mc?, +o0[ and it is purely
absolutely continuous. Under assumption (A) the operator H = Hy + V is a self-adjoint
operator and has essential spectrum (see Appendix A):

(2.3) Oess(H) = | —o00,—mc® + VU [me* + V™, +oo|.

There are several representations of the matrices «, 3. For example, Hiller [12| used o =
o2, B = o3, Nogami and Toyoma [17] used o = 09, = o1, where 0j, j = 1,2,3, are the
standard representation for Dirac-Pauli matrices. Most calculations with Dirac matrices can
be done without referring to a particular representation (see Thaller [23, Appendix 1A]). Here,
we choose the 1+ 1 dimensional representation of the Dirac matrices

(2.4) a:m:((l)(l)),ﬂ:@,:((l) _01>

The solutions of

d
(2.5) Hu = <—ihcald— + mcios + V(a:)12> u=Fu, FEe€R,
x

should behave as x — 400 like
L _ 1
aL(B,h) exp(to—(m?c! — (VF — E))"20) + az (B, h) exp(——(mPc" — (V* — B)")!/2x).

Here, the square root ()% is to be defined more precisely according to the sign of m?c? —

(VE - E)2.
In the following, we will use these intervals on the E-axis:
I. Vi4+me?<E,
. max(me®2 + V=,V —me®)< E <Vt +mc?,
. Vo 4+m <E<VT—md if VF-V~>2me,
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IV. V- —mc? < E<min(V™ +mc?, VT —mc?),
V. E<V™ —mc.
If Vt — V= > 2mc?, the different regions are represented in the following figure:

E .

Vtieme Region I

7]/7'?—7 rimic? 7777777777777777777777777777777777777777777777 R’egion II
Region ITI

Vo+mer
Region IV

Vi—me
Region V

Fig. 2. Different regions on the E-axis

We study the semi-classical behavior of the scattering matrix for the different values of the
energy F. Let us describe now the time-independent scattering problem briefly. For E € 1,
IIT or V, the four Jost solutions w?, wk  (see Theorem 4.1) are the solutions of (2.5) which
behave exactly as

i AE-V*

(2.6) wE o~ exp{:F%q)(E —VH)z} < IFA((E _ Vi))l > as v — %00,
i AE-V*

(2.7) Wour ™ exp{,-@(E — VE)z} < iA((E _ Vi))l > as ¥ — 00,

mc?
Analogous definitions of Jost solutions can be found in the works of Ruijsenaars-Bongaarts
[19] and Thaller [23] for one-dimensional step potentials. In this paper, we denote /z, /z

wit = sgn — mec*, = and sgn = 15 for —mc”, mc”|.
ith ®(E) = sgn(E)VE? —m?ct, A(E) = {/E+me and sgn(E o for B 2 mc?

the positive determination of x € RT — (a:)%, (x)i respectively.

The ordinary scattering problem is the following: what are the components of a solution
of the Dirac equation (2.5) in the basis (w},, w,,.) of the outgoing Jost solutions, knowing its
components in the basis (w;, wi‘l) of the incoming Jost solutions. The 2 x 2 matrix relating
these coefficients is called the scattering matrix and we will denote it by

S — < 511 S12 )
521 522
Precisely, if we take u a solution of (2.5),

- +_ + -
U = Gipw;, + binwin = QoutWoyt + boutwout’

Qa; a
S in — out ’
< bin ) < bout )
which is equivalent to

(28) (wi er) = (w(;ruwwc:ut)g'

in’ %in

the scattering matrix is such that
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Since V is real on the real axis, we have (see (2.4))

(2.9) Wij; = Bwig-
We also have the following relations between the coefficients of S(E, h):
E.h
(210)  su(B,h) = sm(Boh)  and  sio(E,h) = —s5p(B, ) SR
511 (E, h)

so that s1; and s15 determine completely the scattering matrix.

The reflection and transmission coefficients R(E,h) and T(E,h) are, by definition, the
square of the modulus of the coefficients s9; and s1; respectively. They correspond to the
probability for a purely incoming-from-the-left particle to be reflected to the left or transmitted
to the right. Using (2.9), (2.10) and calculating the determinant of (2.8), we have the well-
known relation R(E,h) + T(E,h) =1 and, the scattering matrix S(F, h) is unitary.

To calculate the scattering matrix S(E, h) we will use the transfer matrix T, which is defined
by

(Win> Wout) = (Wt wi—;)T'

The determinant of this matrix is equal to 1 since the two Wronskians W(wy,, wg,) and

W(wi,, wi) are equal to —2 (see Definition 3.4). Using the relation (2.9), we obtain that T

out’ *Yin
is determined by two coefficients:

_( UER) r(Eh)
(2.11) T‘(?wm)7w,>'
Moreover, using that det(T) = 1, we obtain
(2.12) t(E,h)]> = |[r(E,h)]* = 1.

Consequently, we can write the scattering matrix in terms of the coefficients of the transfer
matrix T:

1 1 —r(E,h)
219 ez (ren ")
We will use WKB approaches to describe the amplitude of the coefficients of the scattering
matrix for h N\, 0. For these, let us introduce the following definition.

Definition 2.1. (See Sjostrand [22]) A function f(z,h) defined in Ux]0, ho[, where U is an
open set in C and hg > 0, is called a classical analytic symbol (CAS) of order m € N in h if
[ is an analytic function of z € U and if there exists a sequence (a;(2)) of analytic functions
i U such that

e For all compact set K C U, there exists C > 0 such that, for all z € K, one has
Jaj(2)] < C7H7.

. . . . m+j . .
e The function f(z,h) admits the series ZOSJSJFOO aj(z)h as asymptotic expansion
as h goes to zero in the following sense. For any C71 > C, we have

flzh)y = 3 ai(a)h™ i = 0(e /M),
0<j<h=1/eCy

for some p >0 and all z € K
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The main theorem concerning the Klein paradox case for m > 0 (i.e. for the energy level
E € TII) is the following:

VT + me?
VT — mc?
E t1(E)
t2(E)
V— 4+ mc?
V- —mc?

Fig. 3. Graph of V(z) + mc? and V(x) — mc?

Theorem 2.1. [Klein paradox| Let V be a potential satisfying assumption (A), E € 111 and
m > 0. Suppose that there are only two simple zeros t1(E) < to(E) of m?c* — (V(z) — E)?
(see Fig. 3). Then there exists three classical analytic symbols ¢1(h), ¢2(h) and ¢3(h) of
non-negative order such that:

(214) S11 = 8992 = (1 + hgbl(h))exp{—S(E)/h} exp{ZT(E)/h},

21 ta(B)
(215) §921 = (Z + hqbg(h))exp {ﬁ <t1(E)\/E—+ / Q(t,E)dt) } 5

—00

tQ(E)

% +o0
(2.16) S12 = (2 + hqbg(h)) exp {ﬁz <t2(E)V E+ — QJr(t,E)dt) } ,
where S(E) is the classical action between the two turning points t1(E) and ta(E)

S(E) = e \/m2‘34 - (‘C/Q(t) —EP .

tl(E)
Moreover
2.4 Y
Q (t,E)= \/ m7e + (‘2/(15) B _ VE-, fort<ti(E),
c
24 ) 2
Q+(t,E>=\/ - +(czv(t) L v, for t > ta(E),
and

t1(E) +oo

T(E) = / O Bt — | QFt BVt +t(EWE + to(EWET,
—00 tQ(E)

where

—m2ct + (V* - E)?

E* =
c2
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We remark that this scattering matrix behaves like in the case of the Schrodinger operator
with a barrier potential. In particular the term e=*#)/" which decays exponentially, can be
viewed as a tunneling effect (see Ramond [18, Theorem 1]).

In the zero mass case, we have the following theorem:

Theorem 2.2. [Zero mass case| Let V € L¥(R) be a potential satisfying |V (z) — VE| =
O({x)~%) at +o0 for some 6 > 1, E € Il and m = 0. Then,

(2.17) su = sz =exp{iTo(E)/h},
(218) 21 = S12 = 0.
Here,

1 0 “+o00

To(E) = - (/ (V) +V7)dt —/ (V(t) — V*)dt) :
—00 0

Remark 2.1. We can not permute the limits of the scattering matriz S as m — 0 and h — 0.

Indeed, if we take the limits of s12 in (2.16) and (2.18), we obtain

lim lim |sj;2] =1, lim lim |sj2| = 0.
m—0h—0 h—0m—0

Now, we come back to the non-zero mass case and we treat reflection and transmission
cases (see Sections 7, 6).

If we take the energy level E €lIl, there are two Jost solutions w;, wg, satisfying (2.6) and
(2.7) for © — —oo and there does not exist an oscillating solution for z — +o00. Instead,
as © — 400, there exists an exponentially decaying solution and an exponentially growing
solution. Since the last function doesn’t represent a physical state we limit ourself to the one
dimensional space generated by the decaying solution w:{ (unique up to a constant). This

function satisfies (see Theorem 4.1):

1 —i e
(2.19) wl ~ exp{—h—\/m264 —(V+ — E)2x} as £ — +00.
c

1/mc2—E4+V+
mc2+E-V+

Theorem 2.3. [Total reflection| Let V' be a potential satisfying assumption (A), E € 11 and
m > 0. Suppose that there is only a simple zero t1(E) of m?c* — (V(z) — E)2. Then the vector
space of the solutions of (H — E)u = 0 with u bounded is a one dimensional space generated

by

In this case we have

U= Wi, + FoutWouts with

2 t1(E)

(2.20) agy = —i(1 4+ ho1(h)) exp {ﬁ (/

—0o0

Q (t,E)dt + \/E—tl(E)> } .

Moreover
u = ﬂjw:{, with
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By = ™1+ hga(h)) x

oo {3 ([ 00 mas ER® 1 |

“+o00 —00

t1(E)

Q (¢, E)dt + Nﬁt@)) } :

Here

QF(t.E) = \/m204 — (‘C/Q(t) — E)? —V=ET,

Q™ (t,E) and E* are the functions of Theorem 2.1 and ¢;(h), j = 1,2 are classical analytic
symbols of non-negative order.

For E € IV, there is also total reflection cases which can treated similarly to the previous
theorem. As in [19], there is also a scattering interpretation of the previous theorem. Since
we work in a one-dimensional space, the scattering matrix is now a scalar.

Remark 2.2. [Scattering interpretation| We call u'™ = Wi, + g Woy the “incoming”
solution. In the same way, there exists a unique bounded solution

out _  — - =
u = Wout + QX Wins

which is called the “outgoing” solution. .
If u is a bounded solution of (H — E)u =0 (i.e. u= Au™) then u = Bu®". The scattering
matriz S is defined by

B =SA.
From (2.20), we have
2 [ (0P
8 = e = —i(L+ ho(h) exp § / Q (4, E)it +VE H(E) | Y.
For £ € T or V, a total transmission phenomena occur:

Theorem 2.4. [Total transmission| Let V' be a potential satisfying assumption (A), E €
I, m >0 and m?c* — (V(z) — E)? # 0. Then there are a classical analytic symbol ¢p(h) and
positive constant C' such that:

(2.21) st = sy = (1+he(h)) exp{iT(E)/h},
(2.22) S91 = O(e_C/h) and 512:O(e_c/h),
where

. 0 +o0
T(E):/ Q™ (t,E)dt + ; QT (t, E)dt,

and Q= (t, E), QT (t,E) are the functions of Theorem 2.1 defined here for any t € R.

We can calculate the scattering matrix for £ € V in the same way of F € I. We remark
that the behavior of the incoming and outgoing Jost solutions exchanges between these two
cases. This is in agreement with the physical interpretation (see [23, p.121]).
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3. CoMPLEX WKB SOLUTIONS

We wish to find a representation formula for the solutions of (2.5), from which it is possible
to deduce the asymptotic expansion in h. The method is known as complex WKB method.
See [18] [10], [7], [8], [9] for constructions of solutions of the Schrédinger equation.

In a complex domain S, we study the Dirac system (2.5) which is of the form

— —iheL
B.1)  (H- Bu() = < me? :‘;C(g b +hvt(i;) . )u(a:) ~0,

or equivalently

f@= (e 7)o

> u(x) = M~1u, and the functions

(3.2)

where v(x) = < (1)

—mc® F (V(z) — E)

g+(z) = : :

are holomorphic in §. The following considerations will lead to the construction of complex
WKB solutions for Dirac system.

3.1. Formal construction. First, we introduce a new complex coordinate

(3.3) z(x):z(a:,xo):/

'Y(xmx)

T

(g4 (1) (£)) Fdt = / (94 (Dg—(8)2dt, zo € D.

o

One of our tasks will be of course to choose the simply connected subset D of § such that
1

t — (94+(t)g—(t))2 is well-defined, but let’s work formally for a while. The ~(zo,x) is any

path in D beginning at x¢ and ending at «.

Definition 3.1. The zeros of the function

m204— Xr) — 2
g4 (2)g_ () = Viz) — B

are called the turning points of the system (3.2).
Definition 3.2. For x fized in D, the set

lven e ["wig-wa=o}

1s called the Stokes line passing through x.

We look for solutions of the form e*7% @, (z). We note that due to the possible presence of

such turning points, the square root in the definition of z(xz) might be defined only locally.
By formal calculations, the amplitude vector w4 (z) has to satisfy

hd _ < +i  H(z)™2

3.4 1ae = g MO ) me



10 ABDALLAH KHOCHMAN

The function H(z(z)) is given by

(e @\ (mm@ (V@) - B\
(3.5) H(z(x))—<g+($)> —<_mcz_(v<x)—E)) |

for z(x) in an open simply-connected domain of the z-plane, where z — H|(z) is well-defined
and analytic.

In order to obtain a decomposition with respect to image and kernel of the previous system,
we conjugate by

1 [ H(z) +iH(z)"! _ H(z)"" H(z)™
Pe(z) =5 < H(z) FiH(2)™! > - Pl = ( FiH(2) +iH(2) >

and obtain a system for wy(z) = Py(2)w(z),

~—|

(3.6) —w4i(z) = / 2 we(z),
dz Pfg((zz)) T

where H'(z) is shorthand for dile(z) The series ansatz
Won,+ (Z)

3.7 = ’ ,

(3.7 CEDY ()

with wo 4+ = 1 and, for n > 1, the recurrence equations

(38) (d%i%) a1 s(z) = %wmm)’
(39) Tumias(®) = S s(e)

give us a formal solution up to some additive constants. The solutions are fixed by setting
wn,i(z) = Ou n > 17

at a base point z = 2(Z) where T € D is not a turning point. We note that the previous
equations for w,, 4+ are similar to the ones obtained by a complex WKB construction for scalar
Schrodinger equations. See for example the works of C. Gérard and Grigis [10] or Ramond
[18].

Let 2 = Q(F) be a simply connected subset of D which does not contain any turning point.
Then the function z = z(x) is conformal from  onto z(2). Assume that z € 2(Q2). f 'y (%, 2)
denotes a path of finite length in z(€2) connecting z and z € z(£2), we can formally rewrite the
above differential equations for n > 0 as

H'(¢)
H(C)

Wi () = [ el () e (O

H/
Wopt2,+(2) = A(~)£w2n+l,i(C)dC,
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or after iterated integrations, as

2
Wopy1,+(2 / / / exp <iE(C1 — G+ + Cont1 — Z)) X
T'+(Z,2) JT+(Z,(an+1) T+ (Z,(2)
(Con

) Hl(cl) . H'(Cont1) d¢y - - dCopy1,

(Cl H(Can+1)

Won 2,4+ (2 / / e exp <i -G+ = C2n+2)> X
T+ (Z,2) JT+(Z,¢2nt2) Fi(Z7C2

H'(G1)  H'(Gont2)
H(G)  H(Gony2) A donsa

3.2. Convergence, h-dependence and Wronskians. We now give to the preceding formal
construction some mathematical meaning in simply connected, turning point-free compact sets

QcCD.

Lemma 3.1. For any fized h > 0, the series (3.7) converges uniformly in any compact subset

of 2, and
(3.10) W ( =3 won s (2(@), wt (@ h) = 3wy
n>0 n>0
are holomorphic functions in §Q.
Proof. By assumption on 2 and on V, the functions w, + are well-defined analytic functions

in Q. For compact subsets K C 2 and 7,z € z(K) there exist positive constants C(K) > 0,
depending on the semi-classical parameter h and the compact K such that

H/
(3.11) sup |exp(£— C) (©) < CM(K).
Cers(z2) H(C)
If we denote the maximal length of the paths I'y(Z,-) C K in the preceding iterated integra-
tions by
L= a <
_max min 1(,9)] < .
then .
CL(K)"L"
sup funa(s)] < EESE 5,
z€z(K) n:
where the bound % comes from the volume of a simplex with length L. Then, the lemma
follows. =
Thus, we have the uniform convergence of the series (3.7) for w4 (z) and complex solutions
2(x) ,LUPVPH T
(3.12) us(z) = e n Th(z(x)) ( %dd((x)) > ;
of the original problem (3.1) on any turning point-free set {2, where
ot (0 1N ([ HE)T HE)
Ti(2) = MPL () = ( 10 )\ wiHG) +iH(2)

(3.13) . ( }F{Zg)(fl) ?(Ij)(_zl) >, z € z(9Q).
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We write these solutions uy(x) as
(314) Ui(l';.l'(),f),

indicating the particular choice of the phase base point xg, in (3.3), which defines the phase
function z(x) = z(z;x0), and the choice of the amplitude base point z = z(Z), which is the
initial point of the path T'L(Z]-).

Definition 3.3. For x € Q fized, we define Qy = Q4 () the set of all x € Q such that there
exists a path I'y(2(x), z(x)) along which x — £Re z(x) increases strictly.

Proposition 3.1. The functions w, + are classical analytic symbols of order ["TH] in .

The functions w$'*™(z, h) and w(x, h) given by the identities (3.10) are classical analytic
symbols of order 0 and 1 respectively in Q4. Moreover, we have for any N € N,

N
w (@, h) = wonx(2(x)) = OGN,
n=0

N
wi(z,h) = wapi1x(2(x)) = ORNT?),
n=0

uniformly in any compact subsets of Q4. In particular,
wf (@, h) = 1+ ho(h), i@, h) = ho(h).

Here and in all this paper, ¢p(h) is a classical analytic symbol of non-negative order not neces-
sarily the same in each expression.

The proof is just the same as that of [10, Prop. 1.2] and |9, Prop. 3.3]. The key point is the
following: since the iterated integrations defining w,, +(z) contain terms of the form exp(i%),
one has to make sure that  — +Re (z(z)) is a strictly increasing function along the path
I'4(Z,2). In other words, the paths I'y (2(z), z(z)) have to intersect the Stokes lines, that is
the level curves of x —— Re (z(z)), transversally in a suitable direction.

Definition 3.4. One defines the Wronskian of two C?-valued functions u = (u1,uz), v =
(v1,v2) as

W(u,v) = ugve — ugvy.

Remark 3.1. For two solutions u and v of the equation (2.5), the Wronskian W (u,v) doesn’t
depend on x and is zero if and only if w and v are proportional.

If w = au+ Bv with «, 8 € C, then

~ W(w,v) 5= ~ W(w,u)
- W(u,v)’  W(u,v)
Elementary computations give the following complex Wronskian formulas for complex WKB

even

solutions with different phase and amplitude base points in terms of w$" and woidd.

Lemma 3.2. Let z¢ and yo be two points in Q = Q(E). If, for given T and y, the canonical
sets Qi (Z) and Q4 (y) have a non-empty intersection, then for any x € Q4 () N Qx(y) one
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has

~ . 1
(315) Wit v:0,7) (a0, 7) = £2iexp (1 (ow520) + 2(ai00)
X (woidd($; xo, T)wy ™ (2590, Y) — wf@’en(x;xo,i)widd(x;yo,@)) .

If, for given = and y the canonical sets Q4. (T) and Q+(y) have a non-empty intersection, then
for any x € Q4. () NQ<(y) one has

(3:16) Wit v30,7) a0, 7) = 2 exp (1 (ows20) = 2(ai00)

( odd even

x \wyg (w;ﬂﬂo,f)w%dd(w;yo@—wi (x;xo,f)w?n(x;yo’@)-

4. JOST SOLUTIONS

The Jost solutions of Hu = Fu, are characterized by the behavior of the solutions at
infinity. We construct here the Jost solutions copying the procedure described in Section 3,
the new point here being that the solutions we seek are normalized at infinity. In all this
section we will work in two unbounded, simply-connected domains Q~ (F), QT (F), where
Re (V(z) + mc?) < E, Re (V(z) — mc?) > E respectively and which coincide with S for
Re z sufficiently large. The existence of such domains is of course an easy consequence of the
behavior of V' at infinity in S (see assumption (A)).

First we define the phase functions with base point at infinity,

c? c?

41)  2(z,%o00) = /

+o0

m2ct — (Vj: o E)2 1/2
+ < 2 ) x.

We also see that the integral converges absolutely, hence

m2ct — (VE — E)?
2

2(, £00) = < >1/233 +o(l), (¢ — £o0).

c
If the determination of the square root in z(-,-) are the same, we get the following equalities

z(ty, £00) =z(x, £00) — z(z,t1) = 2(ta, £00) — 2(t2, 1)

(4.2) 2(t1, —00) — 2(t1, +00) =2(x, —00) — 2(x, +00) = 2(ta, —00) — 2(ta, +00),

where z(-,-) is defined in (3.3), (4.1) and z, 1, ta € D.

Next we define the amplitudes based at infinity. We will only define the amplitudes at 4+o0
since the situation is similar at —oo. As in Section 3 of [18], we choose infinite paths v (z)
starting from infinity and ending at x, which are asymptotically like lines of the form {Imz =
FpRex} for some p > 0, such that z — FRez(z) are strictly increasing functions along
v+ (z). Denoting the path z(v+(z)) by I't(+00,2(z)) and setting wg + = 1, we inductively
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define wy, +(2) by

wnns?) = [ ewic-2)

Hl
Wont2,+(2) = /Fi(Jroo B} %U)QnJrl,i(C)dCy n > 0.

H'(¢)

me,i (C)dC,

Noticing that

H'(x) mc? V'(x) 5
= =0{x)~ d>1, as |x| — o0
one constructs well-defined complex WKB solutions uil corresponding to these base points,
proceeding as in Section 3. Here, [ and r stand for left and right and correspond respectively
to x — —oo and x — +oo. Up to a constant pre-factor, ufl( ) are the previously defined Jost
solutions:

Lemma 4.1. Let ufl(az) be the compler WKB solutions with phase and amplitude base point
at infinity. Then

1 ot
(4.3) ut(z) ~ exp(:l:%(m2c4 — (Vt = B))Y2g) < :1F/Zz+ ) , T — +00,

(4.4) uf(r) ~ exp(:t%(m%4 — (V™ = E))Y22) < T/Zg: > , T — —00,

with

n VE_E—me2 \V*
“ :<—Vi—|—E—mC2> '
Proof. We just check the asymptotic behavior of ufl (x) at infinity. Since H(z(x)) — a¥ as

x — o0, using (3.12) and (3.13) we get by an elementary calculation

1 ot diat ) [ 1
+ -~ 2.4t 2)1/2 Frox 2¢
u, (x) exp(:thc(mc (VT —E)%) a:)(l/aJr 1/a+><0>,$—>+oo,

vt (z) Nexp(i%(m%‘l_ (V= = B)2)12) ( Fia™ Hia” ) < L ) 7 — —o0,

1/a”™ 1/« 0

This ends the proof of lemma. O

Let us now choose the determinations of (m2c* — (V* — E)?)Y/2 and a* according to the
intervals on the F-axis. This fixes the choice of ulir and we can construct wijfl, w;—Lut satisfying
(2.6) and (2.7).
1. For E € I, we choose (m?c* — (V* — )2)1/2 €iR*, o € /4Rt and we denote

— g/t gt it/ T eyt T i iy

(4.5)  w, = e/ ', wy = ey Wk o=t wo = —e U,

2. For E € II, we choose (m?c*— (V~ —E)?)1/2 € iRt, a~ € ™/ *R*, (m?c*— (VT —E)?)1/2 ¢
R~, a™ € RT and we denote

_ 4 _ i /4 —
(4.6) wy, = e/ ul, why = —e'm/ u, wii=ul
3. For E € 111, we choose (m?c* — (V* — E)?)1/2 € iR*, a* € eT™/*R* and we denote
(47) w; = €iﬁ/4uf7 u};; = — Zﬂ—/4 +’ wjut = e_iﬂ/4u;’ w;ut = _eiﬂ/4u;
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4. For E € 1V, we choose (m2c* — (VT — B)?)/2 € iR*, ot € e ™/R*, (m?ct — (V~ —
E))/2 ¢ R, at € Rt and we denote

—in/4 4 — _ _
(4.8) wit = — e At Wk = e Ay wy =y
5. For E € V, we choose (m?c* — (V* — E)?)Y/2 ¢ iRT, a* € e "/*R* and we denote
(4.9) wy, = e_i”/4u;, wib = — eyt Wk = e T W = —e_i”/4u;r.

Theorem 4.1. For real E, (2.5) has solutions of the following form:
1. For E € 1,111 or V, there are four Jost solutions w woiut which behave like

mn’

+

@10)  wE ~ exp{:Fé‘I’(E—Vi)ﬂﬁ}( athpai ) as 7 —> oo,
i E—-V+

(411) w(:)lilt ~ eXp{iE(I)(E — Vi)J?} < :l:A((E Vi)) 1 > as r — :iZOO,

with ®(E) = sgn(E)V E? — m?ct, A(E) = ¢ §+m02 and sgn(E) = ‘E‘ for E & [-mc?,mc?].
2. For E €11 (resp. E € 1V), there are two Jost solutwns Wi, Wouy (TESD. Wik, w out) which

behave as in (4.10), (4.11) and a decreasing solution w] (resp. wy ). The solutions wd behave
exactly like

il mc2+E-V+
mc2—E+VE

1
= o —_ 24 _ (VE _ F)2
(4.12) wy exp{:ic\/m ct—(V E)z} Jmi—ErvE as +oo.
mc2+E-VE

For E € I, I1T or V, according to the relation (2.13), it is sufficient to calculate the two terms
r(E,h), t(E,h) in T to obtain the matrix S. The definition of the Wronskian (see Definition
3.4) leads to:

W(w; ,wfl
(4.13) HEh) — W
(4.14) By = o)

W+ Y
W(wout’win)
5. THE KLEIN PARADOX CASE

We suppose that V satisfies assumption (A), the energy E € IIT and m > 0 (see Fig. 2).
In this section we will work in two unbounded, simply-connected domains Q~(FE), Q*(F),
where Re (V(z) + me?) < E, Re (V(x) — mc?) > E respectively and which coincide with S
for |Re z| sufficiently large. Using Theorem 4.1, Proposition 3.1 and (4.7) there are two Jost
solutions in Q*(E):

(51) i = ew{patooo)) H((fx;)) ) o)
65:2) e = et Tetwaroe (L FCO) ) (s non,

The function z(x, +o00) is defined by (4.1) and

(5.3) A(x(z)) = (E —Viz) + mc2) '
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On QF(E) NR, we have:
(E — —2cA F—VE)2 _ 2t
(5.4) oz, +00) = / ¢ Vit 7”C—¢( VE) =mZed
+o0

2
\/ (B —V*)2 —m2ct
+1 T

c2

(5.5) Alx(z)) = Vg:ﬂgfg?

We suppose that there are only two real turning points t1(E) < to(FE) and that they are
simple. Notice that ¢1(E) is a zero of E — V(t) — mc? and to(E) is a zero of E — V(t) + mc?.
In that case the Stokes lines are as shown in Fig. 4. In order to obtain S, we compute the
Wronskians given in (4.13), (4.14) and then the coefficients t(E, h), r(E,h).

Al

t2(E)

V2

Fig. 4. The turning points and the paths -;

Computation of W(wi,w): Since the two solutions wl,,wi are defined in QT (E), we

can compute this Wronskian in Q7 (E) and from Lemma 3.2 we obtain

(5.6) W(wi,wit) = —2.

out?

Computation of W(w;,wi"): The two solutions w,_,w; are defined in Q~(E), QT (E) re-
spectively. Since the Wronklans W(w;,wi)(x) are independent on z (see Remark 3.1) we
compute this Wronskian in Q~(E) for example. For that we extend w;g , which is defined in
QT (E), into Q~(F). We will extend the square root in w;” which is defined in QT (E), into
C\{-Im (2) >0, Re (2) = t1(E)} U{-Im (2) > 0, Re (2) = t2(E)}. Thanks to the struc-
ture of the Stokes lines between t1(F) and t2(E), we can find a path ~; from +oo(1 + ;1) to
—oo(1—1dy) (for §; > 0) transverse to the Stokes lines along which we can extend w;". We re-

mark that between t1(F) and to(E) on the real axis we have (E—V (t))2—m2c* < 0. The exten-
sion of ¢t €]ta(E), +oo[— (EZVOP=—m? hincide with i w on |t1(E), t2(E)[

c2
UE_V(QM on | — 00,1 (E)[. On the other hand, the extension of H(z(x))

stay in RT on | — oo, t1(E)[. If we denote by wi";’l the extension of w; along 71, we have:

and with —

Gt = el (alnn(E) + 2B 40+ SEN (_FEE) ) o nom),
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with z(t3(F), +00) defined in (5.4) and

x . 2 _ 2.4\ 3
(5.7) (o (E)) = i /t . <(E V(tg ) dt,
(5.8) S(E) = /t t:j) \/ e - (Z —VOF

1
Here, (W) * e Rt for t €] — 00,11 (E)].
Then,

W(wi,,wit) = —2(1 + he(h)) exp{%(z(tl(E), —00) + z(t2(E), +00) + S(E))},

where z(t2(E), +00), z(t1(F), —00) are defined in (5.4).

Computation of W(w,;,wi

out» Wi ) This wronskian is also between two solutions which are de-
fined in different domains, then we extend one of these solutions into the domain of the other
solution. For example we extend wi, which is defined in QF(E), into Q™ (F) which is a subset
of C\ {Im (z) >0, Re (2) =t1(E)} U{-Im (2) > 0, Re (2) = t2(E)}. Here, we can also find
a path vo from +oo(1 + id2) to —oo(1 + id2) for d2 > 0 transverse to the Stokes lines along
which we can extend w; into Q7 (E). If we denote by wIl’Q the extension of w; along o, we

have:

iH(=(z))

i = expl (o t(B) + s(ea(B) o) + 5(8) (2 CEC),

) (1 + ho(h)).

Here H(z(z)) € R* on ] — 0o, t1(E)[ and z(z, t1(E)), S(E) are defined in (5.7), (5.8).

The computation of W(w,,;,wi) yields:

W (Wout»wity) = 2i(1 + ho(h)) eXp{%(—Z(tl(E)’ —00) + 2(t2(E), +00) + S(E))}.

Then, we obtain (see (4.13) and (4.14)):

t(E,h) = (14 he¢(h)) exp{%(z(tl(E), —00) + 2(t2(E),+00) + S(E))},

PER) = i1+ ho(h) exp{y (2(t1(E), —oc) + =(12(B), +00) + S(E)).
Since ¢(h) is a classical analytic symbols of non-negative order and using (2.13) we have:
1= oy = (L o () exp{7 (1 (B). —o%) + =(1a(E). +00) = S(2)}
= Tl = i+ hea(h) exp( (0 (), o)),
2 = ) = 4 sl exp( (), +o)).

The functions ¢1(h), ¢2(h), ¢3(h) are classical analytic symbols of non-negative order. This
ends the proof of Theorem 2.1.
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6. TOTAL TRANSMISSION

We suppose that V satisfies assumption (A), the energy E € Tor E € V and m > 0 (see
Fig. 5, Fig. 6).

E

2

V—mec

Fig. 5. V £mc? and E €I Fig. 6. V £mc? and E €V
We suppose that there exists no real turning point. In that case the Stokes lines are hor-
izontal lines near the real axis. We will only work for £ € I. The case where E € V can be
treated similarly.

In this section we work in Q7 (E) defined in the previous section. Now this set is a neigh-
borhood of the real axis. Using Theorem 4.1, Proposition 3.1 and (4.5) there are four Jost
solutions:

wh =ex —xlz T, +o00 IE('Z(%))

. s e a0 (_HEO) ) 0 no)
_ +1 H(z(x))

woiut =exp{ - z($,:too)}< iﬁ(z(az))_l > (1 + ho(h)).

The functions z(x, +00) and H(z(z)) are defined in (4.1) and (5.3) and coincide with (5.4),
(5.5) on the real axis. Here, the setting is different from the previous section. The solutions

w;i and w;—Lut are defined in the same domain Q7 (F) and there are no problem to extend the

different square roots.
As in Section 4, it is sufficient to calculate the two terms 7(E, h), t(E, h) (see (4.13), (4.14))
to obtain the matrix S.

Computation of W(w;,wih), W(wly,wi): Since the function H in (6.1) is the same for Wi,

out’ *in
and wfg, we have:

(6.2) Wi win)(@) = =2(1+ he(h)) eXp{%(Z(wv +00) — 2(z, —00))}

= —2(1+ ho(R)) exp{7 (2(0, +0) — 2(0, ~o0))}.
Moreover, as in (5.6)

W(wh,wl)(z) = -2

out’ *in

Then, we obtain (see (4.13))

(6.3) t(E,h) = (14 ho(h)) exp{%(z(o, +00) — 2(0, —00)) },



KLEIN PARADOX AND SCATTERING THEORY 19

with
0 E—V(t))2 — m2ct E —VE)2 - m2c4
(6.4) Z(O,:i:oo):i/ \/( VOF —me | JEZVEEmmid
+00 C C
Since ¢(h) is a classical analytic symbol of non-negative order and using (2.13) we have:
1 ~ 1
S = g = (1 () exp{ g (2(0,+00) = 2(0. ~oc)).

Computation of W(wyy,wi): As in (6.2),

Wi w55) (@) = O(h) exp{~3 (=(a, +00) + 2(r, ~00))}.

Using that the square root in z(z, +00) and z(x, —oc0) have the same determination, we have
_ 1 2
W (@out i) (%) = O(h) exp{—=1(2(0,+00) + 2(0, —00))} exp{—(2(=,0))},

where z(0,£00) € iR is defined in (6.4) and z(z,0) = i [; Wdt. Since the
Wronskians are independent on x, we estimate the term z(z,0) for z = —iy, 0 < y < 1.
Here, we have z(z,0) = z(—iy,0) = —iy(i (E_V(OQM) +O(y?) = Cy+ O(y?) for C > 0.
Thereafter, W(wg,, wit) = O(e=¢/") for an other C' > 0 and then
(6.5) r(E,h) = 0(e=/M).

Consequently, using (2.13), we have, for a positive constant C,

So1 = ;((5’:)) = O(e” /M)
—r(E,h)

T(E,h)

)

§12 = = O(G_C/h).

This ends the proof of Theorem 2.4.

7. TOTAL REFLECTION

We suppose here that V satisfies assumption (A), the energy E € IT or IV and m > 0 (see
Fig. 7 or Fig. 8).

E t1(E) VT4 mc?

Vt—mc?

V- —mdc? t2(E)
Fig. 7. FE €Il Fig. 8. E €IV
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As in the Section 5, we will work in two unbounded, simply-connected domains Q7 (F),
O (E), where Re (V(z) — E + mc?) < E, Re (V(x) — mc?) > 0 respectively and which
coincide with S for |Re x| sufficiently large. We will only work for E € II. The case E € IV
can be treated similarly. Using Theorem 4.1, Proposition 3.1 and (4.6) there are two Jost
solutions in Q™ (FE):

s = ewlpate—oo (ALY 0 hom)

()
Fa ) Q4o

with ¢(h) a classical analytic symbol of non-negative order. The functions z(z, —o0), H(z(z))
are defined in (4.1), (5.3) and coincide with (5.4), (5.5) on the real axis. From Lemma 4.1,
there exist an exponentially decreasing Jost solution and an exponentially increasing one. As
explained before Theorem 2.3, we exclude the increasing solutions which does not represent
a physical state. We limit ourself to the one-dimensional space generated by the decreasing
solution w} which satisfies in QT (E):

(7.1) w;:@@§;4%+mn<;ﬁggﬁ}>u+hwm%

from Theorem 4.1, Proposition 3.1 and (4.6). The functions z(z,400), H(z(x)) are defined
in (4.1), (3.5) respectively and coincide, on the real axis, with

(7.2) z2(x,+00) = L Vm2ct — (E—V ()2 — /m2ct — (E—V+H)2 dt
+oo

oo = oxp{+(,—o)

C

1
+—y/m2ct — (E-V*+)2g
c

(7.3) H(x(z)) = dzgfglgg.

We suppose that there is only one real turning point ¢1(F) and that it is simple. In that
case the Stokes lines are as shown in the fig. Fig. 9.

Jtl \
\ to
Fig. 9. Stokes lines for E €Il Fig. 10. Stokes lines for £ €IV
According to the definition of the Wronskian, we have
— + — —
a-. = W(win’wd ) ﬁ:lr — W(win’wout)

" W )

W(w:lr7 wc:ut) '
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Computation of W(wy,,w): In order to calculate this Wronskian we need to extend one
of the solutlons Wi w:{ from its domain to the domain of the other solution for example, we
extend w} from QT (E) to Q7 (E). For that, we extend the square root in w} to C\{~Im (z) >

0, Re (z) = t1}. Thanks to the structure of the Stokes lines , we can find a path 4; from
+00(1 — id;) to —oo(1 — 4dy) (for &) > 0) transverse to the Stokes lines along which we
can extend w;. The extension of ¢ €]t;(E), +oo[— /m2c* — (E — V (t))? coincides with
i/ (E —V(t)2 —m2c* on ]| — oo, t1(E)|. On the other hand, on ] 00,t1(E)[, H(z(x)) takes

its values in e /4R, If we denote by wd’ the extension of wd along 71, we have

—em A (a(2)
eiﬂ/4ﬁ(z($))fl ) (1 +ho(h)),

ot = el (~+(e0(B) - s(a(B) o0}
with z(t1(E), +0c), H(z(x)) defined in (7.2), (5.3) and

(7.4) z(x,t1(F)) (E -V (t)* —m?c )2dt

I
ol
—
— 8
5
3

On | — oo, t1(E)][ the functions ((E —V (t))? — m264)% and H(z(z)) are in R*. Then, we have

W (Wi wy) = 241+ hg(h ))eXP{%(z(tl(E)a —00) = z(t1(E), +00))},
where, z(t1,400), z(t1(E), —00) are defined respectively in (7.2) and (5.4).

Computation of W(w:{, wout): As in the previous paragraph we extend wd and the square
roots written there from Q1 (E) to Q@ (E) C C\ {Im (z) > 0, Re (z) = t1}. We can also find
a path 42 from +oo(1 — 252) to —oo(1 + 152) (for b5 > 0) transverse to the Stokes lines along
which we can extend wd If we denote by wd’ the extension of wd along 72, we have

e/ H (2(z))

w;r 2 _ exp{%("‘z(xutl(E)) — 2(t1(E), +00))} < e—z‘n/4ﬁ(z(x))_

1 ) (14 hé(h)),

with z(xz,t1(E)), 2(t1(E), +00) and H(z(x)) defined respectively in (7.4), (7.2) and (5.3). On
| — 00, t1(E)[ the quantities ((E — V(¢))? — m204)2 and H(z(z)) are in RT. Then, we have

1
W(Wy  wous) = =267 (1 + hg (1) exp{y (—2(t1(E), —00) — 2(t1, +00))},
where, z(t1,400), z(t1(E), —00) are defined respectively in (7.2) and (5.4).

Computation of W(w, ,wy): Since the two solutions w; ,w,, are defined in Q7 (E), we
compute the Wronskian between these solutions as in (5.6) and obtain

W(w; ,wou) = —2.

in’

Then, we have

w,wh
O = G = i1+ ho) exp (0 (), )
B = % = e/ (1 + ho(h)) exp{%(z(tl(E), —00) + z(t1,+00))},
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with
i [t(E)
z(t1(E), —o0) = E/ V(E =V(t)2 —m2ct — \/(E — V)2 —m2ct dt
v LEVRE i n(E)
d(E) o) = LM EA T E VO - A (B VR dr
¢ Jioo

+ %\/mQC‘l —(E-VH)2t(E).

This ends the proof of Theorem 2.3.

8. ZERO MASS CASE

We suppose that m =0, £ €]V, V[ and V as in Theorem 2.2, (see Fig. 11).

V+

V-

Fig. 11. Zero mass case

In this case, the Dirac system (3.1) is equivalent to

(8.1 v == () )w

1 -1
1 1
the complex WKB analysis. We solve this equation explicitly with suitable initial condition
at infinity and we have four solutions of (3.1),

(52) o = eofpatezon ()

with y(z) = u(z). The resolution of the Dirac equation (8.1) can be done without

F1
n -1 1
(8.3) Wt = exp{Tzo(ac,:lzoo)} 4 )
which behave like

i
wE o~ exp{h—Z(VjE — E)x} ( :;1 > as x — £00,

woiut ~ eXP{%(Vi —FE) x} ( :l:ll > as r — +oo.

The functions zg(x, £oo) are defined by
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2oz, £00) = i%/ (V(t) — VE)dt + %(vi — E)z.
+o0
We remark that ]
_ 1
Win = w(—)’—ut eXp{ﬁTo(E)},
with

To(E) = - (/;(V(t) —V)dt — /(;(V(t) - V)dt> :

Using (2.8) and (2.10), Theorem 2.2 holds.

APPENDIX A. SPECTRUM OF THE DIRAC OPERATOR

Proposition A.1. Suppose that V(x) is a L application with values in the space of Hermit-
1an 2—matriz. Moreover we assume that

|V (z) = VEL|| — 0, asz — +oo.
Then the operator H = Ho+ V is a selfadjoint operator on D(Hy) and
(A.1) Oess(H) = | —o00,—mc® + VU [me* + V™, +o0|.

Proof. In order to prove this proposition, we first calculate the essential spectrum of Hy+ W,
where W is a L™ potential with W (z) = V*I, for +2 > R > 0. From Lemma 5.1 of [19], we
know the following inclusion:

(A.2) Oess(Ho + W) C] — 00, —mc + VT U [me® + V™, +o0.
Let us now prove the second inclusion. We denote
I =] —oo,—mc +VT], and I :=[mc®+ V", +oo|.
For E € I*, we consider the sequence

7 _ vt
it = el 0(E - v} (L AlE Ve ) xtsen) o nen

with ®(E) = sgn(E)VE? —m2ct, A(E) = ¢/ gfzzz and sgn(E) = % for E ¢ [-mc?, mc?].

The function x € C§°(R) is such that x(z) =1if2 <z <3 and x(z) =0if x <1 and x > 4.
+

The normed sequence (”;" i JneN has no convergent subsequence and satisfies
n

+
(HO—I—W—E)Hf"iH — 0, asn— +oo.
n

From the Weyl criterion, we deduce I C oe4s(Ho + W). Consequently

U@ss(HO + W) :] - 007 _mCZ + V+] U [mCQ + Vi, +OO[
Finally, using Weyl’s theorem we obtain
Uess(H) = Jess(]{o + W)’
and the proposition holds. O
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