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Abstract. Let V(t) = €'“», t > 0, be the semigroup generated by
Maxwell’s equations in an exterior domain Q C R® with dissipative
boundary condition Eian — y(z)(¥ A Bian) = 0,v(x) > 0,Vx € T’ = 9.
We study the case when Q = {x € R®: |z| > 1} and v # 1 is a constant.
We establish a Weyl formula for the counting function of the negative
real eigenvalues of Gj.
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1. Introduction

Let K C {x € R?: |z| < a} be an open connected domain and let Q = R3\ K
be connected domain with C* smooth boundary I'. Consider the boundary
problem

o F = curl B, 0B = —curl E in Rf x Q,

Etan —7(@)(¥ A Bian) =0 on R xT, (1.1)

E(0,2) = Ey(z), B(0,z) = By(x).
with initial data f = (Eg, Bo) € L?(2;C%) = H. Here v(x) is the unit outward
normal to dQ at x € T’ pointing into €2, {,) denotes the scalar product in C3,
Utan = U — (u,v)v, and y(z) € C*(T) satisfies v(x) > 0 for all x € T'. Let

0 curl
G= (—curl 0 )

and let G} be the operator G with domain D(G}) which is the closure in the
graph norm

[alll = (lull?, + IGull?,)"?
of functions u = (v,w) € C§°(R3;C®) satisfying the boundary condition
Vtan — Y(V A Wian) = 0 on I'. The operator G, generates a contraction semi-
group V(¢) in H (see for instance Theorem 3.1.8 and Section 3.8 in [6]) and
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the solution of the problem (1.1) is described by
(E,B)=V(t)f =€ f t>0.

In [1] it was proved that the spectrum of Gp in the open half plan
{z € C: Rez < 0} is formed by isolated eigenvalues with finite multiplicities.
Note that if G, f = Af with Re A < 0, the solution u(t, ) = V(t)f = e\ f(z)
of (1.1) has exponentially decreasing global energy. Such solutions are called
asymptotically disappearing and they are very important for the inverse scat-
tering problems (see [1]). In particular, the eigenvalues A with ReA — —oo
imply a very fast decay of the corresponding solutions. In [2] the existence
of eigenvalues of G}, has been studied for the ball By = {x € R? : |z| < 1}
assuming -y constant. It was proved that for v = 1 there are no eigenvalues
in {z € C: Rez < 0}, while for v = const ,v # 1, there is always an infinite
number of real eigenvalues {\,, }ney and with exception of A\; they satisfy the
estimate

An < !

= max{(y0 — 1),v"0 — 1}

where v = max{~, %}

= —Co, (12)

In this paper we study the distribution of the negative eigenvalues and
our purpose is to obtain a Weyl formula for the counting function

N(r)=#{A € 0p(Gp) NR™ : |A| <1}, 7> 10(7),

where every eigenvalues \,, is counted with its algebraic multiplicity given by

1
mult(\,) = rank —; (z — Gy) " tdz,

2mi [An—2z|=€
where 0 < € < 1. Our main result is the following

Theorem 1.1. Let v # 1 be a constant and let v = max{~, %} Then the
counting function N(r) for the ball Bs has the asymptotic

N(r) = (38 = Dr + 05 (r), 7 = mo(y) > co. (13)

The proof of Theorem 1.1 is based on a precise analysis of the roots of
the equation (3.1) involving spherical Hankel functions s )()\) of first kind.
We show in Section 3 that for v > 1 this equation has only one real root
An < 0. Moreover, we have A\,11 < Ay, Vn € N, so we have a decreasing
sequence of eigenvalues. The geometric multiplicity of A\, is 2n 4 1. Since CY
is not a self-adjoint operator the geometric multiplicity could be less than
the algebraic one. In our case these multiplicities coincide and the proof is
based on a representation of (G, — 2) . To estimate \,, as n — oo, we apply
an approximation of the exterior semiclassical Dirichlet to Neumann map
for the operator (h?A + z) established in [7] (see also [9]) combined with an
application of Rouché theorem.
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We conjecture that in the general case of strictly convex obstacles and
minger y(y) =1 > 1 we have the asymptotic

N(r)= 1 (/F(fyz(y) - 1)d5y)7“2 + Oy (1), r > 19(7).

4
For the ball B this agrees with (1.3).

2. Boundary problem for Maxwell system

Our purpose is to study the eigenvalues of Gy in case the obstacle is the
ball By = {z € R? : |z| < 1}. Setting A\ = iy, Imp > 0, an eigenfunction
(E, B) # 0 of G, satisfies

curl E = —iuB, curl B =iuFE. (2.1)
Replacing B by H = —B yields for (E, H) € H?({|z| > 1};C") the problem

{curlE =iuH, curl H = —ipFE, for =z € Bs, (2.2)

Etan + ’-Y(V A\ Hta,'n,) == O7 for =z S SQ.

The functions E(z), H () are solutions in {z € R? : |z| > 1} of the Helmholtz
equation

Av+p2v=0
and since (E, H) € H these solutions are outgoing. By using spherical co-
ordinates w on S?, we can expand E(z), H(z) by the spherical functions
Y (w), n =0,1,2,..., |/m| < n, w € S?, and the spherical Hankel functions
of first kind

(1)
Al (2) = Mm > 1.
Vz
An application of Theorem 2.50 in [3] (in the notation of [3] it is nec-
essary to replace k by pu € C\ {0}) says that the outgoing solution of the
system
curl F =iuH, curl H = —ipFE, for x € By

for x = |z|w,r = [z] > 0,w = T has the form

(W
5y [ 0,

n=1|m|<n

+“73l<rh;”<m>>'mw> RO V@), 23)

W,
@=-n> ¥ a0y

n=1|m|<n

+57"(7“h53)(w))’UZZ’ @)+ oD EVI@)] (24)
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Here UM (w) = mgradgz)ﬁ{”(w) and V"(w) = v AUM(w) for n €

N, —n < m < n form a complete orthonormal basis in
L (S?) = {u(w) € (L*(S*C?) : (w,u(w)) = 0on S?}.

To find a representation of v A Hiqp,, observe that v A (v AU) = =U™, so
for » = 1 one has

A Hian) @) =~ S 5 [ (W00 + o))V

n=1|m|<n

207 b () Uy ()]

and the boundary condition in (2.2) is satisfied if
d
gt (1) (1) o (D))= = 5D 0)| = 0, ¥n € N, fm| <, (25)
r

E'rL ) (1) d (1) i/L (1)

3. Roots of the equation g,(\) =0

To examine the eigenvalues of Gy, it is necessary to find the roots of the

equations (2.5) and (2.6). Since hgll)(u) # 0 for Imp > 0, the problem is
reduced to study the roots A € R™ of the equation

d
1+ d—h( )(—iAr) 1(/1,<}>(4A))*1 Xy =0 (3.1)
T‘ r=
and the same equation with v replaced by % Clearly, if ;4 = —i\ is such that
the expressions in the brackets [...] in (2.5) and (2.6) are non-vanishing for

every n > 1, we must have o]’ = G = 0 which implies Fip, = Bian =
0. Hence (F,B) = 0 because the boundary problem with v = 0 has no
eigenvalues in {z € C: Rez < 0}. In this section we suppose that v # 1 and
examine the equation

1 d
90N 1= 5 + = (AD (=) (KD (=) ™ =y = 0. (3.2)
It is well known that (see [5])
A s A
W) = (o (Y e Cp (L
i (=10) = (=) —i)\R”(—Qi)\> (=9 AR”< 2>\>
with
B - m (n+m)!
Rn(z) Z Amnz 5 Amn m|(n_m)! >0

We will prove the following
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Proposition 3.1. For A < 0 we have

ApM—in) LaP(—in)
Gn,nJrl (A) = 42 (1)+1 . — 42 @, . > 0. (33)
By {1 (—iX) ha ' (—iX)

Proof. The purpose is to show that

. d . o d ; - i)
(WO N ZRHL N D (1)) (L D (i) >0

Introduce the functions
A

1
&) = S Ba(=55) m(N) = A& (M),
Then h{ )(—i)\) = (—i)"&,(N) and the above inequality is equivalent to
d d -1
(&) 5 &s1 ) = Gt V)6 N)) (G N ()

= (1) ) = it ) ) (s W )) > 0.
LAY X
Since 7, (A) 41 (A) > 0 for A < 0, it suffices to show that the function

d d
F(A) = Un()\)annﬂ()\) - 77n+1()\)577n()\)
has positive values for A € (—o0,0). Consider the derivative
, d? d?
FI(A) = Ur:,(A)W%H()\) - 77n+1(/\)W77n(/\)'
We have
N (A) = "D (—iN) (—i)) = i"TIE, (1)) = =" 15, (—iN).

a1

The function E,,(z) = zhs, )(z) satisfies the equation

_ n? +ny_
= (2) + (1 -2 ):n(z) -0
and ) )
d 1 . on— n°+ny\ .
Wnn()\) =i"1E (=N = i ! (1 + 2 ):n(—l)\)
n®+n
= (1+ 2 )nn()\).
Consequently,
n+1)2+n+1 n2+n
Py = [P A ()
N (A) g1 (A
=2(n+ 2)% > 0.

On the other hand,

POy = 0 () s ()R () 0 ()

2
= g [ (=) o (-55) o (= 55) R 3]
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and
lim F(\) =0, lim F(\) =400
270

A——o0
since

lim [Rn(w)R; (W) = Rpyr (w) Ry (w) | = +o0.

Finally, the functlon F()) in the interval (—oo, 0] is increasing from 0 to +oo
and this completes the proof. O

Now if A, < 0 is a solution the equation (3.2) one has
1 d , -
g1 00n) = 5 + (b (=iA) ) (B (i) =7 = Gt () > 0,
An A
SO A, is not a root of the equation

d . i
g1 = 5+ (3 h 0 (B (X)) =y =0

In the following we assume that v > 1. Then for A — —oo we have
gn+1(A) = 1 — v <0, and since g,11(A,) > 0 the equation g,41(A\) = 0 has
at least one root —oo < A\py1 < Ay

Lemma 3.1. Let~y > 1. For everyn > 1 the equation g,(\) = 0 in the interval
(—00,0) has ezactly one root A, < 0.

Proof. Setting w = 2/\, we write the equation (3.2) as R, (w) := w? R, (w)+
aR,(w) =0, where a = 52 < 0. We will show that this equation has exactly
one positive root. Since

2R' Z kay, nwk+1 R, ( Z ar nw

k=1
the polynomial R, (w) has the representation
n+1

w) = E bk,nwl€
k=0
with

bn+1,n - %

{bk,n = (k - ]-)akfl,n + QG n, 0 S k S n, a_in = Oa
Taking into account the form of ay, ,, we deduce

b — (n+k—1)!
BT =k + 1)1k

Thus the sign of by, ,, depends on the sign of the function
B(k) :== (1 — a)k* + (a — D)k + a(n® +n)
which for k£ > 1 is increasing since
B'(k)=21-a)k+a—-1>1—a>0.

Clearly, by, = a < 0 and by, 41,, > 0. There are two cases:

(k;(k;—l)+a(n+k)(n—k+1)), 0<k<n+1. (3.4)
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(i) b1, < 0. Then there is only one change of sing in the Descartes’
sequence {bn+1.n,0nny s 01,05 00,0 }-

(ii) b1, > 0. Then by, > 0 for 1 < k < n+ 1 and in the Descartes’
sequence {bp+1,n,0nn, ..sb1.n,b0.n} one has again only one change of sign.
Applying the Descartes’ rule of signs, we conclude that the number of

the positive roots of R, (w) = 0 is exactly one.
O

Combining Proposition 3.1 and Lemma 3.1, one obtain the following
Corollary 3.1. Let v > 1. Then the generator Gy has an infinite sequence of
real eigenvalues

—00 < .. <A <. <A< A <0
and A\, has geometric multiplicity 2n + 1.

The geometric multiplicity is 2n+ 1 since the functions {Y, (W)} m__,,
are linearly independent. The algebraic multiplicity of A,, will be discussed

in Section 5.

4. Estimation of the roots

Throughout this section we assume 7 > 1. Set A = i\hﬁ, 0 < h <1 with
z=—1+1in, 0 < |n| < A2 n e R. Consider the Dirichlet problem

(R2A + 2)w =0, |z| > 1,w € H*(|z| > 1), (4.1)
w=f, o] =1 '
and note that A + % = A — A2, The solution of (4.1) has the form
Z > B (=ixr) (D (—i0) T i Yo (@),
n=0m=—n
where
D=3 Y tunVon®
n=0m=-—n
The semiclassical Dirichlet-to-Neumann operator N (h, z) = ﬁdi _1 re-

lated to (4.1) becomes

ert h Z = 71[2 Z h(l i\ h(,l)(fiA))ilan,mYn,m

n=0m=—n

= i Z 2 (AD 0 (BD 10) Vo
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By using the approximation of N, (h, z) established in [9],[7] for z = —1+in,
one deduces

wmﬂmwn=wmu>mp@a<chg

with p = \/z — ro(2’, &) and a constant C' > 0 independent of z, A and f.
Here ro(z’,¢’) is the principal symbol of the semiclasssical Laplace-Beltrami

operator —h*Ag2 = 5 Ag2 and Opy(p) is a h—pseudodifferential operator
with symbol p. Moreover, /z = iy/1 —in =i(1 — % + O(n?)) and

L f ey, 0 < b < B

1
Red = ——+0(1), Im) = O(h=?%).
Hence, for 0 < h < hy we get
AeN={z€eC: |Imz| < ch(l)/2|Rez|, ReA < —e <0, |A| > Ao}

On the other hand, it easy to see that

|omtn) —vz(y1- 52|

Applying the spectral calculus for the operator Agz, one deduces

(-5)7=2 3 (1 5t
and
| (Weaetr, —2)=v2(y1 - A“)ﬂﬂw%—|lij§:\ﬁ( i) (ha (i)™

n(n+ 1) 2
| lanl®

C1|)\|_1, A€ Ag.

L2 SQ)HLQ(SQ)

—\/14+
This implies

d 1)/ s 1)/ sy\y—1 n(n+1) -1
‘a(hy(—m))(h;)(—m)) - 1+T’§CQ|A| ,VneN, e Ay

(4.2)
which we write as
1 d . e nn+1) _
O i) (O (it — ] — nn D )< ]
[[5+ 75 (B9 ) B i) =] = [y1+ B2 =] | < Gl
(4.3)
Remark 4.1. For bounded 1 < n < Ny and sufficiently large |\| the estimate

(4.2) follows easily from the fact that Ry Ew; =nn+1)+O(Jw|) as |w| — 0.

Remark 4.2. The estimate (4.2) is similar to that in Proposition 2.1 in [8],
where the function 2 7 ()\ ) forv>0and0 < C < [ImA| < 0| ReA|, ReA > C4y

has been approxzimated. Here J,(2) is the Bessel function, while the boundary
problem examined in [8] is in the bounded domain {z € R3 : |z| < 1}.
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Put z = X\ and for z € Ag consider the function

)om i TED

with zeros
sz == nz + iy
¥4 =1
In the following we set z, = — ",5"f1) Clearly,
n(n+1)
1 ——
file) =
and % =32—1, fl(zp) = — ij_l. A calculus yields the second derivative
1 3n(n+1) n(n+1)
7 o
fn(Z)—;{ 22 ( 1+ 22 )

2 2 —~1/2 -1

n (n:—l) < 1+n(n;|—1)) ]<1+n(n—2|—1))
z z z

For n large enough and a > 0 to be fixed below introduce the contour

Cn(a) :={z =2, +ae¥, 0 < p <21} C Ag.

Our purpose is to choose a so that

C
IﬁAZ)\Zwéi ¥z € Cp(a). (4.4)
We have
22 = zi + 22,ae'® 4 a?eH®
and
nn+1) 1 1y o\t
‘—;7—~—h —1K1+C%n)a+0(ﬁ)a) , 2 € Cph(a). (4.5)

On the other hand,

L;H)H_[

vy +O(*)a+o(,712) }1/2
1+O()a+0@ﬂﬁ '

z

Clearly, one has the estimate

a—— sup |f)(2)], z € Cu(a). (4.6)

Set C, = % > 0 and choose a > 0 so that Cya > 4Cy. We fix a and obtain
nya 200 Co

RS
2|z |2n] |Zn||1+a§l

, 0 <@ < 2m,
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taking n large enough to satisfy the inequality

1
— < 2.
ae'¥
’1 o
Next we arrange the inequality
Cya a? ,,
—— sup |f,(2)| >0. (4.7)

2zal 2 secn(a)

It is clear that

where
= [3eviF 1=+ D2+

Note that for z € Cy,(a) and n large enough according to (4.4), the function

|G(" (1)) is bounded by a constant B, . depending on v and a . Thus for
large n we get

1
sup |f, (2)| < Bya sup
z€Cp(a) z€Cy(a) |Z‘
1
=By 3 SW s S4By
e |2 |? 260, (a) |1 + 22 e |2 |?

and the proof of (4.7) is reduced to

c, > 4Bwi

Zn|

which is satisfied taking again n large. Finally, we proved the estimate (4.3)
and we can apply Rouché theorem for the functions g,(z) and f,(z) and
conclude that the function g,(z) has exactly one simple zero A, in C,(a).
Since g, (z) has only real zeros (see Appendix in [2]), this implies the following

Lemma 4.1. There exist ng(y) and a(y) > 0 depending on + such that for
n > no(y) the negative root A, of the equation (3.2) satisfies the estimate

nJrl
An < 4.
,/7_1\ (4.8)

Remark 4.3. According to Proposition 2.1, no(y) must satisfy the inequality

Vo
T RV )
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5. Weyl asymptotics
We start with the analysis of the algebraic multiplicity of A,,.
Lemma 5.1. For n > no(y) we have mult(\,) = 2n + 1.

Proof. Since the geometric multiplicity of A, is 2n+ 1, it is sufficient to show
that
mult(A,) < 2n + 1. (5.1)

Let A € Ay, where Ag is the set introduced in the previous section and let
A ¢ o(Gy). If0 # (f,g9) € (Image Gy) N L2(2), one has div f = divg = 0
and for (u,v) = (G, — A\)~1(f, g) we get divu = divev = 0. Consider the skew
self-adjoint operator
0 —curl
A= (Curl 0 )
with boundary condition ¥ A u = 0 on S%. Then o(A) C iR and let
(uo(w; N), vo(z50)) = (A= N1 (f, 9),

uo f
(A=X) <v0> = <g> for |z > 1, (5.2)

v Aug=0onS?.

that is

Since divug = divwvg = 0, the well known coercive estimates yield (ug,vg) €
HY(). Moreover the resolvent (A — \)~! is analytic in {z € C: Rez < 0}
and ug(z; A), vo(x; A) depend analytically on . We write (u,v) = (ug, vo) +
(uy,v1), where (ug(x; A),v1(z;\)) is the solution of the problem

o)

(ul)tan - 'Y(V A (Ul)tan) = _7(1’ A (UO)tan( )) on %,

To solve (5.3), note that —y(v A (vo)tan(w;2)) = F(w;A) € L3*(S?) with
F(w; A) analytical in A for A € Ag. Thus we may write

Z Z )+ B AV (w)

n=1m=-n
with analytical coefficients a5'(A), B7(X). Now we can solve (2.5), (2.6) with
right hand part (a*(A), S7*(\)). Finally, we obtain a representation of the
solution of (5.3) with meromorphic coefficients

ant(N) = (Y ;
T A EIN [ R ) o () (X)) 7 = X
A ML

D (014 LD (i)l (D (i0) = dy 1]
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If v+ > 1 the analysis in the previous section shows that for A € Ay the
meromorphic function /() has a simple pole at A\, < 0, while S7()\) is
analytic in Ag. For 0 < v < 1 the function o?*()) is analytic in Ay and
" (A) is meromorphic. Next we integrate (u(z;\),v(z;A)) over the circle
[An — A| = €, where ¢ is sufficiently small. The integral of (ug(z; A), vo(z; A))
vanishes, while for the integral of (uq(z;A), v1(x; \)), taking into account the
representation of the solution of (5.3), we will obtain a sum

S = Cn ZZ:—n an (AU (W), en # 0, v > 1,
U d N A B )YV W), dny #£0, 0 <y < 1.
This completes the proof of (5.1). O
Passing to the analysis of N(r), consider first the case v > 1. The root

A has algebraic multiplicity 2n + 1 and to find a lower bound of N(r) we
apply the estimate

n(n+1) n+1
Ml <y ————=+a < ———=+a <r
ol 43 ) < s e
no(y)+1
for r > a(y) + ot Then
[(r—a(v)v/v?-1-1
N(r) > > (2 +1) = (v* = 1)r* + O,(r) + A,.

J=no(7v)

To get a upper bound for N(r), we use the estimate

Pl 2 \[Z5 ) ) > a2
for
n>(r+a(y)vVy? —12>2a(y)vV? = 1+ne(y) + 1,
hence
[(r+a(1))/42—1]+1
N(r) < Z (2j+1)+ D, = (72—1)7'24—(’)7(7“)4—14’7.

j=mno(7)

If 0 < v < 1, we have % > 1 and one applies the above argument for the
roots of the the equation (2.6). This completes the proof of theorem 1.1
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