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Abstract

In this paper, we prove a Hopf bifurcation theorem for second order semi-linear equations involving
non-densely defined operators. Here we use the Crandall and Rabinowitz’s approach based on a
suitable application of the implicit function theorem. As a special case we obtain the existence of
periodic wave trains for the so-called Gurtin-MacCamy problem arising in population dynamics and
that couples both spatial diffusion and age structure.
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1 Introduction

In this paper, we study periodic wave train solutions for the so-called Gurtin-MacCamy population
dynamics. That is an age-structured equation with diffusion in space,

(8t—|—3 Au (taz)——(u(taz), teR,a>0,2€RY, (1.1)
u(t,0,z) = f ([ Bla)u(t,a, z)da), teR,z e RN, ’
Here A, = 82 + 82 ot afN denotes the Laplace operator for the spatial variable z € RY for some

integer N > 1 ThlS equation is called the Gurtin-MacCamy equation and was introduced by Gurtin
and MacCamy in [10,11].

In this model, a diffusion process models the spatial displacement. This model describes the simul-
taneous time evolution of the chronological age and spatial location of the population. We mention that
Ducrot and Magal [7] investigated the existence of periodic wave trains for such a problem by developing
a center manifold reduction method for second-order semi-linear differential equations on the real line.

We expect that the temporal oscillations generated by the age-structured part would interact with
the spatial diffusion to lead to the existence of periodic wave train solutions. Here recall that a couple
(v,U =U(x,a)) is said to be a periodic wave train profile with speed « € R if the solution U is periodic
with respect to its variable x € R, namely there exists a period T' > 0 such that U(T +-,-) = U(+,-), and
such that for each direction e € S¥~1 the function u(t,a,z) := U(z - e + 4t,a) is an entire solution of
(1.1). In other words, the profile (7, U) is a periodic-in z-solution of the following second-order problem,

{8%[](1‘,&) — 70, U(x,a) — 0,U(x,a) — (U (x,a) =0, x€R,a>0, (1.2)

U(z,0)=f (fooo B(a)U(x,a)da) .

Here, we shall prove the existence of wave train solutions of (1.1) by proving the existence of periodic
profiles for (1.2). As discussed in Section 2, system (1.2) can be rewritten as a second-order abstract
semi-linear problem of the form

d?u(x) du(z)

w2 + Au(z) + Fp,u(z)) =0, zeR, (1.3)




where ¢ € R is a bifurcation parameter, v € R is a given constant, A : D(A) C X — X is a weak
Hille-Yosida linear operator (see Assumption 2.1 below) acting on a real Banach space (X, ||-||) while
F : D(A) — X is a given nonlinear map of class C2. Because of the (weak) Hille-Yosida assumptions
for the operator A, (1.3) is not a hyperbolic equation but shares similarities with vector-valued elliptic
equations. The equation (1.2) is actually a special case of (1.3) (see Section 2 for more details). In that
case, the corresponding operator A turns out to be a non-densely defined Hille-Yosida linear operator.
Moreover, (1.3) consists of a more general class of equations, see Ducrot and Magal [7] for more examples.

In this work, we shall develop bifurcation methods to study the existence of periodic solutions of
(1.2). We shall more generally focus on the class of second-order equations of the form (1.3). We aim
to apply the implicit function theorem inspired by Crandall and Rabinowitz [2] to prove the existence of
periodic solutions emanating from Hopf bifurcation before coming back to the special case of (1.2). Here,
to apply the implicit function theorem, a significant difficulty is to prove some C* regularity property
with respect to the period w of periodic solutions.

More precisely, we make use of the change of variable v(z) = u(x/w) to fix the period to 27, and
work in the space of 2m-periodic functions. After this change of variable, the problem (1.3) becomes

2
WdeUix(Qx) - w’yd%(;) + Av(z) + F(p,v(z)) =0, x € R. (1.4)
where i € R is a bifurcation parameter.
In this article, we use the implicit function theorem to derive the existence of map p — (w,,, v,,) where
v, a 2r—periodic function, solving the above problem (1.4) (whenever w = w,,). We use the theory of the
sum of commutative operators, and obtain some mild solutions for this abstract vector-valued problem.
In order to apply an implicit function theorem, we need to prove the regularity with respect to w > 0
of the solutions of the following non-homogeneous problem (posed in the space of the continuous and
2w —periodic functions)

, & d
(w Freie wvdm) w(w,z) + Aw(w, z) = f(z), z € R. (1.5)

In Theorem 3.1, we state a result including especially the C! regularity of the map w — w(w,.). This
property corresponds to the regularity used by Crandall and Rabinowitz in [2]. In their case, they
considered first order abstract Cauchy problems of parabolic type, and the regularity with respect to the
period w is inherited from the regularity in time of analytic semigroups. In this work, the operator A is
not assumed to be sectorial (nor almost sectorial), and this regularity property roughly follows from the

regularity of the resolvent of (wQ% — w’y%). This regularity property is in sharp contrast with the

recent article [6], where the authors studied the Hopf bifurcation for an age-structured equation using
this approach based on the implicit function theorem. In [(], some additional regularity assumptions
for the birth function was imposed to compensate for this difficulty and to overcome the lack of time
differentiability for the semigroup generated by an age-structured equation.

Compared to Ducrot and Magal 7], we obtain the existence of wave solution by using a very different
approach. In the present article, we establish the Hopf bifurcation theorem for a second-order abstract
semi-linear problem (1.3) directly, instead of reducing it to an ordinary differential equation by the
center manifold method developed in [7]. Nevertheless, we believe that the current approach provides
an interesting alternative that could be simpler to extend our results, for example, when we replace the
local diffusion with the non-local diffusion (see [12] for a recent article on this topic). In addition, in
Section 5, we apply the established Hopf bifurcation theorem to prove the existence of periodic wave
train for (1.1).

Hopf bifurcation have been previously studied in the context of age-structured models, by Cushing
[3,4], Priiss [20], Swart [22], Bertoni [1], Swart [22] in the 1980s and the 1990s. Hopf bifurcation was
reconsidered by using abstract non-densely defined Cauchy problems by Magal and Ruan [17]. An
abstract Hopf bifurcation theorem was obtained by Liu, Magal, and Ruan [14]. In [14], a general Hopf
bifurcation theorem for systems of age-structured equations was proved. Hopf bifurcation theory is
extensively presented in the book of Magal, and Ruan [18]. The method presented in this article, was
already employed by Cushing [3,4], and more recently by [6] for first-order Gurtin-MacCamy model. But
as far as we know, such a method was not used previously for second-order problems.

This paper is organized as follows. Section 2 is concerned with the statements of the main results
obtained in this work and recalls of some results on the integrated semigroups. Section 3 deals with the
solvability of (1.3) in the space of periodic continuous functions. We also derive some regularity property



of the solutions with respect to the period. Section 4 is devoted to the proof of our main results. Finally
Section 5 focuses on an application of these general results to study the existence of periodic wave trains
for the Gurtin-MacCamy equation, namely (1.1).

2 Main results

2.1 Hopf bifurcation theorem for abstract elliptic equations

In this section we first give assumptions and then state the main theorems of this paper. Throughout
this paper (X, ||-||) denotes a Banach space. We denote by £(X,Y") the Banach spaces of bounded linear
operators from the Banach space X into the Banach space Y, and we denote for simplicity £(X) the
space L(X, X). We consider a linear operator A : D(A) C X — X and we denote by p(A), the resolvent
of A. Throughout the paper, the linear operator A will satisfy the following set of assumptions.

Assumption 2.1. (Weak Hille-Yosida Property) Let A: D(A) C X — X be a linear operator on
a Banach space (X, ||-||). We assume that there exist two constants wa € R and M4 > 1 such that the
following properties hold true:

(i) (wa,+00) C p(A);
(i) lim (M — A)~tz =0, Vz € X;

A—~+o0

(iii) For each A > w4 and each n > 1 the following resolvent estimate holds

Ma

|(AT = A)~ o)

<

nHL(D(A))

Now we will present some important results about integrated semigroups that will be used along this
work. We refer the readers to the papers of Ducrot and Magal [7], Ducrot, Magal and Thorel [9], the
book of Magal and Ruan [18], and the references cited therein for more details on this topic.

Let us introduce Xy := D(A) which is a Banach space endowed with the norm of X. Let Ay :
D(Ap) C Xo — Xo (which is a linear operator on Xy) be the part of A in X,. That is,

Agx = AZ’, Vx € D(AQ), with D(Ao) = {l‘ S D(A) : Ax € Xo}

Note that Assumption 2.1 implies that Aj is the infinitesimal generator of a strongly continuous semi-
group of bounded linear operators on Xy, denoted by {Ta,(t)}i>0. Moreover, it satisfies the following
estimate

T (®)lxy) < Mac?, v > 0.

Proposition 2.2. Let Assumption 2.1 be satisfied. Then A : D(A) C X — X generates a uniquely
determined non-degenerate exponentially bounded integrated semigroup {Sa(t)}i>0. Moreover, for each
x € X, eacht >0 and each p > wa, Sa(t) is given by

t
Sa(t) = (of = Ao) [ Tay(s)(ol ~ 4) 'ads,
0
or equivalently
t
Sa(yr =g | Tay(5)el = ) ads + (1 = Ty (B)(el - 4) ',
0
Furthermore, the map t — Sa(t)x is continuously differentiable if and only if x € Xy and

dSA(t).T

e Ty, (t)x, YVt >0, Vo € X.

From now on we define for each 7 > 0

(S’A*f)(t):/o Sa(t—s)f(s)ds, Vtelo,7],



whenever f € L'(0,7; X). Moreover, denote by

(540 1)(0) = 35 (Sa % P)O)

whenever the convolution map ¢t — (S4 * f)(t) is continuously differentiable.
We will need further assumptions on the linear operator A that are related to the first order Cauchy
problem,

du(t
Z(t ) = Au(t) + f(¢t), for t > 0 and u(0) = 0, (2.1)
where f € Li, ([0,00); X), and p > 1 is related to the following condition.

Assumption 2.3. There exists p > 1 such that for all f € LY _([0,00); X) one has

loc

[(Sa e HB < Ma </ epalt=s) IIf(S)IpdS) v,
0

where Mo and wy are from Assumption 2.1.

Proposition 2.4. Let Assumptions 2.1 and 2.3 be satisfied. For each function f € LY. (]0,00); X), the

loc
convolution function Sa x f belongs to C1(]0,00); D(A)) and the function u(t) = %(SA x f)(t) is the
unique mild (or integrated) solution of the abstract Cauchy problem (2.1). Namely, the function t — u(t)
satisfies

/0 u(s)ds € D(A), ¥t > 0 and u(t) = A/O u(s)ds +/O f(s)ds, ¥t > 0.

Moreover, the following estimate

t 3
I(Sa o O] < Ma ( [ et IIf(S)IpdS) V>0,

holds true for all f € LY ([0,00); X), and for each X\ > wy(Ag) one has

loc

(M — Ag)"Y(Su o f)(t) = /Ot T, (t — s)(M — A)~1f(s)ds, ¥t > 0.

Note that when we work on the space of continuous functions, Assumption 2.3 implies the following
Assumption 2.5, which is called first order solvability.

Assumption 2.5. (First Order Solvability) Let T > 0 be fired. We assume that there exists a map
§:[0,7] = [0,400) such that

lim 6(¢) = 0,

t—0
and such that for each continuous f : [0,7] — X, there exists uy € C([0,7], D(A)) a weak solution of the
Cauchy problem

du(t)
dt

satisfying the following estimate

= Au(t) + f(t), t € [0,7] and u(0) =0

ug ()l < d(t) sup [[f(s)]l, Vt €[0,7].
s€[0,t]

Here weak solution means that for each o € p(A), one has
(ol — A)"tu(-) € C([0, 7], X),
and

o — A u(t)] = —u(t) + (o ~ ) [F(1) + ou(r)].



We now turn to Problem (1.3) and recall a notion of a weak solution for such a second order semi-
linear equation, inspired by Ducrot and Magal [7]. To do so let us introduce further notations. For
each interval I C R, each Banach space (Y, ||-||) and each weight n € R, the weighted function space
BCY(1,Y) is defined by

BCY(1,Y)={peCU,Y): sgfl)e_"‘xl ()] < oo} (2.2)
x
It becomes a Banach space when it is endowed with the norm
el == supe ()] .
xzel

We also define for each integer k > 1 the space BCE(1,Y) by

dly
BCHI,Y)={pecCHIY): o € BC)(1,Y),1=0,...,k}. (2.3)
These spaces are Banach spaces when they are endowed with the usual weighted uniform norm

k

lelin =D

m=0

d™e

dxm™

0,n

We also denote by Ca.(R,Y) and C5_(R,Y), the space of the continuous and 2w —periodic functions from
R into Y, and the space of k—th differentiable and 2r—periodic functions from R into Y for k € N\ {0}.
Using these notations, we recall the following notions of solutions for (1.3).

Definition 2.6. (Weak and Classical Solutions of (1.3)) We define different types of solutions for
(1.3).

(i) We say that u € BCJ(R, D(A)) is a weak solution of (1.3) if for each X € p(A), we have

(A — A)~'u € BCH(R, D(4)),

and
u = ((irz - 7;:6) (AT = A)" ] + (AT — A) 7 [F(u) + Aul.

(i) We say that u € BCJ(R, D(A)) is a classical solution of (1.3) if

u € BC3(R, D(A)),

u(z) € D(A), Vz € R and x* — Au(z) € BC§(R, X),
and
0= L4 (z) + Au(z) + F(u(z)), Vz € R
=gz Vg ) u(x u(x)), Vo .
From the above definition, we can now deal with periodic solutions of (1.3) and make of a change of
variable to fix the period to 2.

Lemma 2.7. Let u € BCJ(R, D(A)) be a T—periodic weak solution of (1.3) for some T > 0. Then the
function v : R — D(A) given by

z—v(z)=u (;;:c> € Czx(R, D(4)),

is a weak solution of the equation

2
w2dd1;:(§) — w’ydg(j) + Av(z) + F(v(z)) =0, z € R with w = 2% > 0. (24)

Similarly if v is a 2m—periodic weak solution of (2.4) for some w > 0 then the function u given by
u(-) = v(w-) becomes a T = 2X —periodic weak solution of (1.3).



In the following we focus on the existence of 2w —periodic (weak) solutions of (2.4) with w > 0 as a
parameter.
Before stating our main Hopf bifurcation theorem, we need to introduce additional assumptions.

Assumption 2.8. We assume that the essential growth rate of Agy satisfies

In(||T
oA — T POT2 O

< 0.
t—+o0o t

In the above assumption, ||L|,,, denotes the essential norm of a bounded linear operator L on the
Banach space X. Recall that it is defined by

[Lcss = R(L(Bx,(0,1))),

wherein Bx,(0,1) = {z € X : ||z|| < 1} is the ball of radius 1 in X, and x(B) denotes the Kuratowski’s
measure of non-compactness of B, a bounded subset of X, defined by

k(B) =inf{e > 0: B can be covered by a finite number of balls of radius < €}.

Next we set
oeu(A) :={A € ag(4) : Re(\) > 0},
and
os(A) :={X\ € o(A4) : Re(N) < 0}.

Now recalling Assumptions 2.1, 2.5 and Assumption 2.8 and using the results of Magal and Ruan [17,
Proposition 3.5], we obtain that there exists a uniquely determined finite rank bounded linear projector
II., € L£(X) satistying the following set of properties:

(i) Heu(M — A)™ = (AT — A) " Hley, VA € p(A);
(ii) Aey € L(Xy) the part of A in X, := I, (X) satisfies 0(Acy) = 0eu(A);
(ili) Ay € L(X,) the part of A in X := (I — I, )(X) satisfies 0(As) = 05(A).
Therefore this leads us to the following splitting of the state spaces X and X,
Xo=Xeu ® Xps and X = X, & X,
wherein we have set I, := I —II., and
Xos = 4(Xo) C Xp and X, := II(X).

We now consider system (1.3) depending on some parameter p € R. To be more precise we consider
the following second order equation

d?u(x) ~_du()
da? T dx

where p € Rand u: R — D(A), and F : R x D(A) — X is twice continuously differentiable.
Our Hopf bifurcation theorem reads as follows.

+ Au(z) + F(p,u(x)) =0, z€R, (2.5)

Theorem 2.9. (Hopf Bifurcation Theorem) Let Assumptions 2.1, 2.3 and 2.8 be satisfied. Assume

that F : R x D(A) — X is of class C* and satisfies
(i) F(u,0) =0 for all p € R and 9, F(0,0) = 0.

(ii) For each u in some neighborhood of p = 0, there exists a pair of conjugated simple eigenvalues of
(A+ 0, F(,0))0, denoted by XV (p) and XV (1), such that

AV (0) = w2 + iywo for some wy > 0.
We further assume that
7(A0) N Puyz = {AD(0), XD (0)},
where
Pugz = {52 + 7€ : § € wol}.

We also assume that the map p — A(l)(u) is continuously differentiable and satisfies

1 dx®M(0)
vy — 2wy dp

Re #0



Then there exist a constant n* > 0 and three Ct—maps, n — p(n) from (—n*,n*) into R, n — w(n) from
(=n*,n*) into R and n — u, from (—n*,n*) into BCY(R, Xy), such that for each n € (—n*,n*)\ {0} the
function u, € BCY(R, Xy) is a nontrivial and w(n)—periodic weak solution of (2.5) with the parameter
value p = p(n) and moreover for n =0 one has

w(0) = wo, ©(0) =0 and ug = 0.
Remark 2.10. In the above theorem, if we consider the continuous set
P={€+irt:£€R},

in general, the intersection of the spectrum of Ay with the continuous set P may contain extra elements.
That 1is,

a(Ag) NP\ {AD(0), \D(0)} # 0.

But we assume that the intersection of o(Ag) with the discrete set P,z only contains the two conjugated
eigenvalues X (0) and AV (0). This condition extends the one which Crandall and Rabinowitz [2]
employed for Hopf bifurcation. Moreover, such similar Crandall and Rabinowitz’s condition is also used
in following Theorems 2.11 and 2.106, see (2.8) and Assumption 2.15-(ii) respectively.

In addition, compared with Ducrot and Magal [7, Theorem 2.11], here we only require that F is of

class C?, which needs less regqularity.

We now deal with the persistence of non-degenerate Hopf bifurcation for Problem (2.5) with large speed
v > 1. Observe that if u is a solution of (2.5) for some 7 # 0 then the function v(x) := u(vyz) satisfies

the problem
1 d%v(z) do(x)
~42  da? dx
For |y| > 1 large enough, the above equation becomes a singular perturbation of the following first order
evolution equation

+ Av(z) + F(p,v(z)) =0, zeR. (2.6)

du(x)
dz

Our next result will show that non-degenerate Hopf bifurcation for (2.7) persist for (2.6) when ~ is large
enough. Our detailed result reads as follows.

= Av(z) + F(p,v(z)), zeR. (2.7

Theorem 2.11. (Persistence of Hopf bifurcation) Let Assumptions 2.1, 2.3 and 2.8 be satisfied.
Assume that F : R x D(A) — X s of the class C? and satisfies

(i) F(p,0) =0 for all p € R and 0, F(0,0) = 0.

(ii) For each u in some neighborhood of p = 0, there exists a pair of conjugated simple eigenvalues of
(A+ 0, F(,0))0, denoted by XY (p) and XV (1), such that

AD(0) = iwg for some wy > 0,
and
o(Ao) NiwoZ = {AD(0), A1) (0)}. (2.8)
We furthermore assume that the map p — /\(1)(u) s continuously differentiable and satisfies

A
Re T(O) > 0 respectively < 0.
1

Then, there exists a constant § > 0 and a map v = y(u) defined from (0,9) (resp. on (—4,0)) into
(0,00), such that each ug € (0,9) (resp. for each po € (—96,0)) is a Hopf bifurcation point for system
(2.6) whenever v = v(po).



2.2 Application to the existence of periodic wave trains for Gurtin-MacCamy
model

We now apply Theorem 2.12 to investigate the existence of periodic wave trains with large wave speed
~ for system (1.1). Here recall that a wave train profile with speed v is an entire solution of (1.1) of
the form u(t,a, z) = U(z,a) with 2 = z - e + 7t for e € S¥~1 and where the function U is periodic with
respect to the variable z € R. Namely, there exists a period 7" > 0 such that for all z € R and a > 0
one has U(z + T,a) = U(x,a). This leads us to the following problem of finding an z—periodic profile
U =U(z,a) and a speed v € R solving the problem

{BgU(m,a) — 70, U(x,a) — 0,U(x,a) —(U(x,a) =0, z€R,a>0, (2.9)

U(z,0) = f (v, [;° B(a)U(z,a)da),

where ¢ > 0 is a given and fixed parameter while v € R is a parameter that will be used as a bifurcation
parameter. We also provide the following assumptions.

Assumption 2.12. We assume that

(i) There exists an open interval I such that for each v € I there exists a constant solution w, € R of
the equation

w, = f(v,w,).
In the sequel we set

U, = (f) with  T,(a) =w,e %%, VYvel.

(i) Assume that f € C?(R x R,R) and x := 8(-)e™¢ € L'(0,00) with

/000 x(a)da = 1.

Under the above assumptions, let us re-write (2.9) as a special case of (1.3). To do so, consider the
Banach spaces
X =R x L'(0,00) and Xy = {0} x L*(0, c0),

as well as the non-densely defined operator A : D(A) C X — X defined by

D(A) = {0} x W (0, 00) and A (g) _ <_;§0£02(p> .

Observe that Xg = D(A) # X. Next consider the nonlinear map G : I x Xy — X defined by

6 (1 (%)) = (1 o J preterie)),

Next setting u(z) = ( )>, system (2.9) re-writes as

0
Ul(z,-

2'LL X u\xr
L) 3249 | e + Glru(a) =0, a e B (2.10)

Note that the linear operator (A4, D(A)) is a Hille-Yosida operator so that Assumptions 2.1 is readily

satisfied. Also note that wg ess(Ao) < —¢ < 0, so that Assumption 2.8 holds true. We refer to Magal

and Ruan [17] for more details. Moreover, A satisfies Assumption 2.3, which can be found in [16,18].
Now we observe that according to Assumption 2.12 the stationary equation

Au+ G(v,u) =0, we D(A),

has a solution that is defined by



In order to apply Theorem 2.11 we first recall some known results for the first order differential equation

dzif:) = Au(z) + G(v, u(x)). (2.11)

Consider for each v € I, the linear operator B, : D(B,) C X — X defined by
D(By) = D(4), B, =A+0,G(v,u,), (2.12)

where 9, corresponds to the partial derivative of G(v,u) with respect to u. The bounded linear operator
0.G(v,u,) € L(Xo, X) is defined by

8.G(v,4,) (%) = (6’”“”’1””)0]5 W)@(Z)dl) v (?f) € X,

Here 0,, denotes the partial derivative of f = f(v,w) with respect to w.
By using the result of Ducrot, Liu and Magal [8], the essential growth rate of the semigroup generated
by (B, )o, the part of B, in the closure of its domain, satisfies

wo,ess((Bu)o) < —¢ < 0.

The following result follows from [18, Theorem 4.3.27, Lemma 4.4.2, Theorem 4.4.3-(ii)] to which we
refer the reader for a proof and more details.

Lemma 2.13. The spectrum of B, in the half plane
Q:={AeC:ReX>—(}
contains only isolated eigenvalues which are poles of the resolvent of B, .

Recall that the characteristic function, describing the spectrum of B, in €2, is obtained by computing
the resolvent of B, as presented in Liu, Magal and Ruan [14]. We define the characteristic function
for v € I and A € Q as follows

A, ) =1 =0y f (v,W,) /OOO B(1)e~ N, (2.13)
We now recall a result presented in a more general framework in the Section 5.2 in [14]
Lemma 2.14. For each v € I the resolvent set p(B,) of B, satisfies
A€ p(B,)NQ < A, \) #0,
or equivalently the spectrum o(B,) := C\ p(B,) of B, satisfies
A€a(B,)NQ < Ay, \) =0.

In addition, we provide the following assumptions on the characteristic equation A(v, \) = 0 to obtain
the existence of Hopf bifurcation of the first order equation (2.11).

Assumption 2.15. There exists vy € I and wg > 0 such that the following properties are satisfied.

(i)
A(Vo, woi) =0.

(ii) Crandall and Rabinowitz’s condition

A(vg, kwoi) # 0,Vk € Z and k # 1.

(iil) Simplicity of the eigenvalue woi
(%\A(l/mwoi) 7& 0,

which is also equivalent to

0uf () [ AL a2 0.
0



(iv) Transversality condition

Re (aUA(uWoz‘) X m) #0.

Recall that Assumption 2.15 combined with Assumption 2.12 implies that v = vy is a Hopf bifurcation
point for the first order equation (2.11), see Liu, Magal and Ruan [14]. Here we mention that recently
we [6] provided a short proof for Hopf bifurcation of the first order equation (2.11) with slightly smoother
assumption on 3 (roughly of bounded variation), which is also motivated by Crandall and Rabinowitz’s
approach [2].

Now let us re-write system (2.10) for v € I by setting v = v + u,. This leads to the following

parametrized problem
d? d
dvx(;) —7 Zf) + Byu(z) + F(v,v(z)) =0, (2.14)

where function F': I x Xy — X is defined by

F(v,v) =Gv,v+1,) — Gv,1u,) — 0,G(v, T, )v.
Then according to Assumptions 2.12 and 2.15, Theorem 2.11 applies and leads to the following result.

Theorem 2.16. (Existence of periodic wave train solutions) Let Assumptions 2.12 and 2.15 be
satisfied. Then there exist v* € I,v* > 0 large enough and n* > 0 such that for each v € (v*,00), there
exists v, € (V* —n*,v* +n*) such that system (2.9) with v € (v*,00) undergoes a Hopf bifurcation at
v = vy around the r—independent solution u,. , and the bifurcation solution is a periodic wave train of
(1.1) with speed .

Finally in order to apply Theorem 2.9 and give more general speed v, we will take an explicit
example to provide some estimates on the lower bound of spreading speed «, which is motivated by Ma
and Magal [15], Magal and Ruan [17].

Assumption 2.17. We assume that f(u) = ue *,u >0 and

Co(a — T)"e_"(“_T)7 ifa>T,
0, ifa <,

5o = {
with >0,k >0,n €N or7t>0,k=0,n=0, where Cy is dependent on the parameters T,k and n to
ensure that [;° B(a)e *“da = 1.

We shall consider the following problem depending on some parameter a

{agU(ac,a) —v0:U(z,a) — 0,U(x,a) — CU(z,a) =0, z€R, a>0, (2.15)

U(z,0) = af (f,° Bla)U(z,a)da) .

Here o > €2 is a bifurcation parameter while the nonlinear function f and birth rate function 3 satisfy
Assumption 2.17. With the above assumptions, we have the following Hopf bifurcation result.

Theorem 2.18. Let Assumption 2.17 be satisfied. If v > (n+1)/7 — 2(C + k), then for each k > 0,
the number ay, defined in the following

ntl
, w2 \? 7202
_ 1 Wi, T 1 k k
Qp = exp +e (( +<+H> +(<+H)2

is a Hopf bifurcation point for the system (2.15) parameterized by « around the positive equilibrium
U = Inae ¢?, where wy, is the solution of

Yw

ywT + (n + 1) arctan Crnia?

=7+ 2knm, ke N.
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3 Solvability of a linear second order problem

Throughout this section we consider the solvability of the following second order linear problem of
finding u € Ca, (R, Xp), solution of

(w2(i2 — wy(i) u(z) + Au(z) = f(z), z € R, (3.1)

with w > 0 and f € Co;(R, X). Here the solvability of the above linear problem is understood in the
weak sense of Definition 2.6. To that aim we extend the methodology developed by Ducrot and Magal
in [7] based on the commutative sum of linear operators.

The main result of the section reads as follows.

Theorem 3.1 (Solvability). Let Assumption 2.1, 2.3 and 2.8 be satisfied. Then for each w > 0 there
exists K(w) € L(Car(R, X5),Co2r (R, Xos)) such that for oll f € Cor(R,X) and any w > 0 one has:
u € Cor (R, X)) is a weak solution of (3.1) if and only if the functions ue, := lu € C3 (R, Xe,) and
us = Iyu € Cor (R, Xy) satisfy the following system

us = K(w)I, f,

2 1 / (3.2)
wiug, () — wyul, () + Acyticn(v) = ey f(2), € R.

Moreover the map K : (0,00) X C2, (R, Xs) = Caor(R, Xos) given by
K(w, f) = K(w)/,
is continuously differentiable with respect to w > 0.

Remark 3.2. In Theorem 3.7 we will see that the operator
u(z) = (w202 — ywdy + As) u(z)

defined on C3_(R, Xs)NCa2x (R, D(Ay)) is closable. The closure is invertible, and this inverse is the linear
operator K(w). The linear operator K(w) is nonlocal in x. That is,

depends on all the values of x — f(x) (with x € R).

Remark 3.3. Recall that Ay, arising in the second equation of (3.2), is a bounded linear operator in
the finite dimensional space X, so that the second equation in (3.2) is a second order ODE (posed in
the finite dimensional space Xy, ).

The rest of this section is devoted to the proof of the above theorem. It is split into several parts.

3.1 Strongly continuous semigroups and integrated semigroups on space of
2m—periodic continuous functions

Let (X, ||-]]) be a Banach space. Let A : D(A) C X — X be a linear operator satisfying Assumptions
2.1 and 2.3. Consider the linear operator A : D(A) C C2,(R, X) — Ca,(R, X) defined by

{D(A) = Cax (R, D(A)), (3.3)

A(p)(z) = Ap(x), Vo € R.

In the above notation Cy, (R, D(A)), D(A) is endowed with the graph norm.
We now make some precise properties of the linear operator A. First observe that one has

Next, one has p(A) = p(A), and for each ¢ € Cor (R, X)

(A = A) () (2) = (A = A) " p(x), YA € p(A).

11



It follows that A satisfies Assumptions 2.1 (i) and (iii). Moreover, for each given ¢ € Ca,(R, X) the
subset {¢(x)}zer is compact. Hence we obtain that

lim [|(A—A)""¢]

A 00 |CQ7((R,.X) = 0’ VQO € CQTF(]Rv X),

and the operator A also satisfies Assumption 2.1 (ii) in Ca, (R, X).
Furthermore the part of A in D(A), denoted by Ay, is the infinitesimal generator of a Cy—semigroup
of bounded linear operators {74, (t) }+>0 which is defined for each ¢ > 0, ¢ € C2-(R, X) by

T4, (1) (@) () = Tao (H)p(2), Vo € R.

Here Ag denotes the part of A in D(A). This property implies the growth rate equality
OJ()(A()) = wQ(AQ).

In addition, the linear operator A is the generator of the integrated semigroup {S4(t)}¢>0 on Car (R, X)
given for any t > 0 and each ¢ € O3, (R, X) by

Sa(t)(e)(x) = Sa(t)p(x), Vo € R.
It follows by Assumption 2.3 that there exists p > 1 such that for all f € L} ([0, 00); Cor(R, X)) one
has (Sa < f)(t)(z) = (Sa o f(-,x))(t), and

1
P

t
1540 DOllesinng < M ([ 40 112, 0 5) vt 20,

where M4 and w4 are the constants arising in Assumption 2.1 (see Ducrot and Magal |7, Proposition
5.3]).

To sum-up, the linear operator A : D(A) C C2x(R, X) = Cor(R, X) satisfies Assumptions 2.1 and
2.3.

3.2 Second order differential operators

Let (Y,|| - ||) be a Banach space. Consider for w > 0 the linear operator D(w) : D(D(w)) C
Cor(R,Y) = C2:(R,Y) defined by

D(D(w)) = C3(R,Y),
D(w) = w?? — ywd,.

First, for each w > 0, D(w) is the infinitesimal generator of a Cyp—semigroup on Co,(R,Y") which is given
for t > 0 and ¢ € Ca2x(R,Y) by

1 _ v 1 _ (m—rywt—y)?
Tp(w) () (@) (z) = \/ﬁ /Re 1wt p(x — ywt —y)dy = m/ﬂ@e i p(y)dy.

This explicit formula allows us to obtain the following growth rate estimate.

Lemma 3.4. The linear operator D(w) for w > 0 is the infinitesimal generator of strongly continuous
semigroup {Tp(w)(t)}t>0 of bounded linear operators on Car(R,Y). Moreover the following estimate
holds true

||T'D(w)(t)||£(C2,((R,Y)) <L Vt=20,w>0,

and therefore, wo(D(w)) <0 for w > 0.
We continue this section by deriving some regularity estimates that will be used in the following.

Lemma 3.5. For anyw >0, ¢ € Co(R,Y) and t > 0 the map x — Tp(,,)(t)p(x) belongs to C*(R,Y).
Moreover there exist positive constants C > 0 and C” > 0 such that for alln >0, ¢t > 0 and w > 0 one
has:

n Ce\ 2
||8xTD(w)(t)<pHC%(Ry) <C"ay, (wgt> llellcs. vy, Yo € Con(R,Y),
where we have set
o — jlif n =27,
"TlVAIG - D ifn=2j—1.
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Proof. Let us note that one has for all t > 0 and w > 0
Tp()(t) = Tu2o2 () T—wno, (t) = To2 (W) T_qo, (wt) = T_a, (wt)Tp2 (wt).
Observe also that if f € C% (R,Y") for some n > 1, then for all 0 < k < n one has
T, ()] = T, ()L f.

Now when f € Car(R,Y), then Ty (w?t) f € Cg, (R,Y) for any n > 0, so that for any f € Car(R,Y) and
t > 0 one has
G;TD(W) ) f =T, (wt)agTag (th)f.

Now according to the proof of Pazy [19, Theorem 5.2], one knows that there exists a positive constant
C > 0 such that for all n > 0 and ¢ > 0 one has

1 2 1 (n) Ce "
- n _ < [ ==
n! H(Eh) Toz (t)Hﬁ(Czw(RvY)) n! HTO:Q: (t)Hc(ch(R,y)) - < t '

As a consequence we get for any n € N and ¢ > 0:

. Ce\"
102" Tow) (| £ (0. vy < ! (th) ‘

On the other hand, by the Gagliardo-Nirenberg interpolation inequality, there exists some constant
C’ > 0 such that for all n > 1, w > 0 and ¢ > 0 one has

1

8§(n— 1)TD(w) (t) 2

a2n71T
|02 T'nw) £(Can(BY))

1
< O 02 Tow) (D[,

(R,Y))‘
< C'y/nl(n—1)! (%)n_% )

Then it follows that there exists some constant C”” > 0 such that for all m > 0, w > 0 and ¢ > 0 the
following estimate holds:

(t) H L(Car(R,Y))

. Ce\?
192 Tp) Dl £, vy < € (m) ’

which completes the proof of the lemma. O

To investigate further regularity, let us introduce for n € R and ¢ > 1 the weighted space L%(O7 00} Y)
defined by

¢ € Li([0,00);Y),

loc

€ L1(0,00;Y) &
? € Ly(0,00:Y) {m%e”m@(x)eLq(Opo;Y).

This weighted space is endowed with the weighted L?—norm

el 22 0,005v) = 1€ @()|La(0,00:v)s Vi € L(0,00;Y).
Our next result reads as follows.

Proposition 3.6. Let n > 0 be given and q > 1 be given. The map Q : (0,00) x Cor(R,Y) —
L7,,(0,00; Cox (R,Y)) given by

Q(w7 f) (t) = TD(w) (t)f = Tf'yc')z (Wt)Tag (w2t)f7
is continuously differentiable with respect to w > 0. Its derivative with respect to w is given by
and we have the following key estimate
184 Q. DOy vy <M [ + 07 7] [ fllcuu

for some constant M > 0 independent of w,t and f.
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Proof. Note that Q is continuous and a linear bounded operator with respect to f € Ca,(R,Y). To
prove the proposition, it remains to investigate some properties of the derivatives with respect to w. Fix
f € Cour(R,Y) and set

9(w,t,7) = To202—wna, () f () = T—yo, (wt)Thz (W?t) f ().
Recall that for any f € C3_(R;Y) and ¢ > 0 one has
R T o, (t+h)f —Tro, ) f] = =70 f(- — vt) = =70, T—r0, (t)f as h — 0 in Car(R,Y).

Next, since for any ¢ > 0 and f € Car(R,Y’) one has Ty () f € C55(R,Y), it follows that one has for any
w>0,t>0

Rt g(w+ h,t, ) — g(w,t,-)] = (thag — t*y@x) Ti202—wya, (1) f as h — 0 in Cor(R,Y).

Now we make use of Lemma 3.5 and the Lebesgue convergence theorem to show that the limit above
holds in L7, (0,00; Cax(R,Y)). Indeed, due to Lemma 3.5 there exists some constant M > 0 such that
forall t >0, w > 0 and f € C2-(R,Y) we have

| (2wtd2 — t70) To202 —wryo, (t)chh(R,m <M [w—l + w—ltl/ﬂ 171l o (¥ - (3.4)

As a consequence, from the mean value theorem, we obtain that all h small enough, there exists some
constant M = M (w) > 0 such that

A" lg(w + h,t,) = g(w,t, ')]ch,,(m,y) <M [1 + tl/Q] £l o,

and t — 14+t1/2 ¢ L‘in(O, o0; R) since ¢ > 1 and n > 0. To conclude, the Lebesgue convergence theorem
ensures that for any w > 0 and f € Co,(R,Y) one has

QW+, f) — Qw, )] = 0,Q9(w, f) :== (2wt8§ — tv@I) T202—wya, (1) f as h — 0 in L'in(O7 00; Cax (R, Y)).

It remains to check that the map 9, Q(w, f) is continuous from (0, 00) x Car (R, Y) into L2, (0, 00; Car (R, Y)).
To do so, fix w; > 0 and f1 € Cox(R,Y). Then for any w > 0 and f € Co,(R,Y’) we have

(20102 — t70,) T202 o, (1)1 — (2007 — t702) Tu202 oo, (1) f
= (2witd2 — t70,) T.202 —woyva, ) f1 — (2wt07 — t70,) Tozo2—wna, (1) f1
+ (2010 = 170,) Tuzo2—wno, (D (f1 = f)
= (2w td?2) [waag—wwaz (t) = To202 —wro, (t)} f1 4+ 2(w1 — wWET, 292 —uwya, (1) f1
— 1902 [T 202 — 070, (1) — Turo2—uno, (O f1 + (2wt0; — 1702) To202—umo, (t)(f1 — f)-
Now observe that for any k£ > 0 and any ¢ > 0 one has
O[T 202(t) = Toro2 (1)) fr = 0 as w — wy in Corn(R,Y).
Hence one obtains for any k£ > 0 and all £ > 0
ok [Te202 —wivo, (1) — Ti202 —wra, ()] f1 = 0 as w — wi in Cor(R,Y).
Next one has for some constant M > 0 (independent of w, t and f;, see Lemma 3.5)
) M
[|2(w1 — w)t2T, 202 e, (t)f1|‘02,r(R,Y) < 2wy — w|§\|f1||c2w(R7y) — 0 as w — wy for any ¢ > 0,
while due to Lemma 3.5 we have
(| (2wtdF — t70:) T2 — oo, (1) (f1 — f)HC%(R,y) <M [‘fl + Wﬁltl/ﬂ 1f = fillcorry)-
As a consequence of the above estimates, we have reached that for any ¢ > 0

(201102 — t90,) Top202 i, () f1 — (20t02 — t70,) To202 —oya, (£)f — 0

in Cor(R,Y) as (w, f) — (w1, f1) € (0,00) x C2x(R,Y). Finally the convergence for the topology
L?,,(0,00; Cax(R,Y)) follows from the application of the Lebesgue convergence theorem using (3.4), and
the result follows. O
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3.3 Proof of Theorem 3.1

This section is devoted to the proof of Theorem 3.1. Recall that A : D(A) C X — X is a linear
operator satisfying Assumptions 2.1, 2.3 and 2.8. We define A, : D(A) C C2,(R, X) — Cor (R, X) as in
(3.3) with the part Ag of A in its stable space X. Note again that Assumption 2.3 implies Assumption
2.5. We are now concerned with the linear operator D(w) + A, for some parameter w > 0, and we apply
Thieme [21, Theorem 4.7] to have the following result.

Theorem 3.7. Let Assumptions 2.1 and 2.5 be satisfied and let w > 0 be given. Then the linear operator
D(w)+As : D(D(w))ND(Ay) C Cor(R, Xs) = Con(R, Xy) for w > 0 is closable, and its closure, denoted
by D(w) + As : D(D(w) + As) C Cor(R, X,) — Car(R, Xy) satisfies Assumptions 2.1 and 2.5. More
precisely, it satisfies the following properties:

(i) The following inclusion holds true

C3 (R, X,)NCar(R,D(Ay)) C D(D(w) + A,) = Cor (R, Xos).

(ii) The part of D(w) + As in Can(R, D(Ay)), denoted by (D(w) + As)o is the infinitesimal generator
,(®)} _, on Con(R D(A)), and

of a Cy—semigroup {T(D(w)+AS

Tmwran, ) = Tow) ()T, (t) = Ty, () Tpw)(t), Yt =20,
so that the following growth rate estimate holds true
wo((D(w) + As)o) < wo(Aos) <O0.

(iii) The linear operator D(w) + As generates an exponential bounded (non degenerate) integrated semi-

group {Sm(t)}t>0 of bounded linear operators on Cor (R, Xs) given by
Sm(t) = (S.Ag OTD(UJ)(t — ))(t)7 Vit Z 0.

(iv) The equality
—(D(w) + As)u = v and u € D(D(w) + As)

holds if and only if
(AL = D))" + (ol = As) ' u= (M —Dw))" (o — As) ™ o+ (A +0)u]
for some A € p(D(w)) and o € p(As). This last formula is also equivalent to
(of = As)tu(-) € C3(R, Xos),

and for some o € p(As) and any x € R,

- <w2 d(152 - W’ig) (oI — A9)™ru(z) = —u(x) + (of — As) ™ [v(@) + ou()] .

Note that due to Theorem 3.7-(ii), one has 0 € p (D(w) —|—AS), and for each w > 0 we define

K(w) € L(Car(R, X;),C2r (R, Xos)) by K(w) = (D(w) + AS) ' . With this notation and recalling that
X, is finite dimensional, the first part of Theorem 3.1 holds.

To complete the proof of the result, it remains to prove the regularity of the map (w, f) — K(w)f.
Recall from Ducrot and Magal [7] that K (w) is given by

K(@)f = I (S4, o Tyt = ))(0).
Next the smoothness with respect to w follows from Proposition 3.6 by applying some results of Ducrot,
Magal and Thorel [9].

Recall that the weighted space L (0, 00;Y") is endowed with the weighted L?—mnorm

el 22 0,005v) = 1€ @()|La(0,00:v)s Vi € L(0,00;Y).
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Recall also that wy(Aps) < 0 by Assumption 2.8, so if § > 0 with
wo(Aos) +6 <0,

then given p > 1 in Assumption 2.3, for each n > 0, the operator Ka,4s : L} (0,00; Cor (R, X5)) —
Car (R, Xo,) defined by

K, +s9) == I (Savs 0 g(t—))(t), ¥g € L5 (0,00 Cor (R, X))

is a bounded linear operator and satisfies the following estimate (see Ducrot, Magal and Thorel [9, Lemma

3.1]): for each 6 > 0 and W4 > wo(Ags) with § + @4 < 0 there exists some constant M4 > 0 such that
141

M, .
K .+l (8 (0,003C20 (R, X)), Con . X0a)) S T p@azomm = Maln, ).

Now fix § > 0 with wg(Ags) + 6 < 0 and observe that for all f € Co, (R, X,) and w > 0, one has
t— e " Tpe,)(t)f € LI (0,00; Car (R, X)),

for all ¢ > 1 and n € (0,9). Fix such n € (0,d) and recall that p > 1 is given in Assumption 2.3. Note
that for all (w, f) € (0,00) x Car (R, X;) one has,

K(w)f =Ka,4o (e Tpw)()f) -

As announced above, the smoothness follows from Proposition 3.6 together with the boundedness of
the linear operator K4, 45 from LP (0,00; Car (R, X5)) into Cor(R, Xos). This completes the proof of
Theorem 3.1.

4 Proof of Theorem 2.9

This section is devoted to the proof of Theorem 2.9. Note that Theorem 2.11 can be established
directly by combing Theorem 2.9 and the arguments in Ducrot and Magal [7, Theorem 7.7]. Thus we
only prove Theorems 2.9.

Up to time rescaling we assume with loss of generality that

Wy = 1. (41)
We now investigate the existence of a 27 /w-periodic z — u(x) solution of the elliptic equation

d?u(x) ~_du()
daz? T dz

+ Au(z) + F(p,u(x)) =0, z€R, (4.2)

with w close to 1 and (u,u) close to (0,0). We use the change of variables

v(z) =u(x/w).

Thus v becomes a 2m-periodic solution of the problem

, d%v(x) dv(z)

22 W T Av(z) + F(u,v(z)) =0, ze€R. (4.3)

Now the existence of nontrivial 27/w—periodic solution of (4.2) becomes equivalent to the one of
nontrivial 2r— periodic solution of (4.3). We shall apply the implicit function theorem to investigate
the existence of nontrivial 2w —periodic solution of (4.3) for u close to 0. Projecting the above equation
(4.3) on X, and X, formally yields for € R

2
w2d Ve () 3 wvdvcu(x)

+ Acuvcu(x) = _chF(M7'Ucu(x) + US(x))7

dx dx (4.4)
d?v,(x) dvs(zx) '
2 s - s _
w o wy T + Asvs(z) I F (pty Ve () + vs(x)),

where vy, (z) = Ipv(x) for h € {s, cu}. Recall that dimX,., < oo so that the first equation is an ODE in
Xey. A rigorous splitting is described in the following lemma whose proof is based on Theorem 3.1.
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Lemma 4.1. Let Assumptions 2.1, 2.3 and 2.8 be satisfied. Consider the second order differential oper-
ator for h € {s,cu} defined on Cor(R, X}) by D(w) = w?0? — ywd with w > 0. Then v € Cor(R, D(A))
is a weak solution of (2.5) if and only if the maps

!
(vw) € CL (R, Xou X Xeu) and vy = v € Can(R, X,),
satisfy:

(i) The function vs is a weak solution of
vs() = — K (@) [F(p, (veu +v5) (D] (@) (& = (D) + A, ) 05 = TP (1, v +03) )

(ii) The function (v.,,,vew) Satisfies, for all x € R, the problem

2L (v (el Aa (vl (~TenF (s veu () + vs(2))
dz \veu —w?l 0 Veuw) 0 ’

Here and in the sequel, 4 denotes the linear operator associated to A as in (3.3), while for each
h € {s,cu,0}, A, denotes the linear operator associated with Ay as above.
We define
(A + 8uF(,U7 0))cu Tey = Acu Teu + chauF(ﬂa O) Teus Veu € Xeu,

which is a linear operator from X, to itself. The above notation also clarifies the notation used in our
previous paper Ducrot and Magal [7, Theorem 2.11]. Moreover one has

o (A + 0uF(11,0))en) = 0 (A + 0y F(1,0))) N {z € C: Rez > 0}.

According to the above Lemma 4.1, we set

l] _% A+8UF 70 cu lI _% ACU+HCUauF ’0
B(wvﬂ) — <w] w ( 0 (/1‘ )) ) — (w[ w ( 0 (M ))) Gﬁ(Xcu X Xcu)7

and

u(z) = <”2"($)> € Xpu X Xew.

Ve ()
We also set G : R? x (X¢y X Xey) X Xos — Xew X Xey and H 1 R x (Xpy X Xey) X Xos — X, defined by

1
G (wr i, 03) = < e F (1, veu +v8) + chauF(u,O)vcu>

and
H (p,u,vs) = = F (1, Ve, + vs).

Together with these notations (4.4) becomes equivalent to the following system posed for z € R

d%f) = Blw, pu(z) + G(w, p, u(x), va(2)), (4.5)

vs(x) = K(w) [H (p, u(-), vs ()] ().

Note that the linear operator B satisfies the following spectrum properties (see Ducrot and Magal [7,
Lemma 7.1])
o(B(1,0)) = {0} U{z € C:vz —2* € 0(A)}-

Recalling that wy = 1 (see (4.1)), Assumption-(ii) in Theorem 2.9 implies that there exist two

continuously differentiable maps p — A (1) and g — A1) () in the spectrum of (A4 9, F(y,0))o, such
that

AD(0) =1+ iy.

We further assume that
a(Ag) NPz = {A1(0),AD(0)},
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where
Pr={+iné: £ €L},
and that the map p — A (p) is continuously differentiable and satisfies

1 d\®
Re { - A (0)]
y—2¢ du

iR
3y
AD(0) = 3% + i3

Figure 1: In this figure we plot both the continuous parabola P = {&2 + iv¢ : € € R} (black solid curve)
and discrete parabola Py = {&% +ivé : € € Z} (black dots).

Claim 4.2. There exists 1 > 0 small enough and a map X2 : (=n,1) — C of class C* such that
A2(0) =4, (4.6)

and
PO @) — (X)) = XD (), Vi € (~n.). (47)

Note that the conjugated equation reads as

2
YA@ (1) — (W)(u)) = A (), Yp € (=n,m).
In order to prove the claim we apply the implicit function theorem to the map
Vip,2) :=vz—22 =X (u), € C, peR.

Observe that V is of class C' with respect to u and z due to to the C' regularity of g — A (p).
Moreover, we have
V(0,4) =0 and 8.V/(0,7) = v — 2i # 0.
This proves the claim. Further, up to reduce 7 if necessary, we have A (1) # 0 for all p € (—n,n). Fix
such an 7 and denote
J = (=n,1). (48)

Now, by differentiating both sides of (4.7) we obtain

(2) M (o
dX (0)( —2i):d)\ ()’
d du
so that (2)(
dA#)(0)
4.9
Re a #0 (4.9)
Now set
A3 ()

AP (w, p) = ,w>0and p € J.
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Then one can verify that A (w, ) € o(B(w,u)). Indeed, if A (w,p) is an eigenvalue of B(w, )
associated with (r1,72) € Xew X Xew \ {(0,0)}, then it follows that

r— ﬁ(A + 0uF (11,0))cur2 = )‘(2)(‘*)7#)7”17
T = )‘(2) (W,N)T%

which implies that

2
(A4+ 0uF (1 0)urs = 1 (X (e pw) = (A ) |
Since A(?) (1) # 0 for all u € J, it follows that 7y # 0. Otherwise (r1,72) = (0,0). Hence

3 (A ) — (AD .)€ 0 (A + 0, F(1.0))cs)

Together with the above claim (see (4.7)) we can also conclude that \(?) (w, ) = % Moreover, we

have
o(B(1,0)) NiZ = {A?(0),A\®(0)} = {+i}. (4.10)

Since m := dimX,, < oo and thanks to the isomorphism, we now use the notation R*™ to represent
Xy X Xey in the following context. First using a change of basis, for any fixed vy we rewrite the first
equation of (4.5) under the following form

’LLl X
ddi](:) = Bl(wvﬂ)ul (:L’) + Gl(w,,u,ul(x)7u2(x),vs($)) € RQ, (4 )
A1
% = B%(w, p)u?(z) + G*(w, p, u' (), u*(x), vs(z)) € RZ™2,

The equations of system (4.11) are obtained by using the projector II on the eigenspace of B(w, i) asso-

ciated with A (w, 1) and A2 (w, p) parallel to the direct sum of the generalized eigenspaces associated
to the remaining eigenvalues in the spectrum of B(w, ). The first equation of (4.11) is obtained by
applying II; to the u-equation of (4.5), and the second equation is obtained by applying I — II; to the

u-equation of (4.5).
B (w, p) 0
0 B?(w, 1)

has the same eigenvalues as B(w, ) because they are similar matrices. Further, according to assumptions
in Theorem 2.9, the following properties are satisfied:

‘We now observe that

(i) For w > 0 and p € J, where J = (—n,n) defined in (4.8), the functions (w,p) — B'(w, ) and
(w, 1) — B%(w, 1) are of class C! by the assumptions on F;

(ii) The matrix B! has the following properties by (4.6) and (4.9) (and recalling that we assumed at
the beginning of the section that wy =1 in (4.1))

1 _ 1 fa(p) x(w)
B(‘*”W—w(x(u) a(u)) (4.12)

with a(p) := Re A& (1) and x (1) := Im A (). Furthermore, we have «(0) = 0 and x(0) = 1 as
well as the tranversality condition o’ (0) # 0;

(iii) Observe that B!(w, u1) also satisfies

2,BY(1,0) = (g _01> : (4.13)
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(iv) The matrix I — B (1027 ig invertible from R2™~2 into itself, which is a consequence of Assumption
2.9-(ii) by (4.10). Indeed, the kernel N(1—eB (1:027) — {0} & N(I—e>™) = {0}, Vi=1,...,q <
e?™i £ 1,Vi=1,...,q, where \;,i = 1,...,q are the eigenvalues of B%(1,0) and .Jy, are the Jordan
blocks of B%(1,0). That is there exists an invertible matrix P such that

J, 0 ... 0
0 J, ... 0
P'B%(1,0)P = i
: . . 0
0 ... 0 Jy

q

(v) The functions G! and G? are of class C?;

(vi) G%(1,4,0,0,0) =0 for s = 1,2 and for all x in a small neighborhood of 0;

(vii) 9,G%(1,1,0,0,0) = 0 for i = 1,2 and for all y in a small neighborhood of 0 with z € {u!,u? vs}.
Then system (4.11) is equivalent to

du(z)
dx

= C(w, p)u + P(w, p,u, vs),

B (w, ) 0

G! W, ,U17U2,’Us
C(Wnu’) = ( 0 BQ(W M)) and P(w,u,u, Us) = (G2Ew Z wl u2 Us;) .

Note that when = — (u(z),vs(x)) is a solution of (4.5), it satisfies
u(w) = e“Cmru(0) + [ eI Plw, i, u(s), vs(s))ds,
vs(2) = K (W)[H (1, ul-), 05 ()] (2)-

In order to investigate the existence of a 2w —periodic solution of the above integral equation coupled
with an operator equation, in addition to the space Ca.([0,27], R?™) of the 27r—periodic continuous
functions with values in R?™, we also introduce Cy ([0, 27], R?™), the Banach space of continuous functions
g such that g(0) = 0 with values in R>™.

Next recall that J = (—n,n) given in (4.8), and define the map F : (0,00) x J x Car ([0, 27], R?™) x
Car ([0,27], Xos) — Co([0, 2], R?™) x Ca,(]0,27], Xos) by

u u(x) ec(“”“)mu(O)> (fz eCl@m@=9) Py 11, u(s) vs(s))ds>
Flw,u, T) = — _(Jo ) Hs ) .
(s (1) )= () - (7% K(@)H (p,u(), s ()))(2)
We next aim at investigating the zeros of the equation

Flw,pyz) =0, with z = (u)

Us

for (w,u,z) close to (1,0,0) using the implicit function theorem, where the last 0 indicates the zero
element in Co ([0, 2], R?™) x Ca, ([0, 27, Xos)-

Computation of the derivatives of F: We can calculate the derivatives directly. To do so we use
the following notations for z,z € Cor ([0, 2], R?™) x Car ([0, 27], Xos):

Then we get for any (w, i, 2) € (0, 00) xJ X Car ([0, 27], R?™) x Ca, ([0, 27], Xos) and 2 € Car ([0, 27], R?™) x
C27r([07 277]7 XOS):

s (42) (V) (L )

5 _(=0,C(w, p)zeC @ mrg(0) 21 (w, s u, v, T, 8)2(5)ds
0,0:F . 1:2)2)(o) = ( we ) - (St i),
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and by Theorem 3.1

R [(=0,C(w, p)xeC @z (0) " Za(w, py u, v, T, 8)2(5)ds
0.0 (. )3 = ( wa ) - (e o g2(ode ),

where

1w, iy 1, v, 8) = 0,0 (w, 1) (2 —8)eC @ E=99, P(w, p,u(s), vs(s)) +eC @ @E=9)9,0, P(w, u,u(s),vs(s)),
2("‘)7/’6; U, Vs, T, 8) = 8wc(w7/’L)(x_s)eC(W7“)(x_s)8zP(w7 ,u/vU(S)vUS(S))+ec(w’“)(m_s)awazp(w7/-117U’(S)7vs(s))

(1 [1]

After plugging (w, p1, z) = (1,0,0) into above equalities, we have by (vi) and (vii)

0. F(1,0,0)(2)(x) = (“(I)) _ (ec(l’ogz“@)) , (4.14)

vg()

0,0.7(1,0,0)()(o) = - (S OERTO), (1.15)
0,0.F(1,0,0)(2)(x) = — <8wC(1,0)g;SC(1,0)mu(0)) . (4.16)

State space decomposition: Note that by (4.12), the kernel N(9,F(1,0,0)) can be given as follows,

N(0.F(1,0,0)) = span{e1, ez} X {0c,. ([0,20),X00) } »

where the functions e; and ey in Ca, ([0, 27], R?™) are given by

sinx CoS T
cosx —sinx
e1 =ei(x) := 0 and e = es(x) := 0 . (4.17)
0 0

Now define the closed space X} := span{e;,ea} C Cor([0,27], R?™) and

2m
Xy = {z € Cor(]0,27], R*™) / z(x)e;(x)dr = Ogem for i = 1,2}7
0

where the multiplication under the above integral is understood componentwise. This space turns out
to be a complement of X as stated in the next lemma.

Lemma 4.3. We have the following state space decomposition
Cor([0,27],R?™) = X| @ Xs.
Proof. This property is directly inherited from the decomposition of Lz((O, 2m), RQT") as
L2((0,2m),R*™) = X, & AT,
with o
X = {z € L*((0,2m), R*™) : /0 z(z)e;(x)dr =0 for i = 1,2}.

Now if z € Ca.([0,27], R?™) then z € L?((0,27),R?*™) and the above L?((0,27), R*™)—decomposition
ensures that there exist unique z; € X} and 29 € Xll such that

2 =2z + 29.

Now since 21 = cjej + caes (for some constants ¢; and ¢) this ensures that zo = z — 21 is also continuous
and zo € Xy. The state space decomposition follows. O
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Now define the map h : R x (0,00) x J X X x Cor ([0, 27], Xos5) — Co([0, 2], R%™) x Car ([0, 27], Xos)

by
t1F (w,u,t (61 + y“)) L ift #£0,
h(t,w, p,y) = v with y = (y“) 7
8. F(w, 11, 0) <€1 + y“) . ift=o, ’
Ys

where e; is defined in (4.17). Observe that since F' = F(u,u) is of class C?, h is of class C'. One
has h(0,1,0,0) = 0 while the partial derivative with respect to (w, p,y) is given, for all (©, i,7) €
]R2 X XQ X CQTF([0727T]7XOS) with g = (gcuvgs)Ta by

D h(0,1.0.0)o. 1) = 0.7(1,0,0) (%) + 0,0.71,0,0) ((3) + a0.0.71.0.0) (73 ).

Hence, by using (4.14)-(4.16) we obtain

D(Wuu,y)h(o’ 1’ 07 O) (‘:}7 ﬂa g)
gcu(l‘) eC(l,O)mgcu(O) _ 8MC(17 O)xeC(LO)rel(O) ~ &JC(L O)xec(l,o)zel(o)
“\g - — K —w .

The second main result of the proof is the following lemma.

Lemma 4.4. The bounded linear operator
D(11.nh(0,1,0,0) € L (R* x Xy x Car ([0, 27], Xos), Co([0, 27], R*™) x Car ([0, 27], Xos))
is invertible.

Proof. To prove the above lemma, let w € Cp([0,27],R?™) x Car([0,27], Xos) be given. Set W :=
D ,11,)M(0,1,0,0) and investigate the equation

W(a)7ﬂ7g) =w= (wcu7ws)T~ (418)

First observe that the stable part s can be solved easily as follows,

Ys = Ws-

Thus in the following we only focus on the unstable and center parts §.,. To do so, for | = (I1,l2) €
R2?™ = R? x R?™~2 we define projections maps P; : R?™ — R? and P, : R?™ — R?™~2 by P;l =[; and
Pl =1,.

Setting §; = PiJey and w; = Pjwe, for i = 1,2 and projecting the unstable and center parts of (4.18)
with P, and Ps, the system becomes for all x € [0, 27|

wy (z) = G (z) — B8 075, (0) — 39,8 (1,0)ze’ 107 Py (0) — 00, B (1,0)zeB 107 e, (0),

ws(z) = ga(x) — e 105, (0).
(4.19)

2(1,0)2m

Since §j, is 2r—periodic and I — eB is invertible, we obtain

-1
Ga(@) = 800 (1 — B 027) ", (97) 4wy (a),

so that go € Car ([0, 27], R*™—2).
We now turn to the solution of the first equation of (4.19). To do so, note from (4.12) and (4.13)
that we have

Iap,Bl(l,0)631(1,O)IP161(0) _ IO&I(O) (Slnx) +IX/(O) < COST ) ,

cosx —sinz

while
1 B(1,0)z _ cosx
x0,B"(1,0)e Piei(0) = —x ( sinx) .
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As a consequence, the first equation in (4.19) rewrites as finding §; € Py X> and (ji, &) € R? such that

cos —sinz

i1 (z) — B BTG (0) + ¢y (sm i) + cox ( cos ) = wi(x), (4.20)
with
a=-a(0)i, c2=0-x(0)p

Since gy is 2mr—periodic, taking ¢ = 27 in the above equation yields, since B (1,0)2m 1,

N 1 o~ - 1 T~
i (2m) — B (1,0)2 71(0) = 71(0) — eB (1,0)2 71(0) = 0.

¢ 2m (g) + o2 (é) = wy (27) = (Z%gg) .

Therefore we obtain ¢; = w?(27)/2m and ¢, = wi(27)/27. Since o’ (0) # 0, this allows us to recover ji
and w as,

Now (4.20) becomes

Cwien o x(Ouien) | wien
2ma/(0) 2ma/(0) 27

Next we focus on g1. To do so, we set

sin x cos T
Yi(z) = wi(z) — iz <cos x> — o (_ sinm) ,

/_]:

so that g, € P Xy satisfies
1 (z) — 8 1025 (0) = Yy (2), Vo € [0, 27].

Here note that Y7 € Car ([0, 27], R?) N Cy([0, 27], R?). Consider the linear operator @ : Ca, ([0, 27], R?) —
Cor ([0, 27],R?) defined by

Q(2)(z) = B 107 (0), vz € [0, 27,

so that the above equation rewrites as
71 € PiXy and (I — Q)1 = Y1 € Car ([0, 27], R?) N Cy([0, 27], R?).
Now note that @ is a projector (i.e Q% = Q) and since x — B L0 g 2m—periodic, one has
R(I — Q) = Car([0,27],R?) N Cy([0, 27],R?) and N (I — Q) = R(Q) = span{Pyey, Pies}.

Since Ca ([0, 27], R?) = Py Xo@span{Piey, Pies}, we obtain that the linear bounded operator (I-Q)\p, x,
is bijective from Py X5 onto Ca, ([0, 27], R?) N Cy([0, 2], R?). Hence by the bounded inverse theorem we
end up with

=1~ Q)rPllX2Y1-

To sum up the above analysis, we have obtained for each w € Cy([0, 2], R?™) x Ca,([0,27], Xos), there
exists a unique (@, fi,7) € R? X Xa x Ca, ([0, 27], Xo,) satisfying (4.18), which completes the proof that
W is invertible. O

Last part of the proof of Theorem 2.9: To conclude the proof of the Hopf bifurcation Theorem
2.9, we apply the implicit function theorem (see Deimling [5, Theorem 15.2]) to the function h : R x
(0,00) x J X Xa x Cor ([0, 27], Xos) — Co([0,27], R?™) x Co ([0, 2], X¢s) and we deduce that there exists
a Cl'—mapping (w, i1, y) : (—6,8) = R? x Xy x Ca-([0,27], Xos), for some § > 0 small enough, such that

h(t,w(t), u(t), y(t) = 0, Vt € (=6,5).

By the definition of h, this is equivalent to

7 (e, (1 1)) o,

when t # 0 with (w(0), 4(0),2(0)) = (1,0,0). We see that (w(t),u(t), <t(el ;;Z;;;(ﬂ))) is the desired

curve of solution of F = 0. Thus the proof is complete.
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5 Periodic wave train
In this section we prove Theorem 2.18. We consider the following problem depending on some
parameter «

{8§U(J:,a) — 70, U(z,a) — 0,U(x,a) — CU(z,a) =0, z€R,a>0, (5.1)

U(z,0) = of (f,° B(a)U(z,a)da) .
Here we use v = a > €2 as a bifurcation parameter while the nonlinear function f and birth rate
function f satisfy Assumption 2.17. As explained in Section 2, this problem has a positive z—independent
equilibrium U (a) = Inae™¢. The aim of this section is to apply Theorem 2.9 to this example and show
that this positive equilibrium may undergo a Hopf bifurcation leading to the existence of periodic wave
train. To do so let us recall that (5.1) rewrites as (2.14) (with v = «). Hence to apply Theorem 2.9 we
are looking at o(B,) NPz, where B,, is given in (2.12). Using Lemma 2.14 and (2.13) one knows that
for any « > e? one has

A€d(By)N{z€C: ReA>—(} & A(a,\) =0,
where the function A is given by

Ala,\)=1—(1—-Ilnaw) /OO Bla)e=PFOadq,
0

which more explicitly rewrites as (see Magal and Ruan [17, Chapter 5])

—n—1
A, ) =1— (1 —Ina)e ™" <1+Cil€> .

Now, as mentioned above, we are concerned with finding wy > 0, g > €2 and a smooth function A = \(«)
defined in a neighborhood I of ag such that

Ala, M) =0, Ya € T with Mag) = w + iywo,

together with the transversality condition

Re (1‘”(“0)) £0.

v — 2iwg  da

To study the above properties, define the function A by

Y 2 (A=~ \)T 7)\—)\2 et
Ala,\) = Ala, A= 2)=1—(1—Ina)e'* 77 1+ T .

We are now in the position to look for purely imaginary roots A = +iw with w > 0 of the characteristic
equation

Ala,\) = 0. (5.2)

Proposition 5.1. Let Assumption 2.17 be satisfied and the parameters ( > 0,7 > 0,k > 0,n € N be
fized. Then the characteristic equation (5.2) has a pair of purely imaginary solutions +iw if and only if
w > 0 is a solution of

ywT + (n + 1) arctan C—H’Zﬁ =7+ 2km, k€N, (5.3)
and
2\ 2 2,2 =R
2 w YW
= 1 wr 1 . 5.4
a=exp|lte << +C+H> +(C+H)2> (5.4)
Furthermore, if
1
72> D o(c4om), (5.5)
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then for each k € N, there exists exactly one solution wy for equation (5.3), i.e. the characteristic
equation (5.2) has exactly one pair of purely imaginary eigenvalues tiwy, with wy > 0 for each

n+1

, w2 \2 7202 2
ap =exp | 1+ e“+7 (1 + —*k ) + k . (5.6)

C+r (C+r)?

Moreover, wy, — 00 and oy — 00, as k — o0o.
If wi(n) > 0 is the solution of equation (5.3) with fized k € N for any n € N, then

wr(n) — 0 and ag(n) — €2, as n — occ. (5.7)

Proof. Under Assumption 2.17, if the characteristic equation (5.2) admits a pair of purely imaginary
solutions A = +iw with w > 0, then (5.2) can be expressed

(1 —Ina)e 7 (r(w)) " Lemihwr D] — 1 (5.8)

where

B w2 \2 7202 B Aw
r(w) = \/(1—1— C‘f"“ﬂ) + Tt O(w) = arctanm.

Therefore, by separating the real and imaginary parts of (5.8), we can obtain that w satisfies (5.3)-(5.4).
Thus the characteristic equation (5.2) has a pair of purely imaginary solutions A = +iw with w > 0 if
and only if w is a solution of (5.3) and (5.4).

Let

e > 0.

h(w) = YWT —+ (n + 1) arctan m, w =~

Then we have
A(n+ 1)(C + k—w?)

"(w) =
W (w) =7+ (C+r+w?)2+72w2

Set y = w? and define

o(y) = w(@ F Ryt 72y> FA(n 1)+ R —y).

It can be checked that if (5.5) is satisfied, then g(y) is positive for all y > 0. This implies that h’'(w) > 0
for all w > 0 and that h is strictly increasing. Noting h(0) = 0 and h(w) — o0 as w — o0, it follows
from the continuity of h(w) that the equation (5.3) has exactly one solution wy, > 0 for each k € N with
parameter « satisfying (5.6).

Moreover, let wg > 0 be such that

TWEk

———— =7+ 2km, Vk € N.
¢+ K+ wy

yTwg 4 (n + 1) arctan

It follows that wi — oo by letting k — oo on both sides of the equality. For such {wy }ren given above,
define {ay }ren by (5.6). Then the limit a — 0o as k — oo can be obtained from (5.6) and wy — oo as
k — oo.

Fix k£ € N and let wg(n) > 0 be the solution of (5.3) for any n € N, i.e

ywi(n)

Twi(n) + (n + 1) arctan —————5— = 7 + 2km. 5.9

Then (5.9) yields
yTwg(n) + (n + 1) arctan __wn(m) =y7wi(n + 1) + (n + 2) arctan wi(n + 1) . (5.10)

(+ K+ wi(n) (+r+wiin+1)
It follows from the mean value theorem that there exists some & between c +:i(¢:%)(n) and z +:’j_€:%+(rlb:_1)
such that
wi(n) wi(n +1) A+ k)

arctan ——————— — arctan = wi(n) —wr(n+1)). (5.11
¥R+ wi(n) Cr Rt r ) Ctnt et e ) mern ). (B
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Therefore, by replacing (5.10) into (5.11), we can rewrite (5.10) as

wi(n+1)
(+r+win+1)

h'(€) (wk(n) —wi(n+ 1)> = arctan (5.12)

Thanks to the positivity of wg(n) and h’, we obtain from (5.12) that
wr(n) > wi(n+1) >0, for all n € N,

which implies that wg(n) is strictly decreasing for n € N. Thus, the monotone bounded convergence
theorem for the sequence {wy(n)} implies that the limit lim wy(n) exists. Let wy = lim wy(n). Then
n— oo n—oo
we have w; > 0 by the positivity of the sequence {wy(n)}. We claim that w; = 0. In fact, if wj > 0, we
obtain a contradiction by letting n — oo on both sides of (5.9). Therefore wj = 0.
By letting n — oo on both sides of (5.9), we have

Ywk(n) )

. ywr(n)
——~—— ] = lim (n+1)arctan
TF et ) (1)

n—00 <+m+w%(n)

b

7w+ 2km = lim <77'wk(n) + (n + 1) arctan
n—oo

which implies that
ywg(n) w4+ 2kw

(+k - n+1

Finally, the limit ai(n) — e as n — oo in (5.7) follows from (5.6) and the above asymptotic for
wi(n). O

as n — oQ.

2

The following theorem provides the tranversality condition for (5.1).

Theorem 5.2. Let Assumption 2.17 be satisfied and the parameters { > 0,7 > 0,k > 0,n € N be
fixed. If (5.5) is satisfied, for each k > 0, if tiwy with wy > 0 is the purely imaginary roots of the
characteristic equation associated to «y, defined in Proposition 5.1, then there exists pr > 0 and a C*'-
map \n: (ag — pr, o + pr) = C such that

j\k(ak) = Wy, ﬁ(a,)\k(a)) =0, Vo€ (ar— pr,ar~+ pr)

satisfying the transversality condition
o d)\k (Ozk)

R da

> 0.

Proof. By differentiating the characteristic function A = A(a, A) with A and « and recalling (5.2), we
have

OA(a, \) n+1 OA(a, \) 1
- 7 — — 2)\ = .
(3D 4 )<T+C+m+7)\—)\2>7 da a(l—Ina)
Therefore, by setting (o, A) = (ay, iwy) in the above equations, we have
A (a, iwy,) Y+ D)+ r—-wd) o, PINCTRES! 1
Re O\ T (C+ K+ w?)? 4+ 72w (@r), da ag(l —Inay) <0 (513)

It follows from Proposition 5.1 that when ~ satisfies (5.5), we have

8A(a;€, iwk)
oA

Then the implicit function theorem around each (g, iwy) ensures that for each k > 0, there exists p > 0
and a Ct'—map Ay : (a — pr, ax + pr) — C such that

Re > 0.

Ap(ag) = iw, Ao, (@) =0, Va € (o — pr,ax + pr)-
Furthermore, by differentiating A(c, A(ar)) = 0 with respect to o, we obtain

OA(ar, Ap(e)) N A (a, Ap()) dAg()
Oa oA do

=0, Vae€ (ar— pg,ak+ pr)- (5.14)
As a consequence, Re d)"éigyk) > 0 follows by substituting (5.13) into (5.14) with o = ay. O
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In this example (5.1), we set Ag(ar) = —Ap(a)2 + vAr() so that
Me(ag) = wi + iywg,

while )
1 d)\k(ak) _ d)\k(ak)
v — 2w da da

Thus the assumptions in Theorem 2.9 are satisfied. Finally, Proposition 5.1 and Theorem 5.2 allow us to
use the Hopf bifurcation theorem established in Theorem 2.9, and this completes the proof of Theorem
2.18.
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