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In this paper, we construct a model to describe the spatial motion of a monolayer of cells

occupying a two-dimensional dish. By taking care of nonlocal contact inhibition, quiescence

phenomenon, and the cell cycle, we derive porous media-like equation with nonlocal reaction

terms. The ¯rst part of this paper is devoted to the construction of the model. In the second part
we study the well-posedness of the model. We conclude the paper by presenting some numerical

simulations of the model and we observe the formation of colonies.

Keywords: Cell population dynamics; spatial motion; cell cycle; contact inhibition; cell colonies.

AMS Subject Classi¯cation: 34G20, 35K15, 92D25

1. Introduction

The objective of this paper is to analyze a population dynamics model of a pro-

liferating cell culture in in vitro settings with respect to spatial movement, cell�cell

interaction, cell cycle phase, and proliferative status of individual cells in the culture.

Speci¯cally, we consider a monolayer of cells occupying a two-dimensional geometry,

proliferating over a time course from an initial seeding to con°uence. We are par-

ticularly focused on the formation of cell colonies, or clusters of a small number of

cells, that arise as a consequence of contact inhibition. We incorporate cell hetero-

geneity in the population by tracking the size of individual cells, which is correlated

to the cell cycle. We incorporate proliferative status by tracking transition to and

from quiescence of individual cells in the population.

Non-senescent replicative cells can be found in two fundamental conditions, a

growing state when they progress within the cell cycle to undergo a cell division, and

a quiescent state when they undertake specialized functions during periods separ-

ating consecutive mitosis. Transitions between growing and quiescent states are

under complex control by cell extrinsic and intrinsic signals, and among these signals,

contacts with surrounding boundaries play a central role. For decades, establishment

of cell-to-cell interactions has been known to constitute a strong anti-growth signal,

called Contact Inhibition of Growth (CIG).21,34 This phenomenon is of ¯rst

importance for organ size control during development and tissue regeneration after

injury. Loss of this function is also recognized as a key step towards uncontrolled cell

proliferation in cancer.29

Intracellular transductions pathways coupling neighbor cell sensing to cell cycle

arrest have only recently emerged.55 It becomes therefore apparent that CIG is dis-

tinct from contact inhibition of locomotion, a process by which amotile cell changes its

direction of migration upon collision with another cell.35 CIG can be a®ected by the

cell environment, as shown in the hormone-sensitive MCF-7 human breast cancer cell

line. In this cell model, nodules of postcon°uent cellular overgrowth occur under

estrogen stimulation.26 By contrast, when grown in a culture medium deprived of

estrogenic-activity, MCF-7 form a regular monolayer containing only quiescent cells

at con°uence. MCF-7 can therefore be viewed as tumoral contact-sensitive cell lines

that proliferates under constraint of CIG-induced quiescence in culture. This behavior
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has been recently proposed to have severe consequences on interactions between cells

and on spatial organization of the monolayer population.39

In Ref. 39, MCF-7 cells acquired resistance to chemotherapeutic treatments by

direct transfer of a protein called P-glycoprotein (P-gp) from resistant to sensitive

cells in vitro. Figure 1 shows the complexity of the spatial distribution of these cells in

co-culture. The red cells correspond to resistant cells, and the green cells correspond

to sensitive cells. From these experiments, it is clear that cell movement is not a linear

di®usion process. Our future goal is to describe the acquired resistance of sensitive

cells from resistant cells by such cell-to-cell transfer, and other direct and indirect

transfer processes. Recent experiments40 show that these transfer processes may

occur at the frontiers of colonies (or islets). Therefore, in order to model general cell

transfer processes, we ¯rst develop in this paper models that provide a better

understanding of colony formation.

We will derive the following model for the spatial density mðx; tÞ of cells in mono-

layer culture by using a heuristic method to simplify the size structured-proliferative/

quiescent state spatial model:

mt ¼ � divxðmrxmÞ þ bG

Z
�

Kðx; yÞmðt; yÞdy
� �

mðt; xÞ � �mðt; xÞ

with Neumann boundary conditions

ºðxÞ � rðmðt; xÞÞ2 ¼ 0; for x 2 @�; t > 0; � � R� R;

where � > 0; b > 0; � > 0;ºðxÞ is the outward pointing normal vector at x 2 @�;G is a

bounded locally Lipschitz continuous scalar function,K 2 L1þ ð�� �Þ is a Boltzmann

kernel, and where the initial distribution is

mð0; �Þ ¼ m0 2 L1
þð�Þ:

Fig. 1. (Color online) Confocal imaging of cell-to-cell interactions in the human breast cancer cell line,
MCF-7. MCF-7 were cytosol-tagged with the persistent probe CellTracker Green (green °uorescence,

ctgMCF-7) or membrane-tagged with a phycoerythrin-conjugate antibody directed against a speci¯c

surface protein (red °uorescence, peMCF-7). A mixture of 50 : 50 of ctgMCF-7 and peMCF-7 was

co-cultured over six days. Images were obtained by confocal laser scanning microscopy. Photos were taken
at day 2 (D2) (scale ¼ 45:15�m), day 4 (D4) (scale ¼ 75:0�m), and day 6 (D6) (scale ¼ 80:0�m). Note

that cells become organized into well-delimited islets over the 6-day time course.
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As background references for our work here we mention that recent surveys of

spatial models of cancer cell population dynamics including Refs. 2, 5�7, 10, 11, 33,

42 and 43. Recent mathematical models of contact inhibition include Refs. 1, 3, 4, 14,

18, 25, 38, 41, 45, 46, 48�51. Size structured cell population models have been studied

in Refs. 13, 16, 17, 36, 22, 30 and 31, and size structured models with quiescent

compartments in Refs. 19, 27, 28, 44 and 54. Recent models of porous media

equations related to our work here include Refs. 9, 11, 23, 24, 37, 45, 47, 32, 53 and 56.

The organization of this paper is as follows: In Sec. 2, we present a two-

compartment space and size structured model consisting of proliferating and quies-

cent cell densities. An individual cell transitions between these compartments by

sensing the total cell-mass nearby. Cell motility is modeled by nonlinear di®usion in

each compartment. Individual cell growth is modeled by linear transport dependent

on cell size. In Sec. 3, we reduce the two-compartment model to one-compartment

through a singular pertubation of the two-compartment model, under the assump-

tion that the proliferation/quiescence transition rates are relatively fast compared to

the average cell cycle time. The resulting single equation is of porous media type, but

with a nonstandard nonlocal nonlinearity. In Secs. 4 and 5, we provide a math-

ematical analysis of the porous media equation of the reduced model, using the

techniques of nonlinear semigroup theory. In Sec. 6, we provide numerical simu-

lations of the model applicable to in vitro experiments involving the formation of cell

islets. In Sec. 7, we give a summary and discussion of our results.

2. The Two-Compartment Model

We de¯ne uðt; x; sÞ, vðt; x; sÞ to be the density of proliferating (quiescent) cells at time

t, spatial position x, and cell size s, respectively. Cells are located in a spatial region

� � R� R. Cell proliferation in the proliferating compartment is modeled under the

assumptions that cell mass is conserved during division and each daughter cell

inherits exactly half the size of the mother cell. We interpret � to be a micro-

subregion of the well, and impose Neumann boundary conditions on its boundary.

We assume that there is a ¯nite range of division sizes ðsmin; smaxÞ, where smin > 0,

and consequently, the minimum size of any cell is smin=2. We assume that

2smin < smaxð, smin < 1
2 smaxÞ. The equations of the model are

ut ¼ divxðurxpÞ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
cell motility

� @s½gðsÞu�|fflfflfflfflfflffl{zfflfflfflfflfflffl}
cell size growth

� �uðpðt; xÞ; sÞu|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
to quiescence

þ �vðpðt; xÞ; sÞv|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
from quiescence

þ 4bð2sÞuðt; x; 2sÞ � ðbðsÞ þ �ðsÞÞuðt; x; sÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth and mortality

;

vt ¼ divxðvrxpÞ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
cell motility

þ �uðpðt; xÞ; sÞu|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
from proliferation

� �vðpðt; xÞ; sÞv|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
to proliferation

��ðsÞvðt; x; sÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
mortality

;

s 2 ðsmin; smaxÞ; x 2 �; t > 0

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð2:1Þ
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with a non°ux boundary condition at the cell size-boundary s ¼ 0;

uðt; x; sÞ ¼ 0 for s ¼ 0; t > 0; and x 2 �;

and with Neumann boundary condition on @�;

uðt; x; sÞºðxÞ � rpðt; x; sÞ ¼ 0;

vðt; x; sÞºðxÞ � rpðt; x; sÞ ¼ 0;

�
for s 2 ðsmin; smaxÞ; x 2 @�; t > 0;

where ºðxÞ is the outward pointing normal vector at x 2 @�.

The size-dependent division function b sati¯es

bðsÞ ¼ 0; if s � smax and s � 2smin

� 0; if 2smin � s � smax;

�

the size-dependent cell growth function g is a Lipschitz continuous function satisfying

gðsÞ > 0; if s 2 ½smin; smaxÞ;
gðsÞ ¼ 0; if s ¼ smax ðwhenever smax < þ1Þ

�

the density of cells at position x and time t is

mðt; xÞ ¼
Z smax

smin

ðuðt; x; sÞ þ vðt; x; sÞÞds;

the pressure on cell motility due to the density of cells at position x and time t is

pðt; xÞ ¼ �mðt; xÞ;
the pressure for contact inhibition of cells due to surrounding cells modulated by a

nonlocal kernel function Kðx; yÞ is

pðt; xÞ ¼
Z
�

Kðx; yÞmðt; yÞdy;

�u : ½0;þ1Þ � ½smin; smax� ! ½0;þ1Þ is a Lipschitz continuous nondecreasing func-

tion for transition from proliferation to quiescence satisfying

�uð0; sÞ ¼ 0

and �v : ½0;þ1Þ � ½smin; smax� ! ½0;þ1Þ is a Lipschitz continuous nonincreasing

function for transition from quiescence to proliferation satisfying

�vðp; sÞ > 0; if p < p�

�vðp; sÞ ¼ 0; if p � p�:

�

We summarize the variables and parameters of the model in Table 1.

3. The One-Compartment Porous Media Model

We now assume that the dynamics of transition to and from quiescence and pro-

liferation are fast compared to the other dynamics of the model. We can then rewrite
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the two-compartment system equations (2.1) as follows:

ut ¼ divxðurxpÞ � @s½gu� � "�1�uðpðt; xÞ; sÞu þ "�1�vðpðt; xÞ; sÞv
þ 4bð2sÞuðt; x; 2sÞ � ðbðsÞ þ �ðsÞÞuðt; x; sÞ

vt ¼ divxðvrxpÞ þ "�1�uðpðt; xÞ; sÞu � "�1�vðpðt; xÞ; sÞv � �ðsÞvðt; x; sÞ;

8><
>: ð3:1Þ

where 0 < " 	 1:

By taking a formal limit when " & 0 in the second equation of system (3.1), we

obtain

�uðpðt; xÞ; sÞu � �vðpðt; xÞ; sÞv ¼ 0 , u ¼ �vðpðt; xÞ; sÞ
�uðpðt; xÞ; sÞ

v;

and thus

u þ v ¼ 1þ �uðpðt; xÞ; sÞ
�vðpðt; xÞ; sÞ

� �
u:

Therefore we formally obtain

u ¼ �vðpðt; xÞ; sÞ
�uðpðt; xÞ; sÞ þ �vðpðt; xÞ; sÞ

ðu þ vÞ: ð3:2Þ

Now set

nðt; x; sÞ :¼ ðu þ vÞðt; x; sÞ
and

Gðpðt; xÞ; sÞ :¼ �vðpðt; xÞ; sÞ
�uðpðt; xÞ; sÞ þ �vðpðt; xÞ; sÞ

:

Table 1. List of parameters of the models.

Symbol Interpretation

x Spatial position
s Cell size

t Time

gðsÞ Growth rate of proliferating cells

bðsÞ Division rate of proliferating cells
�ðsÞ Mortality rate of proliferating and quiescent cells

�uðp; sÞ Rate at which growing cells become quiescent cells

�vðp; sÞ Rate at which quiescent cells become growing cells
uðt; x; sÞ Spatial and size density of growing cells

vðt; x; sÞ Spatial and size density of quiescent cells

mðt; xÞ ¼ R þ1
0

½u þ v�ðt; x; sÞds Spatial density of all cells

pðt; xÞ ¼ �mðt; xÞ Spatial density motility pressureR þ1
0

s½u þ v�ðt; x; sÞds Spatial density of total cell mass

pðt; xÞ ¼ R
�
Kðx � yÞmðt; yÞdy Spatial density contact inhibition pressure
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By using (3.2) we obtain

uðt; x; sÞ ¼ Gðpðt; xÞ; sÞnðt; x; sÞ; ð3:3Þ
and by summing the two equations of system (3.1) we obtain formally

nt ¼ divxðnrxpÞ � @s½gu� þ 4bð2sÞuðt; x; 2sÞ � bu � �n:

Thus, by using (3.3) we obtain

nt ¼ divxðnrxpÞ � @s½gðsÞGðpðt; xÞ; sÞnðt; x; sÞ�
þ 4bð2sÞGðpðt; xÞ; 2sÞnðt; x; 2sÞ � bðsÞGðpðt; xÞ; sÞnðt; x; sÞ
� �ðsÞnðt; x; sÞ: ð3:4Þ

We observe that the function G : ½0;þ1Þ � ½smin;þ1Þ ! 0;þ1Þ

Gðp; sÞ ¼ �vðp; sÞ
�uðp; sÞ þ �vðp; sÞ

2 ½0; 1� ð3:5Þ

can be interpreted as the growth fraction of cells, that is, the ratio of proliferating to

quiescent cells in the culture. Thus, whenever the transfer rate from proliferation to

non-proliferation is a relatively fast process compared to the growth rate of cells, we

can reduce the two-compartment model to a one-compartment model.

In order to derive a porous media equation, we make the following simplifying

assumptions:

Assumption 3.1. We assume that

smin ¼ 0; and smax ¼ þ1
and we assume that

�ðsÞ ¼ �; bðsÞ ¼ b; Gð�; sÞ ¼ Gð�Þ
are constant functions of s � 0:

Under the above assumption, we obtain

nt ¼ divxðnrxpÞ � @s½gðsÞGðpðt; xÞÞnðt; x; sÞ�
þ 4bGðpðt; xÞÞnðt; x; 2sÞ � bGðpðt; xÞÞnðt; x; sÞ
��nðt; x; sÞ

with the boundary condition

nðt; x; 0Þ ¼ 0:

By integrating s ! nðt; x; sÞ over ð0;þ1Þ; we obtain

mt ¼ � divxðmrxmÞ þ bG

Z
�

Kðx; yÞmðt; yÞdy
� �

mðt; xÞ � �mðt; xÞ

with Neumann boundary conditions

ºðxÞ � rðmðt; xÞÞ2 ¼ 0; for x 2 @� and t > 0:
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4. Existence of Global Weak Solutions

In this section, let � � RN , a bounded and regular (at least C 2) domain, and consider

the following problem:

pt ���ðpÞ ¼ pFðpðt; xÞÞ; t > 0; x 2 �;

ºðxÞ � r�ðpÞ ¼ 0 on @�;

pð0; �Þ ¼ p0ð�Þ 2 L1þð�Þ � 0;

ð4:1Þ

where we have set

�ðpÞ ¼ 1

2
p2; and FðsÞ ¼ GðsÞ � �;

where � > 0 is a given constant, and by using the same notation for K and K=� we

have

pðt; xÞ ¼
Z
�

Kðx; yÞpðt; yÞdy

and

K 2 L1
þ ð�� �Þ:

We will assume that

Assumption 4.1. G : ½0;1Þ ! ½0;1Þ is bounded and locally Lipschitz continuous.

In the sequel, for each T > 0 consider the cylinder QT � R� RN de¯ned by

QT ¼ ½0;T � � �:

Moreover, for each 0 < � < T we set Qð�;TÞ to be the cylinder de¯ned by

Qð�;TÞ ¼ ð�;TÞ � �.

De¯nition 4.1. (Weak solution) A measurable function p : ½0;1Þ � � ! Rþ is a

global weak solution of (4.1) if for each T > 0

(i) p 2 L1ðQT Þ and w ¼ �ðpÞ 2 L1ð0;T ;W 1;1ð�ÞÞ,
(ii) u satis¯es for each � 2 C 1ðQT Þ such that �ðT ; �Þ 
 0Z

QT

ðrw � r� � p�tÞdtdx ¼
Z
�

p0ðxÞ�ð0; xÞdx þ
Z
QT

�pFðpÞdtdx:

De¯nition 4.2. (Weak energy solution) A global weak solution p of (4.1) is said to

be a weak energy solution if w ¼ �ðpÞ satis¯es
rw 2 L2ðð0;TÞ � �Þ; 8T > 0:

Theorem 4.1. For each p0 2 L3þð�Þ there exists a unique global weak energy

solution p 
 pðt; x; p0Þ of (4.1) such that

p 2 L1
locð½0;1Þ;L3ð�ÞÞ; p 2 Cð½0;1Þ;L1ð�ÞÞ:
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Moreover, for each M > 0 and each T > 0 there exists � ¼ �ðT ;MÞ > 0 such that for

each p0; p1 2 L3þð�Þ, if jjp0jjL 1 � M and jjp1jjL1 � M , then

jjpðt; �; p0Þ � pðt; �; p1ÞjjL1 � �ðT ;M Þjjp0 � p1jjL 1 ; 8 t 2 ½0;T �: ð4:2Þ
Corollary 4.1. There exists a unique continuous semiflow fUðtÞgt�0 acting from

L1þð�Þ into itself such that for each p0 2 L3þð�Þ the map t ! UðtÞp0 is the unique

energy solution of (4.1).

The proof of this result follows directly from (4.2) by using a simple classical

extension argument. The solutions constructed above correspond to limit solutions

constructed by V�asquez in Ref. 52.

Proof of Theorem 4.1. Let fp0;ng � Dþð�Þ be a sequence such that

p0;n ! p0 in L3ð�Þ:
For each k > 0, consider the sequence fpk

0;n :¼ minfp0;n; kggn�0 � Cð�Þ, so that

pk
0;n ! pk

0 :¼ minfp0; kg in L1ð�Þ;
sup

n�0;k>0

Z
�

ðpk
0;nÞ3ðxÞdx < 1:

For each k > 0 and each n � 0, we consider the regularized problem:

pt ���nðpÞ ¼ pFðpðt; xÞÞ; t > 0; x 2 �;

@�nðpÞ
@�

¼ 0 on @�;

pð0; �Þ ¼ pk
0;nð�Þ � 0;

ð4:3Þ

where we have set for each n � 1: �nðsÞ ¼ �ðs þ 1
nÞ.

From standard results for non-degenerate quasilinear parabolic equation, (4.3) has

a globally de¯ned classical solution, denoted by pk
n, for each n � 0 and each k > 0.

We aim to pass to the limit ¯rst as n ! 1 and then as k ! 1 to obtain a global

weak energy solution of (4.1).

Let us ¯rst ¯x the value of k > 0, and notice that integrating (4.3) over � leads toZ
�

pk
nðt; xÞdx �

Z
�

pk
0;nðxÞdxeMt ; ð4:4Þ

where M > 0 is such that

FðsÞ � M ; 8 s 2 R:

On the other hand, from a standard comparison principle, one has

pk
nðt; xÞ � sup

x2�
pk
0;nðxÞeMt : ð4:5Þ

We will now omit explicitly writing the dependence with respect to k, that is,

pn 
 pk
n.
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Next, multiplying (4.3) by �nðpnÞ and integrating over � leads to

d

dt

Z
�

�nðpnÞdx þ
Z
�

jr�nðpnÞj2dx ¼
Z
�

�nðpnÞpnFðpn ðt; xÞÞdx;

where we have set

�nðsÞ ¼
Z s

0

�nðlÞdl:

Note now that for each n � 1 and each s � 0 we have

s�nðsÞ �
1

2
s þ 1

n

� �
3

� 1

2
6�nðsÞ þ

1

n

� �
:

Therefore we obtain

d

dt

Z
�

�nðpnÞdx þ
Z
�

jr�nðpnÞj2dx � 3M

Z
�

�nðpnÞ þ
1

6n

� �
dx:

This implies from Gronwall's inequality that for each t � 0 and each n � 0:Z
�

�nðpnðt; xÞÞdx þ
1

6n
�

Z
�

�nðp0;nðxÞÞdxe3Mt ; ð4:6Þ

and therefore that for each t � 0 and each n � 0.Z t

0

Z
�

jr�nðpnðt; xÞÞj2dx �
Z
�

�nðp0;nðxÞÞdxe3Mt : ð4:7Þ

We will now obtain estimates of the time derivative. Consider a time cuto®

function 	 2 Dþð0;1Þ and the function wn ¼ �nðpnÞ. Multiplying (4.3) by 	ðtÞwnt

and integrating over � leads to

	ðtÞ
Z
�

wntpnt þ
Z
�

	ðtÞ d

dt
jrwnj2 ¼ 	ðtÞ

Z
�

wntpnFðpn ðt; xÞÞ:

Integrating this last equality over ð0;1Þ leads toZ 1

0

	ðtÞ
Z
�

wntpnt �
Z 1

0

Z
�

	 0ðtÞjrwnj2 ¼
Z 1

0

Z
�

	ðtÞwntpnFðpn Þ:

Recalling from (4.5) that for each T > 0 there exists some constant CT ¼ CT ðkÞ such
that

pnðt; xÞ � CT 8 t 2 ð0;T �; x 2 �;

we have

wntpnt ¼ � 0
nðpnÞjpnt j2; jwnt j2 ¼ j� 0

nðpnÞpnt j2:
Thus for each T > 0 there exists some constant MT such that

MT jwnt j2 � wntpnt t 2 ð0;T �:

880 A. Ducrot et al.



Let � 2 ð0;TÞ be given and let 	 2 Dþð0;1Þ be given such that

	ðtÞ ¼ 1 if t 2 ð�;TÞ;
0 if t < �=2 and t > 2T :

�

Then we get

M2T

Z
Q

	ðtÞjwnt j2dtdx �
Z
Q

	 0ðtÞjrwnj2 þ C2TM

Z
Q

	ðtÞjwnt j:

Recalling (4.7), there exists some constant Mð�;TÞ > 0 such that for each n � 1Z
Q

	 0ðtÞjrwnj2dtdx � Mð�;TÞ:

This leads us to

M2T

2

Z
Q

	ðtÞjwnt j2dtdx � Mð�;TÞ þ M �1
2T C

2
2TM

2

2

Z
Q

	ðtÞdtdx;

which implies that for 0 < � < T , there exists M̂ ð�;TÞ ¼ dM kð�;TÞ such that for

each n � 1 Z T

�

Z
�

jwnt j2 � M̂ ð�;TÞ:

Before passing to the limit as n ! 1 we mention the following L1-contraction

principle that will be used in the sequel: From the results in Ref. 52, Chaps. 5 and 11,

for each k; k 0 > 0, each n � 1 and each t � 0, one has

jjpk
nðtÞ � pk 0

n ðtÞjjL1ð�Þ � jjpk
n0ð�Þ � pk 0

n0ð�ÞjjL1ð�Þ þ
Z t

0

jjf kn ðtÞ � f k
0

n ðtÞjjL1ð�Þ; ð4:8Þ

where we have set for each k > 0 and n � 1

f kn ðt; xÞ ¼ pk
nFðpk

n Þ:
Let k > 0 be given. The sequence fwn :¼ �nðpnÞg is bounded in L2ðQT Þ for each

T > 0 and in H 1ðQð�;TÞÞ for each 0 < � < T . Therefore, up to a subsequence, one

may assume that

wn ! w when n ! 1;

almost everywhere, for the strong topology of L2ðQð�;TÞÞ and weakly in H 1ðQð�;TÞÞ
for each 0 < � < T . As a consequence, pn converges almost everywhere to some

function p and (since uniformly bounded) strongly in LpðQT Þ for each T > 0 and each

p 2 ½1;1Þ. As a consequence, we obtain

w ¼ p2 a:e:

In addition, since K 2 L1ð�� �Þ we have
pn ! p in L1ðQT Þ 8T > 0;
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and therefore

pnFðpn Þ ! pFðpÞ in L1ðQT Þ; 8T > 0:

Let T > 0 be given and let � 2 C 1ð½0;T � � �Þ such that �ðT ; �Þ ¼ 0 be given.

Then for each n � 0 we haveZ
QT

�pk
0;n �

Z
QT

�tp
k
n þ

Z
QT

r�rwk
n ¼

Z
QT

�pk
nFðpk

nÞ:

Passing to the limit n ! 1 leads toZ
QT

�pk
0 �

Z
QT

�tp
k þ

Z
QT

r�rwk ¼
Z
QT

�FðpkÞ;

wk ¼ ðpkÞ2:
Moreover, from the L1-contraction principle (see (4.8)) one gets for each k; k 0 > 0 and

each t � 0 that

jjpkðtÞ � pk 0 ðtÞjjL1ð�Þ � jjpk
0ð�Þ � pk 0

0 ð�ÞjjL1ð�Þ þ
Z t

0

jjf kðtÞ � f k
0 ðtÞjjL1ð�Þ;

where we have set

f kðt; xÞ ¼ pkFðpk Þ:
Next we get that for each k > 0 and each t � 0:Z

�

ðpkÞ3ðt; xÞdx �
Z
�

ðpk
0Þ3ðxÞdxe3Mt ;

Z t

0

Z
�

jrwk j2dx �
Z
�

ðpk
0Þ3ðxÞdxe3Mt :

ð4:9Þ

Therefore for T > 0 given, since K is bounded and F is locally Lipschitz continuous,

there exists some constant MT such that for each k; k 0 > 0

jjf kðtÞ � f k
0 ðtÞjjL1ð�Þ � MT jjpkðt; �Þ � pk 0 ðt; �ÞjjL 1ð�Þ:

Then, due to Gronwall's inequality, we obtain for each T > 0 that

jjpkðtÞ � pk 0 ðtÞjjL1 � jjpk
0ð�Þ � pk 0

0 ð�ÞjjL1ð�ÞeMT t :

Since pk
0 ! p0 in L1, for each T > 0, the family fpkg satis¯es the Cauchy criteria

in L1ð0;T ;L1ð�ÞÞ and thus converges to some function p. Moreover, due to (4.9)

and Fatou lemma we get that p 2 L1ð0;T ;L3ð�ÞÞ while rwk converges weakly in

L2ðQT Þ to some function W . Recalling that wk ¼ ðpkÞ2 ! p2 a:e:, we obtain that

rp2 2 L2ðQT Þ and W ¼ rp2 a:e:

Then one can pass to the limit as k ! 1 into the weak formulation in order to obtain

the existence of a global weak energy solution.
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The uniqueness claim follows from the L1-contraction principle for energy sol-

utions of the porous medium equation. If we consider two solutions p and q corre-

sponding to the same initial data p0 2 L3þð�Þ, then p and q are weak energy solution

of the problems

pt ¼ �
p2

2
þ fpðt; xÞ;

qt ¼ �
q 2

2
þ fqðt; xÞ;

�ðxÞ � rpðt; xÞ2 ¼ �ðxÞ � rqðt; xÞ2 ¼ 0;

pð0; �Þ ¼ qð0; �Þ ¼ p0;

where we have set

fpðt; xÞ ¼ pðt; xÞFðpðt; xÞÞ; fqðt; xÞ ¼ qðt; xÞFðqðt; xÞÞ;
which belong to L1ðQT Þ for each T > 0. Then the L1-contraction principle implies

that p 
 q and the uniqueness follows. Moreover, using once again the regularity

results given in Ref. 52, we obtain that p 2 C ð½0;1Þ;L1ð�ÞÞ. Finally, using the same

argument, coupled together with Lipschitz continuity of F , the estimate (4.2) follows,

and the proof of Theorem 4.1 is complete.

Remark 4.1. (Finite time propagation and free boundary) We observe that the

local vanishing property of the solutions of (4.1) holds true for weak energy solutions.

Indeed, it is easily checked, using the comparison principle, that for each p0 2 L1þð�Þ
we have

0 � UðtÞp0 � SðtÞp0; 8 t � 0; ð4:10Þ
where fSðtÞgt�0 is the semi°ow associated with the following problem:

pt ���ðpÞ ¼ pðjjGjj1 � �Þ; t > 0; x 2 �;

@�ðpÞ
@�

¼ 0 on @�;

pð0; �Þ ¼ p0ð�Þ 2 L1þð�Þ � 0:

On the other hand, if p0 2 L3þð�Þ satis¯es the condition that there exists

x0 2 �; 
0 2 ð0;distðx0; @�ÞÞ; p0ðxÞ ¼ 0; a:e: x 2 Bðx0; 
0Þ, then from Theorem 3.1 in

Ref. 15, there exist T � > 0 and a mapping 
 : ½0;T �� ! ½0; 
0� such that pðt; xÞ ¼
SðtÞp0 satis¯es

pðt; xÞ ¼ 0 t 2 ½0;T ��; x 2 Bðx0; 
ðtÞÞ:
Thus, the ¯nite time propagation of energy solutions for (4.1) holds true due to

(4.10). This leads to the propagation of a free boundary fx 2 � : ðU ðtÞp0ÞðxÞ ¼ 0g, at
least for weak energy solutions.
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5. Dissipation for the One-Dimensional Case

In this section, we prove the L1-boundedness property of the solutions of Eq. (4.1) in

the one-dimensional setting. More precisely we consider the following problem

@p

@t
¼ d

@ 2p2

@x 2
þ pðG pð Þ � �Þ; t > 0; x 2 ð0; 1Þ;

@p2ðt; xÞ
@x

¼ 0; t > 0; x ¼ 0; 1;

pð0; �Þ ¼ p0ð�Þ 2 L1þð0; 1Þ;

8>>>>><
>>>>>:

ð5:1Þ

where d > 0 is some given constant taking into account a possible rescaling due to the

choice of the interval ð0; 1Þ. We assume that

Assumption 5.1. K 2 L1þ ðð�1; 1Þ2Þ and there exist m > 0 and c 2 ð12 ; 1Þ such that

Kðx; yÞ � m1ð�c;cÞðx � yÞ; 8 ðx; yÞ 2 ð0; 1Þ2:

Assumption 5.2. G : ½0;1Þ ! ½0;1Þ is locally Lipschitz continuous and bounded

with infs2½0;1ÞGðsÞ < �. For each 0 < ~s < ŝ large enough, there exists Ĝ : ½0;1Þ ! R

decreasing and concave such that

GðsÞ � ĜðsÞ 8 s 2 ½0; ŝ �;
Ĝð~sÞ ¼ �:

Remark 5.1. We observe that G de¯ned in (3.5) satis¯es the above assumption.

Theorem 5.1. Let Assumptions 5.1 and 5.2 be satis¯ed. For each p0 2 L1þð0; 1Þ,
there exists some constant � > 0 such that the global solution p of (5.1) satis¯esZ 1

0

pðt; xÞdx � �; 8 t � 0:

We note that a similar result has been obtained by Perthame and G�enieys24 for

a nonlocal Fisher equation. Here we prove such a result for a general nonlinear

function G.

Proof. Consider some constant M > 0 such that

ða 2 þ b2Þ 1
2 � Mðjaj þ jbjÞ; 8 ða; bÞ 2 R

2: ð5:2Þ
Consider the map NðtÞ ¼ R 1

0
pðt; xÞdx de¯ned for t � 0. Let s1 > 0 be given such that

Nð0Þ < maxðjjK jj1; 1Þ s1
mM

:

Let s2 :¼ maxð1; jjK jj1Þ s1
mM and, according to Assumption 5.2, consider a map Ĝ :

½0;1Þ ! R decreasing and concave such that

GðsÞ � ĜðsÞ 8 s 2 ½0; s2�;
Ĝðs1Þ ¼ �:
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Then we aim to show that for each t � 0

NðtÞ < s1
mM

; 8 t � 0: ð5:3Þ

To do so, we shall argue by contradiction by assuming that there exists T > 0 such

that

NðtÞ < s1
mM

; 8 t 2 ½0;TÞ;

NðTÞ ¼ s1
mM

:

Next for all t 2 ½0;T � we haveZ 1

0

Kðx; yÞpðt; yÞdy � jjK jj1
s1

mM
� s2:

Therefore we obtain that for all t 2 ½0;T �

N 0ðtÞ ¼ ��NðtÞ þ
Z 1

0

pðt; xÞG
Z 1

0

Kðx; yÞpðt; yÞdy
� �

dx

� ��NðtÞ þ
Z 1

0

pðt; xÞĜ
Z 1

0

Kðx; yÞpðt; yÞdy
� �

dx:

Then since Ĝ is decreasing we obtain that

N 0ðtÞ � ��NðtÞ þ
Z 1

0

pðt; xÞĜ m

Z 1

0

1½�c;c�ðx � yÞpðt; yÞdy
� �

dx:

Now let us notice that for each function f 2 L1þð0; 1Þ, from Jensen inequality for

concave maps, we haveZ 1

0

f ðxÞĜ m

Z 1

0

1½�c;c�ðx � yÞf ðyÞdy
� �

dx

� I ðf ÞĜ m

I ðf Þ
Z 1

0

f ðxÞ
Z 1

0

1½�c;c�ðx � yÞf ðyÞdydx
� �

;

where we have set I ðf Þ ¼ R 1
0
f ðsÞds. On the other hand, we haveZ 1

0

f ðxÞ
Z 1

0

1½�c;c�ðx � yÞf ðyÞdydx

¼
Z 1

0

f ðxÞ
Z ðxþcÞ^1

ðx�cÞþ
f ðyÞdydx

�
Z c

0

f ðxÞ
Z ðxþcÞ^1

0

f ðyÞdydx þ
Z 1

1�c

f ðxÞ
Z 1

ðx�cÞ
f ðyÞdydx

�
Z c

0

f ðxÞdx
� �2

þ
Z 1

1�c

f ðxÞdx
� �2

:
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Due to the de¯nition of M given in (5.2) we getZ c

0

f ðxÞdx
� �2

þ
Z 1

1�c

f ðxÞdx
� �2

� M

Z c

0

f ðxÞdx þ
Z 1

1�c

f ðxÞdx
� �2

and recall that c 2 1
2 ; 1

� �
leads toZ c

0

f ðxÞdx
� �2

þ
Z 1

1�c

f ðxÞdx
� �2

� M

Z 1

0

f ðxÞdx
� �2

:

Therefore one obtains that for each f 2 L1þð0; 1Þ,Z 1

0

f ðxÞ
Z 1

0

1½�c;c�ðx � yÞf ðyÞdydx � M

Z 1

0

f ðxÞdx
� �2

:

As a consequence, since Ĝ is decreasing, we obtain thatZ 1

0

f ðxÞĜ
Z 1

0

Kðx; yÞf ðyÞdy
� �

� I ðf ÞĜðmMI ðf ÞÞ:

Finally we obtain that for each t 2 ½0;T �
N 0ðtÞ � NðtÞðĜðmMN ðtÞÞ � �Þ;

together with Nð0Þ < s1. From the comparison principle we obtain that

NðtÞ < s1 8 t 2 ½0;T �;
a contradiction, and the proof of Theorem 5.1 is complete.

6. Numerical Simulations

Numerical simulations are given for the following simpli¯ed model of cell contact

inhibition:

pt ¼ divxðprxpÞ þ bG

Z
�

Krðx � yÞpðt; yÞdy
� �

� �

� �
pðt; xÞ

with periodic boundary conditions, and with

KrðxÞ ¼
1 if jxj < r;

0 otherwise:

�
Here we ¯x � ¼ ð0;LÞ2, L ¼ 20, � ¼ 5, b ¼ 15, and we use r as a sensitivity par-

ameter for the radius of contact inhibition pressure. We use periodic boundary

conditions as approximations for Neumann boundary conditions for numerical sim-

plicity, taking advantage of symmetry in the x and y directions. We employ the

nonlinear Cherno® formula to discretize in time (see Berger et al.8). Moreover, we use

�uðxÞ ¼ x; �vðxÞ ¼ 1� erfð10xÞ;

GðxÞ ¼ 1� erfð10xÞ
x þ 1� erfð10xÞ :
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In Figs. 2�4 below, we use green to plot pðt; xÞ, and red to plot mðt; xÞ. The ¯gures

demonstrate the importance of the radius r of contact inhibition pressure. In Fig. 2

(r ¼ 0:5) the initial seeding does not result in the formation of colonies, but instead

yields a mostly uniform spatial distribution to ¯nal con°uence. In Fig. 3 (r ¼ 1)

colonies begin to develop on the edges of the spatial regions growing from the initial

seeding, but do not maintain as the population becomes con°uent. In Fig. 4 (r ¼ 2:0)

colonies develop throughout the spatial regions spreading from the initial seeding.

Fig. 2. (Color online) r ¼ 0:5. No colonies are formed over the 10-day time course of the simulation.

Fig. 3. (Color online) r ¼ 1:0. We observe the formation of damped oscillations at the moving boundaries,

but colonies are not maintained over the 10-day time course of the simulation.
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The development of colonies in the simulations in Fig. 4 agrees very well with

the experimental data in Fig. 1, particularly at days 2, 4, 6. The importance of the

sensing radius of contact inhibition pressure is clearly demonstrated. Movies of the

numerical simulations are available at http://www.math.u-bordeaux1.fr/�pmagal/

cancer/cancer.htm.

7. Discussion

In this paper we have developed a mathematical model describing the growth, pro-

liferation, and spatial movement of an in vitro cell population using a nonlinear

di®usion process (namely, the porous media term divxðprxpÞ). The growth of indi-

vidual cells is constrained in the model via a nonlinear and spatially nonlocal cell

proliferation process (namely, the Boltzmann term bGðR
�
Krðx � yÞpðt; yÞdyÞ). Por-

ous media equations have been used extensively in the context of cell population

dynamics. The main originality of the model presented here is that we formally derive

our model as a limiting case of a model incorporating quiescence and individual cell

size, which are important considerations in models of cell population dynamics. Thus,

we bridge more complex nonlinear models with quiescence and cell size terms to

simpler models without these elements, but still including technically di±cult non-

linear di®usion terms.

The main feature of the model is that due to the presence of nonlinear di®usion, we

can produce spatial colonies or islets of cells with ¯nite time propagation and free

boundaries by controlling the radius contact inhibition pressure of the nonlocal

proliferation term (see Remark 4.1 for a theoretical explanation of this phenomenon).

Fig. 4. (Color online) r ¼ 2:0. Colonies form abundantly throughout the region after day 2 of the

simulation (compare to Fig. 1).
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The formation of these clusters is demonstrated in our numerical simulations

(Figs. 2�4), and compare well with what is observed in laboratory experiments

(Fig. 1). In models with linear di®usion, the initial data is instantaneously propa-

gated to in¯nity in space, so that true clusters with compact support do not form

from initial data with compact support. Another important technical element of our

analysis is that we derive the boundedness of solutions in the one-dimensional case, at

least in certain parameter regimes. The boundedness of solutions remains open in

more general cases. As mentioned in the Introduction, two types of inhibition are

identi¯ed in proliferating cell lines ��� contact inhibition of cell motility and contact

inhibition of cell growth and division. In this paper we neglected the contact inhi-

bition of locomotion, which will be considered in future work. The main challenge to

cell model development is to derive models which contain the complex phenomena

present in the cell biology, but are simple enough to be theoretically analyzed. An

issue for future work concerns the nonlinear motility term, which should be a function

of the density of mass mðt; xÞ ¼ R smax

smin
sðuðt; x; sÞ þ vðt; x; sÞÞds, and not the density of

individuals. Here our choice for the population pressure on motility is motivated in

the reduced model by choosing mðt; xÞ ¼ R smax

smin
ðuðt; x; sÞ þ vðt; x; sÞÞds. Also left for

future work is generalization of the model to describe colony formation with two

classes of co-cultured cells ��� cells resistant to treatment and cells sensitive to

treatment ��� a topic of major importance in optimizing cancer chemotherapy.
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