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Abstract

The results obtained in this article aim at analyzing Bogdanov-Takens
bifurcation in a predator prey model with an age structure for the preda-
tor. Firstly, we give the existence result of the Bogdanov-Takens singu-
larity. Then we describe the bifurcation behavior of the parameterized
predator prey model with Bogdanov-Takens singularity.
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1 Introduction

The goal of this article is to study an example of Bogdanov-Takens nor-
mal form computation for a non standard class of partial differential equation.
Bifurcation theory has a long history and for infinite dimensional dynamical
systems an important reduction tool is the center manifold theory. Indeed, the
existence of such a locally invariant manifold permits to identify an infinite di-
mensional system to a finite dimension system of ordinary differential equations.
Nevertheless even if the reduction is theoretically possible its applicability is not
always guaranteed because such an invariant manifold is only implicitly defined.
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Nos. 11871007 and 11811530272) and the Fundamental Research Funds for the Central Uni-
versities.



Normal form theory has been extended to various classes of partial differen-
tial equations. In the context of partial differential equations many classes of
equations have been considered and we refer to [2, 6, 9, 10, 11, 12, 13, 14, 15,
24, 25, 26, 31, 35, 43, 44] for a nice overview on this topic.

The center manifold that we are using here is extending the one obtained
by Vanderbauwhede and Iooss [38]. For partial differential equations with ho-
mogeneous boundary condition we also refer to the book of Haragus and Iooss
[17] for a very nice overview on this topic. Bogdanov-Takens normal form com-
putation is also considered in [17, p.102| which corresponds to 02-bifurcation.
In the book of Magal and Ruan [30] the non densely defined case is considered.
Roughly speaking the non-densely defined Cauchy problems correspond to the
non-linear boundary conditions in some classes of partial differential equations.

Due to the nonlinear boundary condition for such a class of partial differential
equation, such a system can only be rewritten as a non densely defined semi-
linear Cauchy problem. That is to say that

v'(t) = Lo(t) + F(v(t)), for t >0, and v(0) =z € D(L), (1.1)

where L = D(L) C X — X is a linear operator on a Banach space X, and
F : D(L) — X is a sufficiently smooth map that is also Lipschitz on bounded
sets with

F(Ox) =0x and DF(Ox) = OE(X)-

The above system is called non-densely defined whenever

D(L) # X.

Definition 1.1 A mild solution (or integrated solution) of (1.1) is a contin-
uous function v € C([0,7], D(L)) satisfying the two following properties:

/tv(s)ds € D(L),vt € [0,7]
0

and

v(t) =z + L/o v(s)ds —1—/0 F(v(s))ds,Vt € [0,7].

It is important to observe that in such a problem the solution belongs to a
strictly smaller subspace D(L), namely

v(t) € D(L),Vt € [0,7].

Therefore the equation (1.1) generates a semiflow on the smaller subspace D(L).
The linearized equation around the equilibrium 0 is

w'(t) = Lw(t) + DF(0)(w(t)),Vt > 0, and w(0) = x € D(L). (1.2)

The major difficulty in the normal form computations is coming from the fact
that the linearized equation generates a Cop-semigroup on D(L) while the range




of F' is the larger space X # m Therefore the normal form theory used in
this article is non standard compared with the one by Haragus and Tooss [17].

Our motivation is coming from a predator prey system with an age structure
for the predator. The system considered is the following

dUu(t) _ A)U(¢)

T =rU@) (1-s71U(t) — et U2

Owv(t,a) + 0,v(t,a) = —D v(t,a), for a >0, (1.3)
(0 = 7 it)zJU((tg)Z

for ¢ > 0 and with initial distribution

U(0) = Up > 0 and v(0,a) = vo(a) € L1 (0, 00).

In the model (1.3), U(t) is the number of prey at time ¢, a — v(t,a) is the
population density of predator structured with respect to the chronological age
a of the predator. That is to say that

/ v(t,a)da

is the number of predator with age between a; and as. We assume that the
predators become adults (i.e. can reproduce) when they reach the age 7 > 0
and we set

A(t) = /Oov(t,a)da, (1.4)

which is the number of adult predators.

Here we use the simplified Monod-Haldane (also called simplified Holling
type IV) functional response, that was used by Andrew [1]. This functional
response takes the following form

v

a+ U2
It means that the rate of predation increases when the number of prey is small
and then decreases when the number of prey is above some threshold value.
This type of functional response has also been used by Xiao and Ruan [40, 41],

Pan and Wang [33] and many others.
By using (1.3), we obtain the following delay differential equations

U ()
v T2

AU(t)
a+U(t)?* (1.5)
- D A(t),

au(t) 1
e =rU(t) (1 - s71U(t)) —

A( _ -Dr At —1)U(t — T)
a+U(t—r71)2

whenever t > 7.



When 7 = 0, the number of adult predators A(t) coincides with the total
number of predators

V(t) ::/ v(t,a)da,Vt >0
0
and the system (1.3) is equivalent to the following ordinary differential equations

%}Et) =rU(t) (1 - /flU(t))
av(t)y  V()U(t)

i Matu)?

_V@UuR)
at+U)?’
— DV (t).

(1.6)

Global qualitative analysis and Bogdanov-Takens bifurcation were proved for
(1.6) by Ruan and Xiao [32]. The goal of this article is to extend their results
to the age structured model (1.3)-(1.4).

. a
Consider the new time variable ¢t = — and the new age variable @ = — and
T T

ﬁ(ﬂ =U (rt) and o (£,a) = 7v (71, 7d) .

set

Then
ﬁ(tA) ;:/ ﬁ(ﬁﬁ)d&:/ TV (TtA,TZL\)dE:/ v(TtA,a) da:A(TtA).
1 1 T

By using this rescaling (and dropping the hat notation) we obtain the following
system for t > 0

) =7 [rU(t) (1-rs71U(t)) — AU ] ,

dt a+ U(t)?
Opv(t,a) + 0qv(t,a) = —7 D v(t,a), for a > 0, (1.7)
o(t,0) AUt

) - T/’La + U(t)ga

with

Alt) = /1oov(t,a)da. (1.8)

In the rest of the paper we will consider the rescaled system (1.7)-(1.8) instead
of (1.3)-(1.4).

Recently, codimension 2 bifurcations, such as Bogdanov-Takens bifurcation
[18, 4], zero-Hopf bifurcation [42, 3] and others, have attracted the attention of
numerous researchers in the context of population dynamics. We also refer to
Haragus and Iooss [17] for more results going in that direction.

Bogdanov and Takens’s bifurcation firstly revealed the bifurcation phenom-
ena (Hopf and homoclinic bifurcations) caused by Bogdanov-Takens singularity
in planar systems which is an important discovery in the bifurcation theory.
Bogdanov-Takens bifurcation is a well-studied example of a bifurcation in two-
parameter family of autonomous differential equations, meaning that two pa-
rameters must be varied for the bifurcation to occur, the two equilibria (a saddle



and a nonsaddle) of the system collide via a saddle-node bifurcation and a limit
cycle is generated by an Hopf bifurcation around the nonsaddle equilibrium
which degenerates into an orbit homoclinic to the saddle and disappears via a
homoclinic bifurcation. We refer to the books [5, 16, 23, 34]. We also refer to
[19, 20] for some nice illustration in the context of population dynamics.

Age structured models have a long history and we refer to the books of
[7, 21, 22, 39]. Here we use the integrated semigroup to define a notion of
solution. This was first used in this context by Thieme [36].

The first result of Bogdanov-Takens bifurcation for an age structured model
was investigated in [29] by using the integrated semigroup theory and the normal
form theory developped in [28] for non densely defined Cauchy problems. We
refer to the book of Magal and Ruan [30] for more results on this subject. In
[29], in order to derive Bogdanov-Takens bifurcation we were forced to extend
the original age structured model to a larger class of partial differential equation.
Here we do not need to extend the system. Therefore all the properties obtained
by using Bogdanov-Takens bifurcation for the planar system are inherited by
the system (1.3)-(1.4).

The plan of the paper is the following. In section 2, we study the equilibrium
solutions. We will rewrite the system (1.7) as an abstract non densely defined
Cauchy problem in section 3. The linearized equation and the characteristic
equation are considered in section 4 and section 5, respectively. In section 6, we
study Bogdanov-Takens singularity. Section 7 is devoted to Bogdanov-Takens
bifurcation. Finally, in the last section, we present some numerical simulations.

2 Equilibria

By using system (1.7) we obtain the following system for the equilibria

_ _ AU
O=T|:’I“U(1—I'€_1U)— (iQ ,
a+U
v'(a) = —7 D v(a), for a >0, (2.1)
AU
v(0) = Th——,
a
with -
A= v(a)da. (2.2)

1

From the second equation of (2.1), we have
7(a) = e~ "P%(0),Va > 0,

and by using (2.2) and the last equation (2.1), we obtain

A= Ooe*TD“ aw(0) =S5
Af/l da(0) (0)



and

U [ee]

(00) =T p—— / e~ "Pedaw(0), (2.3)
a+U /1

respectively. We can see that there are two cases.

Case 1: Assume that 7(0) = 0. Then

A=0

and
U=0orU = k.

Case 2: Assume that 7(0) > 0. Then from equation (2.3) we deduce that
o+ U= %e_TDU.
Remark 2.1 As a consequence of the above formula we have
U D
U72 = —eP. (2.4)
a+U H

So we should consider the zeros of the following second order function

p(x):xz—%e_TDac—l—a

with

p(0) = a >0 and p'(0) = f%efTD < 0.

Therefore whenever p(z) has some real roots they must be all strictly positive.
Moreover the discriminant of p(z) is

Then we have two cases.

Case 2)-(a):
_ _ L —71D
A=0& Vo= 55°
and in the case we have L
77 _  _—1D
U= 5p¢ - (2.5)

Case 2)-(b):
K D
A ——e 7
>0e+Va< 55¢

and we have two solutions

it o VE gV

0<U-:=3p¢ 2 2D 2

Whenever U > 0 and by considering the first equation of (2.1), we deduce that
A=r(a+T") (1-x7'0). (2.6)

To summarize, we have the following result.



Lemma 2.2 (Equilibria) The boundary equilibria
(U,v) = (0g,0p1) and (U,v) = (k,0p1)

always exist.
Moreover we have the following alternatives:

(1) If

1
Va = %e_TD and %e_TDE <1, (2.7)

then the interior equilibrium is unique and given by

[
U= 5D ¢
with 5(0) = 7De™P A and A is given by (2.6).

™D and v(a) = e "P%(0)

(i) If
=D g o —p ]
Va < 55° and 55¢ | < 1, (2.8)
then we have the following alternatives:
(a) If
LD 4 VA >k, (2.9)

2D
the system has exactly one positive interior equilibrium and this in-
terior equilibrium is given by

77 Ko _+D
U=
2D ¢

with 7_(0) = 7De™PA_ and

and T_(a) = e~ "P%_(0)

|5

A_=r (a +U2_> (1-x7'T-).

(b) If

I
55t VA <k, (2.10)

the system has exactly two positive interior equilibria and the interior
equilibria are given by

oM

A
Uy e P+ £ and U4 (a) = e_TD“ii(O)

" 2D 2
with 14 (0) = TDe™ AL and

A =r(a+TL) (1-+"1Ts).

Remark 2.3 Whenever /o = %E’TD we have

U =+/a and U’ =a. (2.11)



3 Abstract Cauchy problem formulation

In this section we will rewrite the system (1.7) as an abstract non densely
defined Cauchy problem. We adapt the idea of Thieme in [36]. Consider X =
R? x L1(0, 00) endowed with the usual product norm

U
v = 10T I+ (ol
v

Consider the closed subspace of X

U
Xo =R x {0g} x L(0,00) = g | €Xyp. (3.1)
v

Let L: D(L) C X — X be the linear operator defined by

U —xU
Ll or | = —v(0) (3.2)
v —v' —7Duw
and
D(L) := R x {Og} x W"1(0, 00). (3.3)
Then we can observe that Xo = D(L) and L is non densely defined. Let
F : Xg — X be the nonlinear operator defined by
U BI(U7 A)
F| or | = BAU,A) (3.4)
v OLl
where
+oo -1 A
A:= [T wv(a)da, By(UA):=xU+7|r(1—r"U) - o U,
3.5)
AU (
B A =Tp—.
2(Ua ) THO(+U2

The partial differential equation (1.7) can be rewritten as the following non-
densely defined abstract Cauchy problem

DO _ Ly 1 F o) fort20, w00) =wo € Ko (39

4 Computation of the linearized equation

In the rest of the paper, we will make the following assumption.



Assumption 4.1 We assume that

K - M D
Va = 55¢ and 55° < K. (4.1)
Set —
w= Ogr
v

where U and v are described in Lemma 2.2-(i). Then we have
w € D(L) and Lw + F(w) = 0.
In order to work around a 0-equilibrium we use the following change of variable
z(t) =w(t) —w

and in the rest of the paper the solution x(t) we will consider is a mild solution
of the abstract Cauchy problem

d%it) = La(t) + F (z(t) + @) — F (W), for t >0, 2(0) =z0 € Xo.  (4.2)

The linearized equation of (4.2) around the equilibrium 0 is

dx(t
ZES ) = Lx(t) + DF (w)x(t) for t > 0, x(0) € Xo, (4.3)
where
U OélU + OéQA
DF®@)| 0z | = oA
v OLI
with
+oo —7D D
A= / v(a)da,on = x + 771 (1 _ K ) , Qg = —T—eTD,'yg =71De™P.
1 kD K

5 Computation of the characteristic equation

Abstract Cauchy problem (4.2) can be rewritten as

dz(t)
dt

= Px(t) + H(z(t)), for t >0, (5.1)

where

P =L+ DF(w)

is a linear operator and

H(zx)=F(z+w)— F(w)— DF(w)x



satisfies H(0) = 0 and DH(0) = 0. Next we will study the spectral properties of
the linearized equation of (5.1) in order to investigate the dynamical behavior
for system (5.1). Denote

Q:={X € C:Re(N) > —min{x,7D}}. (5.2)

By applying the results of Liu, Magal and Ruan [27], we obtain that if A € §,
then X\ € p(L) and

0 5 o )
MN-L)'| v | = og |, whenever | v | € X and [ 0g | € D(L),
v v v v
where
~ ) a
6= ———, d(a) = e-AF7Dlay —|—/ e~ (AFTD)a=9)y) (5) ds.
A+ X 0

Moreover, L is a Hille-Yosida operator.

Now it remains to precise the spectral properties of P := L + DF(w). For
convenience, we set C' := DF(w). Let A € Q. Since A\I — L is invertible, it
follows that A\I — P = A\l — (L + C) is invertible if and only if I —C (A — L)~
is invertible. Moreover, when I — C' (A — L)™' is invertible we have

M—(L+C) "=\ -L) ' (I-CcAT—L1)~) 7",

Consider

d G1
(I-COM-L)y™H| v | = gf
v v

Then we obtain
v =7

and we should have

A(N) < X > — ot f1+oo (Jy eMFTPIE=0T(s) ds) da
Y o CZ + o 1+oo (foa 6(>‘+TD)(5*C‘)7§(8) ds) da ’

where the 2 by 2 matrix A()) is defined by

+oco

1— aly —a e ()\+7'D)ada

AN) = Atx 2 +00 —(A+7D)a ' (5.3)
0 L—vy [ e da

Whenever A()) is invertible, we have

(5)=a0 (G reiz @)

v Co + 2 f1+°° (J2 eO+TDI=0)F (5) ds) da

As a consequence we obtain the following lemma.

10



Lemma 5.1 The following results hold.

(1) c(P)NQ=0,(P)NQ ={A € Q:det A(N) = 0}, where o,(P) is the point
spectrum of P.

(ii) If X € p(P)NQ, we have the following formula for the resolvent

¢ o
CYSOR I 8 (5.
v v*

with

* _ 4
(5 = m .
’U*(CL) — e—()\+TD)a,y+fo €(A+TD)(S_a)®(S) dS,

where § and v are given by the following formula
0 _ hi(N)
= A(\ 1 1
(5)=20 (i)
with

hi(A) Y _ [ Gt f1+oc (fo eXFTD=a)F (5) ds) da
( ha(A) ) B ( ORI N (fgl eMTDE=a)F (5) ds) da (5:5)

and A(X) are defined in (5.3).
From the explicit formula for the resolvent we deduce the following lemma.

Lemma 5.2 For each \g € o (P) N, Ao is a pole of the resolvent of order ko
if and only if Ao is a root of order ko of A(N).

Since L is a Hille-Yosida operator, and DF (w) is bounded, P is also a Hille-
Yosida operator. Consequently Py (the part of P in Xj) generates a strongly
continuous semigroup {7p,(t)} on Xo. In order to apply the center manifold
theorem and normal form theory, we need to study the essential growth bound
of Py. By using the perturbation result in Thieme [37] or Ducrot Liu and Magal
[8] we obtain the following estimation.

Proposition 5.3 The essential growth rate of the strongly continuous semi-
group generated by Py is strictly negative.
6 Bogdanov-Takens singularity

In this section, we prove that the equilibrium Ox of (4.2) is a Bogdanov-
Takens singularity under some assumptions. Notice that

c(P)NQ=0op(P)NQ={Ae€Q:det A(N) =0}.

Since the matrix A(\) in (5.3) is triangular we obtain

det A(\) = (1 -2 1— /m e~ O+mDage ) N e Q
)\+X Y2 ) ) .

11




Assumption 6.1 We assume that

Va=2Le"P and k =2//a. (6.1)
2D
Remark 6.2 The condition (6.1) implies that #5e~ P < k. Hence under As-

sumption 6.1, the system (1.7) has a unique interior equilibrium.

Under Assumption 6.1,

with
fO) =X +71DAX1—-e), gA)=OA+x)(A+7D). (6.2)

Then A = 0 is a root of det A(A) = 0 with algebraic multiplicity 2 and
o (P)NiR = {0} and wpess (Po) < 0.

Now we compute the projectors on the generalized eigenspace associated to
eigenvalue 0 of P. From the above discussion we already knew that 0 is a pole
of (A\I — P)™"of finite order 2. This means that 0 is isolated in o (P) N and
the Laurent’s expansion of the resolvent around 0 takes the following form

400
(M -P)"'= > A"BF,.

n=—2

The bounded linear operator BY 1,0 1s the projector on the generalized eigenspace
of P associated to 0. We remark that

+o0
N =P =>"A"Bh .
m=0
So we have the following approximation formula
BP,, = lim -+ (/\2 (M — P)*l)
—LO T 3T0 dA
and by computation, we can obtain the following lemma.

Lemma 6.3 Let Assumption 6.1 be satisfied. Then 0 is a pole of (A — P)_1
of order 2, and the projector on the generalized eigenspace of P associated to
the eigenvalue 0 is given by

G o
BI_DLO <2 = OR
) v#

12



with

e
v#(a) = TR0 e=7De py (0) = ¢+ ag [ ([ €7 PEDT(s) ds) da,
ha(0) = Go + 72 [, (Jil e PE=9T () ds) da,
Ry(0) =2 [ ([ (s — @) e”PE=T () ds) da.
From the above results, we obtain a state space decomposition with respect

to the spectral properties of the linear operator P. More precisely, the projector
on the linear center manifold is defined by

G1 G 5
07| G | =B & | =] o
v v v#
Set
ny.=1-nu’.

We denote by
X =1 (X), Xp:=1} (X),P.:=P |, Pp:=P|,, .

Now we have the decomposition

X=X.0X,.
Since
1 1
BF o | 0 = 0|,
0 0
0 7D 7D[(1+7D)(x—2)+x]
P xu(1+7D) 2xpu(1+7D)?
BZof 1 = Or )
0 D ef'rD-
147D
we obtain the basis {x1, x2} of X, defined by
1 Or
xi(a) = 0 |,xz2(a)= 0
0 _,ue—TDa
Note that
0
Pxi(a)=1 0 |, Pxza(a) = xi(a).
0

The matrix of P, in the basis {x1, x2} of X, is given by

Px1,x2] = [x1, x2] { 8 (1) ] .

From the above analysis, we obtain the following theorem.

13



Theorem 6.4 Suppose that Assumption 6.1 holds. Then the unique positive
equilibrium (U,ﬁ) of (1.7) is a cusp of codimension 2, i.e., system (1.7) has a
Bogdanov-Takens singularity.

7 Bogdanov-Takens bifurcation

It is more interesting to determine a versal unfolding for the original system
(1.3) with a Bogdanov—Takens singularity, i.e., to determine which of the param-
eters can be chosen as bifurcation parameters such that system (1.3) exhibits
Bogdanov—Takens bifurcation. For this, choose k and D in system (1.3) as the
bifurcation parameters, i.e., consider 1/k + 1 and D + (5, where 8 := (531, 82)
vary in a sufficiently small neighborhood of (0,0). Adding these perturbations
to system (1.3), using the same procedure in section 1 and 3, we obtain

dw(t)

— = Lw(t) + F(B,w(t)),t > 0,w(0) € X, (7.1)

which is corresponding to

dU(t A)U(t
7d§ ), |:TU(t) (1= (' /)UW) - ai)U(<t>2 ,
Opu(t,a) + 0uv(t,a) = —7 (D + B2) v(t, a), for a > 0, (7.2)
v(t,0) =T ABUE)
) MOZ ¥ U(t)27
where L is defined by
U —xU
L 0 |= —v(0)
v —v' — 7Dv
and F : D(L) — X is defined by
B} (B,w)
F(B,w)={ B;3(Bw)
—7'52’1)
U [
forw=1| 0 | € D(L), here
v
AU
Bi (Bow) = XU+l [~ 1/t B)U] - o,
. AU
By (Bw) = —Ho

with A := f1+°o v(a)da.

14



In the following, we assume Assumption 6.1 holds. By making the change
of variables z(t) := w(t) — w, (7.1) becomes

B L)+ H B2, 120,
z(0) = w(0) — @ =: xo € D(L).

where H(S,x(t)) = F(B8,2(t) + w) — F(0,w). To determine that system (7.1)
is the versal unfolding of system (1.3) with Bogdanov-Takens singularity, we
include the parameter f into the state variable. Consider the system

4B _ o for t > 0

aly

o = La() +H(B(1), 2(1)), (7:3)
2(0) = w(0) —w =: xg € D(L)

B(0) = Bo € R*.

Under Assumption 6.1, 0 is an equilibrium of system (7.3). Note that for w =

+oo
al:XaOéQZ—z,’YQZE,A:/ v(a)da.
K K 1

In order to rewrite (7.3) as an abstract Cauchy problem, we set

X=R*xX
and consider the linear operator A : D (A) C X — X defined by
Pre Og2 Pr2

U U U
A (0) = P(O)+%H&®B’v (0) €D(A

with P is defined in (5.1), D (A) = R? x D(P). Then

D (A) =R? x D(P) := A.

Since P is a Hille-Yosida operator, we can prove that A is also a Hille-Yosida
operator. Consider F : D (A) — X the nonlinear map defined by

Bre Op2 Bre
U U U —_—
F 0 = f_j /B, 0 ) for 0 €D ("4)
v v v

15



with

R U U 5 U 5
d(s 1| o —H|s | o - 270,00 0o | - -ZH©0,0)8.
Ox ap
v v v
Then we have
FL% ) =oana pF( %= ) =0
OX OX
Now we can reformulate system (7.3) as the following system
dé(t —_—
T _ act+ F (e, €0) = & e DA (74

Note that
o (P)NiR = {0} and wy,ess ((P),) < 0.

For the proof of the following Lemma the reader is referred to Liu, Magal and
Xiao [29, lemma 5.1].

Lemma 7.1 Let Assumption 6.1 be satisfied. Then

0 (A) =0 (A) =0 (P)=0(P),
and for each A € p(A),
1B
(A — A~

N ™

U
(M —-P)! 5)+&Hmmx%
’ (7.5)

Next we compute the projectors on the generalized eigenspace associated to
eigenvalue 0 of A. Note that

A i/ —(k+1) _ -1
Bilo = 5 sdoﬁyrA (A — A)” " adA.
Set R
(£)-mu(2)
Since
~ A_lg
I A .
(A= A) <§> - ((XIP)1P+£%H@ﬂM% >

0 A1B
( Py )\]Bfoﬁu\ ) + ) )\j_leO%F(O,O)E )

Jj=-2 j=-2

16



it follows that

B,ﬁ‘()( § ) _ 1 A [ /\gBP -
5 X 271 S, (0 E) Pl ,0
175
(k1) i1 /\P 66 =~ an
_Z_ A BjoaﬁH(Ovo)ﬁ '
Then
ﬁ: 27T1f5c(05+)\ k—1y— 1ﬁd}\
= Z 50 Jse0.et A~ FIN BET dX
)
+j§2 5m7 Jse(0,0r AT TN ATIB 55 H (0, 0)BdA.
Since

27 ) o ‘
/ A7k72+jd>\ _ / (peie)*k*QJrj ipewde _ ,L'p(fk71+j) / (eie) [—k—1+7] do
Sc(0,0)* 0 ;

. {2772', ifj=k+1

0, otherwise
and
. 27 14j ) ) 2 o (—k+d)
/ AR\ = / Lipe®df = ip(—kJrJ)/ (e”’) do
S*"(O 6)+ O 0
— 7TZ7 lfj - ]f
B 0, otherwise,
we have
[ B k=1
=10 430
0 E<—4
77'1"0151
Blerl,O —2>k>—-4
x = TD“raT2DeTD52
—Traﬂl
B + BT k>—2
—e~ T7Da ’I"OZT ~r'D62
and ~
B4, ( B ) B .
AN Booag H(0,0) + BP 10T
Note that
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2

+oo
_ . 1d _
(M —P)"'= > A"Bf, and lim 5 A (M- P) 1} = Bgo.

n=—2
We first have the following lemma.

Lemma 7.2 We have
1

G 57
P
Boo| ¢ | = Or
=~ 1 @ 1tD(s—a)7y
0 $o02(a) + [y eTPETIT(s) ds
with
_ [ ™D(=7°xD?+67° D> —47x D+187D—6x+12) rD(247D)
= 6xu(m3D3+372D2437D+1) - ux(1+7D)2 prt
(24+7D)TD

D
(D) P2 T 208 — i py P4

1 7D D
—71Da —71Da —71Da
= 1+ — ] +2 -2
»ala) = e p1< +(TD+1)2> c 1+-D? T D’

—+oo a
po= C2+72/ (/ P95 (s) ds) da,
1 0
400 a
pr= [ ([ et as) da
1 0
+oo a
p3 = 042/ </ (s —a)e™PC=9F (s) ds) da,
1 0
—+oo a 9
Py = 72/ (/ (s —a)? P95 (s) ds) da.
1 0

The projector on the generalized eigenspace of A associated to 0 is given in
the following lemma.

Lemma 7.3 0 is a pole of order 3 of the resolvent of A and the projector on
the generalized eigenspace of A associated to 0 is given by

40( D)~ (mpomonienns )
O\ z Biloas H(0,0)3 + B, o7

In particular we have

=)
© =5
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(1)

Sy
L
°
7N
S o
'
Il

271 )
0 Or
1 2 D,—1D
572(a) — Baerat?De™ e %
with
[ ™D(=m*xD?*+67°D*—47xD+187D—6x+12)  rD(247D)
= 6xp(T3D34+372D2+4+37D+1) T ux(1+7D)? pr+
(2+7D)TD

D
(D) P2 203 = ey P

1 D
—7Da
wy(a) = e 1+ — 2a
2( ) ( (7’D—|—1)2 1+7—D> 1

D
1+ TDpQ’

+2¢~Pa

+oo a
P = 72/ (/ eTPs=a) (—e_TD“TaTQDeTDﬁg) ds) da,
1 0

+o0 a
p2 = ’Yz/ / (s —a)e™Pl—) (—efTD“rchDeTDﬁg) ds> da,
1 0
+oo a
p3 = Oég/ (/ (s —a) e P(s—a) (—efTDaraTQDeTDﬂz) d5> da,
1 0

“+o0 a
ps = ’72/ (/ (s —a)®e™Pl=a) (—e_TD“raTQDeTDﬁg) ds) da,
1 0

0 0
0 0
B‘flO 1 = 1 ’
0 0
0 0
0 0
0 0
A 7D TD[(1+7D)(x=2)+x]
B—l,O 0 = xu(14+7D) + 2xp(14+7D)>2

1 Or

7D —7Da

0 e T

Let
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R
ei(a) = (1) sea(a) = OOR ,
0 —je~7Pa
0 1
( rar? DD ) ( 0 >
es(a) = 0 eq(a) = 0
o Or Og
e+ Aa(a) — e TP e
with
= (1 ! (TD1+ TR iD) o2 e

+oo a +oo a
p1 = —72/ </ eTD“uds> da, p2 = —’72/ </ (s —a) eTD“,uds> da.
1 0 1 0

Then ey, eq, e3, e4 are independent and
Aeq(a) =0, Aez(a) =e1(a), Aes(a) = ez(a), Aes(a) = 0.

From the above results, we obtain a state space decomposition with respect to
the spectral properties of the linear operator 4. More precisely, the projector
on the linear center manifold is defined by

Set

We denote by
X =T2HX), X =T (X)), A=Al , A=Al .
Now we have the decomposition
X=X DX,

Let G € V2(X,, D(A)NA},) be a homogeneous polynomial of degree 2. Consider
the following global change of variable

¢ =& G(IIY).

By using the results in Liu, Magal and Ruan [28, lemma 5.1], we obtain that
the Taylor expansion of up to second order term on the local center manifold is
given by the ordinary differential equation on & :

dgzlit) = Acce(t) + % I D?F (0) (s (t), e(t)) + hot.

20



Now we compute 5 IIA D2F(0) (sc(t), s(t)) expressed in terms of the basis {e1, ez, €3, €4}

. can be expressed by
1
rar?pem A1

_ T1
Or
—71Da

(77596(713“) + 57(a) — #efTDaa) B+ pe” PPy — pem TP,

By computation, we have
1
rar?Derp 1

Ge = T1€1 + Taes + Bres + Paey

1
12D F(0) o
2! O
—71Da R —+Da Da i Da
(%“‘%”ﬂ@‘ﬂe P a)ﬁl + pe" Py — pe=mPeg,
01
eTD(L
— < —02(a)
I
(61762763,64)2, 0 ,
0

with

7 D[(1+7D)(x=2)+x] D
(xu a+rD) T 2xu(1+TXD)2 * ) h2(0) — Wh/ (0) + R (0),

TDa
Qz(a) = R 5 h2(0),

h1(0) = éﬂ(i§+ﬂ) 7+ 4f32:lc1 + s f1 (foa —#T@TD(S_a)LdS) da,
ha(0) = —%L;Ixf + 7261 f (fo ——l=p2Te TD(s_a)Lds) da,
15(0) = 72 f (fo —rarbem (s — a) e™P=uds) da,

TDs

() = (S + 35a(s) — e 0% By + e~y — e~ TPy

Define the basis of X. by {ej,es,e3,e4} and the matrix of A, in the basis
{e1,€2,e3,e4} of X, is given by

01 00
00 10
A[617627€3;€4] - [61362763764] 00 0 0
0 0 00
Thus by choosing xy = 2 we obtain the Taylor expansion of up to second order

term on the local center manifold as follows

L D (2+71D) 7D , 1
T =2+ m 2( ) - mhg(o) + §h1(0) + O(|(ﬁ1,52,$1,:ﬂ2)|3)
(7.6)
7D

T2 =pP1 — h2(0) + O(|(B1, Ba, 71, 2)|?).

2u(1+7D)
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Following the procedure of deriving normal form in [5], we can transform the
above system into

i‘l = T2 (77)

Ty = a1 + Gowy + 27 — 2122 + O(|(B1, By 21, 2)[2),

where
~ 16A4
a1 = (B4 A4S+ A1) T337
4
~ 2A
ay = — (A58 + Asf2) TS
4
with
2u(rD+1)+ [(rD +1)* +1] 7Dp;
A +27D (1D 4+ 1)7Dpg — [p17D + (7D + 1)] (37D + 2)
! 2rarDe™P (1 + 7D)”
2D (2 + 7D) + s (37D + 2) + 20042 (1 + 7D)?
2(1+7D)rar2D%e27P ’
6 + 147D + 712 D?
Ay = LD,A?,:—TT(—’_ T +72 )<O,
raeT 8va(1+7D)
2rD 2\/a
Ay = ————— As = —Ay, Ag = —.
! a(+rD) A 20T g

Theorem 7.4 Assume that Assumption 6.1 holds. Then system (7.2) can un-
dergo Bogdanov-Takens bifurcation in a small neighborhood of the unique posi-
tive equilibrium as the bifurcating parameters (81, 82) vary in a small neighbor-
hood of (0,0). More precisely, there exist four bifurcation curves: 2 saddle-node
bifurcation curves SNV and SN~, Hopf bifurcation curve H and homoclinic
bifurcation curve HL, in the small neighborhood of (0,0) of parameter plane
(B1,P2), such that system (7.2) has a unique stable limit cycle as (51, P2) lies
between H and HL, and no limit cycle for system (7.2) outside this region. The
local representations of these bifurcations curves are given by

S]VJr = {(ﬂl,ﬂg) : &1 = 0,&2 > 0},
SN~ = {(61,ﬁ2):&120,&2<0},
H = {(B1,B): 01 =—a3, az <0}

and

4
fgag +0 (ai”) , and d < o} .

HL = {(51752) tog =

The corresponding bifurcation diagram is shown in Figure 1.
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Figure 1: The Bogdanov-Takens bifurcation diagram of system (7.7) in the small
neighborhood of (ay, @) = (0,0).
8 Numerical simulations

In order to illustrate the Bogdanov-Takens bifurcation for system (7.2), we
present some numerical simulations.

Symbol First set of parameters values Second set of parameters values
T 0.1 1
r 0.8 0.8
D 0.8 0.8
o 500 500
K= 2\/a 44.7214 44.7214

p = kDe™? 38.7569 79.6234
b1 —1073 —1073
Ba —0.2362 —0.3322

Table 1: The formulas used for k and p in the first column of the table serve
to satisfy Assumption 6.1. We fix the parameter 7 = 0.1 (respectively T = 1)
in the second column (respectively third column). The parameters in the second
column are computed by using the formula for H. The parameters in the last
line are computed by using the formula for HL.

The parameters values used for the simulation of system (7.2) are listed in
Table 1. In Figure 2 and Figure 3 we run a simulation of the system (7.2) by
using respectively the second and third column of Table 1. In the simulations
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we use the equilibrium solution of the system whenever 8 = B3 = 0. Namely
we use the formula in Lemma 2.2-(i).

Figure 2 corresponds to a simulation of the model (7.2) with the parameters
fixed in the second column of Table 1. We observe that the solution is converging
to a periodic orbit. Actually since 7 = 0, A(¢) coincides with the total number of
predators V(¢) and the Figure 2-(c) corresponds the convergence of the solution
to a periodic orbit of system (7.2) in the phase plane (U, V).

Figure 3 corresponds to a simulation of the model (7.2) with the parameters
fixed in the third column of Table 1. In this figure we fix in particular 7 = 1.
By comparing Figure 2-(c) and Figure 3-(c) we observe that the limit behavior
is much more irregular when 7 = 1 than when 7 = 0.1. In Figure 3-(c) the limit
cycle follows the U-axis and the A-axis. The picks in Figure 3-(a) and Figure
3-(b) are much sharper than in Figure 2-(a) and Figure 2-(b).

(a) (b)

: N
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| H | )
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|

Il
|
=

Z «
20| |

MW\H\WM
: S
: U AR ZW/vavyv

(c) (d)

I

|
v

7

i

2 25
uy

Figure 2: In this figure we run a simulation of model (7.2) with the first set of
parameters values listed in the second column of Table 1. In figures (a) and (b)
we plot the function t — U(t) and t — A(t) respectively. In figure (c) we plot
the functiont — (U(t), A(t)) in the phase plane (U, A). In figure (d) we plot the
(t,a) = v(t,a) the age structured density of predators when the time t varies.
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)

Figure 3: In this figure we run a simulation of model (7.2) with the second set
of parameters values listed in the third column of Table 1. In figures (a) and
(b) we plot the function t — U(t) and t — A(t) respectively. In figure (c) we
plot the function t — (U(t), A(t)) in the phase plane (U, A). In figure (d) we
plot the (t,a) — v(t,a) the age structured density of predators when the time t
varies.
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