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Abstract

Normal form theory is very important and useful in simplifying the forms of equations restricted on
the center manifolds in studying nonlinear dynamical problems. In this paper, using the center manifold
theorem associated with the integrated semigroup theory, we develop a normal form theory for semilinear
Cauchy problems in which the linear operator is not densely defined and is not a Hille–Yosida operator and
present procedures to compute the Taylor expansion and normal form of the reduced system restricted on
the center manifold. We then apply the main results and computation procedures to determine the direc-
tion of the Hopf bifurcation and stability of the bifurcating periodic solutions in a structured evolutionary
epidemiological model of influenza A drift and an age structured population model.
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1. Introduction

1.1. Normal form theory

To determine the qualitative behavior of a nonlinear system in the neighborhood of a nonhy-
perbolic equilibrium point, the center manifold theorem implies that it could be reduced to the
problem of determining the qualitative behavior of the nonlinear system restricted on the center
manifold, which reduces the dimension of a local bifurcation problem near the nonhyperbolic
equilibrium point. The normal form theory provides a way of finding a nonlinear analytic trans-
formation of coordinates in which the nonlinear system restricted on the center manifold takes
the “simplest” form, called normal form. These two methods, one reduces the dimension of the
original system and the other eliminates the nonlinearity of the reduced system, are conjunctly
used to study bifurcations in nonlinear dynamical systems. A normal form theorem was obtained
first by Poincaré [54] and later by Siegel [56] for analytic differential equations. Simpler proofs
of Poincaré’s theorem and Siegel’s theorem were given in Arnold [5], Meyer [46], Moser [48],
and Zehnder [67]. For more results about normal form theory and its applications see, for exam-
ple, the monographs by Arnold [5], Chow and Hale [8], Guckenheimer and Holmes [26], Meyer
and Hall [47], Siegel and Moser [57], Chow et al. [9], Kuznetsov [34], and others.

Normal form theory has been extended to various classes of partial differential equations. In
the context of autonomous partial differential equations we refer to Ashwin and Mei [6] (PDEs
on the square), Eckmann et al. [18] (abstract parabolic equations), Faou et al. [20,21] (Hamilto-
nian PDEs), Hassard, Kazarinoff and Wan [28] (functional differential equations), Faria [22,23]
(PDEs with delay), Foias et al. [25] (Navier–Stokes equation), Kokubu [33] (reaction–diffusion
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equations), McKean and Shatah [45] (Schrödinger equation and heat equations), Nikolenko [51]
(abstract semi-linear equations), Shatah [55] (Klein–Gordon equation), Zehnder [68] (abstract
parabolic equations), etc. We refer to Chow et al. [10] (and references therein) for a normal form
theory in quasiperiodic partial differential equations.

In this paper, we develop a normal form theory for the following abstract Cauchy problem
with non-dense domain ⎧⎨⎩

du(t)

dt
= Au(t) + F

(
u(t)

)
, t ≥ 0,

u(0) = x ∈ D(A),

(1.1)

where A : D(A) ⊂ X → X is a non-densely defined linear operator on a Banach space X, and
F : D(A) → X is a k-time continuously differentiable function for some k ≥ 2. The Cauchy
problem (1.1) is said to be non-densely defined if

D(A) �= X.

Therefore A is not the infinitesimal generator of a strongly continuous semigroup of bounded lin-
ear operators on X, and in general, F(x) does not belong to D(A). So the solution of system (1.1)
is not a mild solution derived from the classical semi-linear formulation.

1.2. Motivation – age structured models

The main motivation comes from investigating the nonlinear dynamics of structured (age,
size, space, etc.) population models described by various types of equations including par-
tial differential equations with nonlinear and nonlocal boundary conditions (Cantrell and Cos-
ner [7], Diekmann and Heesterbeek [14], Iannelli [29], Magal and Ruan [41], Murray [49],
Perthame [53], Thieme [61], Webb [64], etc.). It is well-known that several types of differential
equations, such as functional differential equations (Adimy [1], Diekmann et al. [15], Hale and
Verduyn Lunel [27], Liu et al. [35]), age structured models (Magal [39], Magal and Ruan [42],
Perthame [53], Thieme [58,60], and Webb [64]), parabolic partial differential equations (Chu
et al. [11], Ducrot et al. [16]), and partial differential equations with delay (Ducrot et al. [17]
and Wu [66]), can be formulated as non-densely defined Cauchy problems in the form of (1.1).
Here we present two examples of structured models and refer to Da Prato and Sinestrari [13],
Thieme [58,59], and Magal and Ruan [40,42] for more examples.

(a) A structured model of influenza A drift. Suppose that the total host population size N

is a constant. Let I (t) be the number of infected individuals at time t . Let a ≥ 0 be the time
since the last infection, that is, the duration of time since an individual has been susceptible.
Assume that the average number of amino acid substitutions is a continuous variable. More
precisely, let k > 0 be the average number of amino acid substitutions per unit of time (that is,
the mutation rate). Then the number of substitutions after a period of time a in the susceptible
class is given by ka. Let s(t, a) be the density of uninfected hosts (structured with respect to a),
so that

∫ a1
a0

s(t, a)da = ∫ ka1
ka0

s(t, k−1l)k−1dl is the number of uninfected hosts that were last
infected by a virus which differed by more than ka0 and less than ka1 amino acid substitutions
from the virus strain prevailing at time t . ν > 0 is the recovery rate of the infected hosts. γ ∈
L∞+ (0,+∞) describes how amino acid substitutions affect the probability of reinfection and
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satisfies lim infa→+∞ γ (ka) > 0. Define ρ := τ/k as the threshold of sensitivity, which is the
time necessary to be re-infected after one infection. This is also equivalent to assuming that it is
necessary to reach a threshold value τ for the average number of amino acid substitutions before
re-infection. Assume that

γ (a) = δχ(a) :=
{

δ if a ≥ τ,

0 if a ∈ (0, τ ),

where δ > 0. Note that
∫ +∞

0 s(t, a)(a)da + I (t) = N , ∀t ≥ 0. Assume without loss of gener-
ality that k = 1 and N = 1. Then we have a structured evolutionary epidemiological model of
influenza A drift (see Pease [52], Inaba [30,31], Magal and Ruan [44])⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂s(t, a)

∂t
+ ∂s(t, a)

∂a
= −δχ(a)s(t, a)

(
1 −

+∞∫
0

s(t, l)dl

)+
, t ≥ 0, a ≥ 0,

s(t, 0) = ν

(
1 −

+∞∫
0

s(t, l)dl

)+
,

s(0, .) = s0 ∈ L1+(0,+∞) with

+∞∫
0

s0(l)dl ≤ 1,

(1.2)

where x+ = max(x, 0). Consider the Banach space

X =R× L1(0,+∞)

endowed with the usual product norm∥∥∥∥(α

ϕ

)∥∥∥∥= |α| + ‖ϕ‖L1 .

Consider the linear operator A : D(A) ⊂ X → X defined by

A

(
0

ϕ

)
=
(−ϕ(0)

−ϕ′

)
(1.3)

with

D(A) = {0} × W 1,1(0,+∞).

Then

X0 := D(A) = {0} × L1(0,+∞).

Set

X+ := R+ × L1 (0,+∞) and X0+ := X0 ∩ X+ = {0} × L1 (0,+∞).
+ +
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We also consider the nonlinear operator F : (0,+∞) × (0,+∞) × D(A) → X defined by

F

(
ν, δ,

(
0

ϕ

))
=
(

ν(1 − ∫ +∞
0 ϕ(l)dl)+

−(1 − ∫ +∞
0 ϕ(l)dl)+δχϕ

)
. (1.4)

By identifying s(t, .) with u(t) =
(

0

s(t,.)

)
, we can rewrite the system as the following abstract

Cauchy problem

du(t)

dt
= Au(t) + F

(
ν, δ, u(t)

)
for t ≥ 0 and u(0) =

(
0

s0

)
∈ D(A). (1.5)

(b) An age structured population model. Let u(t, a) denote the density of a population at time
t with age a. Consider the following age structured model with nonlinear boundary conditions
(see Magal and Ruan [43])⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂u(t, a)

∂t
+ ∂u(t, a)

∂a
= −μu(t, a), a ∈ (0,+∞),

u(t, 0) = αh

( +∞∫
0

γ (a)u(t, a)da

)
,

u(0, .) = ϕ ∈ L1+
(
(0,+∞);R),

(1.6)

where μ > 0 is the mortality rate of the population, αγ (a) is the fertility rate at age a, α ≥ 0 is
a parameter, the function h(·) describes some limitation for the reproduction of the population.
Similarly as in (a) for Eq. (1.2), consider the same space X = R × L1(0,+∞) with the usual
product norm. Let A : D(A) ⊂ X → X be the linear operator on X defined by

A

(
0

ϕ

)
=
( −ϕ(0)

−ϕ′ − μϕ

)
(1.7)

with the same domain D(A) = {0} × W 1,1(0,+∞) and D(A) = X0. Let H : X0 → X be the
map defined by

H

((
0

ϕ

))
=
(

h(
∫ +∞

0 γ (a)ϕ(a)da)

0L1

)
. (1.8)

Then by identifying u(t, .) to v(t) =
(

0

u(t,.)

)
∈ X0, the system (1.6) can be reformulated as the

following non-densely defined abstract Cauchy problem

dv(t)

dt
= Av(t) + αH

(
v(t)

)
, for t ≥ 0, v(0) =

(
0

ϕ0

)
∈ D(A). (1.9)

It has been shown that Hopf bifurcation can occur in age-structured models such as (1.2)
and (1.6) (see Magal and Ruan [44,43] and references cited therein) and a Hopf bifurcation
theory has been recently developed for general age structured models in Liu et al. [36]. But up to
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now, the stability of the bifurcating periodic orbits is unknown for such systems. To address this
issue, a normal form theory for age structured models, and more generally for the non-densely
defined abstract Cauchy problem, needs to be developed. This is a first motivation for this paper.
Another motivation is coming from the analysis of Bogdanov–Takens bifurcation in the context
of age structured models. By using the normal theory presented in this article Liu, Magal and
Xiao [38] obtain recently a first example of Bogdanov–Takens for an age structured model.

1.3. Nonlinear dynamics of semilinear equations with non-dense domain

For the semilinear Cauchy problem (1.1), if A is a Hille–Yosida operator and is densely de-
fined (i.e., D(A) = X), given an initial datum in the phase space integrating the equation yields
a corresponding trajectory through that point (the constant of variation formula), so the semilin-
ear Cauchy problem is well-posed and has been extensively studied, see Engel and Nagel [19].
When A is non-densely defined (i.e., D(A) �= X), the constant of variation formula may be not
well-defined and one may be able to integrate the equation twice to recover the well-posedness
(this is how integrated semigroups are introduced). When A is a Hille–Yosida operator but its
domain is non-densely defined, Da Prato and Sinestrari [13] investigated the existence of several
types of solutions for non-densely defined Cauchy problems. Thieme [58] studied the semilinear
Cauchy problem with a Lipschitz perturbation of the closed linear operator A by using integrated
semigroup theory.

We have been interested in studying the nonlinear dynamics, such as stability, bifurcations,
periodic solutions, and invariant manifolds, in the semilinear Cauchy problem (1.1) when A is
non-densely defined and is not Hille–Yosida, and have made some progress on this subject. Ma-
gal and Ruan [40] presented some techniques and results for integrated semigroups, obtained
necessary and sufficient conditions for the existence of mild solutions for non-densely defined
non-homogeneous Cauchy problems, and applied the results to study age-structured models. Ma-
gal and Ruan [42] extended the results of Thieme [58] to the case when the operator A is not
Hille–Yosida. Namely, we studied the positivity of solutions to the semilinear problem (1.1),
the Lipschitz perturbation of the problem, differentiability of the solutions with respect to the
state variable, time differentiability of the solutions, and the stability of equilibria. Magal and
Ruan [43] established a center manifold theory for the semilinear Cauchy problem (1.1) with
non-dense domain. Center-unstable manifolds for non-densely defined semilinear Cauchy prob-
lems were studied in Liu et al. [37]. Employing the center manifold theory in [43], Liu et al. [36]
established a Hopf bifurcation theorem for abstract non-densely defined Cauchy problems.

In this paper we use the integrated semigroup theory, the semilinear Cauchy problem the-
ory, and the center manifold theory (see [40,42,43]) to establish a normal form theory for the
non-densely defined Cauchy problem (1.1) when D(A) is not dense in X and A is not a Hille–
Yosida operator. The goal is to provide a method for computing the required lower order terms of
the Taylor expansion and the normal form of the reduced equations. The main difficulty comes
from the fact that the center manifold is defined by using implicit formulae in general. Here we
will show that it is possible to find some appropriate changes of variables (in Banach spaces)
to compute the Taylor expansion at any order and the normal form of the reduced system. The
main results and computation procedures will be used to Hopf bifurcation in the structured evo-
lutionary epidemiological model of influenza A drift (1.2) and the age structured population
model (2.2).
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1.4. An outline

The plan of the paper is as follows. In Section 2, we will present some preliminary results
on integrated semigroups and the center manifold theorem for the non-densely defined Cauchy
problem (1.1) and give an outline on the computation of the reduced system restricted on the
center manifold. In Section 3, we introduce some notions, justify the change of variables that
establishes the equivalence between the original and reduced systems and present the normal
form theory of the nonresonance type. In Section 4, we provide computational procedures for
the Taylor expansion and normal form of the reduced system on the center manifold. Section 5
is devoted to the application of the normal theory to the two structured models (1.2) and (1.6);
namely, we calculate the Taylor expansion of the reduced system of the structured evolutionary
epidemiological model (1.2) of influenza A drift on the center manifold and present the normal
form of the age structured population model (1.6) restricted on the center manifold, respectively,
from which we are able to study stability and direction of the Hopf bifurcation in these two
structured models.

2. Preliminaries and the sketchy computation procedure

2.1. Semiflows generated by nondensely defined Cauchy problems

A mild solution of Eq. (1.1) (or integrated solution) is a solution of the integral equation

u(t) = x + A

t∫
0

u(s)ds +
t∫

0

F
(
u(s)

)
ds for each t ≥ 0,

wherein

t∫
0

u(s)ds ∈ D(A) for each t ≥ 0.

This last inclusion implies in particular that u(t) ∈ D(A) for each t ≥ 0.
From hereon, set

X0 := D(A)

and consider A0 as the part of A in X0. That is, A0 is the linear operator on X0 defined by

A0 = A on D(A0) := {x ∈ D(A) : Ax ∈ X0
}
.

Throughout this article, we will make the following assumption:

Assumption 2.1. We assume that:

(i) The resolvent set ρ(A) of A is non-empty;
(ii) A0 is the infinitesimal generator of a strongly continuous semigroup {TA0(t)}t≥0 of bounded

linear operators on X0.
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Since ρ(A) is non-empty, we have ρ(A) = ρ(A0) and can define the integrated semigroup
{SA(t)}t≥0 ⊂ L(X) generated by A as

SA(t) := (λI − A0)

t∫
0

TA0(s)ds(λI − A)−1

whenever λ ∈ ρ(A). Then it is equivalent to considering a mild solution or a solution of

u(t) = TA0(t)x + (SA � F(u)
)
(t) for t ≥ 0,

where

(SA � f )(t) := d

dt
(SA ∗ f )(t),

whenever t → (SA ∗ f )(t) := ∫ t

0 SA(t − s)f (s)ds is differentiable.
We refer to Arendt [2,3], Arendt et al. [4], Da Prato and Sinestrari [13], Kellermann and

Hieber [32], Magal and Ruan [40,43], Neubrander [50], and Thieme [59,60] for more results and
references on integrated semigroups. When A is a Hille–Yosida operator (see Kellermann and
Hieber [32]), the convolution (SA ∗ f )(t) is differentiable with respect to the time variable t as
long as f ∈ L1((0, τ ),X) (with τ < +∞), and one has the following estimation

∥∥(SA � f )(t)
∥∥≤ M

t∫
0

eω(t−s)
∥∥f (s)

∥∥ds, ∀t ≥ 0,

for some constant M ≥ 1, and ω ∈R.
For the age structured model (1.2), the linear operator A is Hille–Yosida if and only if p = 1.

When p > 1, the time differentiability of (SA ∗ f )(t) becomes more difficult. Similar difficul-
ties arise in the context of parabolic equations with nonhomogeneous boundary conditions (see
Ducrot et al. [16]). Therefore, here we will consider the most general case in which A is not a
Hille–Yosida operator. In this case, the time differentiability of (SA ∗ f )(t) becomes an issue.
In practice, this question is related to the existence of solutions for PDE problems with nonho-
mogeneous boundary conditions which are only Lp̂ integrable in time. This question has been
studied recently in Magal and Ruan [40] and Thieme [60] for the general case and in [16] for the
almost sectorial case.

Motivated by the above discussions, in this paper we will make the following assumption.

Assumption 2.2. The map t → (SA ∗ f )(t) is differentiable whenever t → f (t) is continuous,
and there exists a map δ : [0,+∞) → [0,+∞) such that∥∥(SA � f )(t)

∥∥≤ δ(t) sup
s∈[0,t]

∥∥f (s)
∥∥, ∀t ≥ 0,

where

δ(t) → 0 as t ↘ 0.



Z. Liu et al. / J. Differential Equations 257 (2014) 921–1011 929
Now we need to consider the linear bounded perturbation of A and have the following pertur-
bation theorem which was proved in Magal and Ruan [40, Theorem 3.1].

Theorem 2.3. Let Assumptions 2.1 and 2.2 be satisfied. Let L ∈ L(X0,X). Then A+L : D(A) ⊂
X → X satisfies Assumptions 2.1 and 2.2.

Recall that the equilibrium solutions of system (1.1) must satisfy

Au + F(u) = 0 with u ∈ D(A).

So, by using the change of variables v(t) = u(t) − u, we obtain

v(t) = x + A

t∫
0

v(s)ds +
t∫

0

G
(
v(t)

)
ds

with G(x) = F(x + u) − F(u). Therefore, without loss of generality, we can assume that u = 0.
Furthermore, due the perturbation theorem (Theorem 2.3), we can replace A by A + DG(0) and
G by G − DG(0), and assume that F : X0 → X is Ck-smooth with k ≥ 1 in some neighborhood
of 0 and satisfies

F(0) = 0 and DF(0) = 0.

Now, u = 0 is an equilibrium and the linearized equation around 0 is

du

dt
= A0u(t) for t ≥ 0, u(0) = x ∈ X0.

In this setting, one can construct a semi-linear theory, we refer to [42] for more results on this
topic. In particular, when F is Lipschitz on bounded sets of X0, the Cauchy problem (1.1) gen-
erates a unique maximal nonlinear semiflow {U(t)}t≥0 generated on the subspace X0 := D(A).

2.2. Spectral decomposition of the state space

By analogy to ordinary differential equations, we assume that X0 has the following spectral
decomposition

X0 := X0s ⊕ X0c ⊕ X0u

in terms of the spectrum of A0. Namely, we consider

σs(A0) = {λ ∈ σ(A0) : Re(λ) < 0
}
,

σc(A0) = {λ ∈ σ(A0) : Re(λ) = 0
}
,

σu(A0) = {λ ∈ σ(A0) : Re(λ) > 0
}
,

and assume that for each k = s, c, u,
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(λI − A0)−1X0k ⊂ X0k

for each λ in ρ(A0), the resolvent set of A0, and σk(A0) is equal to the spectrum of A0k : D(A0)∩
X0k → X0k , the part of A0 in X0k . It follows that

TA0(t)X0k ⊂ X0k, ∀t ≥ 0.

Here in order to obtain a smooth center manifold, we need to assume that

dim(X0s) = +∞, dim(X0c) < +∞, and dim(X0u) < +∞.

Actually since the proof for the smoothness of the center manifold uses some smooth truncation
function on X0c , this assumption is needed (in general) to derive a smooth local center manifold
theory. Since X0s is an infinite dimensional space, it is well known that one needs an extra
condition to derive the growth rate of TA0s

(t) = TA0(t)|X0s
. Namely we need to assume that

ω0(A0s) := lim
t→+∞

ln(‖TA0s
(t)‖L(X0s ))

t
< 0.

Since X0c and X0u are finite dimensional spaces, this condition is also equivalent to the fact that
the essential growth rate of {TA0(t)}t≥0 is negative, i.e.,

ωess(A0) := lim
t→+∞

ln(‖TA0(t)‖ess)

t
< 0.

See Webb [64,65] and Engel and Nagel [19] for more discussions on this topic.
For clarity, we summarize the above assumptions on A0 in the following statement.

Assumption 2.4. There exist two bounded linear projectors with finite rank, Π0c ∈ L(X0) \ {0}
and Π0u ∈ L(X0), such that

Π0cΠ0u = Π0uΠ0c = 0

and

Π0kTA0(t) = TA0(t)Π0k, ∀t ≥ 0, ∀k = {c,u}.

In addition,

(a) If Π0u �= 0, then ω0(−A0|Π0u(X0)) < 0.
(b) σ(A0|Π0c(X0)) ⊂ iR.
(c) If Π0s := I − (Π0c + Π0u) �= 0, then ω0(A0|Π0s (X0)) < 0.

In order to obtain an ordinary differential equation for the reduced system, we need the fol-
lowing theorem which was proved in Magal and Ruan [43, Proposition 3.5].
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Theorem 2.5. Let Assumption 2.1 be satisfied. Let Π0 : X0 → X0 be a bounded linear operator
of projection satisfying the following properties

Π0(λI − A0)−1 = (λI − A0)−1Π0, ∀λ > ω,

and

Π0(X0) ⊂ D(A0) and A0|Π0(X0) is bounded.

Then there exists a unique bounded linear operator of projection Π on X satisfying the following
properties:

(i) Π |X0 = Π0.
(ii) Π(X) ⊂ X0.

(iii) Π(λI − A)−1 = (λI − A)−1Π , ∀λ > ω.

Since dim(X0c) < +∞ and dim(X0u) < +∞, the linear operators A0c and A0u are bounded.
So we can apply the above theorem to obtain Πc (respectively Πu), a unique extension of the
projectors on Π0c (respectively Π0u). Define

Πs := I − (Πc + Πu).

Then we obtain a decomposition of the larger state space

X = Xs ⊕ Xc ⊕ Xu

with

Xc = X0c, Xu = X0u, X0s � Xs,

and such that

(λI − A)−1Xk ⊂ Xk, ∀λ ∈ ρ(A).

Moreover, for k = s, c, u, we have σ(Ak) = σk(A0), wherein Ak is the part of A in Xk .
Now, for k = c,u, we can project (1.1) on X0k , and uk(t) := Πku(t) satisfies an ordinary

differential equation

duk(t)

dt
= Akuk(0) + ΠkF

(
u(t)

)
while when we project (1.1) on X0s , us(t) = Πsu(t) is a solution of a new non-densely defined
Cauchy problem on Xs :

dus(t) = Asus(0) + ΠsF
(
u(t)

)
.

dt
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At this level, in order to construct a comprehensive center manifold theory, one needs an eval-
uation of ‖Πs(SA � F(u))(t)‖ = ‖(SAs � ΠsF(u))(t)‖ expressed as a function of the growth
rate of TA0s

(t) = TA0(t)|X0s
. So the following result which was proved in Magal and Ruan [42,

Proposition 2.14] plays a particularly important role in this context.

Proposition 2.6. Let Assumptions 2.1 and 2.2 be satisfied. Let ωA ∈ R and MA ≥ 1 be such that∥∥TA(t)
∥∥≤ MAeωAt , ∀t ≥ 0.

Let ε > 0 be fixed. Then for each τε > 0 satisfying MAδ(τε) ≤ ε, we have∥∥(SA � f )(t)
∥∥≤ C(ε, γ ) sup

s∈[0,t]
eγ (t−s)

∥∥f (s)
∥∥, ∀t ≥ 0,

whenever γ ∈ (ωA,+∞), f ∈ C(R+,X), and with

C(ε, γ ) := 2ε max(1, e−γ τε )

1 − e(ωA−γ )τε
.

2.3. Center manifold theorem

Set

Xh := Xs ⊕ Xu.

Let Πc ∈ L(X) be the projector satisfying

Πc(X) = Xc and (I − Πc)(X) = Xh.

Define

Πh := I − Πc.

The following result is based on the approach developed by Vanderbauwhede [62] and Vander-
bauwhede and Iooss [63, Theorem 3]. In the context of integrated semigroups the following result
was proved in Magal and Ruan [43, Theorem 4.21].

Theorem 2.7. Let Assumptions 2.1, 2.2 and 2.4 be satisfied. Let r > 0 and let F : BX0(0, r) → X

be a map. Assume that there exists an integer k ≥ 1 such that F is k-time continuously differen-
tiable in BX0(0, r) with F(0) = 0 and DF(0) = 0. Assume that F : X0 → X is Ck-smooth with
k ≥ 1 in some neighborhood of 0. Then in the setting described above, there exists a Ck-smooth
function Ψ : X0c → X0h which satisfies Ψ (0) = 0, DΨ (0) = 0, and

M = {xc + Ψ (xc) : xc ∈ X
}

(center manifold)

is a locally invariant center manifold for the semiflow generated by (1.1). This means that there
exists Ω ⊂ X0, a bounded neighborhood of 0 in X0, such that
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if u(0) ∈ M ∩ Ω and u(t) ∈ Ω, ∀t ∈ [0, τ ], then u(t) ∈ M.

Moreover, as Πc is defined on X, we can project (1.1) on Xc and obtain an ordinary differential
equation

duc(t)

dt
= A0cuc(t) + ΠcF

[
uc(t) + Ψ

(
uc(t)

)]
(reduced system). (2.1)

Furthermore, if t → uc(t) is a solution on an interval I of the reduced system (2.1) and

uc(t) + Ψ
(
uc(t)

) ∈ Ω, ∀t ∈ I,

then t → u(t) := uc(t) + Ψ (uc(t)) is a mild solution of system (1.1); namely,

u(t) = u(s) + A

t∫
s

u(l)dl +
t∫

s

F
(
u(s)

)
ds, ∀t, s ∈ I with t ≥ s.

Conversely, if u :R→ X0 is a complete orbit of (1.1) and if

u(t) ∈ Ω, ∀t ∈ R,

then

u(t) ∈ M, ∀t ∈ R,

and t → Πcu(t) is a solution of the reduced system (2.1).

2.4. A sketchy procedure of computing the reduced system

Our paper is devoted to the computation of the Taylor expansion and normal form of the
reduced system (2.1). First, one needs to realize that the center manifold Ψ is known only through
an implicit fixed point procedure. Of course, when

DlΨ (0) = 0 for each l = 1, . . . , k,

the Taylor expansion of the reduced system (2.1) is simply given by

duc(t)

dt
= A0cuc(t) +

k∑
l=1

1

l!ΠcD
lF (0)

(
uc(t), . . . , uc(t)

)+ h.o.t.

In general, the only information available to compute the Taylor expansion and normal form of
the reduced system is the following result (see Magal and Ruan [43, Lemma 4.20]).
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Lemma 2.8. Let Assumptions 2.1, 2.2 and 2.4 be satisfied. Let r > 0 and let F : BX0(0, r) → X

be a k-time continuously differentiable map (with k ≥ 1) in BX0(0, r) with

F(0) = 0 and DF(0) = 0

and

ΠhDj F(0)|Xc×Xc×···×Xc = 0 for each j = 2, . . . , k.

Then

Dj Ψ (0) = 0 for each j = 1, . . . , k.

Description of the method at the order 3. Assume first that

ΠhD2F(0)|Xc×Xc �= 0.

Let G ∈ V 2(Xc,D(A) ∩ Xh) be a homogeneous polynomial of degree 2 (see Section 3 for a
precise definition). Consider the following global change of variable

v := u − G(Πcu) ⇔
{

Πcv = Πcu,

Πhv = Πhu − G(Πcu)
⇔ u = v + G(Πcv). (2.2)

Then formally (since the solution is not time differentiable), we obtain

v′ = u′ − DG(Πcu)
(
Πcu

′)
= Au + F(u) − DG(Πcu)

(
Πc

[
Au + F(u)

])
.

Thus

v′ = A
[
v + G(Πcv)

]+ F
(
v + G(Πcv)

)
− DG(Πcv)

(
Πc

[
Av + F

(
v + G(Πcv)

)])
.

We naturally introduce the Lie bracket

[A,G](xc) = DG(xc)(Acxc) − AG(xc), ∀xc ∈ Xc.

Then we obtain a new non-densely defined Cauchy problem

dv(t)

dt
= Av(t) + H

(
v(t)

)
for t ≥ 0 and v(0) = x ∈ D(A), (2.3)

where

H(v) = F
[
v + G(Πcv)

]− [A,G](Πcv) − DG(Πcv)
(
ΠcF

(
v + G(Πcv)

))
.
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We can rewrite H as

H(v) = F(v) − [A,G](Πcv) + [F (v + G(Πcv)
)− F(v)

]
− DG(Πcv)

(
ΠcF

(
v + G(Πcv)

))
,

and since DF(0) = 0, we obtain

1

2!ΠhD2H(0)(xc, xc) = 1

2!ΠhD2F(0)(xc, xc) − [A,G](xc).

Therefore, in order to cancel out the second order term we need to solve

[A,G](xc) = 1

2!ΠhD2F(0)(xc, xc) with G ∈ V 2(Xc,D(A) ∩ Xh

)
. (2.4)

By applying Theorem 2.7 and Lemma 2.8 to system (2.3), we deduce that the reduced system
of (2.3) has the following form

dvc

dt
= Acvc + ΠcF

[
vc + G(vc)

]+ R(vc),

where

R(vc) = ΠcF
[
vc + G(vc) + Ψ (vc)

]− ΠcF
[
vc(t) + G

(
vc(t)

)]
and Ψ : X0c → X0h is a local center manifold of the new system (2.3) satisfying

Ψ (0) = 0, DΨ (0) = 0, and D2Ψ (0) = 0.

Now assume that the F is C4-smooth locally around 0 (so is Ψ ). Then we see that R(vc) is of
order 4 and the Taylor expansion of the reduced system (2.1) at the order 3 is given by

dvc

dt
= Acvc + 1

2!ΠcD
2F(0)[vc, vc]

+ 1

2!
{
ΠcD

2F(0)
[
G(vc), vc

]+ ΠcD
2F(0)

[
vc,G(vc)

]}
+ 1

3!ΠcD
3F(0)[vc, vc, vc] + h.o.t. (2.5)

Therefore, in order to compute the Taylor expansion of the reduced system at the order 3, we
(only) need to compute G at the order 2. Then we can apply the normal form theory to the
reduced ODE system.

An alternative approach, to compute both the normal form and the reduced system, would be
to use the following change of variables

u := v + G(Πcv)

wherein
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G ∈ V 2(Xc,D(A)
)
.

In this case

u := v + G(Πcv) ⇔
{

Πcu = Πcv + ΠcG(Πcv),

Πhu = Πhv + ΠhG(Πcv).
(2.6)

Then the map ξc(xc) = xc +ΠcG(xc) from Xc into itself is only locally invertible around 0. This
type of change of variables leads to an infinite dimensional normal form theory for non-densely
defined Cauchy problem.

3. Normal form theory – nonresonant type results

Let m ≥ 1. Let Y be a closed subspace of X. Let Ls(X
m
0 , Y ) be the space of bounded m-linear

symmetric maps from Xm
0 = X0 × X0 × · · · × X0 into Y and Ls(X

m
c ,D(A)) be the space of

bounded m-linear symmetric maps from Xm
c = Xc × Xc × · · · × Xc into D(A). That is, for each

L ∈ Ls(X
m
c ,D(A)),

L(x1, . . . , xm) ∈ D(A), ∀(x1, . . . , xm) ∈ Xm
c ,

and the maps (x1, .., xm) → L(x1, . . . , xm) and (x1, .., xm) → AL(x1, . . . , xm) are m-linear
bounded from Xm

c into X. Let Ls(X
m
c ,Xh ∩ D(A)) be the space of bounded m-linear symmetric

maps from Xm
c = Xc ×Xc ×· · ·×Xc into D(Ah) = Xh ∩D(A) which belongs to Ls(X

m
c ,D(A)).

Let k = dim(Xc) and Y be a subspace of X. We define V m(Xc,Y ) the linear space of homo-
geneous polynomials of degree m. More precisely, given a basis {bj }j=1,...,k of Xc, V m(Xc,Y )

is the space of finite linear combinations of maps of the form

xc =
k∑

j=1

xj bj ∈ Xc → x
n1
1 x

n2
2 . . . x

nk

k V

with

n1 + n2 + · · · + nk = m and V ∈ Y.

Define a map G: Ls(X
m
c ,Y ) → V m(Xc,Y ) by

G(L)(xc) = L(xc, . . . , xc), ∀L ∈ Ls

(
Xm

c ,Y
)
.

Let G ∈ V m(Xc,Y ), we have G(xc) = 1
m!D

mG(0)(xc, . . . , xc). So

G−1(G) = 1

m!D
mG(0).

In other words, we have

L = 1
DmG(0) ⇔ G(xc) = L(xc, . . . , xc), ∀xc ∈ Xc.
m!
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It follows that G is a bijection from Ls(X
m
c ,Y ) into V m(Xc,Y ). So we can also define

V m(Xc,D(A)) as

V m
(
Xc,D(A)

) := G
(
Ls

(
Xm

c ,D(A)
))

.

In order to use the usual formalism in the context of normal form theory, we now define the Lie
bracket (Guckenheimer and Holmes [26, page 141]). Recall that

Xc = X0c ⊂ D(A0) ⊂ D(A),

so the following definition makes sense.

Definition 3.1. Let Assumptions 2.1, 2.2 and 2.4 be satisfied. Then for each G ∈ V m(Xc,D(A)),
we define the Lie bracket

[A,G](xc) := DG(xc)(Axc) − AG(xc), ∀xc ∈ Xc. (3.1)

Recalling that Ac ∈ L(Xc) is the part of A in Xc, we obtain

[A,G](xc) = DG(xc)(Acxc) − AG(xc), ∀xc ∈ Xc.

Set L := 1
m!D

mG(0) ∈ Ls(X
m
c ,D(A) ∩ Xh). We also have

DG(xc)(y) = mL(y,xc, . . . , xc), DG(xc)Acxc = mL(Acxc, xc, . . . , xc),

and

[A,G](xc) = d

dt

[
L
(
eActxc, . . . , eActxc

)]
(0) − AL(xc, . . . , xc). (3.2)

We consider two cases when G belongs to different subspaces, namely, G ∈ V m(Xc,

D(A) ∩ Xh) and G ∈ V m(Xc,D(A)), respectively.

3.1. G ∈ V m(Xc,D(A) ∩ Xh)

We consider the change of variables (2.2), i.e.,

u = v + G(Πcv).

Then

G(xc) := L(xc, xc, . . . , xc), ∀xc ∈ Xc.

The map xc → AG(xc) is differentiable and

D(AG)(xc)(y) = ADG(xc)(y) = mAL(y,xc, . . . , xc).
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Define a map ξ : X → X by

ξ(x) := x + G(Πcx), ∀x ∈ X.

Since the range of G is included in Xh, we obtain the following equivalence

y = ξ(x) ⇔ x = ξ−1(y),

where

ξ−1(y) := y − G(Πcy), ∀y ∈ X,

and

Πcξ
−1(x) = Πcx, ∀x ∈ X.

Finally, since G(x) ∈ D(A), we have

ξ
(
D(A)

)⊂ D(A) and ξ−1(D(A)
)⊂ D(A).

The following result justifies the change of variables (2.2).

Lemma 3.2. Let Assumptions 2.1, 2.2 and 2.4 be satisfied. Let L ∈ Ls(X
m
c ,Xh ∩D(A)). Assume

that u ∈ C([0, τ ],X) is an integrated solution of the Cauchy problem

du(t)

dt
= Au(t) + F

(
u(t)

)
, t ∈ [0, τ ], u(0) = x ∈ D(A). (3.3)

Then v(t) = ξ−1(u(t)) is an integrated solution of the system

dv(t)

dt
= Av(t) + H

(
v(t)

)
, t ∈ [0, τ ], v(0) = ξ−1(x) ∈ D(A), (3.4)

where H : D(A) → X is the map defined by

H
(
ξ(x)

)= F
(
ξ(x)

)− [A,G](Πcx) − DG(Πcx)
[
ΠcF

(
ξ(x)

)]
.

Conversely, if v ∈ C([0, τ ],X) is an integrated solution of (3.4), then u(t) = ξ(v(t)) is an inte-
grated solution of (3.3).

Proof. Assume that u ∈ C([0, τ ],X) is an integrated solution of the system (3.3), that is,

t∫
u(l)dl ∈ D(A), ∀t ∈ [0, τ ],
0
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and

u(t) = x + A

t∫
0

u(l)dl +
t∫

0

F
(
u(l)

)
dl, ∀t ∈ [0, τ ].

Set

v(t) = ξ−1(u(t)
)
, ∀t ∈ [0, τ ].

We have

A

t∫
0

v(l)dl = A

t∫
0

u(l)dl −
t∫

0

AG
(
Πcu(l)

)
dl

= u(t) − x −
t∫

0

F
(
u(l)

)
dl −

t∫
0

AG
(
Πcu(l)

)
dl

= u(t) − G
(
Πcu(t)

)− (x − G(Πcx)
)

+ (G(Πcu(t)
)− G(Πcx)

)
−

t∫
0

F
(
u(l)

)
dl −

t∫
0

AG
(
Πcu(l)

)
dl

= v(t) − ξ−1(x) + (G(Πcu(t)
)− G(Πcx)

)
−

t∫
0

F
(
u(l)

)
dl −

t∫
0

AG
(
Πcu(l)

)
dl.

Since dim(Xc) < +∞, t → Πcu(t) satisfies the following ordinary differential equations

dΠcu(t)

dt
= A0cΠcu(t) + ΠcF

(
u(t)

)
.

By integrating both sides of the above ordinary differential equations, we obtain

G
(
Πcu(t)

)− G(Πcx) =
t∫

0

DG
(
Πcu(l)

)(dΠcu(l)

dl

)
dl

=
t∫

0

DG
(
Πcu(l)

)(
A0cΠcu(l)

)+ DG
(
Πcu(l)

)(
ΠcF

(
u(l)

))
dl.

It follows that
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A

t∫
0

v(l)dl = v(t) − ξ(x)

+
t∫

0

DG
(
Πcu(l)

)[
A0cΠcu(l) + ΠcF

(
u(l)

)]
dl

−
t∫

0

F
(
u(l)

)
dl −

t∫
0

AG
(
Πcu(l)

)
dl.

Thus

v(t) = ξ(x) + A

t∫
0

v(l)dl +
t∫

0

H
(
v(l)

)
dl,

in which

H
(
ξ(x)

)= F
(
ξ(x)

)+ AG
(
Πcξ(x)

)
− DG

(
Πcξ(x)

)[
AcΠcξ(x) + ΠcF

(
ξ(x)

)]
.

Since Πcξ = Πc, the first implication follows. The converse follows from the first implication
by replacing F by H and ξ by ξ−1. �

Set for each η > 0,

BCη(R,X) :=
{
f ∈ C(R,X) : sup

t∈R
e−η|t |∥∥f (t)

∥∥< +∞
}
.

The following lemma was proved in Magal and Ruan [43, Lemma 4.6].

Lemma 3.3. Let Assumptions 2.1, 2.2 and 2.4 be satisfied. For each η ∈ (0,−ω0(A0s)), the
following properties are satisfied:

(i) For each f ∈ BCη(R,X) and each t ∈R,

Ks(f )(t) := lim
τ→−∞ Πs

(
SA � f (τ + .)

)
(t − τ) exists.

(ii) Ks is a bounded linear operator from BCη(R,X) into itself.
(iii) For each t, s ∈ R with t ≥ s,

Ks(f )(t) = TA0s
(t − s)Ks(f )(s) + Πs

(
SA � f (s + .)

)
(t − s).

The following lemma was proved in Magal and Ruan [43, Lemma 4.7].
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Lemma 3.4. Let Assumptions 2.1, 2.2 and 2.4 be satisfied. Let η ∈ (0, infλ∈σ(A0u) Re(λ)) be fixed.
Then we have the following:

(i) For each f ∈ BCη(R,X) and each t ∈R,

Ku(f )(t) := −
+∞∫
0

e−A0ulΠuf (l + t)dl = −
+∞∫
t

e−A0u(l−t)Πuf (l)dl

exists.
(ii) Ku is a bounded linear operator from BCη(R,X) into itself.

(iii) For each f ∈ BCη(R,X) and each t, s ∈R with t ≥ s,

Ku(f )(t) = eA0u(t−s)Ku(f )(s) + Π0u

(
SA � f (s + .)

)
(t − s).

We now prove the following lemma.

Lemma 3.5. Let Assumptions 2.1, 2.2 and 2.4 be satisfied. If

f (t) = tkeλtx

for some k ∈N, λ ∈ iR, and x ∈ X, then

(Ku + Ks)(Πhf )(0) = (−1)kk!(λI − Ah)−(k+1)Πhx ∈ D(Ah) ⊂ D(A).

Proof. We have

Ku(f )(0) = −
+∞∫
0

eλllke−A0ulΠuxdl

= − dk

dλk

+∞∫
0

eλle−A0ulΠuxdl

= − dk

dλk
(−λI + A0u)−1Πux

= dk

dλk
(λI − A0u)−1Πux

= (−1)kk!(λI − A0u)−(k+1)Πux.

Similarly, we have for μ > ωA that

(μI − A)−1Ks(f )(0) = lim (μI − A)−1Πs

(
SA � f (τ + .)

)
(−τ)
τ→−∞
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= lim
τ→−∞

−τ∫
0

TA0s
(−τ − s)(μI − A)−1Πsf (s + τ)ds

= lim
r→+∞

r∫
0

TA0s
(r − s)(μI − A)−1Πsf (s − r)ds

=
+∞∫
0

TA0s
(l)(μI − A)−1Πsf (−l)dl.

So we obtain that

(μI − A)−1Ks(f )(0) =
+∞∫
0

(−l)ke−λlTA0(l)(μI − A)−1Πsxdl

= dk

dλk
(λI − A0)−1(μI − A)−1Πsx

= (−1)kk!(λI − A0)−(k+1)(μI − A)−1Πsx

= (μI − A)−1(−1)kk!(λI − As)
−(k+1)Πsx.

Since (μI − A)−1 is one-to-one, we deduce that

Ks(f )(t) = (−1)kk!(λI − As)
−(k+1)Πsx

and the result follows. �
The first result of this section is the following proposition which is related to nonresonant

normal forms for ordinary differential equations (see Guckenheimer and Holmes [26], Chow and
Hale [8], and Chow et al. [9]).

Proposition 3.6. Let Assumptions 2.1, 2.2 and 2.4 be satisfied. For each R ∈ V m(Xc,Xh), there
exists a unique map G ∈ V m(Xc,Xh ∩ D(A)) such that

[A,G](xc) = R(xc), ∀xc ∈ Xc. (3.5)

Moreover, (3.5) is equivalent to

G(xc) = (Ku + Ks)
(
R
(
eAc.xc

))
(0),

or

L(x1, . . . , xm) = (Ku + Ks)
(
H
(
eAc.x1, . . . , eAc.xm

))
(0),

with L := 1 DmG(0) and H := 1 DmR(0).

m! m!
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Proof. Assume first that G ∈ V m(Xc,Xh ∩ D(A)) satisfies (3.5). Then L = 1
m!D

mG(0) ∈
Ls(X

m
c ,Xh ∩ D(A)) satisfies

d

dt

[
L
(
eActx1, . . . , eAct xm

)]
(0) = AhL(x1, . . . , xm) + H(x1, . . . , xm),

where H = 1
m!D

mR(0) ∈ Ls(X
m
c ,Xh). Then (3.5) is satisfied if and only if for each

(x1, . . . , xm) ∈ Xm
c and each t ∈R,

d

dt

[
L
(
eActx1, . . . , eActxm

)]
(t) = AhL

(
eActx1, . . . , eAct xm

)
+ H

(
eActx1, . . . , eAct xm

)
. (3.6)

Set

v(t) := L
(
eActx1, . . . , eActxm

)
, ∀t ∈R,

and

w(t) := H
(
eActx1, . . . , eAct xm

)
, ∀t ∈R.

The Cauchy problem (3.6) can be rewritten as

dv(t)

dt
= Ahv(t) + w(t), ∀t ∈R. (3.7)

Since L and H are bounded multilinear maps and σ(A0c) ⊂ iR, it follows that for each η > 0,

v ∈ BCη(R,X) and w ∈ BCη(R,X).

Let η ∈ (0, min(−ω0(A0s), infλ∈σ(A0u) Re(λ))). By projecting (3.7) on Xu, we have

dΠuv(t)

dt
= AuΠuv(t) + Πuw(t),

or equivalently, ∀t, s ∈ R with t ≥ s,

Πuv(t) = eAu(t−s)Πuv(s) +
t∫

s

eAu(t−l)Πuw(l)dl,

Πuv(s) = e−Au(t−s)Πuv(t) −
t∫

s

e−Au(l−s)Πuw(l)dl.

By using the fact that v ∈ BCη(R,X), we obtain when t goes to +∞ that

Πuv(s) = Ku(Πuw)(s), ∀s ∈R.
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Thus, for s = 0 we have

ΠuL(x1, . . . , xm) = Ku

(
ΠuH

(
eAc.x1, . . . , eAc.xm

))
(0). (3.8)

By projecting (3.7) on Xs , we obtain

dΠsv(t)

dt
= AsΠsv(t) + Πsw(t),

or equivalently, ∀t, s ∈R with t ≥ s,

Πsv(t) = TAs (t − s)Πsv(s) + (SAs � Πsw(. + s)
)
(t − s).

By using the fact that v ∈ BCη(R,X), we have when s goes to −∞ that

Πsv(t) = Ks(Πsw)(t), ∀t ∈R.

Thus, for t = 0 it follows that

ΠsL(x1, . . . , xm) = Ks

(
ΠsH

(
eAc.x1, . . . , eAc.xm

))
(0). (3.9)

Summing up (3.8) and (3.9), we deduce that

L(x1, . . . , xm) = (Ku + Ks)
(
H
(
eAc.x1, . . . , eAc.xm

))
(0). (3.10)

Conversely, assume that L(x1, . . . , xm) is defined by (3.10) and set

v(t) := (Ku + Ks)
(
H
(
eAc(t+.)x1, . . . , eAc(t+.)xm

))
(0), ∀t ∈R.

Then we have

v(t) = L
(
eActx1, . . . , eActxm

)
, ∀t ∈ R.

Moreover, using Lemma 3.3(iii) and Lemma 3.4(iii), we deduce that for each t, s ∈R with t ≥ s,

v(t) = TA0(t − s)v(s) + (SA � w(. + s)
)
(t − s),

or equivalently,

v(t) = v(s) + A

t∫
s

v(l)dl +
t∫

s

w(l)dl.

Since t → v(t) is continuously differentiable and A is closed, we deduce that

v(t) ∈ D(A), ∀t ∈ R,
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and

dv(t)

dt
= Av(t) + w(t), ∀t ∈R.

The result follows. �
Remark 3.7 (An explicit formula for L). Since n := dim(Xc) < +∞, we can find a basis
{e1, . . . , en} of Xc such that the matrix of Ac (with respect to this basis) is reduced to the Jordan
form. Then for each xc ∈ Xc, eActxc is a linear combination of elements of the form

tkeλtxj

for some k ∈ {1, . . . , n}, some λ ∈ σ(Ac) ⊂ iR, and some xj ∈ {e1, . . . , en}. Let λ1, . . . , λm ∈
σ(Ac) ⊂ iR, x1, . . . , xm ∈ {e1, . . . , en}, k1, . . . , km ∈ {1, . . . , n}. Define

f (t) := H
(
tk1eλ1t.x1, . . . , tkmeλmt.xm

)
, ∀t ∈R.

Since H is m-linear, we obtain

f (t) = tkeλy

with

k = k1 + k2 + · · · + km, λ = λ1 + · · · + λm,

and

y = H(x1, . . . , xm).

Now by using Lemma 3.5, we obtain the explicit formula

(Ku + Ks)
(
H
(
(.)k1eλ1.x1, . . . , (.)kmeλm.xm

))
(0) = (−1)kk!(λI − Ah)−(k+1)Πhy ∈ D(A).

3.2. G ∈ V m(Xc,D(A))

From (3.2), for each H ∈ V m(Xc,X), to find G ∈ V m(Xc,D(A)) satisfying

[A,G] = H, (3.11)

is equivalent to finding L ∈ Ls(X
m
c ,D(A)) satisfying

d

dt

[
L
(
eActx1, . . . , eAct xm

)]
t=0 = AL(x1, . . . , xm) + Ĥ (x1, . . . , xm) (3.12)

for each (x1, . . . , xm) ∈ Xm
c with

G(Ĥ ) = H.
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Define Θc
m : V m(Xc,Xc) → V m(Xc,Xc) by

Θc
m(Gc) := [Ac,Gc], ∀Gc ∈ V m(Xc,Xc), (3.13)

and Θh
m : V m(Xc,Xh ∩ D(A)) → V m(Xc,Xh) by

Θh
m(Gh) := [A,Gh], ∀Gh ∈ V m

(
Xc,Xh ∩ D(A)

)
.

We decompose V m(Xc,Xc) into the direct sum

V m(Xc,Xc) =Rc
m ⊕ Cc

m, (3.14)

where

Rc
m := R

(
Θc

m

)
is the range of Θc

m, and Cc
m is some complementary space of Rc

m into V m(Xc,Xc).
The range of the linear operator Θc

m can be characterized by using the so-called non-resonance
theorem. The second result of this section is the following theorem.

Proposition 3.8. Let Assumptions 2.1, 2.2 and 2.4 be satisfied. Let H ∈ Rc
m ⊕V m(Xc,Xh). Then

there exists G ∈ V m(Xc,D(A)) (non-unique in general) satisfying

[A,G] = H. (3.15)

Furthermore, if N(Θc
m) = {0} (the null space of Θc

m), then G is uniquely determined.

Proof. By projecting on Xc and Xh and using the fact that Xc ⊂ D(A), it follows that solving
system (3.11) is equivalent to finding Gc ∈ V m(Xc,Xc) and Gh ∈ V m(Xc,Xh ∩ D(A)) satisfy-
ing

[Ac,Gc] = ΠcH (3.16)

and

[A,Gh] = ΠhH. (3.17)

Now it is clear that we can solve (3.16). Moreover, by using the equivalence between (3.11)
and (3.12), we can apply Proposition 3.6 and deduce that (3.17) can be solved. �
Remark 3.9. In practice, we often have

N
(
Θc

m

)∩ R
(
Θc

m

)= {0}.
In this case, a natural splitting of V m(Xc,Xc) will be

V m(Xc,Xc) = R
(
Θc

m

)⊕ N
(
Θc

m

)
.
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Define Pm : V m(Xc,X) → V m(Xc,X) the bounded linear projector satisfying

Pm

(
V m(Xc,X)

)=Rc
m ⊕ V m(Xc,Xh), and (I −Pm)

(
V m(Xc,X)

)= Cc
m.

Again consider the Cauchy problem (3.3). Assume that DF(0) = 0. Without loss of generality
we also assume that for some m ∈ {2, . . . , k},

ΠhDj F(0)|Xc×Xc×···×Xc = 0, G
(
ΠcD

j F(0)|Xc×Xc×···×Xc

) ∈ Cc
j , (Cm−1)

for each j = 1, . . . ,m − 1.
Consider the change of variables

u(t) = w(t) + G
(
Πcw(t)

)
(3.18)

and the map I + 1
m!G ◦ Πc : D(A) → D(A) is locally invertible around 0. We will show that

we can find G ∈ V m(Xc,D(A)) such that after the change of variables (3.18) we can rewrite the
system (3.3) as

dw(t)

dt
= Aw(t) + H

(
w(t)

)
, for t ≥ 0, and w(0) = (I + G ◦ Πc)x ∈ D(A), (3.19)

where H satisfies the condition (Cm). This will provide a normal form method which is analo-
gous to the one proposed by Faria and Magalhães [24].

Lemma 3.10. Let Assumptions 2.1, 2.2 and 2.4 be satisfied. Let G ∈ V m(Xc,D(A)). Assume
that u ∈ C([0, τ ],X) is an integrated solution of the Cauchy problem (3.3). Then w(t) = (I +
G ◦ Πc)

−1(u(t)) is an integrated solution of the system (3.19), where H : D(A) → X is the map
defined by

H
(
w(t)

)= F
(
w(t)

)− [A,G](Πcw(t)
)+ O

(∥∥w(t)
∥∥m+1)

.

Conversely, if w ∈ C([0, τ ],X) is an integrated solution of (3.19), then u(t) = (I + G ◦ Πc)w(t)

is an integrated solution of (3.3).

Lemma 3.10 can be proved similarly as Lemma 3.2, here we omit it.

Proposition 3.11. Let Assumptions 2.1, 2.2 and 2.4 be satisfied. Let r > 0 and let
F : BX0(0, r) → X be a map. Assume that there exists an integer k ≥ 1 such that F is k-time
continuously differentiable in BX0(0, r) with F(0) = 0 and DF(0) = 0. Let m ∈ {2, . . . , k} be
such that F satisfies the condition (Cm−1). Then there exists a map G ∈ V m(Xc,D(A)) such
that after the change of variables

u(t) = w(t) + G
(
Πcw(t)

)
,

we can rewrite system (3.3) as (3.19) and H satisfies the condition (Cm), where

H
(
w(t)

)= F
(
w(t)

)− [A,G](Πcw(t)
)+ O

(∥∥w(t)
∥∥m+1)

.



948 Z. Liu et al. / J. Differential Equations 257 (2014) 921–1011
Proof. Let xc ∈ Xc. We have

H(xc) = F(xc) − [A,G](Πcxc) + O
(‖xc‖m+1).

It follows that

H(xc) = 1

2!D
2F(0)(xc, xc) + · · · + 1

(m − 1)!D
m−1F(0)(xc, . . . , xc)

+Pm

[
1

m!D
mF(0)(xc, . . . , xc)

]
+ (I −Pm)

[
1

m!D
mF(0)(xc, . . . , xc)

]
− [A,G](xc) + O

(‖xc‖m+1)
since DF(0) = 0. Moreover, by using Proposition 3.8 we obtain that there exists a map G ∈
V m(Xc,D(A)) such that

[A,G](xc) =Pm

[
1

m!D
mF(0)(xc, . . . , xc)

]
.

Hence,

H(xc) = 1

2!D
2F(0)(xc, xc) + · · · + 1

(m − 1)!D
m−1F(0)(xc, . . . , xc)

+ (I −Pm)

[
1

m!D
mF(0)(xc, . . . , xc)

]
+ O

(‖xc‖m+1). (3.20)

By the assumption, we have for all j = 1, . . . ,m − 1 that

ΠhDj H(0)|Xc×Xc×···×Xc = ΠhDj F(0)|Xc×Xc×···×Xc = 0

and

G
(
ΠcD

j H(0)|Xc×Xc×···×Xc

)= G
(
ΠcD

j F(0)|Xc×Xc×···×Xc

) ∈ Cc
j .

Now by using (3.20), we have

1

m!ΠhDmH(0)|Xc×Xc×···×Xc = ΠhG−1
[
(I −Pm)

(
1

m!D
mF(0)(xc, . . . , xc)

)]
= 0

and

G
(
ΠcD

mH(0)|Xc×Xc×···×Xc

)= G
{
ΠcG−1[(I −Pm)

(
DmF(0)(xc, . . . , xc)

)]} ∈ Cc
m.

The result follows. �
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4. Normal form computation

In this section we provide the method to compute the Taylor expansion at any order and
normal form of the reduced system of a system topologically equivalent to the original system:⎧⎨⎩

du(t)

dt
= Au(t) + F

(
u(t)

)
, t ≥ 0,

u(0) = x ∈ D(A).

(4.1)

Assumption 4.1. Assume that F ∈ Ck(D(A),X) for some integer k ≥ 2 with

F(0) = 0 and DF(0) = 0.

Set

F1 := F.

Once again we consider two cases, namely, G ∈ V m(Xc,D(A) ∩ Xh) and G ∈ V m(Xc,D(A)),
respectively.

4.1. G ∈ V m(Xc,D(A) ∩ Xh)

For j = 2, . . . , k, we apply Proposition 3.6. Then there exists a unique function Gj ∈
V j (Xc,Xh ∩ D(A)) satisfying

[A,Gj ](xc) = 1

j !ΠhDj Fj−1(0)(xc, . . . , xc), ∀xc ∈ Xc. (4.2)

Define ξj : X → X and ξ−1
j : X → X by

ξj (x) := x + Gj (Πcx) and ξ−1
j (x) := x − Gj (Πcx), ∀x ∈ X.

Then

Fj (x) := Fj−1
(
ξj (x)

)− [A,Gj ](Πcx) − DGj (Πcx)
[
ΠcFj−1

(
ξj (x)

)]
.

Moreover, we have for x ∈ X0 that

ΠcFj (x) = ΠcFj−1
(
ξj (x)

)= ΠcFj−1
(
x + Gj (Πcx)

)
.

Since the range of Gj is included in Xh, by induction we have

ΠcFj (x) = ΠcF
(
x + G2(Πcx) + G3(Πcx) + · · · + Gj (Πcx)

)
.

Now, we obtain

ΠhDj Fk(0)|Xc×Xc×···×Xc = 0 for all j = 1, . . . , k.
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Setting

uk(t) = ξ−1
k ◦ ξ−1

k−1 ◦ · · · ◦ ξ−1
2

(
u(t)

)
= u(t) − G2

(
Πcu(t)

)− G3
(
Πcu(t)

)− · · · − Gk

(
Πcu(t)

)
,

we deduce that uk(t) is an integrated solution of the system⎧⎨⎩
duk(t)

dt
= Auk(t) + Fk

(
uk(t)

)
, t ≥ 0,

uk(0) = xk ∈ D(A).

(4.3)

Applying Theorem 2.7 and Lemma 2.8 to system (4.3), we obtain the following result which is
one of the main results of this paper.

Theorem 4.2. Let Assumptions 2.1, 2.2, 2.4, and 4.1 be satisfied. Then by using the change of
variables ⎧⎪⎨⎪⎩

uk(t) = u(t) − G2
(
Πcu(t)

)− G3
(
Πcu(t)

)− · · · − Gk

(
Πcu(t)

)
⇔

u(t) = uk(t) + G2
(
Πcuk(t)

)+ G3
(
Πcuk(t)

)+ · · · + Gk

(
Πcuk(t)

)
,

the map t → u(t) is an integrated solution of the Cauchy problem (4.1) if and only if t → uk(t)

is an integrated solution of the Cauchy problem (4.3). Moreover, the reduced system of Cauchy
problem (4.3) is given by the ordinary differential equations on Xc:

dxc(t)

dt
= Acxc(t) + ΠcF

[
xc(t) + G2(xc(t))

+ G3(xc(t)) + · · · + Gk(xc(t))

]
+ Rc

(
xc(t)

)
, (4.4)

where the remainder term Rc ∈ Ck(Xc,Xc) satisfies

Dj Rc(0) = 0 for each j = 1, . . . , k,

or in other words Rc(xc(t)) is a remainder term of order k.
If we assume in addition that F ∈ Ck+2(D(A),X), then the map Rc ∈ Ck+2(Xc,Xc) and

Rc(xc(t)) is a remainder term of order k + 2, that is

Rc(xc) = ‖xc‖k+2O(xc), (4.5)

where O(xc) is a function of xc which remains bounded when xc goes to 0, or equivalently,

Dj Rc(0) = 0 for each j = 1, . . . , k + 1.

Proof. By Theorem 2.7 and Lemma 2.8, there exists Ψk ∈ Ck(Xc,Xh) such that the reduced
system of (4.3) is given by
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dxc(t)

dt
= Acxc(t) + ΠcF

[
xc(t) + G2

(
xc(t)

)+ G3
(
xc(t)

)+ · · · + Gk

(
xc(t)

)+ Ψk

(
xc(t)

)]
and

Dj Ψk(0) = 0 for j = 1, . . . , k.

By setting

Rc(xc) = ΠcF
[
xc + G2(xc) + G3(xc) + · · · + Gk(xc) + Ψk(xc)

]
− ΠcF

[
xc + G2(xc) + G3(xc) + · · · + Gk(xc)

]
,

we obtain the first part of the theorem. If we assume in addition that F ∈ Ck+2(D(A),X), then
Ψk ∈ Ck+2(Xc,Xh). Thus,

Rc ∈ Ck+2(Xc,Xc).

Set

h(xc) := xc + G2(xc) + G3(xc) + · · · + Gk(xc).

We have

Rc(xc) = Πc

{
F
[
h(xc) + Ψk(xc)

]− F
[
h(xc)

]}
= Πc

1∫
0

DF
(
h(xc) + sΨk(xc)

)(
Ψk(xc)

)
ds.

Define

ĥ(xc) := h(xc) + sΨk(xc).

Since DF(0) = 0, we have

DF
(̂
h(xc)

)(
Ψk(xc)

)= DF(0)
(
Ψk(xc)

)+ 1∫
0

D2F
(
lĥ(xc)

)(̂
h(xc),Ψk(xc)

)
dl

=
1∫

0

D2F
(
lĥ(xc)

)(̂
h(xc),Ψk(xc)

)
dl.

Hence,

Rc(xc) = Πc

1∫ 1∫
D2F

(
l
(
h(xc) + sΨk(xc)

))(
h(xc) + sΨk(xc),Ψk(xc)

)
dlds
0 0
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and h(xc) is a term of order 1, Ψk(xc) is a term of order k + 1, it follows that (4.5) holds. This
completes the proof. �
Remark 4.3. In order to apply the above approach, we first need to compute Πc and Ac, then
Πh := I − Πc can be derived. The point to apply the above procedure is to solve system (4.2).
To do this, one may compute

(λI − Ah)−k 1

j !ΠhDj F(0) (4.6)

for each λ ∈ iR and each k ≥ 1 by using Remark 3.7, or one may directly solve system (4.2) by
computing Πh

1
j !D

j Fj−1. This last approach will involve the computation of (4.6) for some spe-
cific values of λ ∈ iR and some specific values of k ≥ 1. This turns out to be the main difficulty
in applying the above method.

In Section 5, we will use the last part of Theorem 4.2 to avoid some unnecessary computations.
We will apply this theorem for k = 2, F in C4, and the remainder term Rc(xc) of order 4. This
means that if we want to compute the Taylor expansion of the reduced system to the order 3
(which is very common in such a context), we only need to compute G2. So in application the
last part of Theorem 4.2 will help to avoid a lot of computations.

4.2. G ∈ V m(Xc,D(A))

Now we apply Proposition 3.11 recursively to (4.1). Set

u1 := u.

For m = 2, . . . , k, let Gm ∈ V m(Xc,D(A)) be defined such that

[A,Gm](xc) =Pm

[
1

m!D
mFm−1(0)(xc, . . . , xc)

]
for each xc ∈ Xc.

We use the change of variables

um−1 = um + Gm(Πcum).

Then we consider Fm given by Proposition 3.11 and satisfying

Fm(um) = Fm−1(um) − [A,Gm](Πcum) + O
(‖um‖m+1).

By applying Proposition 3.11, we have

ΠhDj Fm(0)|Xc×Xc×···×Xc = 0, for all j = 1, . . . ,m,

and

G
(
ΠcD

j Fm(0)|Xc×Xc×···×Xc

) ∈ Cc, for all j = 1, . . . ,m.
j
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Thus by using the change of variables locally around 0

uk(t) = (I + GkΠc)
−1 . . . (I + G3Πc)

−1(I + G2Πc)
−1u(t),

we deduce that uk(t) is an integrated solution of system (4.3). Applying Theorem 2.7 and
Lemma 2.8 to the above system, we obtain the following result which is the main result of this
paper and indicates that systems (4.1) and (4.3) are locally topologically equivalent around 0.

Theorem 4.4. Let Assumptions 2.1, 2.2, 2.4, and 4.1 be satisfied. Then by using the change of
variables locally around 0⎧⎪⎨⎪⎩

uk(t) = (I + GkΠc)
−1 . . . (I + G3Πc)

−1(I + G2Πc)
−1u(t)

⇔
u(t) = (I + G2Πc)(I + G3Πc) . . . (I + GkΠc)uk(t),

the map t → u(t) is an integrated solution of the Cauchy problem (4.1) if and only if t → uk(t)

is an integrated solution of the Cauchy problem (4.3). Moreover, the reduced equation of Cauchy
problem (4.3) is given by the ordinary differential equations on Xc:

dxc(t)

dt
= Acxc(t) +

k∑
m=2

1

m!ΠcD
mFk(0)

(
xc(t), . . . , xc(t)

)+ Rc

(
xc(t)

)
,

where

G
(

1

m!ΠcD
mFk(0)|Xc×Xc×···×Xc

)
∈ Cc

m, for all m = 1, . . . , k,

and the remainder term Rc ∈ Ck(Xc,Xc) satisfies

Dj Rc(0) = 0 for each j = 1, . . . , k,

or in other words Rc(xc(t)) is a remainder term of order k. If we assume in addition that F ∈
Ck+2(D(A),X). Then the reduced equation of Cauchy problem (4.3) is given by the ordinary
differential equations on Xc:

dxc(t)

dt
= Acxc(t) +

k+1∑
m=2

1

m!ΠcD
mFk(0)

(
xc(t), . . . , xc(t)

)+ Rc

(
xc(t)

)
,

the map Rc ∈ Ck+2(Xc,Xc), and Rc(xc(t)) is a remainder term of order k + 2, that is

Rc(xc) = ‖xc‖k+2O(xc),

where O(xc) is a function of xc which remains bounded when xc goes to 0, or equivalently,

Dj Rc(0) = 0 for each j = 1, . . . , k + 1.
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Proof. By Theorem 2.7 and Lemma 2.8, there exists Ψk ∈ Ck(Xc,Xh) such that the reduced
system of (4.3) is given by

dxc(t)

dt
= Acxc(t) + ΠcFk

[
xc(t) + Ψk

(
xc(t)

)]
and

Dj Ψk(0) = 0 for j = 1, . . . , k.

By setting

Rc(xc) = ΠcFk

[
xc + Ψk(xc)

]− ΠcFk(xc),

we obtain the first part of the theorem. If we assume in addition that F ∈ Ck+2(D(A),X), then
Ψk ∈ Ck+2(Xc,Xh). Thus, Rc ∈ Ck+2(Xc,Xc) and

Rc(xc) = Πc

{
Fk

[
xc + Ψk(xc)

]− Fk(xc)
}

= Πc

1∫
0

DFk

(
xc + sΨk(xc)

)(
Ψk(xc)

)
ds.

Set

h(xc) := xc + sΨk(xc).

Since DF(0) = 0, we have

DFk

(
h(xc)

)(
Ψk(xc)

)= DFk(0)
(
Ψk(xc)

)+ 1∫
0

D2Fk

(
lh(xc)

)(
h(xc),Ψk(xc)

)
dl

=
1∫

0

D2Fk

(
lh(xc)

)(
h(xc),Ψk(xc)

)
dl.

Hence,

Rc(xc) = Πc

1∫
0

1∫
0

D2Fk

(
l
(
xc + sΨk(xc)

))(
xc + sΨk(xc),Ψk(xc)

)
dlds

and Ψk(xc) is a term of order k + 1, it follows that

Rc(xc) = ‖xc‖k+2O(xc).

The result follows. �
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5. Applications

In this section we apply the normal form theory developed in the previous sections to the two
examples of structured models (1.2) and (1.6) introduced in Section 1. Namely, we will compute
the Taylor expansion of the reduced system of model (1.2) on the center manifold and the normal
form of model (1.6) on the center manifold, respectively, from which we will be able to determine
the direction of the Hopf bifurcation and stability of the bifurcating periodic solutions in these
two models.

5.1. A structured model of influenza A drift

We first recall the results in Magal and Ruan [44] on the existence of Hopf bifurcation in the
structured evolutionary epidemiological model (1.2) of influenza A drift. The following theorem
was proven in Magal and Ruan [44].

Proposition 5.1.

(i) Consider the curves defined by

δν = ν + 1 + ν

ν

( ν
c
)2

1 −
√

1 − 1
c2

in the (ν, δ)-plane for some c ≥ 1. Then for each n ≥ 0,

νn = c

(
arcsin

(
−1

c

)
+ 2(n + 1)π

)
is a Hopf bifurcation point for system (1.5) around the branch of equilibrium points sν , where

sν(a) =
{

ν(1 − Sν)e−δν(1−Sν)(a−1), if a ≥ 1,

ν(1 − Sν), if a ∈ [0, 1],

Sν =
+∞∫
0

sν(l)dl = 1 + δ−1
ν

1 + ν−1
< 1.

Moreover, the period of the bifurcating periodic orbits is close to

ωn = c arcsin

(
−1

c

)
+ π + 2nπ.

(ii) Consider the curves defined by

δν = ν + 1 + ν

ν

( ν
c
)2

1 +
√

1 − 1
2
c
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in the (ν, δ)-plane for some c ≥ 1. Then for each n ≥ 0,

ν̂n = c

(
arcsin

(
1

c

)
+ π + 2nπ

)
is a Hopf bifurcation point for system (1.5) around the branch of equilibrium points sν .
Moreover, the period of the bifurcating periodic orbits is close to

ω̂n = c arcsin

(
1

c

)
+ π + 2nπ.

In order to apply the normal form theory to system (1.5), we include the parameter ν into the
state variable in system (1.5) and consider the system⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

dν(t)

dt
= 0,

du(t)

dt
= Au(t) + F

(
ν(t), δν(t), u(t)

)= Au(t) + F
(
ν(t), u(t)

)
,

ν(0) = ν0 ∈R, u(0) = u0 =
(

0

s0

)
∈ D(A),

(5.1)

where A is defined in (1.3) and F is given by (1.4). Making the change of variables

u = û + uν and ν = ν̂ + νk

with uν = ( 0
sν

)
, we obtain the system

⎧⎪⎨⎪⎩
dν̂(t)

dt
= 0,

dû(t)

dt
= Aû(t) + Ĥ

(̂
ν(t), û(t)

)
,

(5.2)

where

Ĥ (̂ν, û) = F (̂ν + νk, û + uν̂+νk
) − F (̂ν + νk, uν̂+νk

).

Since Sνk
∈ (0, 1), the map u → F(ν,u) is differentiable in a neighborhood of uνk

. We have

∂̂νĤ (̂ν, û)(̃ν) = ∂νF (̂ν + νk, û + uν̂+νk
)(̃ν) + ∂uF (̂ν + νk, û + uν̂+νk

)
d(uν̂+νk)

dν̂
(̃ν)

− ∂νF (̂ν + νk, uν̂+νk
)(̃ν) − ∂uF (̂ν + νk, uν̂+νk

)
d(uν̂+νk)

dν̂
(̃ν)

and

∂ûĤ (̂ν, û)(̃u) = ∂uF (̂ν + νk, û + uν̂+ν )(̃u)

k
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with

∂uF (ν,u)(̃u) =
( −ν

∫ +∞
0 ϕ̃(l)dl

−δνχ[ϕ̃(1 − ∫ +∞
0 ϕ(l)dl) − ϕ

∫ +∞
0 ϕ̃(l)dl]

)
,

here u =
(

0

ϕ

)
, ũ =

(
0

ϕ̃

)
∈ D(A). Hence, ∂̂νĤ (0, 0)(̃ν) = 0 and ∂ûĤ (0, 0)(̃u) = ∂uF (νk, uνk

)(̃u).

Set

Y =R× X, Y0 = R× D(A)

and

Âν := A + ∂uF (ν,uν).

The following lemma is obtained in Magal and Ruan [42].

Lemma 5.2. The linear operator Âν : D(A) ⊂ X → X is a Hille–Yosida operator and

ω0,ess
(
(Âν)0

)≤ −δν(1 − Sν) < 0.

Consider the linear operator L : D(L) ⊂ Y→Y defined by

L

(
ν̂

û

)
=
(

0

(A + ∂uF (νk, uνk
))̂u

)
=
(

0

Âνk
û

)
with D(L) =R× D(A) and the map H : D(L) → Y defined by

H

(
ν̂

û

)
=
( 0

W
(

ν̂

û

))
,

where W : D(L) → X is defined by

W = F (̂ν + νk, û + uν̂+νk
) − F (̂ν + νk, uν̂+νk

) − ∂uF (νk, uνk
)̂u.

Then we have

H

(
0

0

)
= 0 and DH

(
0

0

)
= 0.

Now we can reformulate system (4.2) as the following system

dw(t)

dt
= Lw(t) + H

(
w(t)

)
, w(0) = w0 ∈ D(L). (5.3)

The following lemma is a consequence of the results proved in Liu et al. [35, Section 3.1].
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Lemma 5.3. The linear operator L is a Hille–Yosida operator and the essential growth rate of
L0 satisfies

ω0,ess(L0) ≤ −δνk
(1 − Sνk

) < 0.

Set

Ω = {λ ∈ C
∣∣Re(λ) > −δνk

(1 − Sνk
)
}
.

The characteristic function takes the form

�(ν,λ) = 1 + ν

+∞∫
0

e− ∫ a
0 [λ+δν(1−Sν)χ(l)]dlda −

+∞∫
0

a∫
0

e− ∫ a
s [λ+δν(1−Sν)χ(l)]dlδνχ(s)sν(s)dsda.

From Lemma 4.6 in Magal and Ruan [44], we know that

(λI − Âνk
)−1

(
α̂

ϕ̂

)
=
(

0

ϕ

)
(5.4)

is equivalent to

ϕ(a) = �(νk,λ)−1

[
((1 − C1)̂α − νkÎ )e− ∫ a

0 [λ+δνk
(1−Sνk

)χ(l)]dl

+ (C2α̂ + Î )
∫ a

0 e− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

]

+
a∫

0

e− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dlϕ̂(s)ds,

where

Î =
+∞∫
0

a∫
0

e− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dl ϕ̂(s)dsda,

C1 =
+∞∫
0

a∫
0

e− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)dsda,

C2 =
+∞∫
0

e− ∫ a
0 [λ+δνk

(1−Sνk
)χ(l)]dlda.

By using (4.4) and Lemma 4.6 in [44], we obtain that the projector on the generalized eigenspace
of Âν associated to λ̂ is given by
k
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Π
Âνk

λ̂

(
α̂

ϕ̂

)
=
(

0

ϕ

)
⇔ ϕ(a) =

(
d�(νk, λ̂)

dλ

)−1

×
[

((1 − C1|λ=λ̂)̂α − νkÎ |λ=λ̂)e− ∫ a
0 [̂λ+δνk

(1−Sνk
)χ(l)]dl

+ (C2|λ=λ̂α̂ + Î |λ=λ̂)
∫ a

0 e− ∫ a
s [̂λ+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

]
,

where λ̂ = iω with ω �= 0. Define Π
Âνk
c : X → X by

Π
Âνk
c

(
α̂

ϕ̂

)
= Π

Âνk

iωk

(
α̂

ϕ̂

)
+ Π

Âνk−iωk

(
α̂

ϕ̂

)
, ∀

(
α̂

ϕ̂

)
∈ X.

Hence

Π
Âνk
c

(
1

0

)
= Π

Âνk

iωk

(
1

0

)
+ Π

Âνk−iωk

(
1

0

)
=
(

0

(
d�(νk,iωk)

dλ
)−1b1 + (

d�(νk,−iωk)
dλ

)−1b2

)
, (5.5)

where

b1(a) = (1 − C1|λ=iωk
)e− ∫ a

0 [iωk+δνk
(1−Sνk

)χ(l)]dl

+ C2|λ=iωk

a∫
0

e− ∫ a
s [iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds,

b2(a) = (1 − C1|λ=−iωk
)e− ∫ a

0 [−iωk+δνk
(1−Sνk

)χ(l)]dl

+ C2|λ=−iωk

a∫
0

e− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds.

Set

ê1 =
(

0

b1

)
, ê2 =

(
0

b2

)
and Π

Âνk

h := I − Π
Âνk
c .

Lemma 5.4. We have

Π
Âνk

h

(
1

0

)
= (I − Π

Âνk
c

)(1

0

)
.

For each λ ∈ iR \ {−iωk, iωk},

(λI − Âνk
| Âνk

)−1Π
Âνk

h

(
1
)

=
(

0
)

Πh (X) 0 φ
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with

φ(a) = −
(

d�(νk, iωk)

dλ

)−1
b1(a)

(λ − iωk)
−
(

d�(νk,−iωk)

dλ

)−1
b2(a)

(λ + iωk)

+ �(νk,λ)−1

[
(1 − C1)e− ∫ a

0 [λ+δνk
(1−Sνk

)χ(l)]dl

+ C2
∫ a

0 e− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

]
.

Moreover, if λ = iωk , we have

(iωkI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
1

0

)
=
(

0

−(
d�(νk,−iωk)

dλ
)−1 b2

2iωk
− (

d�(νk,iωk)
dλ

)−2( 1
2

d2�(νk,iωk)

dλ2 b1 + M)

)
(5.6)

with

M(a) = d�(νk, iωk)

dλ

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ab1(a) − C2|λ=iωk

∫ a

0 se− ∫ a
s [iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

− e− ∫ a
0 [iωk+δνk

(1−Sνk
)χ(l)]dl

× (
∫ +∞

0

∫ a

0 (a − s)e− ∫ a
s [iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)dsda)

+ (
∫ +∞

0 ae− ∫ a
0 [iωk+δνk

(1−Sνk
)χ(l)]dlda)

× (
∫ a

0 e− ∫ a
s [iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

If λ = −iωk , we have

(−iωkI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
1

0

)
=
(

0

(
d�(νk,iωk)

dλ
)−1 b1

2iωk
− (

d�(νk,−iωk)
dλ

)−2( 1
2

d2�(νk,−iωk)

dλ2 b2 + N)

)
(5.7)

with

N(a) = d�(νk,−iωk)

dλ

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ab2(a) − C2|λ=−iωk

∫ a

0 se− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

− e− ∫ a
0 [−iωk+δνk

(1−Sνk
)χ(l)]dl

× ∫ +∞
0

∫ a

0 (a − s)e− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)dsda

+ ∫ +∞
0 ae− ∫ a

0 [−iωk+δνk
(1−Sνk

)χ(l)]dlda

× ∫ a

0 e− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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Proof. Since

(λI − Âνk
)−1

(
0

b1

)
= 1

(λ − iωk)

(
0

b1

)
and

(λI − Âνk
)−1

(
0

b2

)
= 1

(λ + iωk)

(
0

b2

)
,

for each λ ∈ iR \ {−iωk, iωk},

(λI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
1

0

)
= (λI − Âνk

)−1Π
Âνk

h

(
1

0

)
=
(

0

φ

)
.

If λ = iωk , we have

(iωkI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
1

0

)
= lim

λ→iωk

λ∈ρ(Âνk
)

(λI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
1

0

)
= lim

λ→iωk

λ∈ρ(Âνk
)

(
0

φ

)
.

Note that

−
(

d�(νk, iωk)

dλ

)−1
b1(a)

(λ − iωk)

+ �(νk,λ)−1

[
(1 − C1)e− ∫ a

0 [λ+δνk
(1−Sνk

)χ(l)]dl

+ C2
∫ a

0 e− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

]

=
−�(νk,λ)b1(a) + d�(νk,iωk)

dλ
(λ − iωk)

[
(1−C1)e

− ∫ a
0 [λ+δνk

(1−Sνk
)χ(l)]dl

+C2
∫ a

0 e
− ∫ a

s [λ+δνk
(1−Sνk

)χ(l)]dl
δνk

χ(s)sνk
(s)ds

]
d�(νk,iωk)

dλ
(λ − iωk)�(νk, λ)

= (λ − iωk)2

d�(νk,iωk)
dλ

(λ − iωk)�(νk, λ)

×

{
−�(νk,λ)b1(a) + d�(νk,iωk)

dλ
(λ − iωk)

[
(1−C1)e

− ∫ a
0 [λ+δνk

(1−Sνk
)χ(l)]dl

+C2
∫ a

0 e
− ∫ a

s [λ+δνk
(1−Sνk

)χ(l)]dl
δνk

χ(s)sνk
(s)ds

]}
(λ − iωk)2

and
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lim
λ→iωk

(λ − iωk)2

d�(νk,iωk)
dλ

(λ − iωk)�(νk, λ)
= lim

λ→iωk

1
d�(νk,iωk)

dλ
�(νk,λ)
(λ−iωk)

=
(

d�(νk, iωk)

dλ

)−2

.

Therefore,

�(ν,λ) = (λ − iωk)
d�(νk, iωk)

dλ
+ (λ − iωk)2

2

d2�(νk, iωk)

dλ2
+ (λ − iωk)

3g(λ − iωk)

with g(0) = 1
3!

d3�(νk,iωk)

dλ3 . Hence

lim
λ→iωk

{
−�(νk,λ)b1(a) + d�(νk,iωk)

dλ
(λ − iωk)

[
(1−C1)e

− ∫ a
0 [λ+δνk

(1−Sνk
)χ(l)]dl

+C2
∫ a

0 e
− ∫ a

s [λ+δνk
(1−Sνk

)χ(l)]dl
δνk

χ(s)sνk
(s)ds

]}
(λ − iωk)2

= lim
λ→iωk

{
−(λ − iωk)

d�(νk,iωk)
dλ

[
b1(a)−(1−C1)e

− ∫ a
0 [λ+δνk

(1−Sνk
)χ(l)]dl

−C2
∫ a

0 e
− ∫ a

s [λ+δνk
(1−Sνk

)χ(l)]dl
δνk

χ(s)sνk
(s)ds

]}
(λ − iωk)2

+ lim
λ→iωk

−(
(λ−iωk)2

2
d2�(νk,iωk)

dλ2 )b1(a)

(λ − iωk)2

= −M(a) − 1

2

d2�(νk, iωk)

dλ2
b1(a),

which implies (5.6). Similarly, if λ = −iωk , we can prove (5.7). �
Lemma 5.5. We have

Π
Âνk

h

(
0

ψ

)
= (I − Π

Âνk
c

)( 0

ψ

)
=
(

0

ψ

)
− Π

Âνk
c

(
0

ψ

)
=
(

0

ψ − ϕ1 − ϕ2

)
with

ϕ1(a) =
(

d�(νk, iωk)

dλ

)−1

×
[

(−νkÎ |λ=iωk,ϕ̂=ψ)e− ∫ a
0 [iωk+δνk

(1−Sνk
)χ(l)]dl

+ Î |λ=iωk,ϕ̂=ψ

∫ a

0 e− ∫ a
s [iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

]
(5.8)

and

ϕ2(a) =
(

d�(νk,−iωk)
)−1
dλ
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×
[

(−νkÎ |λ=−iωk,ϕ̂=ψ)e− ∫ a
0 [−iωk+δνk

(1−Sνk
)χ(l)]dl

+ Î |λ=−iωk,ϕ̂=ψ

∫ a

0 e− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

]
. (5.9)

For each λ ∈ iR \ {−iωk, iωk},

(λI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
0

ψ

)
=
(

0

φ1

)
with

φ1(a) = − ϕ1(a)

(λ − iωk)
− ϕ2(a)

(λ + iωk)
+

a∫
0

e− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dlψ(s)ds

+ �(νk,λ)−1

[
(−νkÎ |ϕ̂=ψ)e− ∫ a

0 [λ+δνk
(1−Sνk

)χ(l)]dl

+ Î |ϕ̂=ψ

∫ a

0 e− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

]
.

Moreover, if λ = iωk , we have

(iωkI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
0

ψ

)
=
(

0

− ϕ2
2iωk

+ M2 − (
d�(νk,iωk)

dλ
)−1(M1 + 1

2
d2�(νk,iωk)

dλ2 ϕ1)

)
(5.10)

with

M1(a) = aϕ1(a)
d�(νk, iωk)

dλ
− Î |ϕ̂=ψ,λ=iωk

a∫
0

se− ∫ a
s [iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

− νk

( +∞∫
0

a∫
0

(a − s)e− ∫ a
s [iωk+δνk

(1−Sνk
)χ(l)]dlψ(s)dsda

)
e− ∫ a

0 [iωk+δνk
(1−Sνk

)χ(l)]dl

+
( +∞∫

0

a∫
0

(a − s)e− ∫ a
s [iωk+δνk

(1−Sνk
)χ(l)]dlψ(s)dsda

)

×
( a∫

0

e− ∫ a
s [iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

)

and

M2(a) =
a∫

e− ∫ a
s [iωk+δνk

(1−Sνk
)χ(l)]dlψ(s)ds.
0



964 Z. Liu et al. / J. Differential Equations 257 (2014) 921–1011
If λ = −iωk , we have

(−iωkI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
0

ψ

)
=
(

0
ϕ1

2iωk
+ N2 − (

d�(νk,−iωk)
dλ

)−1(N1 + 1
2

d2�(νk,−iωk)

dλ2 ϕ2)

)
(5.11)

with

N1(a) = aϕ2(a)
d�(νk,−iωk)

dλ
− Î |ϕ̂=ψ,λ=−iωk

a∫
0

se− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

− νk

( +∞∫
0

a∫
0

(a − s)e− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlψ(s)dsda

)
e− ∫ a

0 [−iωk+δνk
(1−Sνk

)χ(l)]dl

+
( +∞∫

0

a∫
0

(a − s)e− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlψ(s)dsda

)

×
( a∫

0

e− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

)

and

N2(a) =
a∫

0

e− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlψ(s)ds.

Proof. Since

(λI − Âνk
|
Π

Âνk
h (X)

)−1
(

0

ϕ1

)
= 1

(λ − iωk)

(
0

ϕ1

)
and

(λI − Âνk
|
Π

Âνk
h (X)

)−1
(

0

ϕ2

)
= 1

(λ + iωk)

(
0

ϕ2

)
,

for each λ ∈ iR \ {−iωk, iωk},

(λI − Âνk
| Âνk

)−1Π
Âνk

h

(
0
)

=
(

0
)

.

Πh (X) ψ φ1
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If λ = iωk , we have

(iωkI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
0

ψ

)
= lim

λ→iωk

λ∈ρ(Âνk
)

(λI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
0

ψ

)
= lim

λ→iωk

λ∈ρ(Âνk
)

(
0

φ1

)
.

Note that

− ϕ1(a)

(λ − iωk)
+ �(νk,λ)−1

[
(−νkÎ |ϕ̂=ψ)e− ∫ a

0 [λ+δνk
(1−Sνk

)χ(l)]dl

+ Î |ϕ̂=ψ

∫ a

0 e− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

]

=
−�(νk,λ)ϕ1(a) + (λ − iωk)

[
(−νk Î |ϕ̂=ψ )e

− ∫ a
0 [λ+δνk

(1−Sνk
)χ(l)]dl

+Î |ϕ̂=ψ

∫ a
0 e

− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dl

δνk
χ(s)sνk

(s)ds

]
(λ − iωk)�(νk, λ)

= (λ − iωk)2

(λ − iωk)�(νk, λ)

×

{
−�(νk,λ)ϕ1(a) + (λ − iωk)

[
(−νk Î |ϕ̂=ψ )e

− ∫ a
0 [λ+δνk

(1−Sνk
)χ(l)]dl

+Î |ϕ̂=ψ

∫ a
0 e

− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dl

δνk
χ(s)sνk

(s)ds

]}
(λ − iωk)2

and

lim
λ→iωk

(λ − iωk)2

(λ − iωk)�(νk, λ)
=
(

d�(νk, iωk)

dλ

)−1

.

We have

�(νk,λ) = (λ − iωk)
d�(νk, iωk)

dλ
+ (λ − iωk)2

2

d2�(νk, iωk)

dλ2
+ (λ − iωk)3g(λ − iωk)

with g(0) = 1
3!

d3�(νk,iωk)

dλ3 . Hence

lim
λ→iωk

{
−�(νk,λ)ϕ1(a) + (λ − iωk)

[
(−νk Î |ϕ̂=ψ )e

− ∫ a
0 [λ+δνk

(1−Sνk
)χ(l)]dl

+Î |ϕ̂=ψ

∫ a
0 e

− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dl

δνk
χ(s)sνk

(s)ds

]}
(λ − iωk)2

= lim

⎧⎪⎨⎪⎩−(λ − iωk)

⎡⎢⎣
d�(νk,iωk)

dλ
ϕ1(a)

−
⎡⎣(−vÎ |ϕ̂=ψ )e

− ∫ a
0 [λ+δνk

(1−Sνk
)χ(l)]dl

+Î |ϕ̂=ψ

∫ a
0 e

− ∫ a
s [λ+δνk

(1−Sνk
)χ(l)]dl

δνk
χ(s)sνk

(s)ds

⎤⎦
⎤⎥⎦
⎫⎪⎬⎪⎭

2
λ→iωk (λ − iωk)



966 Z. Liu et al. / J. Differential Equations 257 (2014) 921–1011
+ lim
λ→iωk

−(
(λ−iωk)2

2
d2�(νk,iωk)

dλ2 )ϕ1(a)

(λ − iωk)2

= −M1(a) − 1

2

d2�(νk, iωk)

dλ2
ϕ1(a),

which yields (5.10). If λ = −iωk , we can prove (5.11) similarly. �
Lemma 5.6. We have

σ(L) = σ(Âνk
) ∪ {0}.

Moreover, for λ ∈ ρ(L) ∩ Ω = Ω \ (σ (Âνk
) ∪ {0}), we have

(λI − L)−1
(

r(
�

ψ

))=
( r

λ

(λI − Âνk
)−1

(
�

ψ

))

and the eigenvalues 0 and ±iωk of L are simple. The corresponding projectors
Π0,Π±iωk

: Y → Y on the generalized eigenspace of L associated to 0,±iωk , respectively, are
given by

Π0

(
r

u

)
=
(

r

0

)
,

Π±iωk

(
r

u

)
=
( 0

Π
Âνk±iωk

u

)
.

In this context, the projectors Πc : Y → Y and Πh : Y → Y are defined by

Πc(y) = (Π0 + Πiωk
+ Π−iωk

)(y), ∀y ∈ Y,

Πh(y) = (I − Πc)(y), ∀y ∈ Y.

Denote

Yc := Πc(Y ), Yh := Πh(Y ),

and

Lc := L|Yc , Lh := L|Yh
.

Then we have

Πc

(
0R( 1

0
L1

))=
(

0R

Π
Âνk

iωk

( 1

0
L1

)
+ Π

Âνk−iωk

( 1

0
L1

))=
(

0R

Π
Âνk
c

( 1

0
L1

))

and
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Πc

( 0(
0

ψ

))=
(

0

Π
Âνk

iωk

(
0

ψ

)
+ Π

Âνk−iωk

(
0

ψ

))=
(

0

Π
Âνk
c

(
0

ψ

)) .

Define the basis of Yc = Πc(Y ) by

e1 =
(

1( 0R
0

L1

)) , e2 =
(

0R(
0R
b1

)) , e3 =
(

0R(
0R
b2

)) .

We have the following lemma.

Lemma 5.7. For λ ∈ iR we have

(λI − Lh)−1Πh

( 0(
1

0

))=
( 0

(λI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
1

0

))

and

(λI − Lh)−1Πh

( 0(
0

ψ

))=
( 0

(λI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
0

ψ

))
.

In the following, we will compute the Taylor expansion of the reduced system of (5.3). We
apply the procedure described at the end of Section 4 and apply the method with k = 2 in Theo-
rem 4.2. For j = 2, we must find L2 ∈ Ls(Y

2
c , Yh ∩ D(L)) by solving the following equation for

each (w1,w2) ∈ Y 2
c :

d

dt

[
L2
(
eLctw1, eLctw2

)]
(0) = LhL2(w1,w2) + 1

2!ΠhD2H(0)(w1,w2). (5.12)

Define G2 : Y → Yh ∩ D(L) by

G2(Πcw) := L2(Πcw,Πcw), ∀w ∈ Y,

ξ2 : Y → Y and ξ−1
2 : Y → Y by

ξ2(w) := w − G2(Πcw) and ξ−1
2 (w) := w + G2(Πcw), ∀w ∈ Y.

Then we define H2 : D(L) → Y by

H2(w) = H
(
ξ−1

2 (w)
)+ LG2(Πcw) − DG2(Πcw)LcΠcw

− DG2(Πcw)ΠcH
(
ξ−1

2 (w)
)
.

By applying Theorem 4.2 to (5.3) with k = 2, we obtain the following theorem.
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Theorem 5.8. By using the change of variables

w2(t) = w(t) − G2
(
Πcw(t)

) ⇔ w(t) = w2(t) + G2
(
Πcw2(t)

)
,

the map t → w(t) is an integrated solution of the Cauchy problem (5.3) if and only if t → w2(t)

is an integrated solution of the Cauchy problem⎧⎨⎩
dw2(t)

dt
= Lw2(t) + H2

(
w2(t)

)
, t ≥ 0,

w2(0) = w2 ∈ D(L).

(5.13)

Moreover, the reduced system of the Cauchy problem (5.13) is given by the ordinary differential
equations on R× Xc:⎧⎪⎪⎨⎪⎪⎩

dν̂(t)

dt
= 0,

dxc(t)

dt
= (Âνk

)cxc(t) + Π
Âνk
c W(I + G2)

(
ν̂(t)

xc(t)

)
+ R̂c

(
ν̂(t)

xc(t)

)
,

(5.14)

where R̂c ∈ C4(R× Xc,Xc), and R̂c

(
ν̂(t)

xc(t)

)
is a remainder of order 4, that is,

R̂c

(
ν̂

xc

)
= ∥∥(̂ν, xc)

∥∥4
O(̂ν, xc),

where O(̂ν, xc) is a function of (̂v, xc) which remains bounded when (̂ν, xc) goes to 0, or equiv-
alently,

Dj R̂c(0) = 0 for each j = 1, . . . , 3.

Furthermore,

∂j R̂c(0)

∂j ν̂
= 0, ∀j = 1, . . . , 4,

which implies that

R̂c

(
ν̂

xc

)
= O

(̂
ν3‖xc‖ + ν̂2‖xc‖2 + ν̂‖xc‖3 + ‖xc‖4).

Proof. We apply Theorem 4.2 to system (5.3) and deduce that the reduced system of (5.13)
consists of ordinary differential equations on Xc of the form

dwc(t)

dt
= Lcwc(t) + ΠL

c H
[
wc(t) + G2

(
wc(t)

)]+ Rc

(
wc(t)

)
,

where Rc ∈ C4(Xc,Xc) is the remainder term of order 4, which means that Dj Rc(0) = 0, ∀j =
1, 2, 3. Since
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Rc(wc) := ΠL
c

{
H
[
wc + G2(wc) + Ψ2(wc)

]− H
[
wc + G2(wc)

]}
,

and the first component of H is 0, by using the formula for ΠL
c we deduce that Rc(wc) has the

following form

Rc

(
ν̂

xc

)
=
(

0R

R̂c

(
ν̂

xc

)) .

Moreover, since for each ν̂ ∈ R small enough,
(

ν̂

0X

)
is an equilibrium solution of (5.13) and

belongs to the center manifold Xc. It follows that(
ν̂

0X

)
= ΠL

c

(
ν̂

0X

)
+ Ψ2

(
ΠL

c

(
ν̂

0X

))
.

Thus

Ψ2

(
ν̂

0X

)
= 0, ∀̂ν ∈ R small enough.

So we must have

R̂c

(
ν̂

0X

)
= 0, ∀̂ν ∈R small enough.

We deduce that

∂j R̂c(0)

∂j ν̂
= 0, ∀j = 1, . . . , 4.

This completes the proof. �
In order to apply the above theorem and to compute the Taylor expansion of the reduced

system it only remains to compute L2.
Set

w1 :=
(

ν̂1

û1

)
, w2 :=

(
ν̂2

û2

)
, w3 :=

(
ν̂3

û3

)
∈ D(L),

with ûi =
(

0R
ϕi

)
, i = 1, 2, 3. We have

D2H(0)(w1,w2) =
(

0R
D2W(0)(w1,w2)

)
and

D3H(0)(w1,w2,w3) =
(

0R
D3W(0)(w1,w2,w3)

)
,

where
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D2W(0)(w1,w2) =
(

C1(w1,w2)

C2(w1,w2)

)
with

C1(w1,w2) = −ν̂1

+∞∫
0

ϕ2(l)dl − ν̂2

+∞∫
0

ϕ1(l)dl,

C2(w1,w2) = δνk
χ

⎡⎢⎢⎣
(ϕ2 + dsνk

dv
ν̂2)
∫ +∞

0 ϕ1(l)dl

+ (ϕ2ν̂1 + ϕ1ν̂2)
dSνk

dv

+ (ϕ1 + dsνk

dv
ν̂1)
∫ +∞

0 ϕ2(l)dl

⎤⎥⎥⎦
+ dδνk

dv
χ

[̂
ν2(sνk

∫ +∞
0 ϕ1(l)dl − ϕ1(1 − Sνk

))

+ ν̂1(sνk

∫ +∞
0 ϕ2(l)dl − ϕ2(1 − Sνk

))

]

and

D3W(0)(w1,w2,w3) =
(

0

C3(w1,w2,w3)

)
with

C3(w1,w2,w3) = δνk
χ

⎡⎢⎢⎣
(ϕ2ν̂1ν̂3 + ϕ3ν̂1ν̂2 + ϕ1ν̂2ν̂3)

d2Sνk

dv2

+ d2sνk

dv2

(̂
ν2ν̂3

∫ +∞
0 ϕ1(l)dl + v̂1ν̂2

∫ +∞
0 ϕ3(l)dl

+ ν̂1ν̂3
∫ +∞

0 ϕ2(l)dl

)
⎤⎥⎥⎦

+ dδνk

dv
ν̂3χ

[
ϕ1
∫ +∞

0 ϕ2 + dsνk

dv
ν̂2dl + ϕ2

∫ +∞
0 ϕ1 + dsνk

dv
ν̂1dl

+ dsνk

dv
(̂ν1
∫ +∞

0 ϕ2dl + ν̂2
∫ +∞

0 ϕ1dl)

]

+ dδνk

dv
ν̂2χ

[
ϕ1
∫ +∞

0 ϕ3 + dsνk

dv
ν̂3dl + ϕ3

∫ +∞
0 ϕ1 + dsνk

dv
ν̂1dl

+ dsνk

dv
(̂ν1
∫ +∞

0 ϕ3dl + ν̂3
∫ +∞

0 ϕ1dl)

]

+ dδνk

dv
ν̂1χ

[
ϕ2
∫ +∞

0 ϕ3 + dsνk

dv
ν̂3dl + ϕ3

∫ +∞
0 ϕ2 + dsνk

dv
ν̂2dl

+ dsνk

dv
(̂ν2
∫ +∞

0 ϕ3dl + ν̂3
∫ +∞

0 ϕ2dl)

]

+ d2δνk

dv2
ν̂3ν̂2χ

[
−ϕ1(1 − Sνk

) + sνk

+∞∫
0

ϕ1dl

]

+ d2δνk

dv2
ν̂2ν̂1χ

[
−ϕ3(1 − Sνk

) + sνk

+∞∫
0

ϕ3dl

]

+ d2δνk

dv2
ν̂3ν̂1χ

[
−ϕ2(1 − Sνk

) + sνk

+∞∫
ϕ2dl

]
.

0
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Next recall that

d

dt

[
L2
(
eLctw1, eLctw2

)]
(0) = L2(Lcw1,w2) + L2(w1,Lcw2).

So system (5.12) can be rewritten as

L2(Lcw1,w2) + L2(w1,Lcw2) = LhL2(w1,w2) + 1

2!ΠhD2H(0)(w1,w2). (5.15)

(i) Computation of L2(e1, e1). We have

ΠhD2H(0)(e1, e1) = 0, Lce1 = 0.

So the equation

L2(Lce1, e1) + L2(e1,Lce1) = LhL2(e1, e1) + 1

2!ΠhD2H(0)(e1, e1)

is equivalent to

0 = LhL2(e1, e1).

Since 0 belongs to the resolvent set of Lh, we obtain that

L2(e1, e1) = 0. (5.16)

(ii) Computation of L2(e1, e2). We have

D2H(0)(e1, e2) =
( 0(

− ∫ +∞
0 b1(l)dl

Θ1,2

))

with

Θ1,2 = δνk
χ

[
b1

dSνk

dv
+ dsνk

dv

+∞∫
0

b1(l)dl

]

+ dδνk

dv
χ

[
sνk

+∞∫
0

b1(l)dl − b1(1 − Sνk
)

]

and

Lce1 = 0, Lce2 = iωke2.

So in this case system (5.15) becomes
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iωkL2(e1, e2) = LhL2(e1, e2) + 1

2!ΠhD2H(0)(e1, e2).

Thus

(iωkI − Lh)L2(e1, e2) = 1

2!ΠhD2H(0)(e1, e2).

Now by using Lemma 5.7, we obtain

L2(e1, e2) = 1

2
(iωkI − Lh)−1Πh

( 0(
− ∫ +∞

0 b1(l)dl

Θ1,2

))

= −
∫ +∞

0 b1(l)dl

2
(iωkI − Lh)−1Πh

( 0(
1

0

))+ 1

2
(iωkI − Lh)−1Πh

( 0(
0

Θ1,2

))

= −
∫ +∞

0 b1(l)dl

2

⎛⎝ 0( 0

−(
d�(νk ,−iωk)

dλ
)−1 b2

2iωk
−(

d�(νk ,iωk)

dλ
)−2( 1

2
d2�(νk,iωk)

dλ2 b1+M)

)⎞⎠
+ 1

2

⎛⎝ 0( 0

− ϕ2
2iωk

+M2−(
d�(νk ,iωk)

dλ
)−1(M1+ 1

2
d2�(νk,iωk)

dλ2 ϕ1)

)⎞⎠
where M,M1 and M2 are defined in Lemmas 5.4 and 5.5 with ψ = Θ1,2. Hence

L2(e1, e2) = L2(e2, e1) =
( 0(

0

ψ1,2

))
, (5.17)

where

ψ1,2 = −
∫ +∞

0 b1(l)dl

2

⎡⎣ −(
d�(νk,−iωk)

dλ
)−1 b2

2iωk

−(
d�(νk,iωk)

dλ
)−2( 1

2
d2�(νk,iωk)

dλ2 b1 + M)

⎤⎦
− ϕ2

4iωk

+ 1

2
M2 − 1

2

(
d�(νk, iωk)

dλ

)−1(
M1 + 1

2

d2�(νk, iωk)

dλ2
ϕ1

)
with

ψ = Θ1,2.

(iii) Computation of L2(e1, e3). We have

D2H(0)(e1, e3) =
( 0(

− ∫ +∞
0 b2(l)dl

Θ1,3

))

with
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Θ1,3 = δνk
χ

[
b2

dSνk

dv
+ dsνk

dv

+∞∫
0

b2(l)dl

]

+ dδνk

dv
χ

[
sνk

+∞∫
0

b2(l)dl − b2(1 − Sνk
)

]

and

Lce1 = 0, Lce3 = −iωke3.

In this case system (5.15) becomes

−iωkL2(e1, e3) = LhL2(e1, e3) + 1

2!ΠhD2H(0)(e1, e3).

So

(−iωkI − Lh)L2(e1, e3) = 1

2!ΠhD2H(0)(e1, e3).

Thus, by Lemma 5.7 we have

L2(e1, e3) = 1

2
(−iωkI − Lh)−1Πh

( 0(
− ∫ +∞

0 b2(l)dl

Θ1,3

))

= −
∫ +∞

0 b2(l)dl

2
(−iωkI − Lh)−1Πh

( 0(
1

0

))+ 1

2
(−iωkI − Lh)−1Πh

( 0(
0

Θ1,3

))

= −
∫ +∞

0 b2(l)dl

2

⎛⎝ 0( 0

d�(νk,iωk)

dλ

−1 b1
2iωk

−(
d�(νk ,−iωk)

dλ
)−2( 1

2
d2�(νk,−iωk)

dλ2 b2+N)

)⎞⎠
+ 1

2

⎛⎝ 0( 0

ϕ1
2iωk

+N2−(
d�(νk ,−iωk)

dλ
)−1(N1+ 1

2
d2�(νk,−iωk)

dλ2 ϕ2)

)⎞⎠
where N,N1 and N2 are defined in Lemmas 5.4 and 5.5 with ψ = Θ1,3. Then

L2(e1, e3) = L2(e3, e1) =
( 0(

0

ψ1,3

))
, (5.18)

where

ψ1,3 = −
∫ +∞

0 b2(l)dl

2

[(
d�(νk, iωk)

dλ

)−1
b1

2iωk

−
(

d�(νk,−iωk)
)−2(1 d2�(νk,−iωk)

2
b2 + N

)]

dλ 2 dλ



974 Z. Liu et al. / J. Differential Equations 257 (2014) 921–1011
+ ϕ1

4iωk

+ 1

2
N2 − 1

2

(
d�(νk,−iωk)

dλ

)−1(
N1 + 1

2

d2�(νk,−iωk)

dλ2
ϕ2

)
with

ψ = Θ1,3.

(iv) Computation of L2(e2, e2). We have

D2H(0)(e2, e2) =
( 0(

0

2δνk
χb1

∫ +∞
0 b1(l)dl

))

and

Lce2 = iωke2.

In this case system (5.15) becomes

2iωkL2(e2, e2) = LhL2(e2, e2) + 1

2!ΠhD2H(0)(e2, e2).

So

(2iωkI − Lh)L2(e2, e2) = 1

2!ΠhD2H(0)(e2, e2)

and Lemma 5.7 implies

L2(e2, e2) = 1

2
(2iωkI − Lh)−1Πh

( 0(
0

2δνk
χb1

∫ +∞
0 b1(l)dl

))

=
( 0(

0

ψ2,2

))
, (5.19)

where

ψ2,2 = − ϕ1

2iωk

− ϕ2

6iωk

+ 1

2

a∫
0

e− ∫ a
s [2iωk+δνk

(1−Sνk
)χ(l)]dlψ(s)ds

+ 1

2
�(νk, 2iωk)

−1

[
(−νkÎ |ϕ̂=ψ,λ=2iωk

)e− ∫ a
0 [2iωk+δνk

(1−Sνk
)χ(l)]dl

+ Î |ϕ̂=ψ,λ=2iωk

∫ a

0 e− ∫ a
s [2iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

]
,

with

ψ = 2δνk
χb1

+∞∫
b1(l)dl.
0
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(v) Computation of L2(e2, e3). We have

D2H(0)(e2, e3) =
( 0(

0

δνk
χ[b2

∫ +∞
0 b1(l)dl+b1

∫ +∞
0 b2(l)dl]

))

and

Lce2 = iωke2, Lce3 = −iωke3.

In this case system (5.15) reduces to

(iωk − iωk)L2(e2, e3) = LhL2(e2, e3) + 1

2!ΠhD2H(0)(e2, e3).

Thus

−LhL2(e2, e3) = 1

2!ΠhD2H(0)(e2, e3),

and by Lemma 5.7 we have

L2(e2, e3) = L2(e3, e2)

= 1

2
(−Lh)−1Πh

( 0(
0

δνk
χ[b2

∫ +∞
0 b1(l)dl+b1

∫ +∞
0 b2(l)dl]

))

=
( 0(

0

ψ2,3

))
, (5.20)

where

ψ2,3 = ϕ1

2iωk

− ϕ2

2iωk

+ 1

2

a∫
0

e− ∫ a
s [δνk

(1−Sνk
)χ(l)]dlψ(s)ds

+ 1

2
�(νk, 0)−1

[
(−vÎ |ϕ̂=ψ,λ=0)e− ∫ a

0 [δνk
(1−Sνk

)χ(l)]dl

+ Î |ϕ̂=ψ,λ=0
∫ a

0 e− ∫ a
s [δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

]

with

ψ = δνk
χ

[
b2

+∞∫
0

b1(l)dl + b1

+∞∫
0

b2(l)dl

]
.

(vi) Computation of L2(e3, e3). We have

D2H(0)(e3, e3) =
( 0(

0∫ +∞

))

2δνk

χb2 0 b2(l)dl
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and

Lce3 = −iωke3.

In this case system (5.15) becomes

−2iωkL2(e3, e3) = LhL2(e3, e3) + 1

2!ΠhD2H(0)(e3, e3).

Hence

(−2iωkI − Lh)L2(e3, e3) = 1

2!ΠhD2H(0)(e3, e3).

It follows from Lemma 5.7 that

L2(e3, e3) = 1

2
(−2iωkI − Lh)−1Πh

( 0(
0

2δνk
χb2

∫ +∞
0 b2(l)dl

))

= 1

2

( 0

(−2iωkI − Âνk
|
Π

Âνk
h (X)

)−1Π
Âνk

h

(
0

2δνk
χb2

∫ +∞
0 b2(l)dl

))

=
( 0(

0

ψ3,3

))
, (5.21)

where

ψ3,3 = ϕ1

6iωk

+ ϕ2

2iωk

+ 1

2

a∫
0

e− ∫ a
s [−2iωk+δνk

(1−Sνk
)χ(l)]dlψ(s)ds

+ 1

2
�(νk,−2iωk)−1

×
[

(−νkÎ |ϕ̂=ψ,λ=−2iωk
)e− ∫ a

0 [−2iωk+δνk
(1−Sνk

)χ(l)]dl

+ Î |ϕ̂=ψ,λ=−2iωk

∫ a

0 e− ∫ a
s [−2iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)sνk
(s)ds

]

with

ψ = 2δνk
χb2

+∞∫
0

b2(l)dl.

Next, we can express the above computations in terms of the following basis of Yc = Πc(Y ):

ẽ1 =
(

1( 0R
)) , ẽ2 =

(
0R(
0R
)) , ẽ3 =

(
0R(
0R
))
0
L1 c1 c2
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with

c1 = b1 + b2, c2 = b1 − b2

i
. (5.22)

Lemma 5.9. The symmetric and bilinear map L2 : Y 2
c → Yh ∩ D(L) is defined by

(a) L2(̃e1, ẽ1) = 0;
(b) L2(̃e1, ẽ2) and L2(̃e2, ẽ1) are defined by

L2(̃e1, ẽ2) = L2(̃e2, ẽ1) =
(

0R(
0R

2 Re ψ1,2

)) ;

(c) L2(̃e1, ẽ3) and L2(̃e3, ẽ1) are defined by

L2(̃e1, ẽ3) = L2(̃e3, ẽ1) =
(

0R(
0R

2 Im ψ1,2

)) ;

(d) L2(̃e2, ẽ2) is defined by

L2(̃e2, ẽ2) =
(

0R(
0R

2 Re ψ2,2+2ψ2,3

)) ;

(e) L2(̃e2, ẽ3) and L2(̃e3, ẽ2) are defined by

L2(̃e2, ẽ3) = L2(̃e3, ẽ2) =
(

0R(
0R

2 Im ψ2,2

)) ;

(f) L2(̃e3, ẽ3) =
(

0R(
0R

−2 Re ψ2,2+2ψ2,3

)),

where ψ1,2, ψ2,2, and ψ2,3 are defined in (5.17), (5.19), and (5.20), respectively.

Proof. We use the fact that

ẽ1 = e1, ẽ2 = e2 + e3, and ẽ3 = e2 − e3

i
.

(a) By using (5.16), (a) follows.
(b) We have

L2(̃e1, ẽ2) = L2(e1, e2) + L2(e1, e3).

So by using (5.17) and (5.18), we obtain
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L2(̃e1, ẽ2) =
(

0R(
0R

ψ1,2+ψ1,3

)) .

Since ψ1,2(a) = ψ1,3(a), ∀a > 0, (b) follows.
(c) We have

L2(̃e1, ẽ3) = L2

(
e1,

1

i
(e2 − e3)

)
= 1

i

[
L2(e1, e2) − L2(e1, e3)

]
.

It follows from (5.17) and (5.18) that

L2(̃e1, ẽ3) = 1

i

(
0R(
0R

ψ1,2−ψ1,3

))

and (c) follows.
(d) By using (5.19), (5.20) and (5.21), we have

L2(̃e2, ẽ2) = L2(e2 + e3, e2 + e3)

= L2(e2, e2) + 2L2(e2, e3) + L2(e3, e3)

=
(

0R(
0R

ψ2,2+2ψ2,3+ψ3,3

)) .

Note that ψ2,2(a) = ψ3,3(a), ∀a > 0, (d) follows.
(e) We have

L2(̃e2, ẽ3) = L2

(
e2 + e3,

1

i
(e2 − e3)

)
= 1

i

[
L2(e2, e2) − L2(e3, e3)

]
= 1

i

(
0R(
0R

ψ2,2−ψ3,3

))

and (e) follows.
(f) We have

L2(̃e3, ẽ3) = L2

(
1

i
(e2 − e3),

1

i
(e2 − e3)

)
= −[L2(e2, e2) − 2L2(e2, e3) + L2(e3, e3)

]
= −

(
0R(
0R

ψ2,2−2ψ2,3+ψ3,3

)) .

This completes the proof. �
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In the following lemma we compute the Taylor expansion of the reduced system (5.14) by
using the formula obtained for L2 in Lemma 5.9.

Lemma 5.10. The reduced system (5.14) expressed in terms of the basis {̃e1, ẽ2, ẽ3} has the
following form ⎧⎪⎪⎪⎨⎪⎪⎪⎩

dν̂(t)

dt
= 0,

d

dt

(
x(t)

y(t)

)
= Mc

(
x(t)

y(t)

)
+ (Ĥ2 + Ĥ3 + R̂1c)

(
ν̂(t)(
x(t)

y(t)

)) ,

(5.23)

where the matrix Mc is given by

Mc =
[

0 ωk

−ωk 0

]
,

the map Ĥ2 : R3 →R2 is defined by

Ĥ2

(
ν̂(
x

y

))=
(

−ν̂

+∞∫
0

ξ(l)dl

)∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2(Re(
d�(νk,iωk)

dλ
)

Im(
d�(νk,iωk)

dλ
)

)

+
∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2
⎛⎝Re(

d�(νk,iωk)
dλ

Î |λ=−iωk ,ϕ̂=θ

C2|λ=−iωk
)

Im(
d�(νk,iωk)

dλ

Î |λ=−iωk ,ϕ̂=θ

C2|λ=−iωk
)

⎞⎠ , (5.24)

where

ξ = xc1 + yc2 + 2
(
x2 − y2)Re(ψ2,2) + 2

(
x2 + y2)ψ2,3

+ 4̂νx Re(ψ1,2) + 4̂νy Im(ψ1,2) + 4xy Im(ψ2,2)

and

θ = δνk
χ

[(
ξ + dsνk

dν
ν̂

) +∞∫
0

ξ(l)dl + ξ ν̂
dSνk

dν

]

+ dδνk

dν
χν̂

(
sνk

+∞∫
0

ξ(l)dl − ξ(1 − Sνk
)

)

where ψ1,2(a),ψ2,2(a) and ψ2,3(a) are obtained in (5.17), (5.19), and (5.20), respectively. The
map Ĥ3 : R3 → R2 is defined by

Ĥ3

(
ν̂(
x

y

))= 1

6

∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2
⎛⎝Re(

d�(νk,iωk)
dλ

Î |λ=−iωk,ϕ̂=ς

C2|λ=−iωk
)

Im(
d�(νk,iωk) Î |λ=−iωk,ϕ̂=ς

)

⎞⎠ , (5.25)
dλ C2|λ=−iωk
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with

ς = 3δνk
χ

⎡⎣(xc1 + yc2)̂ν2 d2Sνk

dν2

+ d2sνk

dν2 ν̂2
∫ +∞

0 (xc1 + yc2)(l)dl

⎤⎦
+ 6

dδνk

dν
ν̂χ

[
(xc1 + yc2)

∫ +∞
0 xc1 + yc2 + dsνk

dν
ν̂dl

+ dsνk

dν
ν̂
∫ +∞

0 xc1 + yc2dl

]

+ 3
d2δνk

dν2
ν̂2χ

[
−(xc1 + yc2)(1 − Sνk

) + sνk

+∞∫
0

(xc1 + yc2)dl

]
, (5.26)

and the remainder term R̂1c ∈ C4(R3,R2) is given by

R̂1c

(
ν̂(
x

y

))= O

(̂
ν3
∥∥∥∥(x

y

)∥∥∥∥+ ν̂2
∥∥∥∥(x

y

)∥∥∥∥2

+ ν̂

∥∥∥∥(x

y

)∥∥∥∥3

+
∥∥∥∥(x

y

)∥∥∥∥4
)

. (5.27)

Proof. By using the Taylor expansion of W around 0, the reduced system (5.14) can be rewritten
as follows:

dν̂(t)

dt
= 0,

dxc(t)

dt
= (Âνk

)cxc(t) + 1

2!Π
Âνk
c D2W(0)

(
(I + G2)

(
ν̂(t)

xc(t)

))2

+ 1

3!Π
Âνk
c D3W(0)

(
(I + G2)

(
ν̂(t)

xc(t)

))3

+ R̃1c

(
ν̂(t)

xc(t)

)
.

Set

xc =
(

0

xc1 + yc2

)
=
(

0

x(b1 + b2) + y(b1−b2
i

)

)
.

Since {̃e1, ẽ2, ẽ3} is used as the basis for Yc = Πc(Y ), i.e.,
{( 0

c1

)
,
( 0
c2

)}
is a basis of Xc :=

Π
Âνk
c (X), we obtain that

Mc =
[

0 ωk

−ωk 0

]
.

(vii) Computation of ̂H2(Y ). We have

(I + G2)

(
ν̂

xc

)
= ν̂ẽ1 + xẽ2 + yẽ3 + L2(̂νẽ1 + xẽ2 + yẽ3, ν̂ẽ1 + xẽ2 + yẽ3)

= ν̂ẽ1 + xẽ2 + yẽ3 + ν̂2L2(̃e1, ẽ1) + x2L2(̃e2, ẽ2) + y2L2(̃e3, ẽ3)

+ 2̂νxL2(̃e1, ẽ2) + 2̂νyL2(̃e1, ẽ3) + 2xyL2(̃e2, ẽ3).
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By Lemma 5.9, it follows that

(I + G2)

(
ν̂

xc

)
=
(

ν̂(
0

ξ

))
, (5.28)

where

ξ(a) = xc1(a) + yc2(a) + 2
(
x2 − y2)Re

(
ψ2,2(a)

)+ 2
(
x2 + y2)ψ2,3(a)

+ 4̂νx Re
(
ψ1,2(a)

)+ 4̂νy Im
(
ψ1,2(a)

)+ 4xy Im
(
ψ2,2(a)

)
.

Then we deduce that

1

2!D
2W(0)

((
ν̂(
0

ξ

)))2

=
(−ν̂

∫ +∞
0 ξ(l)dl

θ

)
.

By projecting on Xc, using (5.5), (5.8), (5.9), and the same identification as above, we obtain that

1

2!Π
Âνk
c D2W(0)

(
(I + G2)

(
ν̂(t)

xc(t)

))2

= Π
Âνk
c

(−ν̂
∫ +∞

0 ξ(l)dl

θ

)

=
(

−ν̂

+∞∫
0

ξ(l)dl

)
Π

Âνk
c

(
1

0

)
+ Π

Âνk
c

(
0

θ

)

=
(

−ν̂

+∞∫
0

ξ(l)dl

)∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2( 0

Re(
d�(νk,iωk)

dλ
)c1 + Im(

d�(νk,iωk)
dλ

)c2

)

+
(

0

ϕ1|ψ=θ + ϕ2|ψ=θ

)
,

where c1 and c2 are defined in (5.22), ϕ1 and ϕ2 are defined in (5.8) and (5.9). Note that(
0

ϕ1|ψ=θ + ϕ2|ψ=θ

)

=
(

0

(
d�(νk,iωk)

dλ
)−1(

Î |λ=iωk ,ϕ̂=θ

C2|λ=iωk
)b1 + (

d�(νk,−iωk)
dλ

)−1(
Î |λ=−iωk ,ϕ̂=θ

C2|λ=−iωk
)b2

)

=
∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2
(

0

Re(
d�(νk,iωk)

dλ

Î |λ=−iωk,ϕ̂=θ

C2|λ=−iωk
)c1 + Im(

d�(νk,iωk)
dλ

Î |λ=−iωk ,ϕ̂=θ

C2|λ=−iωk
)c2

)
.

Then (5.24) follows.
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Set

R̂1c

(
ν̂

xc

)
= R̃1c

(
ν̂

xc

)
+ 1

3!Π
Âνk
c

{
D3W(0)

(
(I + G2)

(
ν̂

xc

))3

− D3W(0)

(
ν̂

xc

)3
}

.

Then by (5.28), we deduce that the remainder term satisfies the order condition (5.27). Thus it

only remains to compute 1
3!D

3W(0)
(

ν̂

xc

)3
.

(viii) Computation of ̂H3(Y ). We have

D3W(0)

(
ν̂

xc

)3

=
(

0

ς

)
.

Then we obtain

1

3!Π
Âνk
c D3W(0)

(
ν̂

xc

)3

= 1

6
Π

Âνk
c

(
0

ς

)
= 1

6

(
0

ϕ1|ψ=ς + ϕ2|ψ=ς

)

= 1

6

∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2
(

0

Re(
d�(νk,iωk)

dλ

Î |λ=−iωk ,ϕ̂=ς

C2|λ=−iωk
)c1 + Im(

d�(νk,iωk)
dλ

Î |λ=−iωk ,ϕ̂=ς

C2|λ=−iωk
)c2

)

and (5.25) follows. �
The main result of this section is the following theorem in which we summarize the above

results.

Theorem 5.11. The reduced system (5.14) expressed in terms of the basis {̃e1, ẽ2, ẽ3} has the
following form

⎧⎪⎪⎪⎨⎪⎪⎪⎩
dν̂(t)

dt
= 0,

d

dt

(
x(t)

y(t)

)
= Mc

(
x(t)

y(t)

)
+ (H̃2 + H̃3 + R̂2c)

(
ν̂(t)(
x(t)

y(t)

)) ,

(5.29)

where

Mc =
[

0 ωk

−ωk 0

]
.

The map H̃2 : R3 →R2 is defined by
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H̃2

(
ν̂(
x

y

))= �2(̂ν, x, y)

∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2(Re(
d�(νk,iωk)

dλ
)

Im(
d�(νk,iωk)

dλ
)

)

+
∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2

⎛⎜⎝Re(
d�(νk,iωk)

dλ

Î |λ=−iωk,ϕ̂=θ1
C2|λ=−iωk

)

Im(
d�(νk,iωk)

dλ

Î |λ=−iωk,ϕ̂=θ1
C2|λ=−iωk

)

⎞⎟⎠ ,

where

�2(̂ν, x, y) = −ν̂

+∞∫
0

(xc1 + yc2)(l)dl,

θ1 = δνk
χ

⎡⎣(xc1 + yc2 + dsνk

dν
ν̂)
∫ +∞

0 (xc1 + yc2)(l)dl

+ (xc1 + yc2)̂ν
dSνk

dν

⎤⎦
+ dδνk

dν
χν̂

(
sνk

+∞∫
0

(xc1 + yc2)dl − (xc1 + yc2)(1 − Sνk
)

)
,

and the map H̃3 :R3 → R2 is defined by

H̃3

(
ν̂(
x

y

))= �3(̂ν, x, y)

∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2(Re(
d�(νk,iωk)

dλ
)

Im(
d�(νk,iωk)

dλ
)

)

+
∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2

⎛⎜⎝Re(
d�(νk,iωk)

dλ

Î |λ=−iωk ,ϕ̂=θ2
C2|λ=−iωk

)

Im(
d�(νk,iωk)

dλ

Î |λ=−iωk ,ϕ̂=θ2
C2|λ=−iωk

)

⎞⎟⎠
+ 1

6

∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2
⎛⎝Re(

d�(νk,iωk)
dλ

Î |λ=−iωk ,ϕ̂=ς

C2|λ=−iωk
)

Im(
d�(νk,iωk)

dλ

Î |λ=−iωk ,ϕ̂=ς

C2|λ=−iωk
)

⎞⎠ ,

where

�3(̂ν, x, y) = −ν̂

+∞∫
0

ξ1(l)dl

θ2 = δνk
χ

⎡⎢⎢⎣
(xc1 + yc2 + dsνk

dν
ν̂)
∫ +∞

0 ξ1(l)dl

+ ξ1
∫ +∞

0 (xc1 + yc2)(l)dl

+ ξ1ν̂
dSνk

dν

⎤⎥⎥⎦
+ dδνk

dν
χν̂

(
sνk

+∞∫
ξ1(l)dl − ξ1(1 − Sνk

)

)

0
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with

ξ1 = 2
(
x2 − y2)Re(ψ2,2) + 2

(
x2 + y2)ψ2,3

+ 4̂νx Re(ψ1,2) + 4̂νy Im(ψ1,2) + 4xy Im(ψ2,2)

where ψ1,2(a),ψ2,2(a), ψ2,3(a) and ς are obtained in (5.17), (5.19), (5.20), and (5.26), respec-
tively. The remainder term R̂2c ∈ C4(R3,R2) is given by

R̂2c

(
ν̂(
x

y

))= O

(̂
ν3
∥∥∥∥(x

y

)∥∥∥∥+ ν̂2
∥∥∥∥(x

y

)∥∥∥∥2

+ ν̂

∥∥∥∥(x

y

)∥∥∥∥3

+
∥∥∥∥(x

y

)∥∥∥∥4
)

.

From Theorem 5.11, dropping the auxiliary equation introduced for handling the parameter,
we get the following equation

d

dt

(
x(t)

y(t)

)
= Mc

(
x(t)

y(t)

)
+ �2(̂ν, x, y)

∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2(Re(
d�(νk,iωk)

dλ
)

Im(
d�(νk,iωk)

dλ
)

)

+
∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2

⎛⎜⎝Re(
d�(νk,iωk)

dλ

Î |λ=−iωk,ϕ̂=θ1
C2|λ=−iωk

)

Im(
d�(νk,iωk)

dλ

Î |λ=−iωk,ϕ̂=θ1
C2|λ=−iωk

)

⎞⎟⎠
+ �3(̂ν, x, y)

∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2(Re(
d�(νk,iωk)

dλ
)

Im(
d�(νk,iωk)

dλ
)

)

+
∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2

⎛⎜⎝Re(
d�(νk,iωk)

dλ

Î |λ=−iωk,ϕ̂=θ2
C2|λ=−iωk

)

Im(
d�(νk,iωk)

dλ

Î |λ=−iωk,ϕ̂=θ2
C2|λ=−iωk

)

⎞⎟⎠
+ 1

6

∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2
⎛⎝Re(

d�(νk,iωk)
dλ

Î |λ=−iωk ,ϕ̂=ς

C2|λ=−iωk
)

Im(
d�(νk,iωk)

dλ

Î |λ=−iωk ,ϕ̂=ς

C2|λ=−iωk
)

⎞⎠+ R̂2c. (5.30)

In the following we will study the direction of the Hopf bifurcation and the stability of the
bifurcating periodic solutions. We first make some preliminary remarks. Rewrite the system of
ordinary differential equations (5.30) as the following form

dX

dt
= F(X, ν̂), (5.31)

where the stationary point is X = 0 ∈ R2 and the critical value of the bifurcation parameter ν̂

is 0. Since the equilibrium solutions belong to the center manifold, we have for each |̂ν| small
enough that

F(0, ν̂) = 0.
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One may observe that ∂xF (0, ν̂) is unknown whenever ν̂ �= 0. System (5.29) only provides an
approximation at the order 2 of ∂xF (0, ν̂) with respect to ν̂. Nevertheless by using Proposi-
tion 4.22 in Magal and Ruan [43], we know that the eigenvalues λ(̂ν) of ∂xF (0, ν̂) are the roots
of the original characteristic equation

0 = �(ν,λ) = 1 − e−λ + λ2

νh(ν)
+ λ

ν

⇔ 0 = �1(ν, λ) := λ
[
λ + νκ(c)

]+ ν2κ(c)
(
1 − e−λ

)
⇔ 0 = �1(̂ν + νk, λ) := λ

[
λ + (̂ν + νk)κ(c)

]+ (̂ν + νk

)2
κ(c)

(
1 − e−λ

)
,

λ ∈ Ω, κ(c) = ( 1
c
)2

1 −
√

1 − 1
c2

and

λ(0) = ±iωk.

From Proposition 5.1, we know that for c ≥ 1 the characteristic equation has a unique pair of

complex conjugate roots λ̃(̂ν), λ̃(̂ν) close to iωk,−iωk for ν̂ in a neighborhood of 0. Here λ̃(̂ν) =
α(̂ν) + iω(̂ν), α(0) = 0 and iω(0) = iωk and

α′(0) > 0.

The spectrum of ∂xF (0, ν̂) is

σ
(
∂xF (0, ν̂)

)= {̃λn(̂ν), λ̃n(̂ν)
}
.

By using a standard procedure (see for example the proof of Lemma 3.3 on page 92 in
Kuznetsov [34]) and by introducing a complex variable z, system (5.31) can be written for suffi-
ciently small |̂ν| as a single equation:

·
z = λ̃(̂ν)z + g(z,

−
z; ν̂), (5.32)

where

λ̃(̂ν) = α(̂ν) + iω(̂ν), g(z,
−
z, ν̂) =

3∑
i+j=2

1

i!j !gij (̂ν)zi−
zj + O

(|z|3).
It is easy to check that (5.31) satisfies

1) F(0, ν̂) = 0 for ν̂ in an open interval containing 0, and 0 ∈R2 is an isolated stationary point
of F ;

2) F(X, ν̂) is jointly CL+2(L ≥ 2) in X and ν̂ in a neighborhood of (0, 0) ∈R2 ×R;
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3) DXF(0, ν̂) has a pair of complex conjugate eigenvalues λ and λ̄ such that

λ(̂ν) = α(̂ν) + iω(̂ν),

where ω(0) = ωk > 0, α(0) = 0, α′(0) �= 0,

By Hassard et al. [28, Theorem II, page 16], for (5.31) we have: there exist an εp > 0 and a
CL+1-function ν̂(ε),

ν̂(ε) =
[ L

2 ]∑
1

ν̂2iε
2i + O

(
εL+1) (0 < ε < εp) (5.33)

such that for each ε ∈ (0, εp) there exists a periodic solution Pε(t) with period T (ε), occurring
for ν̂ = ν̂(ε). The period T (ε) of Pε(t) is a CL+1-function

T (ε) = 2π

ωk

[
1 +

[ L
2 ]∑
1

τ2iε
2i

]
+ O

(
εL+1) (0 < ε < εp). (5.34)

Exactly two of the Floquet exponents of Pε(t) approach 0 as ε ↓ 0. One is 0 for ε ∈ (0, εp), the
other is a CL+1-function

κ(ε) =
[ L

2 ]∑
1

κ2iε
2i + O

(
εL+1) (0 < ε < εp). (5.35)

Pε(t) is orbitally asymptotically stable with asymptotic phase if κ(ε) < 0, and is unstable if
κ(ε) > 0.

From the above results we know that the stability of the bifurcating periodic solution and the
direction of the Hopf bifurcation are determined by the sign of κ(ε) and ν̂(ε). Now the problem
becomes to compute the coefficients κ2i and ν̂2i in (5.35) and (5.33). Applying the results in
Hassard et al. [28, pages 45–51] and using a transformation of the following form

z = ξ + χ(ξ, ξ ; ν̂)

= ξ +
L+1∑

i+j=2

1

i!j !χij (̂ν)ξ iξ
j
, χij ≡ 0 for i = j + 1,

we can change Eq. (5.32) into the Poincaré normal form as follows:

·
ξ = λ(̂ν)ξ +

[L/2]∑
j=1

cj (̂ν)ξ |ξ |2j + O
(|ξ |∣∣(ξ, ν̂)

∣∣L+1)≡ C(ξ, ξ, ν̂), (5.36)

where C(ξ, ξ, ν̂) is CL+2 jointly in ξ, ξ, ν̂ in a neighborhood of 0 ∈C×C×R, then the periodic
solution of period T (ε) such that ξ(0, ν̂) = ε of (5.36) has the form
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ξ = ε exp
[
2πit/T (ε)

]+ O
(
εL+2),

where

T (ε) = 2π

ωk

[
1 +

L∑
1

τiε
i

]
+ O

(
εL+1) (5.37)

and

ν̂(ε) =
L∑
1

ν̂iε
i + O

(
εL+1). (5.38)

Furthermore τ1, . . . , τ4 and ν̂1, . . . , ν̂4 are given by the following formulae:

ν̂1 = 0, ν̂2 = −Re c1(0)

α′(0)
, ν̂3 = 0,

ν̂4 = − 1

α′(0)

[
Re c2(0) + ν̂2 Re c′

1(0) + α′′(0)

2
ν̂2

2

]
,

τ1 = 0, τ2 = −1

ωk

[
Im c1(0) + ν̂2ω′(0)

]
, τ3 = 0,

τ4 = − 1

ωk

[
ω′(0)̂ν4 + ω′′(0)

2
ν̂2

2 + Im c′
1(0)̂ν2 + Im c2(0) − ωkτ

2
2

]
. (5.39)

The Floquet exponents of the periodic solution are given by

κ(ε) =
[ L

2 ]∑
1

κ2iε
2i + O

(
εL+1), (5.40)

where

κ2 = 2 Re c1(0), κ4 = 4 Re c2(0) + 2 Re c′
1(0)̂ν2, (5.41)

c1(0) = i

2ωk

(
g20(0)g11(0) − 2

∣∣g11(0)
∣∣2 − 1

3

∣∣g02(0)
∣∣2)+ g21(0)

2
. (5.42)

To use the bifurcation formulae for κ(ε), ν̂(ε) and T (ε), we need only compute c1(0), c′
1(0), and

c2(0). For sufficiently small ε, if κ2 �= 0, ν̂2 �= 0, the stability of the bifurcating periodic solutions
and the direction of the Hopf bifurcation are determined by the sign of κ2 and ν̂2. In applications,
usually computation of κ2 and v̂2 is sufficient.

In the following, for system (5.31) we shall obtain explicit expressions for ν̂2 and κ2 only.
From (5.39) and (5.31) we know that to compute κ2 and ν̂2 we only need c1(0). By (5.42), in
order to obtain c1(0) we only need to compute g20(0), g11(0), g02(0) and g21(0). Thus we only
need to compute at ν̂ = 0. Setting ν̂ = 0 in (5.30), we obtain the following system
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d

dt

(
x(t)

y(t)

)
= Mc

(
x(t)

y(t)

)
+
∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2
⎛⎝Re(

d�(νk,iωk)
dλ

Î |λ=−iωk ,ϕ̂=θ1
C2|λ=−iωk

)

Im(
d�(νk,iωk)

dλ

Î |λ=−iωk ,ϕ̂=θ1
C2|λ=−iωk

)

⎞⎠

+
∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2
⎛⎝Re(

d�(νk,iωk)
dλ

Î |λ=−iωk ,ϕ̂=θ2
C2|λ=−iωk

)

Im(
d�(νk,iωk)

dλ

Î |λ=−iωk ,ϕ̂=θ2
C2|λ=−iωk

)

⎞⎠+ R̂2c, (5.43)

where

θ1 = δνk
χ

[
(xc1 + yc2)

+∞∫
0

(xc1 + yc2)(l)dl

]
,

θ2 = δνk
χ

[
(xc1 + yc2)

∫ +∞
0 ξ1(l)dl

+ ξ1
∫ +∞

0 (xc1 + yc2)(l)dl

]

with

ξ1 = 2
(
x2 − y2)Re(ψ2,2) + 2

(
x2 + y2)ψ2,3 + 4xy Im(ψ2,2).

By introducing a complex variable z = y + ix, system (5.43) can be written as a single equation

·
z = iωkz(t) + g(z, z),

where g(z, z) is an expansion in powers of z and z:

g(z, z) = g20
z2

2
+ g11zz + g02

z2

2
+ g21

z2z

2
+ · · ·

in which

g11 = �1

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
�2

[
(Im Î |λ=−iωk,ϕ̂=θ1)02 + (Im Î |λ=−iωk,ϕ̂=θ1)20

+ i(Re Î |λ=−iωk,ϕ̂=θ1)02 + i(Re Î |λ=−iωk,ϕ̂=θ1)20

]

+ �3

[
(Re Î |λ=−iωk,ϕ̂=θ1)02 + (Re Î |λ=−iωk,ϕ̂=θ1)20

−i(Im Î |λ=−iωk,ϕ̂=θ1)02 − i(Im Î |λ=−iωk,ϕ̂=θ1)20

]
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ ,

g20 = g11 + �, g02 = g11 − �

with

(Re Î |λ=−iωk,ϕ̂=θ1)11 =
+∞∫
0

a∫
0

{
cos ωk(a − s)e− ∫ a

s δνk
(1−Sνk

)χ(l)dlδνk
χ(s)

[c1(s)
∫ +∞

0 c2(l)dl + c2(s)
∫ +∞

0 c1(l)dl]

}
dsda,

(Im Î |λ=−iωk,ϕ̂=θ1)11 =
+∞∫ a∫ {

sin ωk(a − s)e− ∫ a
s δνk

(1−Sνk
)χ(l)dlδνk

χ(s)

[c1(s)
∫ +∞

0 c2(l)dl + c2(s)
∫ +∞

0 c1(l)dl]

}
dsda,
0 0
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(Re Î |λ=−iωk,ϕ̂=θ1)02

=
+∞∫
0

a∫
0

{
cos ωk(a − s)e− ∫ a

s δνk
(1−Sνk

)χ(l)dlδνk
χ(s)c2(s)

+∞∫
0

c2(l)dl

}
dsda,

(Im Î |λ=−iωk,ϕ̂=θ1)02

=
+∞∫
0

a∫
0

{
sin ωk(a − s)e− ∫ a

s δνk
(1−Sνk

)χ(l)dlδνk
χ(s)c2(s)

+∞∫
0

c2(l)dl

}
dsda,

(Re Î |λ=−iωk,ϕ̂=θ1)20

=
+∞∫
0

a∫
0

{
cos ωk(a − s)e− ∫ a

s δνk
(1−Sνk

)χ(l)dlδνk
χ(s)c1(s)

+∞∫
0

c1(l)dl

}
dsda,

(Im Î |λ=−iωk,ϕ̂=θ1)20

=
+∞∫
0

a∫
0

{
sin ωk(a − s)e− ∫ a

s δνk
(1−Sνk

)χ(l)dlδνk
χ(s)c1(s)

+∞∫
0

c1(l)dl

}
dsda,

�1 = 1

2

∣∣∣∣d�(νk, iωk)

dλ

∣∣∣∣−2

|C2|λ=−iωk
|−2,

�2 = Re C2 Re

(
d�(νk, iωk)

dλ

)
+ Im C2 Im

(
d�(νk, iωk)

dλ

)
,

�3 = Re C2 Im

(
d�(νk, iωk)

dλ

)
− Im C2 Re

(
d�(νk, iωk)

dλ

)
,

� = �1

{
�2[(Re Î |λ=−iωk,ϕ̂=θ2)11 − i(Im Î |λ=−iωk,ϕ̂=θ2)11]
− �3[(Im Î |λ=−iωk,ϕ̂=θ2)11 + i(Re Î |λ=−iωk,ϕ̂=θ2)11]

}
,

and

g21 = 1

2
�1(�2 − i�3)

[
(Î |λ=−iωk,ϕ̂=θ2)12 + 3(Î |λ=−iωk,ϕ̂=θ2)30

+ i(Î |λ=−iωk,ϕ̂=θ2)21 + i3(Î |λ=−iωk,ϕ̂=θ2)03

]

with

(Î |λ=−iωk,ϕ̂=θ2)12

=
+∞∫
0

a∫
0

e− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)

⎡⎢⎢⎢⎢⎣
2c1(s)

∫ +∞
0 [−Re(ψ2,2) + ψ2,3](l)dl

+ 4c2(s)
∫ +∞

0 Im(ψ2,2)(l)dl

2[−Re(ψ2,2) + ψ2,3](s)
∫ +∞

0 c1(l)dl

+ 4 Im(ψ2,2)(s)
∫ +∞

0 c2(l)dl

⎤⎥⎥⎥⎥⎦dsda,
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(Î |λ=−iωk,ϕ̂=θ2)30

=
+∞∫
0

a∫
0

e− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)

[ 2c1(s)
∫ +∞

0 [Re(ψ2,2) + ψ2,3](l)dl

2[Re(ψ2,2) + ψ2,3](s)
∫ +∞

0 c1(l)dl

]
dsda,

(Î |λ=−iωk,ϕ̂=θ2)21

=
+∞∫
0

a∫
0

e− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)

⎡⎢⎢⎢⎢⎣
2c2(s)

∫ +∞
0 [Re(ψ2,2) + ψ2,3](l)dl

+ 4c1(s)
∫ +∞

0 Im(ψ2,2)(l)dl

2[Re(ψ2,2) + ψ2,3](s)
∫ +∞

0 c2(l)dl

+ 4 Im(ψ2,2)(s)
∫ +∞

0 c1(l)dl

⎤⎥⎥⎥⎥⎦dsda,

(Î |λ=−iωk,ϕ̂=θ2)03

=
+∞∫
0

a∫
0

e− ∫ a
s [−iωk+δνk

(1−Sνk
)χ(l)]dlδνk

χ(s)

[
2c2(s)

∫ +∞
0 [−Re(ψ2,2) + ψ2,3](l)dl

2[−Re(ψ2,2) + ψ2,3](s)
∫ +∞

0 c2(l)dl

]
dsda.

Therefore, we have

Re c1(0) = Re

[
i

2ωk

(g20g11) + g21

2

]
= −2 Re g11 Im g11 + Im � Re g11 + Re � Im g11

2ωk

+ 1

4
�1

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
�2

[
Re(Î |λ=−iωk,ϕ̂=θ2)12 + 3 Re(Î |λ=−iωk,ϕ̂=θ2)30

+ Im(Î |λ=−iωk,ϕ̂=θ2)21 + 3 Im(Î |λ=−iωk,ϕ̂=θ2)03

]

+ �3

[
Im(Î |λ=−iωk,ϕ̂=θ2)12 − 3 Im(Î |λ=−iωk,ϕ̂=θ2)30

+ Re(Î |λ=−iωk,ϕ̂=θ2)21 + 3 Re(Î |λ=−iωk,ϕ̂=θ2)03

]
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ ,

Re g11 = �1

{
�2[(Im Î |λ=−iωk,ϕ̂=θ1)02 + (Im Î |λ=−iωk,ϕ̂=θ1)20]
+ �3[(Re Î |λ=−iωk,ϕ̂=θ1)02 + (Re Î |λ=−iωk,ϕ̂=θ1)20]

}
,

Im g11 = �1

{
�2[(Re Î |λ=−iωk,ϕ̂=θ1)02 + (Re Î |λ=−iωk,ϕ̂=θ1)20]
− �3[(Im Î |λ=−iωk,ϕ̂=θ1)02 + (Im Î |λ=−iωk,ϕ̂=θ1)20]

}
,

Re � = �1

{
�2(Re Î |λ=−iωk,ϕ̂=θ1)11

− �3(Im Î |λ=−iωk,ϕ̂=θ1)11

}
,

Im � = −�1

{
�2(Im Î |λ=−iωk,ϕ̂=θ1)11

+ �3(Re Î |λ=−iωk,ϕ̂=θ1)11

}
,

and

ν̂2 = −Re c1(0)

′ , κ2 = 2 Re c1(0).

α (0)
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For the symmetric case (ii) in Proposition 5.1, we only need to replace νk and ωk by ν̂k and ω̂k ,
respectively in the expression of Re c1(0). From the above discussion we can state the following
result.

Theorem 5.12. The direction of the Hopf bifurcation is determined by the sign of ν̂2: if ν̂2 > 0
(< 0), then the bifurcating periodic solutions exist for ν > νk (ν < νk). The periodic solutions
are stable (unstable) if κ2 < 0 (> 0).

The existence of Hopf bifurcation in the structured evolutionary epidemiological model of
influenza A drift (1.2) obtained in Magal and Ruan [44] and the stability of the bifurcated periodic
solutions given in Theorem 5.12 indicate that influenza A has an intrinsic tendency to oscillate
due to the evolutionary and/or immunological changes of the influenza viruses. This will be very
helpful in understanding the seasonal occurrence of influenza A, in predicting the epidemics of
specific influenza A strains, and in designing effective vaccine programs.

5.2. An age structured population model

Now we apply the normal form theory developed in the previous sections to the age structured
population model (1.6). At first, we make the following assumptions.

Assumption 5.13. Assume that μ > 0, α > 0, γ ∈ L∞(0,+∞) is a map defined by

γ (a) = (a − τ)ne−ς(a−τ)1[τ,+∞)(a) =
{

(a − τ)ne−ς(a−τ), if a ≥ τ,

0, otherwise,

where τ ≥ 0, ς ≥ 0, n ∈ N, and assume that ς > 0 whenever n ≥ 1. The map h : R → R is
defined by

h(x) = x exp(−βx), ∀x ∈R,

where β > 0.

For the operator A defined by (1.7), we have

ρ(A) = {λ ∈C : Re(λ) > −μ
}
,

and for each λ ∈ ρ(A),

(λI − A)−1
(

χ

ψ

)
=
(

0

ϕ

)

⇔ ϕ(a) = e−(λ+μ)aχ +
a∫

0

e−(λ+μ)(a−s)ψ(s)ds.

It is readily checked that
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∥∥(λI − A)−1
∥∥≤ 1

λ + μ
, ∀λ > −μ.

So A is a Hille–Yosida operator. Now we consider A0, the part of A in X0, which is defined by

A0

(
0

ϕ

)
= A

(
0

ϕ

)
=
(

0

−ϕ′ − μϕ

)
, ∀

(
0

ϕ

)
∈ D(A0),

and

D(A0) =
{(

0

ϕ

)
∈ {0R} × W 1,1((0,+∞),R

) : ϕ(0) = 0

}
.

The linear operator A0 is the infinitesimal generator of a strongly continuous semigroup
{TA0(t)}t≥0 of bounded linear operators on X0, which is defined by

TA0(t)

(
0

ϕ

)
=
(

0

T̂A0(t)ϕ

)
with

T̂A0(t)(ϕ)(a) =
{

e−μtϕ(a − t), if a − t ≥ 0,

0, otherwise.

Then we consider {SA(t)}t≥0 ⊂ L(X) the integrated semigroup generated by A. That is the fam-

ily of bounded linear operators on X, such that for each x =
(

χ

ψ

)
∈ X, the map t → SA(t)x is

an integrated solution of the Cauchy problem

dSA(t)x

dt
= ASA(t)x + x, for t ≥ 0, and SA(0)x = 0.

Thus, we deduce that

SA(t)

(
χ

ψ

)
=
(

0

L(t)χ

)
+

t∫
0

TA0(l)

(
0

ψ

)
dl

with

L(t)(χ)(a) =
{

0, if a − t ≥ 0,

e−μaχ, if a − t ≤ 0.

Finally define a convolution

(SA ∗ f )(t) =
t∫
SA(t − s)f (s)ds
0
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for f ∈ L1(0, τ ;X). Then for each f ∈ L1(0, τ ;X), the map t → (SA ∗ f )(t) belongs to
C1([0, τ ],X0) ∩ C([0, τ ],D(A)), and

(SA � f )(t) := d

dt
(SA ∗ f )(t)

satisfies

(SA � f )(t) = A

t∫
0

(SA � f )(l)dl +
t∫

0

f (l)dl, ∀t ∈ [0, τ ].

Then the integrated solution of system (1.9) is unique and is given by

v(t) = TA0(t)

(
0

ϕ

)
+ (SA � αH

(
v(.)

))
(t), ∀t ≥ 0.

Set

X0+ := {0} × L1+(0,+∞).

The positive equilibrium solution of (1.9) is given for each α > α0 by

v̄α =
(

0

uα

)
with uα(a) = C̄ exp(−μa),

where

α0 = 1∫ +∞
0 γ (a)e−μada

, and C̄ := ln(α
∫ +∞

0 γ (a)e−μada)

β
∫ +∞

0 γ (a)e−μada
.

The linearized system of (1.9) around v̄α is

dw(t)

dt
= Aw(t) + αDH(v̄α)w(t) for t ≥ 0, v(t) ∈ X0,

where

αDH(v̄α)

(
0

ϕ

)
=
(

η(α)
∫ +∞

0 γ (a)ϕ(a)da

0

)
and

η(α) = αh′
( +∞∫

0

γ (a)ūα(a)da

)
= 1 − ln(α

∫ +∞
0 γ (a)e−μada)∫ +∞

0 γ (a)e−μada
.

To simplify the notation, we set
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Bαx = Ax + αDH(v̄α)x with D(Bα) = D(A).

In the following we summarize some results obtained in Magal and Ruan [43].

Lemma 5.14. Let Assumption 5.13 be satisfied. Then the linear operator Bα : D(A) ⊂ X → X

is a Hille–Yosida operator and

ωess
(
(Bα)0

)≤ −μ.

Set

Ω := {λ ∈C : Re(λ) > −μ
}
.

By using the above lemma, we deduce that for each λ ∈ Ω ,

λ ∈ σ(Bα) ⇔ �(α,λ) = 0,

where the characteristic function is

�(α,λ) := 1 − η(α)

+∞∫
0

γ (a)e−(λ+μ)ada for each λ ∈ Ω.

Moreover, by using the fact that γ (a) = (a − τ)ne−ς(a−τ)1[τ,+∞)(a), for each λ ∈ Ω , the char-
acteristic equation

�(α,λ) = 0

is equivalent to

1 = n!η(α)
e−(λ+μ)τ

(ς + λ + μ)n+1
. (5.44)

In the following, we regard α as the bifurcation parameter and have the following result on Hopf
bifurcation in model (1.6) (Magal and Ruan [43]).

Proposition 5.15. Let Assumption 5.13 be satisfied and assume that τ > 0. Then the character-
istic equation (5.44) with α = αk , k ∈N \ {0}, has a unique pair of purely imaginary roots ±iωk ,
where

1 = n!η(αk)
e−μτ

(

√
(μ + ς)2 + ω2

k)

and ωk > 0 is the unique solution of

−
(

ωτ + (n + 1) arctan
ω

)
= π − 2kπ,
ς + μ
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so that the age structured model (1.6) undergoes a Hopf bifurcation at the equilibrium u = uαk
.

In particular, a non-trivial periodic solution bifurcates from the equilibrium u = uαk
.

In the following we study the direction and stability of the Hopf bifurcation by applying the
normal form theory developed in previous sections to the Cauchy problem (1.9). We first include
the parameter α into the state variable. Consider the system

⎧⎪⎪⎪⎨⎪⎪⎪⎩
dα(t)

dt
= 0,

dv(t)

dt
= Av(t) + α(t)H

(
v(t)

)
,

α(0) = α0 ∈R, v(0) = v0 ∈ X0.

Making a change of variables

v(t) = v̂(t) + vα,

we obtain the system

⎧⎪⎨⎪⎩
dα(t)

dt
= 0,

dv̂(t)

dt
= Av̂(t) + α(t)H

(̂
v(t) + vα

)− α(t)H(vα).

Now setting

α = α̂ + αk,

we obtain

⎧⎪⎨⎪⎩
dα̂(t)

dt
= 0,

dv̂(t)

dt
= Av̂(t) + Ĥ (̂α, v̂),

(5.45)

where

Ĥ (̂α, v̂) := (̂α + αk)
[
H
(̂
v(t) + v(̂α+αk)

)− H(v(̂α+αk))
]
.

We have

∂v̂Ĥ (̂α, v̂)(w) = (̂α + αk)DH(̂v + v(̂α+αk))(w)

and
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∂α̂Ĥ (̂α, v̂)(̃α) = α̃

{
H(̂v + v(̂α+αk)) − H(v(̂α+αk))

+ (̂α + αk)

[
DH(̂v + v(̂α+αk))

(
dv(̂α+αk)

dα̂

)
− DH(v(̂α+αk))

(
dv(̂α+αk)

dα̂

)]}
.

So

∂v̂Ĥ (0, 0) = αkDH(vαk
) and ∂α̂Ĥ (0, 0) = 0.

Set

X =R× X, X0 =R× D(A).

Consider the linear operator A : D(A) ⊂X →X defined by

A
(

α̂

v̂

)
=
(

0

(A + αkDH(vαk
))̂v

)
=
(

0

Bαk
v̂

)
with

D(A) =R× D(A),

and the map F : D(A) →X defined by

F

(
α̂

v̂

)
=
( 0

W
(

α̂

v̂

))
,

where W : D(A) → X is defined by

W

(
α̂

v̂

)
:= (̂α + αk)

[
H(̂v + v(̂α+αk)) − H(v(̂α+αk))

]− αkDH(vαk
)(̂v).

Then we have

F

(
0

0

)
= 0 and DF

(
0

0

)
= 0.

Now we can reformulate system (5.45) as the following system

dw(t)

dt
= Aw(t) + F

(
w(t)

)
, w(0) = w0 ∈ D(A). (5.46)

The following lemmas were obtained in Magal and Ruan [43].
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Lemma 5.16. Let Assumption 5.13 be satisfied and assume that τ > 0. Then

σ(Bαk
|Π̂c(X)) = {iωk,−iωk}, σ (Bαk

|(I−Π̂c)(X)) = σ(Bαk
) \ {iωk,−iωk}

with

Π̂c = Π̂iωk
+ Π̂−iωk

,

Π̂±iωk

(
δ

ψ

)
=
(

0
d�(α,±iωk)

dλ

−1[δ + ∫ +∞
0

∫ +∞
s

γ (l)e−(±iωk+μ)(l−s)dlψ(s)ds]e−(±iωk+μ).

)
and

Π̂c

(
1

0

)
=
(

0
d�(αk,iωk)

dλ

−1
e−(iωk+μ)· + d�(αk,−iωk)

dλ

−1
e−(−iωk+μ)·

)
.

Observe that by construction we have

Bαk

(
0

e−(±iωk+μ).

)
=
(

0

−( d
da

+ μI)e−(±iωk+μ).

)
= ±iωk

(
0

e−(±iωk+μ).

)
.

Set

Π̂h := (I − Π̂c), Xc := Π̂c(X), and Xh := Π̂h(X).

Lemma 5.17. Let Assumption 5.13 be satisfied and assume that τ > 0. Then

σ(A) = σ(Bαk
) ∪ {0}.

Moreover, we have for λ ∈ ρ(A) ∩ Ω = Ω \ (σ (Bαk
) ∪ {0}) that

(λ −A)−1
(

r(
δ

ψ

))=
( r

λ

(λ − Bαk
)−1

(
δ

ψ

))

and the eigenvalues 0 and ±iωk of A are simple. The corresponding projectors Π0,Π±iωk
:X +

iX → X + iX are defined by

Π0

(
r

v

)
=
(

r

0

)
, Π±iωk

(
r

v

)
=
(

0

Π̂±iωk
v

)
, ∀

(
r

v

)
∈X + iX .

Note that we have

Πiωk
(x) = Π−iωk

(x), ∀x ∈X + iX .

In this context, the projectors Πc :X → X and Πh :X → X are defined by
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Πc(x) : = (Π0 + Πiωk
+ Π−iωk

)(x), ∀x ∈X ,

Πh(x) : = (I − Πc)(x), ∀x ∈X .

We denote

Xc := Πc(X ), Xh := Πh(X ), Ac := A|Xc
, Ah := A|Xh

.

Now we have the decomposition

X = Xc ⊕Xh.

Define the basis of Xc by

ê1 :=
( 1(

0R
0C

))
, ê2 :=

(
0R(
0R
c1

)) , ê3 =:
(

0R(
0R
c2

))

with

c1 = e−(μ+iωk). and c2 = e−(μ−iωk)..

We have

Aê1 = 0, Aê2 = iωkê2, and Aê3 = −iωkê3.

Set

w :=
(

α̂

v̂

)
=
(

α̂(
0

û

)) ∈ D(A),

Π̂cv̂ := v̂c, Π̂hv̂ := v̂h wc := Πcw =
(

α̂

Π̂cv̂

)
=
(

α̂

v̂c

)
and

wh := Πhw = (I − Πc)w =
(

0

Π̂hv̂

)
=
(

0

v̂h

)
.

Notice that
{(

0

c1

)
,
(

0

c2

)}
is the basis of Xc. Set

v̂c =
(

0

x1c1 + x2c2

)
and

χ :=
+∞∫

γ (a)e−μada = n! exp(−μτ)

(μ + ς)n+1
.

0
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We observe that for each

w1 :=
(

α̂1

v1

)
, w2 :=

(
α̂2

v2

)
∈ D(A)

with vi =
(

0R
ϕi

)
, i = 1, 2,

D2W(0)(w1,w2) = D2W(0)

((
α̂1

v1

)
,

(
α̂2

v2

))
= αkD

2H(vαk
)(v1, v2) + α̂2DH(vαk

)(v1) + α̂1DH(vαk
)(v2)

+ α̂2αkD
2H(vαk

)

(
v1,

dvα̂+αk

dα̂

∣∣∣∣̂
α=0

)
+ α̂1αkD

2H(vαk
)

(
v2,

dvα̂+αk

dα̂

∣∣∣∣̂
α=0

)
with

D2H(vαk
)

((
0

ϕ1

)
,

(
0

ϕ2

))
=
( β[ln(αkχ)−2]

αkχ

∏2
i=1

∫ +∞
0 γ (a)ϕi(a)da

0

)
.

Then

1

2!D
2W(0)(w)2 = 1

2!D
2W(0)

(
α̂(
0

û

))2

=
(˜̃ψ

0

)
,

where

˜̃ψ = − α̂

αkχ

+∞∫
0

γ (a)̂u(a)da + β(ln(αkχ) − 2)

2χ

( +∞∫
0

γ (a)̂u(a)da

)2

.

By projecting on Xc and using Lemma 5.16, we obtain

1

2!Π̂cD
2W(0)

(
α̂(
0

û

))2

= ˜̃ψΠ̂c

(
1

0

)
= ˜̃ψ [ 0

d�(αk,iωk)
dλ

−1
c1 + d�(αk,−iωk)

dλ

−1
c2

]
.

Now we compute 1
2!D

2W(0)(wc)
2, 1

2!ΠcD
2F(0)(wc)

2, 1
2!ΠhD2F(0)(wc)

2 and 1
3!D

3W(0)(wc)
3

expressed in terms of the basis {̂e1, ê2, ê3}. We first obtain that

1

2!D
2W(0)(wc)

2 = 1

2!D
2W(0)

(
α̂(
0

))2

=
(

ψ̃

0

)
,

x1c1+x2c2
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where

ψ̃ = − α̂

αkχ

+∞∫
0

γ (a)(x1c1 + x2c2)(a)da

+ β(ln(αkχ) − 2)

2χ

( +∞∫
0

γ (a)(x1c1 + x2c2)(a)da

)2

.

Thus

1

2!ΠcD
2F(0)(wc)

2 =
(

0
1
2!Π̂cD

2W(0)
((

α̂

v̂c

))2

)
=
(

0

ψ̃Π̂c

(1
0

))

=
( 0

ψ̃

[
0

d�(αk,iωk)

dλ

−1
c1+ d�(αk,−iωk)

dλ

−1
c2

])
(5.47)

and

1

2!ΠhD2F(0)(wc)
2 = 1

2! (I − Πc)D
2F(0)

((
α̂

v̂c

))2

=
( 0

ψ̃

[
1

− d�(αk,iωk)

dλ

−1
c1− d�(αk,−iωk)

dλ

−1
c2

])
. (5.48)

Next we obtain

1

3!D
3W(0)(wc)

3 = 1

3!D
3W(0)

(
α̂

v̂c

)3

=
(

ψ̂

0

)
with

ψ̂ = 1

(αk)2(1 − ln(αkχ))
α̂2
(

x1 + x2

2

)
+ 2βχ

αk(1 − ln(αkχ))2
α̂

(
x1 + x2

2

)2

+ 4β2(− ln(αkχ) + 3)χ2

3(1 − ln(αkχ))3

(
x1 + x2

2

)3

.

By Lemma 5.16, we obtain

1

3!ΠcD
3F(0)(wc)

3 =
(

0
1
3!Π̂cD

3W(0)(wc)
3

)
=
( 0

ψ̂Π̂c

(
1

0

))

=
( 0

ψ̂

[
0

d�(α ,iω ) −1 d�(α ,−iω ) −1

])
. (5.49)
k k
dλ

c1+ k k
dλ

c2
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In the following we will compute the normal form of system (5.46). Define
Θc

m : V m(Xc,Xc) → V m(Xc,Xc) by

Θc
m(Gc) := [Ac,Gc], ∀Gc ∈ V m(Xc,Xc), (5.50)

and Θh
m : V m(Xc,Xh ∩ D(A)) → V m(Xc,Xh) by

Θh
m(Gh) := [A,Gh], ∀Gh ∈ V m

(
Xc,Xh ∩ D(A)

)
. (5.51)

We decompose V m(Xc,Xc) into the direct sum

V m(Xc,Xc) =Rc
m ⊕ Cc

m,

where

Rc
m := R

(
Θc

m

)
,

is the range of Θc
m, and Cc

m is some complementary space of Rc
m into V m(Xc,Xc). Define

Pm : V m(Xc,X ) → V m(Xc,X ) the bounded linear projector satisfying

Pm

(
V m(Xc,X )

)=Rc
m ⊕ V m(Xc,Xh), and (I −Pm)

(
V m(Xc,X )

)= Cc
m.

Now we apply the method described in Theorem 4.4 for k = 3 to system (5.46). The main
point is to compute G2 ∈ V 2(Xc,D(A)) defined such that

[A,G2](wc) =P2

[
1

2!D
2F(0)(wc,wc)

]
for each wc ∈Xc (5.52)

in order to obtain the normal form because the reduced system is the following

dwc(t)

dt
=Acwc(t) + 1

2!ΠcD
2F3(0)

(
wc(t),wc(t)

)
+ 1

3!ΠcD
3F3(0)

(
wc(t),wc(t),wc(t)

)+ Rc

(
wc(t)

)
(5.53)

where

1

2!ΠcD
2F3(0)(wc,wc) = 1

2!ΠcD
2F2(0)(wc,wc)

= 1

2!ΠcD
2F(0)(wc,wc) − [Ac,ΠcG2](wc) (5.54)

and

1

3!ΠcD
3F3(0)(wc,wc,wc) = 1

3!ΠcD
3F2(0)(wc,wc,wc) − Πc[A,G3](wc)

= 1
ΠcD

3F2(0)(wc,wc,wc) − [Ac,ΠcG3](wc). (5.55)

3!
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Set

Gm,k := ΠkGm, ∀k = c,h, m ≥ 2.

Recall that (5.52) is equivalent to finding G2,c ∈ V 2(Xc,Xc) and G2,h ∈ V 2(Xc,Xh ∩ D(A))

satisfying

[Ac,G2,c] = ΠcP2

[
1

2!D
2F(0)(wc,wc)

]
(5.56)

and

[A,G2,h] = ΠhP2

[
1

2!D
2F(0)(wc,wc)

]
. (5.57)

From (5.55), we know that the third order term 1
3!ΠcD

3F2(0)(wc,wc,wc) in the equation is
needed after computing the normal form up to the second order. In the following lemma we find
the expression of 1

3!ΠcD
3F2(0)(wc,wc,wc).

Lemma 5.18. Let G2 ∈ V 2(Xc,D(A)) be defined in (5.52). Then after the change of variables

w = w + G2(Πcw), (5.58)

system (5.46) becomes (after dropping the bars)

dw(t)

dt
=Aw(t) + F2

(
w(t)

)
, w(0) = w0 ∈ D(A),

where

F2
(
w(t)

)= F
(
w(t)

)− [A,G2]
(
wc(t)

)+ O
(∥∥w(t)

∥∥3)
.

In particular,

1

3!ΠcD
3F2(0)(wc,wc,wc)

= ΠcD
2F(0)

(
wc,G2(wc)

)+ 1

3!ΠcD
3F(0)(wc,wc,wc)

− DG2,c(wc)

[
1

2!ΠcD
2F(0)(wc,wc) − [Ac,G2,c](wc)

]
. (5.59)

Proof. From Proposition 3.8, the first part is obvious. We only need to prove the formula (5.59).
Set

wk(t) := Πkw(t), wk(t) := Πkw(t), ∀k = c,h.

We can split the system (5.46) as
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dwc(t)

dt
=Acwc(t) + ΠcF

(
wc(t) + wh(t)

)
,

dwh(t)

dt
=Ahwh(t) + ΠhF

(
wc(t) + wh(t)

)
.

Note that (5.58) is equivalent to

wc = wc + G2,c(wc), wh = wh + G2,h(wc).

Since dim(Xc) < +∞, we have

·
wc(t) = [I + DG2,c

(
wc(t)

)]−1[Ac

(
wc(t) + G2,c

(
wc(t)

))+ ΠcF
(
w(t) + G2

(
wc(t)

))]
=Ac

(
wc(t) + G2,c

(
wc(t)

))+ ΠcF
(
w(t) + G2

(
wc(t)

))
− DG2,c

(
wc(t)

)[
Ac

(
wc(t) + G2,c

(
wc(t)

))+ ΠcF
(
w(t) + G2

(
wc(t)

))]
+ DG2,c

(
wc(t)

)
DG2,c

(
wc(t)

)[Ac(wc(t) + G2,c(wc(t)))

+ ΠcF(w(t) + G2(wc(t)))

]
+ O

(∥∥w(t)
∥∥4)

.

Hence

ΠcF2
(
w(t)

)
= ΠcF

(
w(t) + G2

(
wc(t)

))− [Ac,G2,c]
(
wc(t)

)
− DG2,c

(
wc(t)

)[
ΠcF

(
w(t) + G2

(
wc(t)

))− [Ac,G2,c]
(
wc(t)

)]+ O
(∥∥w(t)

∥∥4)
.

Let wc ∈Xc. It follows that

ΠcF2(wc) = ΠcF
(
wc + G2(wc)

)− [Ac,G2,c](wc)

− DG2,c(wc)
[
ΠcF

(
wc + G2(wc)

)− [Ac,G2,c](wc)
]+ O

(‖wc‖4).
Thus we have

ΠcF2(wc) = 1

2!ΠcD
2F(0)(wc,wc) − [Ac,G2,c](wc)

+ ΠcD
2F(0)

(
wc,G2(wc)

)+ 1

3!ΠcD
3F(0)(wc,wc,wc)

− DG2,c(wc)

[
1

2!ΠcD
2F(0)(wc,wc) − [Ac,G2,c](wc)

]
+ O

(‖wc‖4).
Then (5.59) follows and the proof is complete. �

Set

wc = α̂ê1 + x1ê2 + x2ê3.
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We shall compute the normal form expressed in terms of the basis {̂e1, ê2, ê3}. Consider
V m(C3,C3) and V m(C3,Xh ∩ D(A)), which denote the linear space of the homogeneous poly-
nomials of degree m in 3 real variables, α̂, x = (x1, x2) with coefficients in C3 and Xh ∩ D(A),
respectively. The operators Θc

m and Θh
m considered in (5.50) and (5.51) now act in the spaces

V m(C3,C3) and V m(C3,Xh ∩ D(A)), respectively, and satisfy

Θc
m(Gm,c)

⎛⎝ α̂

x1

x2

⎞⎠ = [Ac,Gm,c]
⎛⎝ α̂

x1

x2

⎞⎠= DGm,cAc

⎛⎝ α̂

x1

x2

⎞⎠−AcGm,c

⎛⎝ α̂

x1

x2

⎞⎠

=

⎛⎜⎜⎜⎜⎝
DxG1

m,c

(
α̂

x1

x2

)
Mcx(

Dx

(
G2

m,c

G3
m,c

)( α̂

x1

x2

)
Mc

(
x1

x2

)
− Mc

(
G2

m,c

G3
m,c

)( α̂

x1

x2

))
⎞⎟⎟⎟⎟⎠ ,

Θh
m(Gm,h) = [A,Gm,h] = DGm,hAc −AhGm,h,

∀Gm,c

⎛⎝ α̂

x1

x2

⎞⎠=
⎛⎜⎝G1

m,c

G2
m,c

G3
m,c

⎞⎟⎠
⎛⎝ α̂

x1

x2

⎞⎠ ∈ V m
(
C3,C3), ∀Gm,h ∈ V m

(
C3,Xh ∩ D(A)

)
(5.60)

with

Ac =
⎡⎣0 0 0

0 iωk 0

0 0 −iωk

⎤⎦ and Mc =
[

iωk 0

0 −iωk

]
.

We define Θc
m : V m(C3,C2) → V m(C3,C2) by

Θc
m

(
G2

m,c

G3
m,c

)
= Dx

(
G2

m,c

G3
m,c

)
Mc

(
x1

x2

)
− Mc

(
G2

m,c

G3
m,c

)
,

∀
(

G2
m,c

G3
m,c

)
∈ V m

(
C3,C2). (5.61)

Lemma 5.19. For m ∈ N\{0, 1}, we have the decomposition

V m
(
C3,C2)= R

(
Θc

m

)⊕ N
(
Θc

m

)
(5.62)

and

N
(
Θc

m

)= span

⎧⎨⎩
(

0

x
q1
1 x

q2
2 αq3

)
,

(
x

q′
1

1 x
q′
2

2 α
q′
3

0

)∣∣∣q1 − q2 = −1,

q ′
1 − q ′

2 = 1, qi, q ′
i ∈ N, i = 1, 2, 3

⎫⎬⎭ . (5.63)
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Proof. The canonical basis of V m(C3,C2) is

Φ =
{(

x
q1
1 x

q2
2 αq3

0

)
,

(
0

x
q1
1 x

q2
2 αq3

)∣∣∣q1 + q2 + q3 = m

}
.

Since Mc =
[

iωk 0

0 −iωk

]
, for each

(
x

q1
1 x

q2
2 αq3

0

)
,

(
0

x
q1
1 x

q2
2 αq3

)
∈ Φ , we have

Θc
m

(
x

q1
1 x

q2
2 αq3

0

)
= Dx

(
x

q1
1 x

q2
2 αq3

0

)
Mc

(
x1

x2

)
− Mc

(
x

q1
1 x

q2
2 αq3

0

)
= iωk(q1 − q2 − 1)

(
x

q1
1 x

q2
2 αq3

0

)
and

Θc
m

(
0

x
q1
1 x

q2
2 αq3

)
= Dx

(
0

x
q1
1 x

q2
2 αq3

)
Mc

(
x1

x2

)
− Mc

(
0

x
q1
1 x

q2
2 αq3

)
= iωk(q1 − q2 + 1)

(
0

x
q1
1 x

q2
2 αq3

)
.

Hence the operators Θc
m defined in (5.61) have diagonal matrix representation in the canonical

basis of V m(C3,C2). Thus, (5.62) and (5.63) hold. �
From (5.63), we obtain

N
(
Θc

2

)= span

{(
x1α̂

0

)
,

(
0

x2α̂

)}
,

N
(
Θc

3

)= span

{(
x2

1x2

0

)
,

(
x1α̂2

0

)
,

(
0

x1x2
2

)
,

(
0

x2α̂2

)}
. (5.64)

Define P R
m and P N

m : V m(C3,C2) → V m(C3,C2) the bounded linear projectors satisfying

P R
m

(
V m
(
C3,C2))= R

(
Θc

m

)
and

P N
m

(
V m
(
C3,C2))= N

(
Θc

m

)
.

We are now ready to compute the normal form of the reduced system expressed in terms of the
basis {̂e1, ê2, ê3} of Xc. From (5.47), (5.48), (5.56), (5.57), (5.60)–(5.62) and (5.64), we know

that to find G2 ∈ V 2(Xc,D(A)) defined in (5.52) is equivalent to finding G2,c =
⎛⎜⎝G1

2,c

G2
2,c

G3
2,c

⎞⎟⎠ :=

ΠcG2 ∈ V 2(C3,C3) and G2,h := ΠhG2 ∈ V 2(C3,Xh ∩ D(A)) such that
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[Ac,G2,c]
(

α̂(
x1

x2

))=
⎛⎝ DxG1

2,cMcx

Dx

(
G2

2,c

G3
2,c

)
Mc

(
x1

x2

)
− Mc

(
G2

2,c

G3
2,c

)⎞⎠=
(

0

P R
2 (Ĥ 1

2 )

)

and

[A,G2,h] = DG2,hAc −AhG2,h

=
( 0

ψ̃

[
1

− d�(αk,iωk)

dλ

−1
c1− d�(αk,−iωk)

dλ

−1
c2

])

where

Ĥ 1
2

(
α̂(
x1

x2

))= ψ̃

[
d�(αk,iωk)

dλ

−1

d�(αk,−iωk)
dλ

−1

]

=
(

A1x1α̂ + A2α̂x2 + 1
2a20x2

1 + a11x1x2 + 1
2a02x2

2

Ā1x2α̂ + A2α̂x1 + 1
2 ā02x2

1 + ā11x1x2 + 1
2 ā20x2

2

)
with

A1 = A2 = −d�(αk, iωk)

dλ

−1 1

αk(1 − ln(αkχ))
,

a20 = a11 = a02 = d�(αk, iωk)

dλ

−1 χβ(ln(αkχ) − 2)

(1 − ln(αkχ))2
.

From (5.54), it is easy to obtain the second order terms of the normal form expressed in terms
of the basis {̂e1, ê2, ê3}:

1

2!ΠcD
2F3(0)(wc,wc) = (̂e1, ê2, ê3)

(
0

P N
2 (Ĥ 1

2 )

)

= (̂e1, ê2, ê3)

(
0(

A1x1α̂

A1x2α̂

))
= A1x1α̂ê2 + A1x2α̂ê3.

Notice that the terms O(|x|α2) are irrelevant to determine the generic Hopf bifurcation. Hence,
it is only needed to compute the coefficients of(

0(
x2

1 x2

0

)) and

(
0( 0

x1x2
2

))

in the third order terms of the normal form. Firstly from Chu et al. [12, pages 22–24] and by
computing we obtain
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G2,h

( 0(
x1

x2

))=
( 0(

0

Ψ

))
with

Ψ = x2
1ψ2,2 + x2

2ψ3,3 + 2x1x2ψ2,3

and

G2,c

( 0(
x1

x2

))=
⎛⎝ 0(

1
i2ωk

(a20x2
1−2a11x1x2− 1

3 a02x2
2 )

1
i2ωk

( 1
3 ā02x2

1+2ā11x1x2−ā20x2
2 )

)⎞⎠ .

Therefore we have

[
D2W(0)

(
wc,G2(wc)

)]
α̂=0 =

( β(ln(αkχ)−2)
χ

S1S2

0

)
with

S1 =
+∞∫
0

γ (a)(x1c1 + x2c2)(a)da,

S2 =
+∞∫
0

γ (a)

( 1
i2ωk

(a20x2
1 − 2a11x1x2 − 1

3a02x2
2)c1

+ 1
i2ωk

( 1
3 ā02x2

1 + 2ā11x1x2 − ā20x2
2)c2 + Ψ

)
(a)da.

Hence [
Π̂cD

2W(0)
(
wc,G2(wc)

)]
α̂=0

= β(ln(αkχ) − 2)

χ
S1S2

(
Π̂c

(
1

0

))
= β(ln(αkχ) − 2)

χ
S1S2

[
0

d�(αk,iωk)
dλ

−1
c1 + d�(αk,−iωk)

dλ

−1
c2

]
. (5.65)

From (5.49), (5.59) and (5.65), we have[
1

3!ΠcD
3F2(0)(wc,wc,wc)

]
α̂=0

=

⎛⎜⎜⎜⎝
0⎛⎜⎜⎝ψ̂

[
0

d�(αk,iωk)

dλ

−1
c1+ d�(αk,−iωk)

dλ

−1
c2

]

+ β(ln(αkχ)−2)

χ
S1S2

[
0

d�(αk,iωk)

dλ

−1
c1+ d�(αk,−iωk)

dλ

−1
c2

]
⎞⎟⎟⎠
⎞⎟⎟⎟⎠ .

Now we obtain the third order terms of the normal form expressed in terms of the basis {̂e1, ê2, ê3}



1008 Z. Liu et al. / J. Differential Equations 257 (2014) 921–1011
1

3!ΠcD
3F3(0)(wc,wc,wc)

= (̂e1, ê2, ê3)

⎛⎜⎜⎜⎜⎜⎜⎝

0

P N
3

⎛⎜⎜⎜⎜⎜⎝
4β2(− ln(αkχ)+3)χ2

3(1−ln(αkχ))3
(

x1+x2
2 )3

⎡⎢⎣ d�(αk,iωk)

dλ

−1

d�(αk,−iωk)

dλ

−1

⎤⎥⎦
+
⎛⎜⎝ d�(αk,iωk)

dλ

−1 β(ln(αkχ)−2)

χ
S1S2

d�(αk,−iωk)

dλ

−1 β(ln(αkχ)−2)

χ
S1S2

⎞⎟⎠

⎞⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎠+ O
(|x |̂α2)

= (̂e1, ê2, ê3)

( 0(
C1x2

1 x2

C1x1x2
2

))+ O
(|x |̂α2)

with

C1 =

⎡⎢⎢⎣
i

2ωk
(a2

11 − 7
3 |a11|2) + d�(αk,iωk)

dλ

−1 β2(− ln(αkχ)+3)χ2

2(1−ln(αkχ))3

+ d�(αk,iωk)
dλ

−1 β(ln(αkχ)−2)
1−ln(αkχ)

[∫ +∞
0 γ (a)ψ2,2(a)da

+∫ +∞
0 γ (a)2ψ2,3(a)da

]
⎤⎥⎥⎦ .

Therefore we obtain the following normal form of the reduced system

d

dt

(
x1(t)

x2(t)

)
= Mc

(
x1(t)

x2(t)

)
+
(

A1x1α̂

A1x2α̂

)
+
(

C1x2
1x2

C1x1x2
2

)
+ O

(|x |̂α2 + ∣∣(̂α, x)
∣∣4).

The normal form above can be written in real coordinates (w1,w2) through the change of
variables x1 = w1 − iw2, x2 = w1 + iw2. Setting w1 = ρ cos ξ , w2 = ρ sin ξ , this normal form
becomes {

ρ̇ = ι1α̂ρ + ι2ρ3 + O
(̂
α2ρ + ∣∣(ρ, α̂)

∣∣4),
ξ̇ = −σk + O

(∣∣(ρ, α̂)
∣∣), (5.66)

where

ι1 = Re(A1), ι2 = Re(C1).

Following Chow and Hale [8] we know that the sign of ι1ι2 determines the direction of the
bifurcation and that the sign of ι2 determines the stability of the nontrivial periodic orbits. In
summary we have the following theorem.

Theorem 5.20. The flow of (1.6) on the center manifold of the origin at α = αk , k ∈ N+, is given
by (5.66). Furthermore, we have the following

(i) Hopf bifurcation is supercritical if ι1ι2 < 0, and subcritical if ι1ι2 > 0;
(ii) the nontrivial periodic solution is stable if ι2 < 0, and unstable if ι2 > 0.
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Remark 5.21. We would like to mention that since the normal form theory and the computa-
tion procedure developed in Sections 3 and 4 is for general semilinear Cauchy problems, the
theory and technique of computing the reduced system and normal form could be applied to
other types of equations such as transport equations (Perthame [53]), reaction–diffusion equa-
tions (Kokubu [33], Eckmann et al. [18]), and partial differential equations with delay (Faria [22,
23]).
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