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Abstract

We consider a system of non densely defined Cauchy problems and we investigate
the persistence of normally hyperbolic manifolds. The notion of exponential dichotomy
is used to characterize the normal hyperbolicity and a generalized Lyapunov-Perron
approach is used in order to prove our main result. The result presented in this article
extend the previous results on the center manifold by allowing a nonlinear dynamic in
the unperturbed central part of the system. We consider two examples to illustrate our
results. The first example is a parabolic equation coupled with an ODE that can be
considered as an interaction between an antimicrobial and bacteria while the second
one is a Ross-Macdonald epidemic model with age of infection. In both examples we
were able to reduce the infinite dimensional system to an ordinary differential equation.
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1 Introduction

The invariant manifolds theory plays an important role in understanding the asymptotic be-
havior of dynamical systems. It can be traced back to Poincaré [41]|, Hadamard [19], Lyapunov
[28] and Perron [38, 39, 40]. Intuitively persistence of normally hyperbolic invariant manifolds (see
Definition 3.9) can be understood as a generalization of the persistence of hyperbolic equilibrium
point to invariant sets (for example a set of equilibrium points, heteroclinic orbit, homoclinic orbit)
[4]. This generalization can be done if we know the dynamic in the invariant manifold as well as the
dynamic on its normal directions. Roughly speaking in this paper the orbits lying in the manifold
behave like in a center manifold while the orbits lying on the normal directions expend or contract



toward the manifold. To describe such a behavior the notion of exponential dichotomy will be used
rather than the definition introduced in [4, 5, 13, 14, 15, 23]. Exponential dichotomy has been
already used by several authors to describe normal hyperbolicity (see |6, 26, 35, 45, 46] and the
references therein).

This theory has a long and rich history. It was popularized by Fenichel in the series of papers
[13, 14, 15] and Hirsch Pugh and Shub [23] in the context of finite time dimensional settings. Since
then many work have been done in finite and in infinite dimension so that it is very difficult to
give an exhaustive list. We refer to [6, 15, 24, 26, 36, 45, 56| for different approaches and results
on this subject for ordinary differential equations. By contrast of the finite dimensional setting,
normally hyperbolic manifold have been hardly considered in the context of infinite dimensional
dynamical systems. In the best of our knowledge Henry [21] obtained one of the earliest result on
this topic for semilinear parabolic equations with a proof based on Lyapunov-Perron approach. A
remarkable work in this direction can be attributed to Bates, Lu and Zeng [4, 5|. A closely related
result to [4] can be found in [27] where the authors have investigated invariant manifolds for PDEs.
In the present paper we will study the persistence of normally hyperbolic manifolds for a class of
non densely defined problem. We consider the following system of equations

{u(t) =F(u@®)+ K u(t),v(t), t >ty and u(ty) =z € X, - (L1)
0(t) = [A+ B(u(t))]v(t) + G (u(t),v(t)), t >0 and v(tg) =y € D(A)

where the dot denote the derivative with respect to ¢. Here A: D (A) C Y — Y is an unbounded
linear operator with possibly non dense domain while B(.) : X — L£(D (A),Y). The functions
K:XxD(A) - X and G: X x D(A) — Y are non-linear bounded and Lipschitz continuous
maps while F' : X — X can be a bounded linear operator or a Lipschitz continuous non linear
map. We note that the main complexity of such systems arise from the fact that in general we have
D(A) #Y.

In order to understand the notion of solution we will use the notion of integrated semigroups.
Integrated semigroup was first introduced in the Hille-Yosida case by Ardent [1, 2, 3|, Thieme [48]
and other. See [3, 33| for a nice survey. This theory allows to deal with semilinear Cauchy problem
(see [49, 29]). More recently this theory has been extended to the non Hille-Yosida case by Magal
and Ruan [30, 31, 32] and Thieme [50]. We refer to Magal and Ruan [33] for a updated overview
on the theory of abstract semilinear problem.

Next we briefly describe the main ideas used in order to obtain persistence of a normally hyper-
bolic manifold.

Step 1: System (1.1) might be considered as a perturbation of

{u(t) = F(u(t)), t >ty and u(ty) =z € X, - 12)
o(t) = [A+ B(u(t)]v(t), t >ty and v(ty) =y € D(A). ‘
If we set L

M =X x {0y} ={(z,¥(x)) e X x D(A): z € X}
with

W(z) =0, Vo € X

then M is an invariant manifold for (1.2) (see Definition 3.9). Thus the normal hyperbolicity of M
is expressed in term of exponential growth condition for system (1.2). More precisely we assume
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that solution of the u-equation of (1.2) growth sub-exponentially (like in a center manifold) and the
evolution family generated by the v-equation of (1.2) has an exponential dichotomy (see Definition
2.12).
Step 2: We consider

{ a(t) = F(u(t)) + K(u(t),v(t), t >ty and u(to) =z € X, (1.3)

0(t) = [A+ B(u(t))]v(t), t >ty and v(tg) =y € D(A). ’

and show that if the Lipschitz norm of K is sufficiently small then the u-equation of (1.3) growth
sub-exponentially and the evolution family generated by the v-equation of (1.3) has an exponential
dichotomy.
Step 3: Finally we come back to system (1.1) to perform a fixed point problem that leads to the
existence of the desired normally hyperbolic manifold

M= {(z,¢(z)) € X x D(A): x € X}.
Note that it is not so restrictive to consider X x {0y} as an invariant manifold since in many
situations a change of coordinates system allows to bring the study in this context. This is the case
when the manifold is expressed as a graph of a function. We also refer to [21] where a coordinates
change is proposed in order to bring the persistence of some general manifold to our context. In
this paper we will show that under sufficient conditions on B, K, F' and G, system (1.1) admits a
unique normally hyperbolic invariant manifold.

Note that the assumptions on the operator A (See Assumptions 2.1 and 2.3) in system (1.1)
allows to account several classes of differential equations. More precisely it incorporate retarded
functional differential equations, parabolic differential equations with local or non local boundary
conditions as well as hyperbolic differential equations with linear or non linear boundary conditions.
Therefore the result presented in this paper can be applied to a wide class of differential equations
(see [8, 30, 31] for more details).

To the best of our knowledge, the persistence of normally hyperbolic invariant manifold for
system (1.1), with A non densely defined and non Hille-Yosida operator is not studied in the
literature. When A is Hille-Yosida a resent result on the existence of unstable manifold was obtained
by Jendoubi [25]. In [25] the results are based on the extrapolation method to define the notion
of mild solution for the abstract Cauchy problem and a non-autonomous variation of constants
formula obtain previously by Giihring and Rébiger [17]. Here since A is not Hille-Yosida such
appraoch no longer applies. Instead, we extended Giihring and Rébiger’s [17] non autonomous
variation of constants in Magal and Seydi [34] (see Lemma 2.9).

This paper can be regarded as a first step for a singular perturbation theory in the context of
non densely defined Cauchy problems. Also the results presented in this article can be regarded
as an extension of the center manifold theorem presented in Magal and Ruan [32] whenever F is a
bounded linear map on X and B = 0. To be more precise in [32| the authors proved the existence
of a center manifold for the following system

| £ (1.9
0(t) = Av(t) + G (u(t),v(t)), t >ty and v(tg) =y € D(A)

where A, is a bounded linear operator such that A. is a bounded linear operator on X satisfying
for each By > 0,

{u(t) = Acu(t) + K (u(t),v (1), t >ty and u(ty) =z € X,

sup e ol [[edet ]| £y < o0,
teR



and the semigroup generated by Ag (the part of A in D(A)) has an exponential dichotomy. Com-
pared to (1.4) the major difficulty arise from the v-equation of system (1.1) where the unperturbed
part [A + B(u(t))]v(t) may depends non linearly in u(t). The foregoing discussion of our method-
ology in Step 1, 2, 3 will be used to generalize the Lyapunov-Perron method in order to deal with
the persistence of the normally hyperbolic manifold.

The paper is organized as follow. In Section 2 we present notions that will be used in this
paper. Namely the notion of mild solutions and exponential dichotomy. We also recall some results
proved in [34]. In Section 3 we present our main result. In Section 4 we illustrate our results by
considering two examples. The first example is a parabolic equation coupled with an ODE that
can be considered as an interaction between an antimicrobial and bacteria while the second one is a
Ross-Macdonald epidemic model with age of infection. In both examples we show that our results
apply to these examples, and permit to reduce an infinite dimensional system to a scalar ordinary
differential equation. The examples serve to illustrate the assumptions of our theoretical results
and show how to verify such assumptions. In Section 5 we prove some crucial results related to the
persistence of exponential dichotomy while Section 6 consists of the proof of the main result of this

paper.

2 Preliminaries

In this section we will give the definitions that will be needed in the sequel. We will briefly
discuss and recall some results proved in [34]. Since the domain of the linear operator A may be
not dense in Y, we need to make some non classical assumption in order to deal with the non-
homogeneous problem. Set Yj := D(A) and consider Ay : D(Ag) C Yy — Y the part of A in Yj
that is

Aoy = Ay, Vy S D(Ao),

and
D(Ap) ={y € D(A) : Ay € Yo}.

Let B: R — L(Yp,Y) be given. Consider the following non homogeneous Cauchy problem
w(t) = [A+Bt)]w)+ f(t), t>ty and wv(to) =y € Yy, (2.1)
with f € L}, .(R,Y). Let us also consider the linear non autonomous Cauchy problem

w(t) = [A+ B(t)] w(t), t>ty and w(te) =wo € Yo. (2.2)

Assumption 2.1 We assume that

(i) There ezist two constants wqg € R and My > 1, such that (wa,+00) C p(A) (the resolvent set
of A) and
H(AI—A)*’“H < Mah—wa) ", VA > wa, k> 1
L(Yo)

(i) lim (M —A)ly=0, WyevY.
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It is important to note that Assumption 2.1 do not say that A is a Hille-Yosida linear operator
since the operator norm in (i) is taken into Yy C Y (where the inclusion can be strict) instead of Y.
However from [32, Lemma 2.1] we have p(A) = p(Ap). Note that

(M — A)7 lyy= (M — Ag) !

and Assumption 2.1-(ii) is equivalent D(A) = D(Ap) = Yo.
Therefore we have the following lemma.

Lemma 2.2 Assumption 2.1 is satisfied if and only if p(A) # 0 and (Ag, D(Ag)) generates a
strongly continuous semigroup {Ta,(t) >0 C L(Yo) with

T4, (D)l £(ve) < Mye®at Yt > 0.

In order to obtain existence and uniqueness of solutions for (2.1) whenever f is a continuous map,
we will require the following assumption.

Assumption 2.3 Assume that for any 7 > 0 and f € C([0,7],Y) there exists vy € C([0,7],Y))
an integrated (mild) solution of
do(t)

dt

= Av(t) + f(t), Vt € [0,7] and v(0) =0

that is to say that
t
/ vy(r)dr € D(A),Vt € [0, 7]
0

and
ve(t) = A/o vg(r)dr —i—/o f(r)dr, ¥t € [0, 7].

Moreover we assume that there exists a non decreasing map 6 : [0,4+00) — [0,400) with 6(t) — 0
as t — 0% such that for each f € C([0,7],Y) and each T > 0 we have

v ()] < 6(t) sup [|f(s)]], V¢ € [0, 7].
s€[0,t]

Remark 2.4 In Assumption 2.3 the uniqueness of mild solutions is a consequence of a uniqueness
result proved by Thieme [48]. Moreover it is a work in itself to check the existence of such mild
solutions. It is important to observe that we require the mild solutions to exist only for the continuous
function t — f(t). This together with the L°°-estimation, this is the magjor difference with the
standard Hille- Yosida case.

In the general, necessary and sufficient condition has been obtain in Magal and Ruan [30] (by
using a condition of the resolvent of A) and Thieme [50] (by using a condition of the integrated
semigroup generated by A).

For abstract parabolic equation, the case of almost sectorial operator has been considered. One
can use some sufficient estimation on the resolvent of A to derive Assumption 2.3. We refer to
Ducrot, Magal and Prevost [8] and Ducrot and Magal [7].

We refer to the monograph of Magal and Ruan [33] for more detailed discussions and examples.



Remark 2.5 Note that Assumptions 2.1 and 2.3 are satisfied whenever A is Hille-Yosida (see [35]
for this result) and we have the following estimate

t
los®ll < [ Maeseds sup 6] v 0.
0 s€[0,t]

Assumption 2.6 Assume that {B(t)}er C L(Y0,Y) is strongly continuous that is to say that for
any y € Yo, the map t — B(t)y is continuous. Assume in addition that t — B(t) is locally bounded
i norm of operator that is

?up ] ||B(t)H£(yO’y) < 400, Vn € N.
te|—n,n

Define
A= {(t,tg) ER? : t > to}

Recall that {Ug(t,%0) }(t,19)ea C £(Y0) is an evolution family if and only if
Ug(t,)Ug(l,tg) = Ug(t,to), Vt,l,tg € R with t > 1 > ¢y,

and
Ug(t,t)y =y, Vt € R and Yy €Y.

Definition 2.7 Let to € R and f € C([tg, +0),Y) be fized. We say that w € C([tg,+00),Yp) is a
mild solution of (2.1) if and only if

/tw(r)dr € D(A), Vt >t

to

and
t

wt)=y+A [ w(r)dr+ /t B(r)w(r)dr + tt f(r)dr, Yt > ty.

to to

Definition 2.8 Let f € C(R,Y) be fized. We say that w € C(R,Yp) is a mild solution of (2.1) if
and only if
t
/ w(r)dr € D(A), V(t,1) € A
to

and
¢

w(t) =w(ty) + A | w(r)dr+ /tB(T‘)w(T)dT‘ + ttf(r)dr, Y(t, to) € A.

to to

The following result will play a crutial role in the analysis of the problem. This result has been
proved in [34].



Lemma 2.9 (Non autonomous variation of constants formula) Let Assumptions 2.1, 2.3 and
2.6 be satisfied. Then (2.2) generates a unique evolution family {Ug(t,t0)}t10)ea C L(Yo) with
Us(»to)y € C(lto, +0), Yo) the fized point of

t
Ug(t,to)y =Ta,(t —to)y+ lim T, (t — s)ARN(A)B(s)Ug(s,to)yds, ¥Vt > to,

)\4}“1’00 tO

where Ry(A) := (M — A)~! is the resolvent of A.

Moreover the following properties hold true :

(i) Forallf € C(R,Y), to € R andy € Yy, there exists a unique mild solution w € C([ty, +0), Yp)
of (2.1). Moreover w is given by the non autonomous variation of constants formula

w(t) =Ug(t,to)y + )\Em Ug(t,r)ARx(A) f(r)dr.

+oo to

(ii) If supser | B(t)ll £(vo,y) < +00 then there exists some constants M >1 and & € R such that
1UB(t,t0) | 2(vy) < MeUT10) (¢, 1) € A

Remark 2.10 The above result is non trivial since Ry(A) (the resolvent of A) and Ug(t, s) do not
commute. One can also prove (see [32, Lemma 2.2]) that

lim AR (A)y=y<yec D(A).

A—~+00

Moreover the limit limy_, oo AR\(A)y does not exist in general whenever y € Y \ D(A).

The following result is proved in [34, Proposition 5.5] and is a useful tool in studying mild solution
for non Hille-Yosida operators in the non-autonomous case.

Proposition 2.11 Let Assumptions 2.1, 2.3 and 2.6 be satisfied. Assume in addition that

b := sup HB(t)”L(YO,y) < +o00.
teR

Then there exists a non decreasing map 6* := §*(A,wa, Ma,b,6) : [0, 4+00) — [0, 4+00) with 6*(t) —
0 ast — 0" such that for each f € C(R,Y’) the map

t
w(t,to) = lim UB(t,S))\R)\(A)f(S)dS, (t, to) SAN

A—)-"-OO tO
satisfies
lw(t, to)|| < 07(t —to) sup [[f(s)]l, V(¢ to) € A.

SE[to,t]

In order to state the next result we first recall the notion of exponential dichotomy.



Definition 2.12 We say that an evolution family {U(t,t0)}9)ea C L£(Yo) has an exponential
dichotomy on R with constant k > 1 and exponent 8 > 0 if and only if the following properties are
satisfied

(i) There exist two strongly continuous families of projections {II* (¢) hier C L(Yo) and {II™ (t) }rer C
L(Yy) such that
() + 07 () = Igyy), VEER.

Then we define for all (t,tg) € A
U't(t,to) :=U(t,to)IT (to) and U~ (t,to) := U(t, o) (to).
(ii) For all (t,t9) € A we have ITT (£)U (¢, to) = U(¢, to)IIT (to).

(iii) For all (t,tp) € A the restricted linear operator U (t,to)I1™ (tg) is invertible from II~(ty)(Yo)
into T1~(t)(Yy) with inverse denoted by U~ (to,t) and we set

U~ (to,t) :== U (to, t)II~ (t).

(iv) For all (t,tg) € A

1UF(t o) 2wy < e P70 and  (|U™ (to,8)| £y < we P10,

If I (t) = Oz (yy) for all t € R we say that the evolution family is exponentially stable.
The following results are proved in [34, Theorem 1.10].

Theorem 2.13 Let Assumptions 2.1, 2.3 and 2.6 be satisfied. Assume in addition that

sup || B(£) || £(vo,v) < +00.
teR

Then the following assertions are equivalent

(i) The evolution family {Ug(t,s)}s)ea has an exponential dichotomy.

(ii) For each f € BC(R,Y), there exists a unique integrated solution u € BC(R,Yy) of (2.1).

From now on define for Z = Y, Y, X
BC'(R, 7) = {f € C(R,2): |[fl, i=supe M| £()]] < +oo} Sy 20,
teR

Then we have the following result which was proved in [34, Theorem 1.11].



Theorem 2.14 Let Assumptions 2.1, 2.3 and 2.6 be satisfied. Assume in addition that
sup || B(t) || £(vo,y) < +00.
teR

If Ug has an exponential dichotomy with exponent > 0, then for each v € [0,5) and each [ €
BCY(R,Y) there exists a unique integrated solution u € BCY(R,Yy) of (2.1) which is given by

t +00
uf(t) = lim [/ Ug(t, S)IARN(A) f(s)ds /t Ug(t,s)ARA(A)f(s)ds|, Vt € R. (2.3)

A—+00 oo
Moreover the following properties hold true
(i) The limit (2.3) exists uniformly on compact subset of R.

(ii) If f is bounded and uniformly continuous with relatively compact range then the limit (2.3) is
uniform on R.

(iii) For each v € (—f,0) there exists C(v, K, 3) > 0 such that
luglly < Cw, 5, B)[| flly, ¥y € [0, —v].

Remark 2.15 [t is important to point out in Section 6 we will use the fact that the constant
C(v, K, B) does not depend explicitly of B. But C(v, K, 3) depends on

b:=sup | B(t)|l cvo,v)-
teR

3 Main result

Throughout this section the following series of assumptions will be required.

Assumption 3.1 Assume that F € C'(X) and there exists a constant Ly > 0 such that for all
z,x € X
{ |1F(z) = F(2)|| < Lr|z — x|,
IDF(z) = DF(Z)|lzx) < Lrlle — 2|
Assumption 3.2 Assume that there exist Bg > 0 and ko > 1 such that if ui,us € CY(R, X) satisfy
u(t) = F(u(t)), vt e R

then
[ur(t) = ua(®)]| < moe™ " Mur (1) = us (D), V2,1 € R. (3.1)

Remark 3.3 Assumption 3.2 means that the solutions t — u(t) growth sub-exponentially. A simple
case in which Assumption 3.2 is always satisfied is

F(z) =z + Acz, Vo € X
with xg € X and A is a bounded linear operator on X such that

sup e~ Poltl HeACtHL:(X) < 00.
teR

This last condition is satisfied whenever the dimension of X is finite and o(A.) C iR.
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Assumption 3.4 Assume that there exist § > By > 0 and k > 1 such that if u € C*(R, X) satisfies
u(t) = F(u(t)), vt e R
then the evolution family generated by
w(t) = [A+ B(u(t)]w(t), t >ty and w(ty) = wp € Yy,
has an exponential dichotomy with constant xk and exponent (.

Remark 3.5 When the map u — B(u) is constant, then the exponential dichotomy can be expressed
in term of spectral properties. To be more precise it has been proved in [31] that the evolution family
generated by

w(t) =[A+ Blw(t), t >ty and w(ty) = wo € Yo,

has an exponential dichotomy if the following conditions are satisfied :
(i) A satisfies Assumption 2.1.
(ii) o((A+ B)g)) NiR = 0.

(iii) {A € o((A+B)o)) : Re(X) > 0} is non empty and the essential growth rate of {T( a4 p),(t)}
1s negative. That is to say that

t>0

<0 (3.2)

! T t)lless
wO,ess((A+ B)O) = lim 1’1(” (A+B)O( )H )

t—+o0 t

where ||L||ess of a bounded linear operator L € L(Yp) is defined by
[Llless = Mes ({Ly : y € Yo, [yl <1})
and
Mes(Q) :=inf {e > 0: Q can be covered by a finite number of balls of radius < e} .

Here Mes(-) is the measure of non compactness of Kuratovsky. We refer to Webb [55], Engel
and Nagel [12] and Magal and Ruan [33] for more results about the spectral theory for strongly
continuous semigroups of bounded linear operators.

We will also need some regularity conditions on the perturbations K, G and the map B.

Assumption 3.6 Assume that there exist ( >0, 1 >0, 0 >0 and Lg > 0 such that if we set
By, (0,¢) :=={y €Y : [lyll < ¢}

then

(i) The map (z,y) — K(z,y) is continuously differentiable on an open neighborhood of X x
By, (0,¢) and for all (x,y),(Z,y) € X X By,(0,¢)

K (z,y)| <0 and  [[K(z,y) — K(z,9)|| < nlle — 2] +nlly — gl

10



(ii) The map (x,y) = G(z,y) is continuous on X x By,(0,¢) and for all (z,y),(Z,y) € X X
BYO(07C)

1G9l <6 and |G(z,y) - G(z,9)ll < Lallz — 2| + olly — 9l

Assumption 3.7 The map x — B(z) is continuous on X and there exists a constant Lg > 0 such
that for all z,z € X

IB(@)llc(vo,yy) < Lp  and ||B(z) = B(Z)| v,y < Ll — |

Before giving our main result we define what we call mild solution for system (1.1) and normally
hyperbolic manifold.

Definition 3.8 We say that (u,v) € C*(R, X) x C(R,Yy) is a mild solution of (1.1) on R if and
only if

() = F(u(t) + K (u(t),0(0)), t€R t
u(t) = v(te) + A v@ﬂ+/meW@ﬂ+ Gu(l),v(1))dl, Y(t,to) € A.

to to to

Definition 3.9 Let 1 : X — Yo be a map. Let M = {(z,(z)) € X xYy: z € X} be a given
manifold. We say that M s a pormally hyperbolic invariant manifold for (1.1) with constants k > 1,
Ro > 1 and exponents B > 0, By € [0, 3) if the following properties are satisfied

(i) For each (x,1(z)) € M there exists a unique mild solution (u,v) € C*(R, X) x BC(R,Yy) of
(1.1) such that X R
(u(0),v(0)) = (z,9(x)) and v(t) = P(u(t)),Vt € R.

(ii) If (u,v) € CY(R, X) x BC(R,Yy) is a mild solution of (1.1) in M then the evolution family
generated by
w(t) = [A+ B(u(t))]w(t), t >ty and w(ty) = wo € Yp

has an exponential dichotomy with constant & > 1 and exponent B > 0.

(iii) If (u,v), (@,7) € CY(R, X) x BC(R,Yy) are mild solutions of (1.1) in M then
lu(t) — a(t)|| < ko™l Hu(l) —a()|, Vt,1eR.
Remark 3.10 Observe that according to this definition and Assumptions 3.2, 3.4

M:=X x {0y} ={(z,¥(r) e X xYy:2 € X}

with
P(x) =0, Ve e X

is a normally hyperbolic invariant manifold for (1.2) with constants K, ko and exponents § > 0,

60 € [076)
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Remark 3.11 Since the map G is only assumed to be Lipschitz continuous, we cannot use the
derivative of G to define the usual normal hyperbolic invariant manifold in the property ii) of Def-
inition 3.9. When G is C' and |G| Lip is small enough the above property will implies that (see

[34])
w(t) = [A+ B(u(t))]w(t) + 0,G(u(t),v(t))w(t), t >ty and w(ty) = wo € Yo

has an exponential dichotomy with constant & > 1 and exponent B > 0. Due to the fact that G is
not assumed to be differentiable (since G is only Lipischitz continuous) the property ii) of normal
hyperbolicity in the above definition is not the usual one.

The main result of this article is the following.

Theorem 3.12 Let Assumptions 2.1, 2.8 and Assumptions 3.1, 3.2, 3.4, 3.6 and 3.7 be satisfied.
Let B> 05y >0, k> 1 and kg > 1 the constants defined in Assumptions 3.1, 3.2, 8.4, 3.6 and 3.7.
Let two constants 3, By € (Bo, B) with Bo < B. Then there exist & > K, g > 0, no >0 and Cy > 0
such that if

0<o<oy, 0<n<mand 0<6Cy<(

then there exists a Lipschitz continuous map 1[) : X — Yy with

sup [|¢h(z)]| < 6Co
zeX

and the following properties are satisfied

) M= {(z,0(x) e X xYy: 2z € X} is a normally hyperbolic invariant manifold for (1.1)
with constants k, ko and exponents B, By. Moreover if we consider u(t) the solution of the
ordinary differential equation

a(t) = F(u(t)) + K (u(t), ¥ (u(t))), vt € R, with u(0) =z € X,

then (u(t),@];(u(t))) is a mild solution of system (1.1).

(i) If (u,v) € CY(R, X) x BC(R,Yy) is a mild solution of (1.1) on R and

lo(®)] < ¢, vt R,

then (u(t),v(t)) € M, Vt € R which means that

o(t) = p(u(t)), Vt e R.
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4 Applications

4.1 A parabolic equation coupled with an ODE

In order to illustrate the application of our results we first consider the following system of
parabolic equation with non local boundary conditions coupled with an ordinary differential equation

jilf) = eruld) (L= 07u(0] — ebu(y /01 elt, o)z
c(att,:v) _ 0 g(t;w — pelt, ) — yult)elt, ) (4.1)
86((920) o ac(t DI </ (t,x d:r)
u(o)_uoe[OG} ( )—COGLP R)
where f : R — R is given by -
fla) =1 i 5 VI ER, (4.2)

with ko € (0, 1]. All the parameters of the system are assume to be positive that isy > 0, u > 0,6 > 0
and k > 0.

The model (4.1) is a toy model which is inspried by [47]. Here u(t) is a number of bacteria
and c¢(t, ) is the density of antimicrobial. In order to simplify the analysis and the presentation we
use some non local mass action interaction between the bacteria population and the antimicrobial.
The non linear and non-local boundary condition corresponds to a negative feedback to control the
quantity of antimicrobial injected through the boundary at x = 1. A more realistic model with
spatially distributed population of bacteria and with local mass action law will be considered in
future work.

The unperturbed system (obtained by fixing e = 0 in (4.1)) is the following

du(t)
8d(tt ; 0?c(t, )
S = T — melt.) = qu(t)e(t, @) (43)
303,0) g, Oct) _
ox ox

The unperturbed system (4.3) do not have an invariant manifold of the form R x {Oz»} as in the
abstract settings. Therefore we will first find an invariant manifold for system (4.3) as a graph of a
function and make a change of variables. To obtain this manifold we solve the steady states problem

15(275) = ug

Felhrz) = (1 + yuo)c(t, z) (4.4)
8c?t 0) _, octl) _,

or or

Equilibria: Consider the map 9 : (—py ™!, +00) — LP([0,1],R) by

1 cosh (zv/p+ vu) 1
Vo €1]0,1], Vu > — . 4.5

13
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Then the equilibria of (4.4) (with u € [0,6]) are given by

E :={(u,9(u)) : u € [0,6]}.

We will prove the following result.

Theorem 4.1 Let ¢ > 0 and 2§ € (O,Mv_l) be fired. Then we can find two constants €* > 0 and
Co > 0 such that if € € (0,&*) then there exists a Lipschitz continuous map 0. : R — LP((0,1),R)
such that

sup |]1§5(u) llzr < eCy
u€ER

and the following properties are satisfied:

(i) For each ug € [0, 6],

(i)

(iii)

1
/O [9(u0) (2) 4 e (uo) (2)]daz > 0.

The subset
E. = {(u,ﬁ(u) + ﬁs(u)) cue o, 9]} :

is locally positively invariant by the semiflow generated by (4.1). That is to say that if we
choose (ug, o) € [0,0] x L ([0,1], R) with cy = I(ug) + V=(uo). Let I C Ry be the mazimal
interval such that t — (u(t),c(t,-)) the mild solution of (4.1) satisfies

le(t,) = d(u(t)llr < ¢Vt € I.

Then
(u(t),c(t, ) € E.,Vt € 1.

For each ug € [0,0], there exists a unique solution u € C*([0,0),R) of the scalar ordinary
differential equation

du(t)
dt

=< [ru(t1 - 07 u(t) - kutr (| () (2) + d.u(t)@)ds )|

satisfying
u(t) € 10,0],vt > 0.

Then t — (u(t),'l?(u(t)) + @s(u(t))> is a mild solution of (4.1).

Abstract reformulation : To incorporate the boundary condition into the state variable, we
consider

Y :=R?xLP([0,1],R)

which is a Banach space endowed with the usual product norm and we set

Yo i= {Ogs} x LP([0, 1], R).

14



Let A: D(A) CY — Y be the linear operator defined by
¥'(0)
A% ) ( Ml
P o

with
D(A) :={0g2} X W2’p([0, 1], R).

Define R; : R x Y5 — R by

R <u < ij" >) —ru(1—0) — ku /01 o(w)da (4.6)
Ry:RxYy—Y by
w( ()= ()
Ry:RxYy— Y by 0
o ()= ({9
0s

Bu) ( Oif > _ ( | 0 ) . (4.9)

A+ yule
Thus by setting

w(t) = ( c(()F;Q-) > , >0 and w(0) = ( Op> > —_—

system (4.1) rewrites as

PO — Ry u(t) w), t> 0
P [+ Blu®)w(t) + Ba(ult), wlt)) +=Ry(u(t) w(t)), >0 (4.10)
u(0) =ug € [0,0] and w(0) =wy € Yp
and we observe that
du(t)
ddt(t) =0,t>0
S = LA+ Blu®)w(t) + Ra(u(t), w(t)), ¢ >0 (4.11)
u(0) =up € [0,0] and w(0) =wp € Yp
corresponds exactly to the abstract formulation of (4.3). This implies that
~ 0R2 ORQ _ W -1 0
[A+ B(u)] ( () ) + Ry (u < I(u) >> =0, Vu € (uy ", +00). (4.12)
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Properties of the linear operator A : Observe that by construction Ay the part of A in
Yy coincides with the usual formulation for the parabolic equation with homogeneous boundary
conditions. More precisely we have Ay : D(Ap) C Yy — Y is the linear operator on Yy defined by

0 0
()= (%)

D(Ao) = {Og2} x { € W??((0,1),R) : /(0) = ¢'(1) = 0} .
The next Lemmas 4.2, 4.3 and 4.4 can be found in [34].

with

Lemma 4.2 The linear operator Ay is the infinitesimal generator of {Ta,(t)},~, an analytic semi-
group of bounded linear operator on Yy. Moreover Ta,(t) is compact for each t > 0 and (0, +00) C
p(Ap). The spectrum of Ag is given by

o(Ay) = {—(71']4:)2 : k € N}
and each eigenvalue N, := —(mk)? is associated to the eigenfunction
ex(z) := sin(rkxz), k> 1, ep(x) = 1.

Moreover each eigenvalue A is simple and the projector on the generalized eigenspace associated to
this eigenvalue is given by

Oge
0 R
Hk,O( RQ ) = oo

4 I extryzdr ok

Set
Qy={AeC:Re(N) >w}, VweR,

and define for A € C,
AN) = pP(et —e ),

where

=V
Next we give the explicit formula of the resolvent of A.
Lemma 4.3 For each w > 0, we have
Q,Cc{AeC:A\)#0} Cp(A),
and the resolvent of A is given for each X := u? € Q, by

Op2 . Yo
= ()\I — A) Y1 =
< 4 ) ¥0
Al(:L’) 1 AQ((E) 1 Al(a:) 1

1
o) = R0+ R+ S 3 /0 o

No(x) 1 [ ey LI P
A 2#/0 e gpo(s)ds+2ﬂ/0 e wo(s)ds

where
A (z) = p? [e“(l_x) + e_“(l_x)} and As(x) = p? [e™H + k] .
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Lemma 4.4 The linear operator A satisfies the following estimate

0 < liminf A7 ||(AT — A)’1H < limsup A7 ||(AT — A)’1H < 400, (4.13)
A-oe LO) T amroc L)
2
with p* = %
p

From (4.13) we see that A can not be a Hille-Yosida linear operator when p > 1 since

lim )\H()\I—A)’lHﬁm = oo, ifp>1, (4.14)

A——+00

which is one of the main difference with respect to the Hille-Yosida case. In fact if A is Hille-Yosida
the above limit (4.14) is finite. However we still have

lim M —A)"ly=0, WyeY. (4.15)

A——+o00

By using Lemma 4.3 and the estimate (4.13) we deduce that Assumption 3.4 in Ducrot, Magal and
Prevost 8] is satisfied. Therefore by applying Theorem 3.11 in [8] we obtain the following lemma.

Lemma 4.5 The linear operator A satisfies Assumption 2.1 and Assumption 2.35.
Remark 4.6 Since p(A) # 0 one has o(Ay) = o(A) (see [32]).

A positively invariant set : Here we will show that the semiflow generated by (4.1) leaves
positively invariant the set

Q= {(UQ,C()) U € [0,9], co € Lﬁ([o, 1],R)} .

Note that this equivalent to prove that the semiflow generated by (4.10) leaves positively invariant
[0, 6] x Yot where we have set

Vi :=RE x LA ([0,1],R) and Yo; := Yo N Yy = {02} x L% ([0, 1], R).
In fact using Lemma 4.3 one can see that A is resolvent positive. More precisely we have
(0, +00) C p(A) and (A — A)~'Y, C Yor, YA > 0.

Furthermore for any constant L > 0 there exists A := A(L) > 0 such that for any v € R} and
y € Yot with |u| + ||y|| < L we have

Ay + Ro(u,y) + eR3(u,y) € Yy and Au+ Ry(u,y) € Ry, Ve € (0,1).

Therefore using the results in [31] it follow that for each uy € Ry and vy € Yp4 there exists
a maximally defined mild solution of (4.10) with values in Ry x Yy4. Once the positivity of the
solutions is obtained one can use standard blowup arguments to prove that the solutions are globally
defined in [0, 4+00).
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Moreover by using the explicit form of the u-equation of (4.10)

du(t)
dt

1
= eru(t)(1 — 0 u(t)) — k:u(t)/o c(t, z)dx.

we deduce that [0, 0] x Yy is positively invariant with respect to (4.10).

Transformed system : To apply our results we will use an alternative system and extend the
perturbations in order to obtain global Lipschitz properties. To do so we first define the map
H:R— Y() by

= (g ) vue oo

and recalling (4.12) we have by construction
A+ B@)H(u) + Ro(u, H(u)) = 0, Yu € (jry ", +00). (4.16)

Let up € Ry and wg € Yo4 be given. Then wu(t) > 0 for all ¢ > 0 and H (u(t)) is well defined for all
t > 0. Hence we can make the following change of variables

Oz

o0 =00 = 1600 = 0y Ty ) V120

By using (4.16) together with the fact that the map (u,w) — Ra(u,w) is the constant function
defined in (4.7) one can see that ¢t — (u(t),v(t)) will satisfies

dq;? — CRy(u(t),v(t) + Hu(t)), £ 0
D) [+ Bu®)olt) + Rafu(t) o) + Hu(t)) )

—e0y H (u(t)) Ry (u(t),v(t) + H(u(t))), t >0
u(0) =up € Ry and v(0) = wo — H(u) € Yp.

The above abstract equation corresponds to the following partial differential equation

WO cruty[1 - 67 u(t)] - cku) | etta) + o) @y

dc(t,x)  0%c(t,x)
ot Ox?

— pe(t, x) = yu(t)e(t, x)

—e0,9(u(t)) (ru(t) (1= 0-Yu(t)] — ehu(®) [ e(t, 2) + D(u(t)) (@) dw) (4.18)
c c 1
L0y, 2D _ g </0 et 2) + ﬂ(u(t))(x)da:)

u(0) =ug € [0,0], ¢(0,-) =co — I (up) € LP([0, 1], R).

By using the fact that [0, 0] x L% (0, 1) is positively invariant by the semiflow generated by (4.10),
we deduce that system (4.17) leaves positively invariant the subset

M = {(u,v) e RxYy:u€[0,60] and v+ H(u) > 0}.
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Truncated system: Let 25 € (0, uy~!) be given and fixed. In order to extend the system and
overcome the singularity of H at uy~! we introduce the smooth cut-off function & € C* (R, [0, 1])
defined by

1 if -0<u<0+6
w1

§ 0 if u<—20oru>0+206.

Therefore by setting for all (u,v) € R x Yy

()
G(U)

e€(u) R (u,v + H(u))
(ug(u))v
e€(u) [R3(u,v + H(u)) — 0y H (u)Ry (u,v + H(u)]

|| @ i

we consider the following extended system

U0 _ Ko fuft). o)
dZ{t) = [A+ B(u(t)o(t) + Ga(u(t), o(1) (429)
u(0) = up € R and v(0) = vg € Yp.
The corresponding unperturbed system to (4.19) is
dlzl(t) =0,t>1
dl;{t) — [A+ Bu®)]v(®), t >t (4.20)

(0) =up € R and v(0) = vg € Yp.

e

Since we replaced B(u)v by B(u)v = B(ué(u))v we deduce that
M =R x {0y}
is invariant for (4.20).
Lemma 4.7 Let { > 0 be given and define
By, (0,¢) :={y € Yo : [lyll < ¢}
Then the following properties hold true

(i) The map (u,y) — Kc(u,y) is continuously differentiable on any open neighborhood of R x
By, (0,¢) and there exists a constant Lg > 0 such that for all (u,y), (u,y) € R x By,(0,()

[Ke(u,y)l| <elx  and |[Ke(u,y) — Ke(w,9)|| < elilu—al+eLxly -yl

(ii) The map (u,y) = G:(u,y) is continuous on R x By, (0,() and there exists a constant Lg > 0
such that for all (u,y), (u,y) € R x By,(0,()

1G=(uy)| <ela  and [|Ge(u,y) — Ge(u,9)l| < eLalu —ul +eLally — gl
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(iii) The map u — B(u) is continuous from R into L(Yp,Y) and there exists a constant L > 0
such that for all u,u € R

1Bl evony < Lp  and ||B(u) — B(@)|| ¢y vy < Lilu — 1.

Remark 4.8 Note that (4.19) is in the general form of (1.1) with F = 0 so that Assumption 3.2
is satisfied for (4.19) with
Bo=0 and ky=1.

The following lemma shows that Assumption 3.4 is satisfied for (4.19).
Lemma 4.9 Let § € (0, — 267) be given. If

du(t)
dt

=0, Vt € R, ’U,(to) = U

then the evolution family generated by

dv(t)
dt

= [A + B(u(t))]v(t), t > tg, v(to) = vo
s exponentially stable with constant k > 1 and exponent 3 > 0.

Proof. Since u is constant in time we have

do(t)
dt

= [A + B(UO)]U(t), t > to, U(to) = 9. (4.21)

By using Lemma 4.3 and the perturbation result in [31] it follows that (A + B(ug))o the part of
A + B(ugp) in Yp generates a strongly continuous semigroup in Yy. Let us denote it by {T'(¢)}+>0.
Then its corresponding evolution family is given by

U(t,s) =T(t—s), Vt > s.
Then recalling that
B(ug)v = [+ uo&(up)y], Yv € Yp
and 260 € (0,7~ 'p) we obtain

o(A+ B(ug)) = — (1 + uoé(uo)y) + 0(A) = {—p — uo&(uo)y — (k) : k € N}

and we deduce that

wo(A) sup{Re(\) : A € (A + B(up))}

— 11+ 267€ (o)
— 1+ 267 < 0.

IAIA I

Therefore if 8 € (0, u — 207) then the evolution family generated by (4.20) is exponentially stable
with some constant k > 1 and exponent 8 > 0 = Sy. [
We can now apply our results to system (4.19).
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Lemma 4.10 Let ¢ > 0 be given and fized such that Lemma 4.9 holds true. Let B € (0, u— 257) be
given. Let 3, By € (0,8) be two constants with Bo < B. Then there exist & > K, €9 > 0 and Cy > 0
such that if

0<e<egg

then there exists a Lipschitz continuous map 1/36 R — Yy with

sup [ (u)| < Coe.

u€R

Moreover M. = {(u,1.(u)) € Rx Yy : u € R} is a normally hyperbolic invariant manifold for
(4.19) with constants k, ko and exponents 6 50 Hence for each (u0,¢5(uo)) € ./\/l6 there exists a
unique mild solution (u,v) € C1(R,R) x BC(R,Yy) of (4.19) such that

(u(0),0(0)) = (uo, P(ug)) and v(t) = P(ult)), Vvt € R.
Note that since 1, : R — Yj there exists . : R — LP([0,1],R) such that

o= ity ) e

and we have

sup [0 )] v = s[4 )| < Coe. (4.22)

u€eR ueR

In order to get back to system (4.1) we will need the following lemma.
Lemma 4.11 Let

1 1
0<e<e":=min\ eg, = - . 4.23
{ % Cov/pi T B0 sinh (\/u+50)} (4.23)

Then we have

/0 W9(w) (2) + 9. (u) (2)]dz > 0, Yu € [0,0].

Proof. Note that
cosh(z/p + Bu) > 1, Vx € [0,1], Vu >0

providing that
1 1

v+ Bu sinh (\/,u + Bu) ’

Since the map v — wsinh(u) and u — +/p + Bu are strictly increasing in [0, 400) we obtain

Y (u)(z) > Vz € [0,1], Yu > 0.

1 1

@) 2 =5 sin (Vi T 50)

, Vo €[0,1], Yu € [0, 6]

and we set
1 1

% = /T B0 sinh (Vi + B0)
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By the Holder inequality in [0, 1] we have

< ()l 1 < [1D:(w)llzr < Coe < &

/01 D (u)(2)dx

and we obtain

1 1 1
/0 Y(u)(z)dz —i—/o Ve (u)(x)dz > do —i—/o Ve(u)(x)dz > 0.

We are ready to prove Theorem 4.1.
Proof of Theorem /.1.
From Lemma 4.10 if we consider u(t) the solution of the ordinary differential equation

dzgf) = K< (u(t), ve(u(t))), ¥t € R, with u(0) = up €R,

thent € R — (u(t), ﬁg(u(t))> is a mild solution of system (4.19). Moreover we explicitly have the

following form for the u-equation

dzy)::sgﬁdﬂ)[TUG)U-—G_luU))—lﬁKﬂ <ﬂ;h%u@)ﬂw)+w%(u@)xxﬂd$>]
u(O) =ug € R.

By classical fixed point arguments we know that if ug > 0 then u(t) > 0 for all ¢ > 0. Therefore if
ug € [0, 6] then by Lemma 4.11 we have

u(t) € 0,6], vt > 0.

The result now follows by applying Theorem 3.12 to the truncated system (4.19). ]

4.2 An epidemic model with age of infection

In order to describe malaria, Ross [43] (1911) first and later Macdonald [37] (1957) introduced
several class of epidemic including human and mosquito infection. We refer to Ruan, Xiao and
Beier [44] for a nice survey on this topic. Here we consider a Ross-McDonald’s model with age of
infection for the mosquitoes

u oo
) _, [m —ult) [ @it a)da - au(t)]
Odi(t,a)  0i(t,a)

+ = —pui(t,a) (4.24)

with initial conditions

u(0) = ug € [0,1] and (0, -) = ip € L1 ((0,+0),R).
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Here u(t) is the fraction of infected human at time ¢, while i(¢, a) is the density of infected mosquitoes
at time t with respect to the age of infection a. The age of infection is the time since the mosquitoes
become infected, and the term density of population means that

a2
/ i(t,a)da
al

is the fraction of infected mosquito with age of infection between a; and as. The fraction of infected
mosquitoes is

+oo
I(t) = /0 i(t,a)da € [0,1].

In this model the function a — II(a) is the probability for a mosquito to be infectious at the age of
infection a. We assume that
I € L3°((0, +00),R).

From the i-equation we deduce that I(t) satisfies
I'(t) = Bu(t) (1 - I(t)) — pI(t)
therefore the system (4.24) generated a continuous semiflow on
+oo
0= {(u, i) € 0,1] x L ((0, +00),R) : / i(t,a)da < 1}.
0

When ¢ = 0 we formally obtain the following unperturbed system

du( )

= —m(t a) (4.25)

u(t) ( it,aia )

u(0) = ug € [0,1] and i(0,-) = ip € L ((0,400),R).
For each u(t) = ug fixed, the equilibria for the i-equation is given by

i(a) = e "%

and 7g is a real number satisfying

+00
10 = Pug ( /0 1p€ a)
( ﬁuo) io = Bug
1

therefore for each ugy € (—uﬁ_l, +oo) there exists a unique equilibrium for the i-equation which is

thus

given by
i(a) = B0
B+ Bug
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Let ¢ : (—M,B_l, +oo) — LY((0,+0),R) be defined for all u € (—uﬁ_l, —i—oo) by

pbu
Y = He ' for almost > 0.
(u)(a) it ﬂue or almost everya >

By construction the subset
M = {(u,9(u)) : v € [0,1]}

is invariant under the semiflow generated by (4.25). In order to apply our results we will first rewrite
system (4.24) as an abstract Cauchy problem. Consider the Banach space

Y =R x L'((0,400),R)
endowed with the usual product norm and set
Yy = {0} x L*((0, +00), R).
Let A: D(A) CY — Y be the linear operator with

D(A) = {0} x WH((0,+0),R)

A1) =(%)

Let R1 : Rx Yy —> Rand Ry : R x Yy — Y be defined by

N <“ ( i >> =7 /Om M(a)i(a)da — au
Ry <u ( ; >> _ [ bu <1—/0+Ooi(a)da)

0

and

and

. .y 0
By identifying w(t) and < it )

) system (4.24) rewrites as the following abstract Cauchy system

= eRy(u(t),w(t))

QL
gq.

t
ah(ft) = Aw(t) + Ro(u(t), w(t)) (4.26)
(0) = up € [0,1] and w(0) = wp.

e

Consider the map H : (—uB~1, +00) — Yy defined by

H(u) = ( ﬁfb > Vu> —pB

Then we have by construction

AH(u) 4+ Ro(u, H(u)) = 0, Yu > —pf~ "
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Note that for each u € (—,uﬁ_l, —i—oo) we have

0y Ro(u, H(u)) < ) > _ ( ‘BUfOTi(“)d“ ) v< ) ) €Yo

Next let us use the following change of variable
v(t) =w(t) — H(u(t)),t e R

so that t — (u(t),v(t)) satisfies the following system as long as u(t) € (—pB8~1, +00)

dlé?) — eRu(u(t), o(0) + H(u(®)
D) — Ao®)+ Ra(u(®) o) + H(u(t))) — R (u(t). H(u(1)) (27)

2
—eH'(u(t)) R (u(t), v(t) + H(u(t)))
u(0) = ug and v(0) = wy — H(ug) € Yp.

with
/ _ Or -1
and
2B
V' (u)(a) = —————e ", for almost everya > 0.
(1 + Pu)

In order to avoid the singularity at u = —u3~! we need to truncate the system. Let 6 € (0, u871).
Let £ € C* (R, [0,1]) be a cut-off function such that

o[ 1 osust
w= 0 if u<—-doru>1+9.

Set for all (u,v) € R x Y

K (u,v) :=¢e&(u)Ri(u,v + H(u))
B(u)v := &(u)doRo(u, H(u))v

Ge(u,v) :=&(u) [Rg(u, v+ H(u)) — Ro(u, H(u)) — 02 Ra(u, H(u))v — sdH(u)

Ri(u,v+ H(uw))| .

Observe that or all (u,v) € R x Y we have
Ro(u,v+ H(u)) — Ro(u, H(u)) — 92 R2(u, H(u))v =0

so that
dH (u)

Ge(u,v) = —e&(u) Ri(u,v+ H(u)), Y(u,v) € R x Y.

Consider the following system

di;;)zm u(t),ol1))
dztt) [A+ B(u(®)))]v(t) + Ge(u(t), v(t)) (4.28)

u(0) = ug € R and v(0) = vy € Yp.
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System (4.28) is in the framework of system (1.1) with F' = 0 and Assumption 3.2 is satisfied with
Bo = 0 and kg = 1. Then one can verifies that there exist L, Lg and Lp such that for all { € (0, 1),
for all (u1,v1), (u2,v2) € R x By, (0,() we have

|Ke(u, v1) — (U2av2)! < Lge(lur — ug| + [lvr — v2)
‘K (ul,U1)| S L
| B(u1) — B(U2)Hc(yo) < Lplui — ug
|B(u1)llzvo) < L
and
{ |Ge(u1,v1) — Ge(ug, v2)|| < Lae[|ur — uz| + [lvr — ve|
HG5<U,1,’U1)H § L(;&“.
By setting

6 =0 = Lge and n = Lge.

it is clear that Assumption 3.6 holds true. In the sequel ¢ € (0,1) is fixed. Assumption 3.1 is
also trivially satisfied. We now show that Assumption 3.4 is satisfied. Consider the following
unperturbed system

dgé)— A+ B(u(t t
2 — A+ B@)(t)

u(0) = up and v(0) = vy € Y.

This last system is equivalent to look at the following partial derivative equation

du(t)

a
di(t,a) Oi(t,a) .
o "o MY

i(0.0) = ¢(u(®)su(t) [ ilt.pda
u(0) = ugp and i(0,.) = i € L1 (0, +00).

s}

Let {Up(t, s)}+>s be the evolution family generated by

dz@ = [A+ B(ug)lv(?)
’U(O) =1 € }/O

More precisely for any < S} > € Yp we have

@@@(2):<“pzﬁ> (4.29)

where t — i(t,-) € L'((0, +00),R) is the unique mild solution of

di(t,a) n di(t,a)

8t 8(]/ - _qu(t7 a)

i(t,0) = —Buo&(uo) /0+Ooi(t,a)da, (4.30)




Next we give an estimate for the evolution family. Set I(t) := 0+°° i(t,a)da then we have

I'(t) = —(Buoé(uo))I(t) — pl(t)
therefore

+00
I(t) = e(#Jr/J’uoé(uo))t/ io(a)da, vt > 0. (4.31)
0

Moreover we have the following estimate

t
it e < e lio]l o1 +/ e M| Bugé (uo)||1(s)|ds, V¢ = 0,
0

hence by using (4.31)

li(t, Iz < e flioll 1 [1 + /Ot 6(ﬁuog(“O))s\ﬂUOé(UO)!dS] Yt >0,
and by distinguishing the case ug positive and the case ug negative, we obtain that
i(t, I < e *liol 11 {1 + /Ot 6_min(o’(’guog(uoms|5U05(U0)\d3} ,Vt >0,
and —fupé(ug) < S0 whenever ug < 0, therefore we can find a constant £* > 1 such that

¢
li(t, )2 < & e lig|| 11 [1 +/ ﬁdeﬁ‘ssds] ,Vt >0,
0

and by setting 8* := u — 86 > 0 we obtain
it s < w*e il 1, vt > 0.

It follows that the evolution family {Up(t, s) }+>s is exponentially stable with constant x* > 1 and
exponent 5* > 0.

Then as a consequence of Theorem 3.12 we deduce that there exists €9 > 0 small enough such
that for each & € (0, ) there exists a globally Lipschitz continuous map 9, : R — L'((0, +00), R)

SUCh ‘hat ‘he manifold
Mg'— u GRXYO"U,GR
’ ’ lgg(u) '

is invariant by the semiflow generated by system (4.28). Moreover from Theorem 3.12 we also have
[9e(u)|| 1 < LeeCo < ¢, Yu € R

with C > 0 the positive constant of Theorem 3.12. Next the semiflow generated by (4.24) restricted
to €2 is asymptotically smooth by using the results of Thieme and Vrabie [51]. Therefore by using
the result of Hale [20] system (4.24) restricted to € has a connected global attractor A. C €. Note
that for € = 0 the global attractor is

Ao =M = {(u,¥(u)) : u € [0,1]} C Q.
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Denote by Ly the Lipschitz norm of 9 in [0, 1]. By using the lower semi-continuity of the attractor
we know that there exists ; € (0,ep) such that for each € € (0,¢1) the global attractor A. C € is
contained in the ¢(1 4+ Ly)~'— neighborhood of Ay = M.
Let t € R — (u(t),i(t,-) be a complete orbit of (4.24) in the attractor A, with € € (0,£1). Then we
have

u(t) € [0,1], Vt € R, i(t,-) € L1 ((0,400),R), V¢t € R

and
e, ) = I(u®))||pr < ¢, VEER.

Therefore the map
teR — (u(t),v(t)) € [0,1] x Yp

with
0

v(t) = .

0= ( ity sy
is a complete orbit of (4.27) and then a complete orbit of (4.28) because system (4.27) and system
(4.28) coincide as long as u(t) € [0,1].

Now by Theorem 3.12, all bounded complete orbit (u,v) of system (4.28) satisfying [[v[joc < ¢ are
contained in M,. Therefore we must have

). vicr

u(t) = ( i(t, ) — 9(u(t)) ) = ( @e(u(t)) > , VE e R =i(t, ) = H(u(t)) + de(u(t)), Vt € R.
Our result reads as follows.

Theorem 4.12 There exists a Lipschitz continuous map u — 9.(u)(.) from R into L*((0,400),R)
such that for each € > 0 small enough, system (4.24) can be reduced to a single human equation on
the global attractor A. C Q) that is

() =< [7(1 —uft)) /0 " () (9-(u())(@) + V(u(t))(a)) da - au<t>]

and i(t,a) = 9 (u(t))(a) +9(u(t))(a) is a mild solution of the i-equation of system (4.24). Moreover
we have ) )
|W€(u)||L1 < LGé‘C(), Yu € R.

Therefore there are two cases whenever € > 0 is small enough

(i) If there is no positive interior equilibrium solution in €, the global attractor is reduced to the
trivial equilibrium {0};

(ii) If there is one positive interior equilibrium solution in Q, the global attractor A. contains both
equilibria and an heteroclinic orbit joining both equilibria.
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5 Growth estimates under small perturbation
In this section we consider the unperturbed equation
u(t) = F(u(t)) t > to and u(ty) =z € X, (5.1)

and the perturbed one

dzgt) = F(a(t)) + F(a(t),t), t > to and a(ty) = = € X. (5.2)

We prove that when F is sufficiently small then the solutions of (5.2) inherit the properties of the
solutions of (5.1).

As consequence of the estimations obtained in this section, we will prove that the linear evolution
family generated by

w(t) = [A+ B(a(t)w(t), t > to, w(te) = wo € Yy (5.3)

has an exponential dichotomy whenever F' is small enough.

5.1 Nonlinear variation of constants formula

For convenience in the following, we rewrite the system (5.1) as a non autonomous system.
Note that Assumption 3.1 guaranties for each x € X and ¢y € R the existence and uniqueness of a
solution u € CY(R, X) of (5.1) with u(tg) = x. For each x € X and tg € R let

teR— Uzt to)

be the unique solution of (5.1) with ¥ (x,ty,t9) = x. Let us now collect some properties of
{U(,t,tg): X - X }(t,to) cr2- Indeed by using the uniqueness of the solutions of (5.1) it follows that
{W(-,t,t0)} (1,to)er> has the evolutionary properties that is

U, t,0) o W(-, 1, tg) = (-, t,tg), Y(t,1),(l,ty) € R?
{ (5.4)

V(z,t,t) =z, YVt € Rand z € X.
Observe that under Assumption 3.1 one has for any (¢,ty) € R? the map
reX — ¥Y(x,t,t)

is differentiable on X. Moreover (5.4) implies that for any (¢,t9) € R? the map x € X — W(x,t,1g)
is a diffeomorphism on X with inverse function z € X — ¥(z,to,t). In particular for all z € X and
(t,tp) € R? the linear map

0¥ (z,t,tg) € L(X)

is invertible on X with inverse

U (x,t,t0) ! = 0,U(2,t0,1) € L(X) with & := U(x,t,t0)
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and {0, V(z,t,%0)} 1 4en C L£(X) is the linear evolution family generated by

dz(t)
dt

Furthermore one also has for each ty € R

= DF(¥(z,t,t0))z(t), t > to and z(tg) = 20 € X. (5.5)

0¥ (z,t,1) = =0, ¥ (z,t,1)F(x), Vt > 1>ty and x € X. (5.6)

Lemma 5.1 (Nonlinear variation of constants formula) Let Assumption 3.1 be satisfied. If
i € CH(R, X) satisfies

da(t) -
dat F(a(t)) + F(a(t),t), teR

then
t

a(t) = U(alty), t,1) + t 0y (a(r), t,r)E(a(r), r)dr, Yt > to.

Proof. Note that for each t > | > ty we have
dv(a(l),t, 1)

dl
and since 4(l) € X we obtain from (5.6)

da(l)
dl

= 9,V (a(l),t,1) + o (a(l), 1)

v (a(l),t,l) = =0, (a(l),t,1)F(u(l))

so that by the linearity of 0, (u(l),t,1)

dV(u(l),t,1)
dl

dv(a(l), t,1)

Then integrating between tg and ¢ yields

dl
t A~
U(a(t),t, t) — W(a(to),t, to) = [ 0¥ (a(r),t,r)F(u(r),r)dr
to
and the result follows by using the fact that W(u(t),t,t) = u(t). |

5.2 Growth estimates for the perturbed equation
We start by giving estimates for {9,V (z,t,%0) }(¢,49)erz C £(X) on the operator norm.
Lemma 5.2 Let Assumptions 3.1 and 3.2 be satisfied. Then the following estimates hold
102 (2, t,t0)|| £(x) < Ko P10l W(t,19) € R? and x € X, (5.7)
and

H@x\lf(a:?t,to)*lHE(X) < kg P00 (1)) e R? and xz € X. (5.8)
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Proof. Let (t,tg) € R? and x € X be given. Then using (3.1) one has for each s > 0, # € X and
ze X

1
= koePolt=tol | W (2 + sz, to, to) — W(&, to, to)

roePolt=tol|| 2|

1 R N
EH\IJ(I + SZ,t,t()) - \I’(‘rvt7t0)”

IN A

so that letting s — 0% provides
10, (2, t, t0)z|| < Ko ePlt=tl|2)|, V(t, 1) € R

Hence (5.7) holds by setting & = = while (5.8) is obtained from (5.7) by setting & = ¥(x, t,to) and
using the fact that
0V (z,t,t0) "t = 0, U (&, to, 1).

]
In what follows our goal is to prove a lemma analogous to Lemma 5.2 but for system (5.2). We will
need the following assumption on F'

Assumption 5.3 Assume that for each t € R, the map x — F(x,t) belongs to C*(X) and there
exists > 0 such that

|E(z1,t) — F(x2,8)|| < Allz1 — 22|, Vo, 22 € X and t € R.
Assume in addition that for any z € X, the map
(t,2) €ER x X — 9, F(x,t)z € X
s continuous on R x X and for each t € R the map
reX = 0, F(x,t) € L(X)
s continuous on X.

Assumptions 3.1 and 5.3 ensure that for each x € X and ty € R there exists a unique solution
@€ C(R,X) of (5.2) with u(tg) = z. For any z € X and ¢y € R let

teR — U(x,t, to)

be the unique solution of (5.2) satisfying W(x, to, to) = . Then we have

(5.9)

A

U, t,1) 0 U(-, 1, tg) = (-, t,tg), V(t,1),(I,t0) € R?

{ V(z,t,t) =z, YVt € Rand z € X.

Furthermore Assumptions 3.1 and 5.3 together with (5.9) implies that for any (t,¢y) € R? the map
e X — W(x,t,tg)

is a diffeomorphism on X with inverse function z € X — \i'(:v,to, t). Hence for each x € X and
(t,to) € R, the linear map

A

0¥ (z,t,t0) : X — X
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is invertible on X with inverse
DU (z,t,t0) " = 0, W(&, tg, 1) with & := U(x,t,tg)
and {9,V (z,t, t0) }(t,t0)ea C L£(X) is the linear evolution family generated by

d2(t)

o= DF (U (x,t,t0))2(t) + 8, F (U (z,t,t0),t)2(t), t > to and 2(tg) = 2o € X. (5.10)

By using comparison principle for ordinary differential equation we have the following result.

Lemma 5.4 Let o : [a,b] — [0,400) with a < b be a continuous function on [a,b]. Let v € R and
c1 > 1 and co > 0 be given. Then the inequality

t
at) < cloz(a)e“’(t*a) —+ 02/ eﬂt*r)a(r)dr, Yt € [a,b], (5.11)
implies that
at) < cla(a)e(7+62)(t_“),Vt € [a,b], (5.12)
and the inequality
b
a(t) < ca(b)e’® 4+ 02/ " Da(r)dr, vt € [a, b], (5.13)
t
implies that
a(t) < cla(b)e(wr”)(b*t),w € [a,b)]. (5.14)

Lemma 5.5 Let Assumptions 3.1, 3.2 and 5.3 be satisfied. Assume in addition that

swp B o) < (5.15)
(z,t)eX xR

Then for each x € X, each m > 1 and (t,to) € R? we have

. In(rq) - Bom ) |5
109 (2, ¢, t0) | £(x) < ,{06< =02+ Bo-+fo (m+1)efo )It to|

R (“‘W’)+,Bo+ﬁko(m+l)eﬁom)|t7to| (516)
1029 (8, t0) "l £x) < Koel ™
where
Ko = maX(H%LF, KQ)-
Proof. First of all observe that condition
| F(x1,t) — F(x2,t)|| < Allzr — 22|, Y1, 22 € X and t € R
implies that
sup [0z (1)l £(x) < - (5.17)

(z,t)eX xR

Let z € X and m > 0 be given and fixed. Let tg € R and zy € X. Define

3(t) := 0,V (x, t, to) 20, VE > to.
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Then ¢ € [tg, +00) — £(t) satisfies (5.10) which can be rewritten as

d2(t)
dt

= DF(9(z,t,t0))2(t) + | DF (¥ (z,t,t0)) — DF(¥(z,t, to))] 2(t) 4+ 8, F (W (z,t,10),t)2(t),

for t > ty and
é(to) = 20-

Recalling that {0, ¥ (z,,%0)}(,)ea i the linear evolution family generated by (5.5) we can use a
variation of constants formula to obtain on one hand

Z(t) = 0, ¥ (x,t,1)2(1) —I—/l 0V (x,t,r) DF(\f/(x,r,l)) - DF(\IJ(;U,T,Z))] Z(r)dr

¢ o (5.18)
—i—/ 0¥ (z,t,r) 0, F (¥ (x, 7, 1), r)2(r)dr, YVt > 1> t.
!
On the other hand since for any r € [I,t] C [to, ]
0V (x,t,1) = 0,V (2, t,7)0, ¥ (x,7,1) = 0,V (2, t,1) ™" = 0,9 (x,7,1) 10, W (x, t,7) "
by applying 0,V (z,t,1)~! to the left hand side of (5.18) we obtain
t
A1) = 0,0 (x, 1,1) " 4(8) —/ 0, W(w,r, )™ | DF(¥(a,7,1)) = DF(W(w,,1))| (r)dr
. Lo (5.19)
—/ 0uV (z,7, 1) L0, F (U (x, 7, tg), 7)2(r)dr, Vt > 1> tg.
!
We now divide the proof into three steps.
Step 1 : In this step we will prove that
Ha.l’\i/(mat7t0)”[:()() S K/Oe(ﬂO“FﬁRO(m-‘rl)eﬁom)(t—to)’ vt c [t[),t() + m] (5 20)

10: 8 (2, t, t0) " £y < moelFoHARIMEDETNE10) Lyt ¢ [ty fo 4 m].

Using (5.18) we infer from Lemma 5.2 combined together with Assumption 3.1 and (5.17) that

t
2@ < %oeﬁO(t_tO)llf(to)llJr/ ko™ Lp | U (7, t0) — W, 7, to)|[]|2(r) | dr
to

: (5.21)
+/ ko€ [ 2(r) || dr, Yt € [to, to + m).
to
Similarly we obtain from (5.19) that for each ¢ € [to, tg + m]
t
1201 < moe® ) 2)] +/ ko™ Lp|| W (2, r,1) — Uz, D)) |2(r)|ldr
! (5.22)

t
+/Z k0T DR2(r) dr, VI € [to, 1.
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Next by using Lemma 5.1 and (5.15) one obtains for each r € [tg, tg + m]

||¢/($,’I”, tO) - \I/(.%,’I", tO)H < / ’%0660(7‘_””]3‘(@(1’7latO)vl)Hdl
t

< roe i (5.23)
to

< ko(r — to)ePorto)

< Komelomy

and by plugging (5.23) into (5.21) we obtain for each ¢ € [tg, to + m]

t
2 < moet D atto)] + [ i [Lewdme®m 4 no] O30

to : (5.24)
< rge® 0 2(t0) || + i) [KELFm + ko) P / U= 2(r) | dr

to

Recalling that
fo = max(kiLp, ko),

we obtain from (5.24)

t
I2(E)]| < roe™ 10|12 (t0) | + o (m + 1)€ﬂ°m/ U [ 5(r) ||dr, Yt € [to, to + m)]
to

and by similar arguments we also obtain

t
()| < roe™ V2] + Ao (m + 1)€B°m/l D 5(r)||dr, Vi € [to,1].

Therefore by Lemma 5.4
J2)I] < rge(PotARotmneom )=o) 540 | t € [to, to + m]
£ (t0) | < moePotARolmeDR™) (b0 24|t € [to, to + m]

that is
10:F (2, t, to) 20| < moelPoTARo(mADER™)(E—to) 1 vt e (10 0 + m]

20]| < roelPotMRotnEDe ™ )=to)y g (. 1, 1)z, ¥t € [to, to + m]

and (5.20) follows.

Step 2 : In this step we prove the lemma whenever (¢,%y) € A. Observe when 0 < ¢t —ty < m then
the estimates (5.16) follows from Step 1. Now assume that ¢ — ¢y > m. Then there exists a positive
integer n and a non negative real number r with 0 < r < m such that

t—tg=nm-+r.
For more convenience in the notations set

tp:=to+(k—1m+r, 1<k<n
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so that
tnt1 =1t
tkr1 —te=m, f1<k<n
t1—to=1r<m.

Since {9,V (z, t, t0) }(t,to)ea 18 a linear evolution family we have
8x\ij(ﬂ77 tu tO)Z[) = 8x\ij(x7 tn+17 tO)ZO = 8%‘@(1‘) tn—i—l; tn)ax\j:l(ll) tn7 tn—l) e 8x\ij($7 tlu tO)ZO

and by Step 1

Bo+iRo(m+1)e?0™ ) (tnr1—tn) (Bo+ifo (m+1)ef0™ ) (t1—to) | o

10:% (2, £, t0)z0]] < roel - Koe

Botfo(m+1)e’o™) (tas1~t0) | |
Bo+ifo(m+1)efom™ ) (t—to) EYE

/@0/@8’6(

ININ A

nomge(

Then observing that

t—1tg— t—1
" — 0=" 0
m m

we obtain

A t—tg . m In(rg) AR Bom ) (4—
10, (2, £, to) 20| < Koky™ e(ﬁo+nmo(m+1)e50 )(t—to)HZOH ZHoe< 0 4-Bo+nRo (m+1)efo )(t tO)”ZOH‘
Since
0 (z,t,t0) L2g = 0, U (2, ty, t0) "t 0u U (2, bt 1) RO (T, trg1s tn) 20

by using similar arguments one also obtains

" In(kg) an Bom _
Haxllj(x,t’to)—lzon S K/Oe(im +50+77f€0(m+1)e 0 )(t tO)”ZOH-

Step 3 : We can now complete the proof of our lemma by using Step 2. Indeed if (¢,t9) € A and
z € X then by setting

we obtain
0oV (z,t0,t) = 0, (&, t,t0) ! = 0, U (x,to, t) "t = 0, V(& 1,t0)

and the result follows from Step 2. |
As a consequence of Lemma 5.5 we obtain the following analogous of Assumption 3.2 for the per-
turbed equation (5.2).

Lemma 5.6 Let Assumptions 3.1, 3.2 and 5.3 be satisfied. For each Bg > Po there exists g > 0
such that if
sup |[F(z,t)]| < o
(z,t)eX xR
then any two solutions i1, 1s € CY(R, X) of (5.2) satisfies

i (£) — a2 (t) ]| < moe®l=10l|lay (to) — aa(to)|, V(t, to) € R2.
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Proof. Let 11,12 € CY(R, X) be two solutions of (5.2). Then we have
;i (t) = W(ai(to), t,to), Y(t, o) € R?, i=1,2.

Hence
ar(t) —da(t) = W(a(to),t,to) — U(aa(to),t, to)

and from Lemma 5.5 if
sup  [|[F(z, )] <7
(z,t)eX xR

then for each m > 1

~ In(kg) P Bom \ |+
10 (riig (o) + (1 — T)sz(to),tato)Hﬁ(X) < K0€< =00+ Bo+iifo (m+1)efo >|t t0|’ Vr € [0,1]

and we obtain
. . nlr0) 4 go+iio(m+1)efom™ ) |t—to| - .
s (1) — ()] < ol TR LRI etoly o v o), VI, t0) € R,

The result follows by taking firstly m > 1 large enough and secondly 7 > 0 sufficiently small. [

5.3 Persistence of exponential dichotomy

In this subsection we will show that if & € C!(R, X) is a solution of (5.2) for I sufficiently small
then the evolution family generated by (5.3) has an exponential dichotomy.

Proposition 5.7 Let Assumptions 2.1, 2.3, 5.1, 3.2, 3.4, 3.7 and 5.3 be satisfied. Let 3 € (Bo, B)
be given. There exists m1 > 0 such that if

sup ||[F(z, )] <m
(z,t)eX xR

and i € CY(R, X) is solution of (5.2) then the evolution family generated by (5.3) has an exponential
dichotomy with some constant k > 1 and exponent 3.

This proposition is crucial in proving our main result. Before giving its proof we first introduce
some notions and prove a technical lemma.

Definition 5.8 Let & € CY(R, X) be a solution of (5.2) and (t;)rez C R be a non-decreasing
sequence. We say that the sequence of functions (up)rez C C1(R, X) is a ty-approvimation of U if
uy satisfies

u(t) = Fup(t), VteR and wug(ty) = a(tk),

for each k € Z.

The following lemma gives a relationship between @ and its approximation.
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Lemma 5.9 Let Assumptions 3.1 and 5.3 be satisfied. Assume in addition that

sup || F(z, 6)] < 4.
(z,t)eX xR

Let i € CY(R, X) be a solution of (5.2) and (t)rez C R be a non-decreasing sequence. If (ug)rez C
CY (R, X) is a tp-approzimation of i then

lu(t) = ur ()] < At = t)e" =, V>t (5.25)

Proof. We have

a(t) = a(ty) + / Fla(r))dr + /t Blar), rydr, > by

tk

) = ueltn) + [ Flan ), 12 1

tg

and since 4(t;) = ug(ty) we obtain

la() - w(®)] < L / la(r) — ()l dr + At — t)

and (5.25) follows by Gronwall’s inequality. [ |
In the proof of Proposition 6.3 we will use the following notion of exponential dichotomy for discrete
time systems.

Definition 5.10 Let C = {Cy}nez C L(Y0) be a family of bounded linear operators on Yy. Define

Ch1...Ch, ifn>m
Iﬁ(Y0)7 ifn =m.

Uc(n,m) = {

We say that C = {C), }nez is exponentially dichotomic on Z with constant k > 1 and exponent 3 > 0
if and only if the following properties are satisfied

(i) There exist two families of projections {IL} }nez C L(Yo) and {II,, }nez C L(Yy) on Yy such
that
IL +1L, = Iz, VneZ

Then we define for all n > m

UL(n,m) :=Uc(n,m)II} and Ug(n,m):=U(n,m)I,.

(ii) For all n > m we have ILT Uc(n,m) = Ug(n, m)IL}.

(iii) For all n > m the restricted linear operator Uc(n,m)IL . is invertible from II_ (Yy) into

IT,, (Yy) with inverse denoted by Ug(m,n) and we set

Ug(m,n) = Ug(m,n)IL,.
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(iv) For alln >m

IUE M)l < ke P07 and (U (m.n)l ey < e 0.
Now we are in position to prove the main result of this section.

Proof of Proposition 5.7. Let @ € C1(R,X) be a solution of (5.2). Denote by {Us(t,1)}i> C
L(Yy) the evolution family generated by

W(t) = [A+ B@a)w(t), t > 1, w(l) = wo € Y.

The existence of such evolution family is ensured by Assumptions 2.1, 2.3 and 3.7 together with
Lemma 2.9. Let tg € R be given. Define the non-decreasing sequence

ti=to+k, keZ. (5.26)

Let (ug)rez € CH(R, X) be a tg-approximation of u with ¢, defined in (5.26). For each k € Z denote
by {Uy, (t,1)}+>1 C L(Yp), the evolution family generated by

w(t) = [A+ B(ug(t))]w(t), t>1 and w(l) =wp € Yp.

Then due to Assumption 3.4 the evolution family {U,, (t,1) }+>1 C L(Yp), k € Z, has an exponential
dichotomy with constants x and exponent 3. Moreover from Assumption 3.7 and Lemma 2.9 we
also have for each k € Z and t > [

Ui (8Dl 20vey < M1et @D and | Ua(t, )] vy < Mye @0, (5.27)

for some M7 > 1 and wy € R independent of & and wuy.
Next define the following sequences of bounded linear operators

C,, = Ua(tn+1,tn) S E(Yo), Vn € Z,

and
CF .= Uy, (tni1,tn), Vn€Z.

Then for each k € Z, it is easy to see that {Ci},ez C £(Yp) is exponentially dichotomic on Z with
constant k and exponent 3.
Next let y € Yp and n € Z be given. Then t € [t,,+00) — Uy(t,t)y is the mild solution of

w(t) =[A+ B(u(t))]w(t), t >t, and w(t,) =y € Yp
which can be rewritten for k € Z as
w(t) = [A+ B(uk(t)w(t) + [B(a(t) — B(uk(t))]w(t), t > t, and w(ty) =y.

Then using lemma 2.9 with f(¢) = [B(a(t)) — B(ug(t))]w(t) we obtain
w(t) = Uy, (¢, tn)y + /\lim Uy, (t,7)ARX(A) [B(u(r)) — B(ug(r))] w(r)dr, t > t,

—400 tn
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or equivalently

Ua(t,tn)y = Uy, (t,tn)y + /\lim Uy, (t,7)ARA(A) [B(u(r)) — B(ug(r))] Ua(r, tn)ydr, t > t,.

—4-00 tn

Then by Proposition 2.11 we obtain

1Ua(t, tn)y — Uy (£, tn)y| < 87 (¢ — tn) Sup ITB(a(r)) = Bluk(r)] Ualr; tn)yl|, Yt = tn

where 6* : [0,+00) — [0,+00) is a non decreasing function depending only on A,w4, M4, Lp and
0. Therefore by using Assumption 3.7, Lemma 5.9 and (5.27) we obtain for each t > ¢,

1Ua(t,tn)y — Uny (t,ta)yll < Lpd*(t — t,) My =) |y Sup [a(r) — ur(r)]
< Lpdt(t— tn)Mies =it — ¢, YeLe =ty ].
providing that
[Ua(t,tn) = Uy (. t0) | 2(vi) < Lpd*(t — t) Mye U=mq(t — ¢, )elrtin),
It follows that for each k,n € Z

HCn - CsHE(Yo) HUﬂ<tn+lvtn) - Uuk (tn—i-latn)HC(Yo)

< LB(S*(tn_H — tn)Mlewl(t"Jrl*t”)ﬁ(tn_H — tn)eLF(t"Jrl*t”)
so that for each p € N we obtain

sup  [|Cr — C|l () < Lp6* (p) M1 Pijper?.
ne€lk,k+p|

Furthermore since we have

sup||Cnll(vp) < M1t and  sup||Ch|lzvy) < Mie*,

neL nez
we infer from [9, Proposition 6.4] that for 7 sufficiently small {C),},ecz C L(Y)) is exponentially
dichotomic on Z with some constant £ > k (independent of ¢y3) and exponent 0 < 5 < 5. Now
using the fact that k¥ and 5 do not depend on ¢y we are in the situation of [22, Theorem 1.3| so we

conclude that {Uy(t,1)}+>; C L£(Yp) has an exponential dichotomy with constant &4 > x (possibly
larger than k) and exponent (. |

6 Proof of the main result

Let 8 € (8o, 8) and By € (Bo, B) be given. Let flp > 0 and 7; > 0 be the positive constants such
that Lemma 5.5 and Proposition 5.7 hold true. In what follows we always assume that the positive
constant 77 > 0 in Assumption 3.6 satisfies

0< n < min(ﬁ07ﬁl)v (61)

where 7y (respectively 7; ) is defined in Lemma 5.6 (respectively in Proposition 5.7).
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6.1 Estimates of the u-equation

Let z € X, tp € R and v € BC(R,Yp) with ||v]|sc < ¢ be given where { > 0 is the positive
constant in Assumption 3.6. Consider

a(t) = Fu(t)) + K (u(t),v(t), Vt>to, ulte) =z € X. (6.2)

By Assumption 3.1 and Assumption 3.6-(i) for each x € X, tp € R and v € BC(R,Y)) with
lv]|oo < ¢ there exists a unique solution v € C*(R, X) of (6.2) such that u(tg) = x. Therefore for
any ¢ € X, to € R and v € BCO(R,Yp) with [|v]lcc < ¢ we define

u(t) == Ao(z,v)(t, 1), Vt € R <= u € C1(R, X) satisfies (6.2) with u(ty) = . (6.3)

Hence for any x € X and v € BCO(R, Yp) with [|v]|oc < ¢ the family of maps {Ao(z,v)(t, 1)} 1)er2
satisfies
AO('a U)(tv l) © Ao(',’l})(l,to) = AO(')”)(ta tO)v V(t, l)a (lat(]) € RQ

and
Ao(z,v)(t,t) =z,Vt € R and z € X.

Furthermore for each (¢,t) € R? and v € BC(R,Yp) with ||v]|e < ¢ the map
x — No(z,v)(2,t0)
is a diffeomorphism in X with inverse function
x — No(z,v)(to,t)
and {9:Ao(z,v)(t,t0) } (¢,t0)ea is the linear evolution family generated by
2(t) = [DF(Ao(z,v)(t,t0)) + 0K (Ao(x,v)(t, to), v(t))]2(t), Vt > to and z(ty) = 20 € X.
The next lemma is a direct consequence of Lemma 5.6 applied with F(u(t),t) := K (u(t), v(t)).

Lemma 6.1 Let Assumptions 3.1, 3.2 and 3.0-(i) be satisfied and n > 0 satisfying (6.1). Let
v € BO(R,Yy) with ||v]joo < ¢ be given. Then for each x1,72 € X and (t,t9) € R? we have

1Mo (1, ) (t,t0) — Ao(wa, v)(t,to)|| < roe™!' " 0l|lz) — s
The following lemma is obtained by using the same arguments as in the proof of Lemma 5.2.

Lemma 6.2 Let Assumptions 3.1, 3.2 and 3.6-(i) be satisfied and n > 0 satisfying (6.1). Then for
each v € X, (t,t9) € R? and v € BC(R,Yy) with ||v]|eo < ¢ we have

020 (3, 0) (1 t0) | £(x) < Ko™ 0! and (0o (w, v) (¢, t0) ™2y < moe I,

The proof of the next proposition is taken from [21|. This is a key ingredient for our fixed point
arguments.
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Proposition 6.3 Let Assumptions 3.1, 3.2 and 3.6-(i) be satisfied and ) > 0 satisfying (6.1). Then
for each x,z € X, (t,tg) € A and v,v € BC(R,Yp) with ||v||cc < ¢ and ||0]|c < ¢ we have

. t
1Ao(2, v)(t, to) — Ao(Z, D) (¢, to)|| < koe™ 10| — || + 77/ ko™ |u(r) — o(r)|dr

to
| Ao (e, v) (to, £) — Ao, D) (to, £)| < o™= 2 — ]| + U/t o) o(r) — o(r) |-
K (6.4)
Proof. Define
vs:=sv+ (1 —s)v, Vs € [0,1]
Let zg,x1 € X be given. Define
xs:=sr1+ (1 —s)zg € X, Vs € [0,1].
Since ||vs|| < ¢ and z, € X for all s € [0,1] we can define for each (¢,ty) € R the map
s = No(zs,vs) (¢, to),
so that by Lemma 6.2 we have for each s € [0,1] and (¢,t) € R?
102 A (5, v5) (t, o) | 2x) < Ko@) and ([0, A (s, vs)(E, t0) Ml 2x) < moeltTol. (6.5)
Note that condition
1K (2, y) = K(@,9)| <nlllz — 2 + ly = 7l), Y(z,y),(Z,7) € X x Byy(0,¢)
with
By, (0,¢) ={y € Yo : lyll < ¢}
implies that
sup 102K (2, y)l| cx) <n and sup 10y K (2, )l vo, x) <m- (6.6)

(m7y)€X><BYO (O’C) (CL',y)EXXBYO (O,C)

Recalling that the map F': X — X and K : X x Yy — X are respectively differentiable on X and
X X By, (0,¢) combined with the fact that s — v is differentiable with respect to s we infer from
Gronwall [18] that

s — No(xs,vs)(t,to)

is differentiable with respect to s. Moreover (see [18]) if we set
Zs(t) = 83A0(1'5,U3)(t,t0), Vit > to
us(t) == Ao(xs,vs)(t, t0), Vt>to
then for any s € (0,1), the map ¢ € [tg, +00) — 24(t) is the solution of

dzs(t)

= [DF(us(t)) + 0x K (us(t), vs(t))]2s(t) + Oy K (us(t), vs(t))dsvs(t), t > to
Zs(t(]) = 6sus(t(])
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that is

dzét(t) = [DF(us(t)) + 0. K (us(t), vs(t))]2s(t) + Oy K (us(t), vs(t))(v(t) — v(t)), t > to

zs(to) = 1 — Xo.

Since {0, Ao(z,vs)(t,t0) }(t,49)ea 1 the evolution family generated by

dz(t)
dt

= [DF (us(t)) + 0: K (us(t),vs(t))]2(t), t > to and z(tg) = 20 € X,

is an invertible family of linear operators we obtain by the variation of constants formula

z5(t) = Oz Ao(xs,vs)(t, t0)(x1 — z0) + [ OxAo(xs,vs)(t, )0y K (us(r), vs(r)) (v(r) — v(r))dr, Vt € R.

to
(6.7)
Integrating equation (6.7) with respect to s between 0 and 1 gives
1
AQ(ZL’l, U)(t, to) - AQ(ZC(), Q_J)(t, to) = / &EA()(xs, ’L)s)(t, to)(:ﬁl - .To)ds
0
1 gt
—i—/ [ OxNo(zs, vs)(t, 7) 0y K (us(r), vs(r)) (v(r) — v(r))dr} ds, Vt € R
0 to
so that by using (6.5) and (6.6) we obtain for 1 = z and 9 = %
. t R
[Ao(z,v)(t, to) — Ao(Z, D) (t, t0)|| < roe™!t 0Nz — z|| + 7 / roe™lttl o (r) — o(r)||dr|, Vt € R.
to
The result follows. u

An immediate consequence of Proposition 6.3 is the following.

Corollary 6.4 Let Assumptions 3.1, 3.2 and 3.6-(i) be satisfied and n > 0 satisfying (6.1). Then
the following properties hold

(i) For each x,z € X and v,v € BC(R,Yy) with ||v]|c < ¢ and ||7||co < ¢ we have

L)

sup_ [e=Rlt=ol) g i, v)(t, o) — Bo(2,0)(t,t0) ] < wolle — 2] +
0

(t,t0)€R2

[0 = 7] co-

(i) If By < o then for each x,z € X and v,v € BC(R,Yy) with ||v]|ec < ¢ and ||7]|es < ¢ we

have
sup e 0lju(t) — (1) < [Jo = 7]|o < +00
(t,t0)€R2
and
sup e~ 01101 Ag (a, v) (8, to)—Ao(, B) (¢, to)]| < mollr—2]+—10 sup el olfu(e)—5 (1))
(t,to)€R2 Yo — Bo (t,to)eR?

The following lemma is a direct an application of Proposition 5.7 with F'(u(t),t) := K (u(t), v(t)).
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Lemma 6.5 Let Assumptions 2.1, 2.3, 3.1, 3.2, 8.4, 3.0-(i) and 3.7 be satisfied and and n > 0
satisfying (6.1). Let v € X, to € R and v € BC(R,Y)) with ||v]|s < ¢ be given. If

u(t) = A0($, U)(t7 t0)7 vVt e R,
then the evolution family generated by
w(t) = [A+ B(u(t))]w(t), t >ty and w(ty) =wo € Yy

has an exponential dichotomy with constant & > k and exponent B € (Bo, B)-

6.2 Fixed point formulation
Let x € X and v € BC(R, Yp) with ||v]|sc < ¢ be given. Define

Ke(z,v)(t) == Ao(x,v)(t,0), Vt € R. (6.8)
We introduce the following intermediate subset of C'(R, X) to simplify the notations.

Notation 6.6 We write
u € ED(k, )

if and only if the evolution family {Uy(t,t0)} (1 1,)cn generated by
w(t) = [A+ B(u(t))]w(t), t >ty and w(ty) =wo € Yy

has an exponential dichotomy with constant & > k and exponent B € (Bo, B)-

Note that ED(k&, 3) is not empty as long as the conditions of Lemma 6.5 are fulfilled. In particular
we have the following lemma.

Lemma 6.7 Let Assumptions 2.1, 2.3, 3.1, 3.2, 3.4, 3.6-(i) and 3.7 be satisfied and n > 0 satisfying
(6.1). Then R
Ke(z,v) € ED(, B)

for allz € X and v € BC(R,Y)) with ||v]|s < ¢.

Remember that the space BC7(R, Z) is defined for Z = Y, Y, X by
BC'(R,Z) := {f € C(R,2) : || flly == supe M| f(2)]| < +OO}, ¥y > 0.
teR

Therefore
BCY(R, Z) = BC(R, Z) and BC(R,Z) C BC'(R, Z), ¥y > 0.

In particular we have

1£lly < Ifllocs Vv >0 and f € BC(R, Z).
The following result is obtained from Theorem 2.13 and Theorem 2.14.
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Lemma 6.8 Let Assurpptz’ons 2.1, 2.8, 8.1, 3.2, 3.4, 3.6-(i) and 3.7 be satisfied and n > 0 satisfying
(6.1). Let u € ED(k,B) (see Notation 6.6) be given. Then for any f € BC(R,Y) there exists a
unique mild solution w € BC(R,Yp) of

w(t) = [A+ B(u(t)]w(t) + f(t), t e R

given by

w(t) = lim [ / " U s)ARN(A)f(5)ds — /t T U (1 AR (A) f(s)ds | Wt € R,

A—~+00 — oo

Moreover if v > 0 with o
—%0 € (=8, —fo]
then there exists C(yo, &, 3) > 0 (independent of u) such that

lwlly < C(o, &, B)IIfllys ¥y € 10, Bol-

The foregoing lemma will allows us to define our second operator for our fixed point problem. Before
proceeding let us note that for any v € C(R, X) and v € BC(R, Yp) with ||v||cc < ¢ the map

t = G(u(t), v(t))
belongs to BC(R,Y’) and by Assumption 3.6 it satisfies
1G(u(-),v())]lee < 0. (6.9)

Hence one can define for each v € ED(&, 3) and v € BC(R,Y}) with ||v]|oc < ¢ the map

t

Ko, v)(£) = Tim [ /

A——+o00 — oo

+oo
U (t,s)ARA(A)G(u(s),v(s))ds — /t U, (t,$)AR)\(A)G(u(s),v(s))ds| ,

(6.10)
for all t € R.
Thus due to Lemma 6.8 and (6.9) the map K, is well defined and we have the following properties.

Lemma 6.9 Let Assumptions 2.1, 2.3, 3.1, 3.2, 3.4, 3.6-(i) and 3.7 be satisfied and n > 0 satisfying
(6.1). Let vo > 0 with

—70 € (8, —F]
be given and fized. Let uy,us € ED(R, [3’) and vi,v9 € BCO(R,Y)) with ||v1]|e < ¢ and [|v2]co < C.
Then the following properties hold

(i) For each vy € [0,70] and i, = 1,2 we have Ky (us,v;) € BCY(R,Yy) and
1A (ui, v7) [y < C (0, &, B)8
(ii) For each v € [0, 0]
[V (w1, 01) = Kn(ur,v2)l < C0, &, Borf|or = wal.

44



(iii) For each ~y € [0, o]
G(ui(), v2()))=G(ua(-),va(-)) € BCT(R,Y)  and  [B(ui(-))=B(uz())]Kh(uz, v2) € BC"(R,Y)
and

1Kn(ur,v2) — Kn(ug, v2)lly < C(0, & B)|G(ur (-), v2(-)) — Glua(-),v2()) |l
+C (0, &, BIB(ur () — Blua(-))]Kn(uz, va) |-

(6.11)
If in addition uy,us € BCY(R, X) then
1 (w1, v2) = Kn(us, va) |l < C0, 7, B) | L + C(r0, &, B) L6 | |lur — . (6.12)
Proof. Let us first note that Assumption 3.6 implies that
G(UZ(),’U]()) € BC(Rvy)u for 7’5.7 = 172
so that
G(“Z()vvj()) € BC’Y(Rv Y)7 vfy € [0770} and Z’j = 1)2
Therefore
HG(UZ()aU]())H“/ < HG(UZ()vvJ())HOO <og,Vye€ [0770] and 4,7 = 1,2 (6'13)

Next we infer from Lemma 6.8 that for i,5 = 1,2

1 (i, 05) Iy < C (0, &, DYIG (i (), 05 (D)l Yy € [0,70]

and (i) follows from (6.13). To prove (ii) we observe that by Lemma 6.8 and the definition of KCp
we have

1K (w1, v1) = K (ug, v2)lly < Cyo, &, B)IG(ur (), v1() = Glua(-), v2()lly, ¥y € [0,70].

Since G is Lipschitz continuous with respect to its second variable with Lispchitz constant o it is
easy to see that

1G (w1 (), v1() = Glua (), v2()) |y < oo = vally, ¥y € [0,70],

and (ii) follows.
It remains to prove (iii). To do so note that by (i) and Assumption 3.7 we have

[B(u1(-)) — B(uz(-))|Kn(uz,v2) € BC(R,Y)
and it is also clear that
G(u1(-),v1(+)) = G(ua(-),v2(-)) € BC(R,Y).
Next note that by Lemma 6.8, Kp(u;,v2) € BC(R,Y), i = 1,2 is the unique mild solution of

it) = [A+ Blus(®w(t) + fi(t), t € R
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with
filt) = G(ui(t), va(t)), Vt € R.

This is equivalent to say that
t t t
K (ui, v2)(t) = Kn(us, v2)(to) + A [ Kp(us, v2)(r)dr +/ B(ui(r))Kn(us, v2)(r)dr + [ fi(r)dr
to to to
for all (¢,t9) € A and i = 1,2. Thus by setting
w(t) := Kp(ug,v2)(t) — Kp(ug, v2)(t), Vt € R
we obtain for each (¢,t9) € A

t t t
w(t) =w(ty) + A [ w(r)dr +/ B(uy (r))w(r)dr + t f(r)dr

to to
with
FC) = Gua(t), 01(1) — Glua(t), vi(t)) + [B(ua(-)) — Blua(-)Kn(ug, v2) € BC(R,Y)
that is to say that w is the unique globally defined mild solution of
w(t) = [A+ B(ui(t))]w(t) + f(t), t € R.
Hence by Lemma 6.8 we obtain

[wlly < C(y0, & B) | fllys ¥y € [0,70),

and (6.11) follows. The remaining estimate (6.12) is easily obtain from Assumption 3.6 and As-
sumption 3.7. u

6.3 Proof of Theorem 3.12

All the materials are now completed in order to give the proof of Theorem 3.12. Let vy > 0 with

~ ~

—Y € (=8, —Po)
be given and fixed. Define
Q(¢,70) = {v € BC(R,Yp) : [|vllyy < ¢ and [|v]jec < C}.

It is easy to prove that Q((, 7o) is a closed subset of BC" (R, Y)).
From now on assume that

0< n< min(ﬁ07ﬁl)7

where 7y (respectively 7; ) is defined in Lemma 5.6 (respectively in Proposition 5.7).
Then Lemma 6.5 and Lemma 6.8 ensure that for each (z,v) € X x Q({,70) we have

K.(z,v) € ED(&,j3)
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so the map
K(z,v) = Kp(-,v) o Ke(z,v)

is well defined.

In order to prove that the map K maps ©((, 7o) into itself is a contraction with respect to its second
variable we now use the properties of the maps K. and Kj. Recall that ICc(x,v)(t) = Ao(x,v)(t,0)
we have from Corollary 6.4 and Lemma 6.7

Ke(z,v) € ED(#, 3) N BCT (R, X), V(x,v) € X x Q(¢,70)

and

K
I1Ke(z1,v1) = Ke(2,v2) |l < KollT1 — 22| + 1 05 lv1 = vallyg, V(21,v1), (T2, 02) € X X Q((,70)-

Yo — Po
(6.14)

Next by using condition (i) in Lemma 6.9 it is clear that if
C(0, %, 8)6 < ¢

then
‘|IC($7U)H’Y S 0(707/2% B)& S Cv V(l‘,’l)) € X x Q(C?70)7 V’)/ € [0770]

that is to say that KC(-,-) maps X x (¢, 7o) into Q2({, o) as long as C(vo, &, B)& < ¢. We now prove
that KC(+,-) is Lipschitz continuous in X x Q((,v9). To do this let (z1,v1), (x2,v2) € X x Q({,70)
be given. Set

uy == Ke(z1,01) € ED(&,3) N BC?(R, X) and uy := K.(x2,v2) € ED(k,3) N BC(R, X).

Then
K(z1,v1) — K(z2,v2) = Kp(ur,v1) — Kp(ug,v2)

= Kn(ur,v1) = Kp(u1,v2) + Kp(ur, v2) — Kp(uz, v2)
so that conditions (ii) and (iii) of Lemma 6.9
(21, v1) = K(x2,02) 50 < Cy0, &, B)allor = vallyy +Cy0, &, B) L + LEC (0, &y £)3][lur — uz .
Hence we infer from (6.14) that

Ko
ot = wslly = 1Ke(@1,01) = Ke(wz,v9) e < Foller — @2 + — L[y — w3l

B Yo — Po

providing that

1K (21, v1) — K(22,02)|l7 < C(Y0, &, B)[La + LpC (0, &, B)8] k0|1 — w2

+C (0, &, B) [a + ”“OB L + LC(v0, /, B)tﬂ} o1 — V2|

Yo — Po

Therefore we let 0 > 0 and 1 > 0 small enough such that

0< C(PYO? "?‘773) |:U + nHOA [LG + LBC(’Y(]a /%73)&]] <

Y0 — Bo

1
>
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Then for ¢ > 0, n > 0 and & > 0 small enough we have the following properties for

{ Kn(z,v) € Q(¢,70), V(ﬂfav)l € X x (¢ )

6.15
K, v1) — K@ )lly < slon — vallge Vo € X andvyva € Q(C70) )

and for each (x1,v1), (z2,v2) € X x Q((, )

.5 o Ay a 1
121, 01) = K22, v2)ll50 < C0, & B)[La + LC (0, &, B)d]kolla1 — 22l + S llvr — vafls. (6.16)

We divide the remaining part into four steps.
Step 1 (Existence) : Observe that on one hand (u,v) € C1(R, X) x Q(¢, 7o) is a mild solution of
(1.1) with «(0) = z if and only if

{ u=Ke(z,v)
v=K(z,v) = Kp(-,v) o Ke(z,0)

On the other hand by using (6.15) we infer from the contraction mapping fixed point theorem that
for each (z,v) € X x Q((, 7o) there exists a unique v € Q((, o) such that

v=K(z,v).
Hence we define for each x € X the map
() = K(z,)(0) (6.17)
with v € Q(¢, 7o) the unique function satisfying
v=K(x,v)
and we set
Nn:{@@@m;xex}. (6.18)

Step 2 (Invariance) : It is clear from the definition of M that if (z,4(z)) € M then there exists
a unique mild solution (u,v) € CH(R, X) x Q(¢,70) of (1.1). We now prove that any given solution
(u,v) € CHR, X) x Q(¢,70) of (1.1) satisfies

v(t) = P(u(t)), Vt e R.

Let ty € R be given. Define

~

U :=u(-+1to) and 0 :=v(- + o).

Then (4, %) € CH(R, X) x Q(¢,70) is a mild solution of (1.1) with @(0) = u(to) which is equivalent
to say that

Therefore it follows that



Step 3 (Normal Hyperbolicity) : By using Lemma 6.1 and Lemma 6.7 it is straightforward that
M is normally hyperbolic with constants & > 1, ko > 1, exponents 3 € (5o, ) and By € (Bo, B)
Step 4 (Lipschitz continuity) : Let z1,22 € X be given. Denote by v; € Q(v,() and ve €
Q(70, ¢) the unique maps such that

v1 = K(x1,v1) and vy = K(x2,v2).

Then (6.16) gives

" B A 1
[v1 —v2lly < C(y0, 4, B)[La + LeC (Y0, &, B)5]kKo |21 — 22| + §HU1 — 02

and we obtain R X
||’l)1 - U2||’}’0 < 20(701 ’%76)[LG + LBC(’YOa "%76)6_}KOH$1 - Z’QH

and since we have
[4h(21) — (@) = [[01(0) = v2(0)]| < o1 — v2llyg < 2C(70, &, B)[Le + LBC (0, &, B)6]kola1 — 22

it follows that 1& is Lipschitz continuous on X. Finally we prove that 7,; is uniformly bounded on X.
This is achieved by observing that for each = € X if we denote by v € (79, () the unique solution
of the fixed point problem

v =Kp(z,v)

in Q(70,¢) then A )
[ @) = [ Kn(z, v)(0)[| < C(y0, &, B)S-
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