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ABSTRACT. We propose a definition of topological stability for set-valued map-
s. We prove that a single-valued map which is topologically stable in the set-
valued sense is topologically stable in the classical sense [14]. Next, we prove
that every upper semicontinuous closed-valued map which is positively expan-
sive [15] and satisfies the positive pseudo-orbit tracing property [9] is topolog-
ically stable. Finally, we prove that every topologically stable set-valued map
of a compact metric space has the positive pseudo-orbit tracing property and
the periodic points are dense in the nonwandering set. These results extend
the classical single-valued ones in [1] and [14].

1. Introduction. The topological dynamics of set-valued maps has been studied
recently in the literature. For instance, [4], [5] and [8] introduced the metric and
topological entropies for set-valued maps. In [11] it is defined the specification
and topologically mixing properties for set-valued maps. In [6] it is considered the
continuum-wise expansivity for set-valued maps.

In this paper we will propose a definition of topological stability for set-valued
maps. We prove that a single-valued map which is topologically stable in the set-
valued sense is topologically stable in the classical sense [14]. Next, we prove that
every upper semicontinuous closed-valued map which is positively expansive [15]
and satisfies the positive pseudo-orbit tracing property [9] is topologically stable.
Finally, we prove that every topologically stable set-valued map of a compact metric
space has the positive pseudo-orbit tracing property and the periodic points are
dense in the nonwandering set. These results extend the classical single-valued ones
in [1] and [14].
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2. Definitions and results. We start this section by introducing the concept of
topologically stable set-valued map. This will require some basic notions of set-
valued analysis [2]. Afterwards, we state our results.

Let X denote a metric space. Denote by 2% the set formed by the subsets of
X. By a set-valued map of X we mean a map f : X — 2%X. We say that f is
single-valued if card(f(z)) =1 for every x € X, where card(-) denotes cardinality.
There is an obvious correspondence between single-valued maps f : X — 2% and
maps f: X — X. In what follows all set-valued maps will be assumed to be strict,
ie, f(z) # 0 for every x € X. A set-valued map f is closed-valued if f(z) is
closed for every x € X. We say that f is upper semicontinuous if for every z € X
and every neighborhood U of f(x) there is n > 0 such that f(z') C U for every
a2’ € X satisfying d(z,2') < n. This definition reduces to the usual continuity in
the single-valued case.

The distance between single-valued maps f and g of X is defined by

d(f.g) = sup d(f(z),g(x)).

Next we present the classical definition of topologically stable single-valued map by
Walters [14].

Definition 2.1. A continuous single-valued map f : X — X is topologically stable,
in the class of continuous maps (or topologically stable for short), if for every ¢ > 0
there is § > 0 such that for every continuous map g : X — X with d(f, g) < J there
is a continuous map

h:X —-X
such that R o
d(h,Idx)<e and foh=hogy,
where Idyx : X — X is the identity.

To extend this definition to the set-valued context we require further notations.
Given A, B C X we define the distance

d(A, B) = inf{d(a,b) : (a,b) € A x B},
and the Hausdorff distance
dp (A, B) = max {sup d(a, B),sup d(b, A)} .
ac€A beC

The distance between the set-valued maps f and g of X is defined by
du(f,9) = sup d (f(z), g(x)).

Notice that dg (f, g) reduces to the distance d(f, g) when the involved set-valued
maps f and g are single-valued.

In what follows N will denote the set of nonnegative integers, i.e., N = {0, 1,2,

.
Denote by
xXN=T]x
neN

the infinite product of copies of X, equipped with the distance

d*((@n)new, Wn)new) = > 27" d(@n, yn). (1)
neN
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Another distance to be considered in XV is

D((x)nENv (yn)neN) = 7811;11\)1 d(x'ruyn) (2)

We say that (z,,)nen € XV is an orbit of a set-valued map f (or an f-orbit for
short) if
Tnt1 € flan), Vn € N.
The set liin f formed by the f-orbits is often called the inverse limit space induced

by f (cf. [8]). The name inverse limit system is also used (cf. [1]). Precisely,
liinf = {(#p)nen € XV 241 € f(2),Yn € N},
It turns out that f induces a map, to be called left shift
oy lgnf — liin 1

defined by

o ((Tn)nen) = (Tnt1)nen
Let m : XN — X the projection in the first variable, i.e., 7((2)nen) = zo. Define
the map 7y : liinf — X as the restriction of 7 to 1i(£n f

Now we present our definition of topologically stable set-valued map.

Definition 2.2. An upper semicontinuous closed-valued map f of X is topological-
ly stable, in the class of upper semicontinuous closed-valued maps (or topologically
stable for short), if for every e > 0 there is § > 0 such that for every upper semi-
continuous closed-valued map g with dg(f,g) < d there is a continuous map

h: (limg, d”) — (lim f,d")

such that

D(h,Idx) <e and opoh=hoay,
where

D(h,Idx) = sup{D(h(x),x) : x € liing}.

The following remark holds.

Remark 2.1. An important difference between definitions 2.1 and 2.2 is that the
domain of the semiconjugacy h in the latter definition depends on the perturbation
g.

Since every continuous single-valued map is upper semicontinuous and closed
valued as a set-valued map, it is natural to compare the definitions 2.1 and 2.2 in
the single-valued context. This motivates the following result.

Theorem 2.1. Every continuous single-valued map of a metric space which is topo-
logically stable as a set-valued map (Definition 2.2) is topologically stable in the
classical sense (Definition 2.1).

Unfortunately we do not know if the converse of Theorem 2.1 holds, namely, if
a single-valued map which is topologically stable in the classical sense (Definition
2.1) is also topologically stable when regarded as a set-valued map (Definition 2.2).
The next theorem (and Example 2.1 below) give some light to this question.

Theorem 2.2. Every topologically stable single-valued map f of a compact metric
space X satisfies the following property:



1968 R. METZGER, C. A. MORALES ROJAS AND P. THIEULLEN

e For every e > 0 there is § > 0 such that for every continuous single-valued
map g: X — X with dy(f,g) < there is a continuous map

h: (limg, d”) — (lim f,d")

such that
D(h,Idx) <e and ofjoh="hooyg,

In [13] Walters proved that every positively expansive map with the positive
pseudo-orbit tracing property of a compact metric space is topologically stable. Now
we extend this result to the set-valued context. Previously we recall the concepts
of positive expansivity and pseudo-orbit tracing property in the set-valued context.

Definition 2.3 ([15]). A set-valued map f of a metric space X is positively expan-
sive if there is € > 0 (called positive expansivity constant) such that = y whenever
x,y € X satisfy that there there are f-orbits (x,,)nen and (yn )nen such that zg = z,
yo =y and d(x,, yn) < € for every n € N. Sometimes we will say that f is positively
expansive with respect to d to emphasize the metric d of X.

Definition 2.4 ([9]). We say that a set-valued map f of a metric space X has the
positive pseudo-orbit tracing property (abbrev. POTP,) if for every € > 0 there is
d > 0 such that for each sequence (p,)nen in X satisfying

d(anrh f(pn)) < (S, Vn € N,
there is an f-orbit (g, )nen satisfying
d(men) < €, Vn € N.

These definitions extend the classical single-valued ones by Utz [12], Eisenberg
[7] and Bowen [3]. Using them we obtain the following set-valued version of Walters
stability theorem [13].

Theorem 2.3. Every upper semicontinuous positively expansive closed-valued map
with the POTPy of a compact metric space is topologically stable.

Let us present two examples where Theorem 2.3 applies.

Example 2.1. Let f: X — X a continuous positively expansive single-valued map
with the POTP of a compact metric space. Then, f is an upper semicontinuous
positively expansive closed-valued map with the POTP,. Hence, by Theorem 2.3,
f is topologically stable not only as a single but also as a set-valued map.

A genuine (i.e. not single-valued) example where the theorem applies is as follows.

Example 2.2. Endow the unit interval [0, 1] with the Euclidean metric. Define the
set-valued map f of [0, 1] by

{22}, if 0<az<3
f(z) = {o,1}, if z=1
{2z -1}, if i<z<1

It follows that f is an upper semicontinuous positively expansive closed-valued map
with the POTP_, of [0,1]. Therefore, by Theorem 2.3, f is a topologically stable
set-valued map of [0, 1].
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Next we present a property of the topologically stable set-valued maps.

Given a set-valued map f of X, we say that x € X is a periodic point if there are
an f-orbit (%, )nen and m € NT such that zo = x and =, = 2, for every n € N.
The set of periodic points is denoted by Per(f). The nonwandering set of f is the
set Q(f) of those points € X such that for every neighborhood U of x there is
m € NT satisfying U N f™(U) # 0. With these definitions we obtain the following
result.

Theorem 2.4. Every topologically stable upper semicontinuous closed-valued map
of a compact metric space has the POTP,. Moreover, Per(f) is dense in Q(f).

A short application of this theorem in the single-valued context is as follows.
Recall that, on every compact manifold, every single-valued map f which is topo-
logically stable in the classical sense has the POTP and Per(f) is dense in Q(f).
See for instance Theorem 2.4.8 in [1] or [13].

In the following corollary of Theorem 2.4 and Theorem 2.1 we obtain that, on
every metric space, every single-valued map f which is topologically stable as a
set-valued map (Definition 1.4) has the POTP, and Per(f) is dense in Q(f). In
other words we have the following result.

Corollary 2.5. FEvery continuous single-valued map f of a metric space which is
topologically stable as a set-valued map (Definition 2.2) has the POTP,.. Moreover,
Per(f) is dense in Q(f).

3. Proof of the theorems. In this section we will prove the theorems stated in the
previous section. We start with a lemma about the left shift map for single-valued
maps.

Lemma 3.1. If f is a continuous single-valued map of a compact metric space X,
then the left shift my : (im f,d") — (X, d) is a homeomorphism.
+—

Proof. Since f is single-valued, one has 7¢((x)n)nen) = « if and only if z,, = f"(2)
for every n € N. Then, 7y is bijective with inverse 7r]?1(:c) = (f™(«))nen. Also, for
fixed Y > 0; if d*((xn)nel\h (yn)neN) < %, then

d(ﬂ-f((xn)neNvﬂ'f((yn)neN) = d(fﬂm yO) < 2d*((£n)n€Na (yn)nEN) <7

proving that 7¢ is continuous.
On the other hand, for fixed v > 0 we let diam(X) denote the diameter of X
and we let ng € N be such that

Z 27" diam(X) <

n>ngo

o |2

Since f is continuous, there is p > 0 such that

nofl

D2 (s (), fM(y) <
n=0

1=

whenever d(z,y) < p.

Then,
d*(my(x), 75 (y)) = d((f"(2))nen, (f" (¥))nen)
S 2L @), ()

neN
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no—1

< D2 N(fM@), M) + Y 27 diam(X)
n=0 n>ng

< % + % =7

proving that 7TJ71 is continuous. Then, 7y : (lim f,d*) — (X, d) is a homeomorphism
—

and the proof follows. O
With this lemma we can prove Theorem 2.1.

Proof of Theorem 2.1. Let f be a continuous map of a metric space X which is
topologically stable as a set-valued map (Definition 2.2).

Fix € > 0 and let § be given by that property. Take g : X — X continuous
such that d(f,g) < 6. Since f and g are single-valued, dy(f,g9) = d(f,g) and
so dg(f,g) < 6. Then, there is h : (liing,d*) — (1131 f,d*) continuous such that

D(h,Idx) <eand oyoh =hoa,.
By Lemma 3.1, since both f and ¢ are single-valued, we have that the maps
my: (im f,d*) — (X,d) and 7y : (limg,d") — (X, d) are homeomorphisms. Then,
— —

the composition h = mgoho 7r;1 defines a continuous map h:X — X. Since
d(h(z),x) = d(ms(h(ry ' (@), x) = d(ms (h((g" (x)ne)), x) < D(h, Idx) < e

for every x € X, one has d(h, Idx) < e.
In addition, since f o7y = 7y o of, one has
(foh)(@) = f(h(x)) = f(rs(h(m," ()
= [ (h((g"(2))nen)
= my(op(h((g"

i.e., foh=hog. Then, f is topologically stable according to Definition 2.1. [
Next we prove Theorem 2.2.

Proof of Theorem 2.2. Fix € > 0 and let § be given by the topological stability of
f. Take g : X — X continuous such that dg(f,g) < . Then, d(f,g) < ¢ and so
there is b : X — X continuous such that d(iL, Idx) <eand fo h=hog.

On the other hand, by Lemma 3.1 we have that m; : (ligl,d*) — (X,d) and

mg ¢ (limg,d*) — (X,d) are homeomorphisms. Then, since h is continuous, the
—
composition h = 7r}71 oho mg defines a continuous map h : (lim g, d*) — (lim £, d*).
— —
Since ¢ is single-valued, x, = ¢™(x¢) for all (x,,)nen € liing and n € N. Then,
D(h((xn)nEN)y (xn)nEN) = Sugd(ﬁ(gn(xO))in(xO)) <e
ne

for all (z,,)nen € lim g proving D(h,Idx) < e.
—
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Moreover,

(croh)((zn)nen) = of(h((zn)nen)))
= Uf<77;1<ﬁ<7rg(($n)n€N)))
= 77 (f(hwo)))

(
= 77 (h(g(20)))
= (m; o homg)(0g((@n)nen)
= (hoay)((zn)nen)

proving o o h = h o og4. Since € is arbitrary, f satisfies the required property and
the proof follows. O

To prove the remainder theorems we need some short preliminars. The first one
is a basic property of the upper semicontinuous closed valued maps (see Proposition
1.4.8 in [2]).

Lemma 3.2. Let f be an upper semicontinuous closed-valued map of a compact
metric space X. If (a®)pen and (V¥)ren are sequences such that a* — a, b* — b
and a* € f(bF) for all k € N, then a € f(b).

Since lim f = W;I(X) we obtain the following lemma.
—

Lemma 3.3. The limit inverse space (lim f,d*) of an upper semicontinuous closed-
+—

valued map f of a compact metric space X is a compact subset of (XN, d*).
For the next lemma we will use an auxiliary definition.

Definition 3.1. We say that a set-valued map f of a metric space X has the finite
shadowing property if for every e > 0 there is § > 0 such that for every finite set
{po, -+ ypm} satisfying d(pn+1, f(prn)) < 6 for every 0 < n < m — 1 there is a finite
set {qo," " ,gm} such that g,+1 € f(gn) and d(pp,gn) < € for every 0 <n < m — 1.

With this definition we obtain the following result.

Lemma 3.4. An upper-semicontinuous closed-valued map of a compact metric s-
pace has the POTP, if and only if if has the finite shadowing property.

Proof. We only need to prove the sufficiency. Let f be an upper semicontinuous
closed-valued map with the finite shadowing property of a compact metric space
X. Let € > 0 be given. Find a corresponding § > 0 given by the finite shadowing
property. Let (pn)nen be a sequence satisfying d(p,+1, f(pn)) < § for every n € N.
Then, by finite shadowing, for every m € N there is a sequence {q*,- - , ¢} such
that ¢, € f(q;") and d(pn,q)") < € for every 0 < n < m. Since X is compact, we
can assume by passing to subsequences if necessary that there is a sequence (¢, )nen
such that ¢, — ¢, as m — oo for every n € N. Since f is upper semicountinuous,
closed-valed and X is compact, Lemma 3.2 implies (g, )nen € ligl f. By fixing n in

d(pn,q") < € and letting m — oo we obtain d(pn, ¢m) < € for every n € N. Then,
f has the POTP proving the result. O

The next lemma is about the expansivity of the shift map for positively expansive
set-valued maps.
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Lemma 3.5. If f is a positively expansive set-valued map of a metric space X, then
the left shift oy : lim f — lim f is positively expansive with respect to the metric d*
— —

in (1).
Proof. Let € be a positive expansivity constant of f. Take (,)nen, (2], )nen € lim f
—

such that
d*(a’}((xn)neN)7U'j((m’n)neN)) <27 1e, Yk € N.

It follows that

> 2 d(@pgk, anyy) <270, VEEN

neN
Since

2 V(g wh) < 3027 g, 7 )
neN
we obtain
d(zk, 7)) <€, Vk € N.

Since € is a positive expansivity constant of f, (zx)ken = (2}.)ken S0 o is positively
expansive. O

The following result is the positively expansive version of Lemma 2 in [13] (with
similar proof).

Lemma 3.6. Letr: Y — Y be a positively expansive continuous map of a compact
metric space Y. Then, for every positive expansivity constant é and every A > 0
there is N > 1 such that d(z,y) < A whenever z,y € Y satisfy d(r*(x),7*(y)) < é
for every 0 <k < N.

Next we prove the continuity of the left shift.

Lemma 3.7. For every set-valued map g of a metric space X, the left shift oy :
(limg,d*) — (lim g, d") is continuous.
— —

Proof. If (zp)nen, (], )nen € lim g, then
—

d*(09(<xn)neN)0’g(($;)neN) = d*((xn+1)n6N7(x;z+1)neN)
= Z 2_n_1d($n+1a 1’%4—1)
neN
= Z 27"d(zp, ))
n>1
< 2 Z 27" Yd(x,, 2))
neN

= Qd*((‘rn)nGNa (‘T;L)nGN)
proving
d” (Ug((xn)neN)vgg((ivln)neN) < 2d"((zn)nen, (x;z)neN)v V(Zn)nen, (z;)neN € liing.

This completes the proof. O

Proof of Theorem 2.3. Let f be an upper semicontinuous positively expansive

closed-valued map with the POTP of a compact metric space X. It follows from

Lemma 3.5 that the left shift o : lim f — lim f is positively expansive with respect
— —

to the metric d* in (1). Let é be the corresponding positive expansivity constant.
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min{e,e,é}

Fix € > 0 and let § be given from POTP for the constant ¢ = ===, where
e is the positive expansivity constant of the set-valued map f. Fix a set-valued map
g such that dp (f,g) < &.

Let (@ )nen be a g-orbit. Since dg(g(zo), f(zo)) < % (by hypothesis) and x; €
g(z0), we have

d(xl,f(l'o)) < 4.
Similarly, since dg(g(x1), f(z1)) < g and zy € g(z1), we have

d(xa, f(x1)) < 6.
Repeating this argument we conclude that
d(@ny1, f(Tn)) <6, VYn € N.
Then, by the POTP and the choice of §, there is an f-orbit (y,)nen such that
d(xn,yn) < €,  VneN. (3)

It turns out that this f-orbit is unique. Indeed, any other f-orbit (y/,)nen satis-
fying
d(zn,y,,) < €o, Vn € N,
must satisfy
min{e, e, é}
4

and so (Yn)nen = (Y, )nen because e is a positive expansivity constant of f.
From this uniqueness, we obtain a map h : limg — lim f given by h((x,)nen) =
— —

(Yn)nen. It follows from (3) that

d(Yn,yy,) < 260 = <e, VneN,

D(h,Idx) < e.

On the other hand, replacing n by n+ 1 in (3) we get d(zn41,Yns1) < € for every
n € N. Then, (Yn+1)nen = h((Zn+1)nen) and so

o5 (M((@n)nen)) = (Ynt1)nen = h((Znt1)nen) = h(og((Fn)nen));  ¥(@n)nen € limg.

This proves
opoh="hoa,.
It remains to prove that h is continuous.

Fix A > 0.
By lemmas 3.3 and 3.5 the map oy : lim f — lim f is a positively expansive
— —

map of the compact metric space Y = (lim f,d"). But oy : (lim f,d") — (lgn f,d")
«— —

is also continuous by Lemma 3.7. Then, we can apply Lemma 3.6 to obtain an
integer N > 1 for the given A. Since o, : (limg,d*) — (lim g, d”") is continuous and
— —

(lim g, d*) compact by lemmas 3.7 and 3.3 respectively, there is 7 > 0 such that
—

d* (o8 (@n)nen), oF (@ )new) < 7, YO<E <N,

=~

whenever (z,,)nen, (2}, )nen € liing satisty d*((zn)nen, (@), )nen) < 7.
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Then, whenever (2, )nen, (), )nen € lim g satisfy d*((@)nen, (2],)nen) < 7, one
—
has for (yn)nen = A((zn)nen) and (y),)nen = h((2])nen) that
d* (0 (Yn)nen), oF (W )nen)) = d*(h(of ((zn)nen), h(og (@), )nen))

< d*(h(o g((xn)neN)v g((mn)neN))+
d* (g ((n)nen), oy (a7, )nen)) +
d*(h(og ((zp)nen), o (27 nen))

< ZH+i+g

o 3e

4

< &  YO<k<N.
Therefore, by Lemma 3.6,
d* (h((@n)nen, h((z7)nen) < A,
whenever (z,,)nen, (Z),)nen € liing satisfy d*((@n)nen, (2),)nen) < 7. This proves

the continuity of A and completes the proof of the theorem. O

Proof of Theorem 2.4. Let f: X — X be a topologically stable upper semicontin-
uous closed-valued map of a compact metric space X.

First we prove that f has the finite shadowing property. Fix e > 0 and let § > 0
be given by the topological stability of f. Let {pg,--- ,pm} be a finite set satisfying

d(Prt1, f(pn)) <

Define the set-valued map

3’ VO<n<m-—1.

(.’L’) _ f(],‘), if = ¢ {pOapla"' apm}
9\x) = Blf(pn), 3], if z=p, for some n € {0, - ,m}.

Clearly dg(f,g) < . Moreover, since f is closed-valued, g also is. Furthermore,

since {po, -+ ,Pm} is a finite set and f is upper semicontinuous, we have that g

is upper semicontinuous. Then, by the choice of d, there exists h : (limg,d*) —
—

m f, continuous such that Idx) < eand 0roh = hoo,. On the other
li d* i h that D(h, Id < d ! h=nh g On thi h
—

hand, it follows from the definition that p,+1 € g(py) for every 0 < n < m — 1.
Then, since f (and so g) are strict, we can complete {pg,--- ,pm} to a g-orbit
(Pn)nen and s0 (¢n)nen = A((Prn)nen) is a well-defined f-orbit. Since D(h,Idx) < e
we have d(pn, gn) < € for every n € N. In particular, ¢,+1 € f(gn) and d(pn, qn) < €
for every 0 < n < m — 1 proving the finite shadowing property. Then, f has the
POTP, by Lemma 3.4.

Next we prove that Per(f) is dense in Q(f). Fix € > 0 and = € Q(f). For this
e we let § > 0 be given by topological stability. Since z € Q(f), there are m € N*
and a finite sequence {zp, 21, - , 2, } such that zg, z,, € B(z, %) and zp41 € f(zn)
for every 0 < n < m — 1. Define the set-valued map

_ f(:L'), if $¢{Z,Z,~'~7zm}
9(33)_{ B[f(zn),%], if x:znofoisomene{()’...7m}_

As before we have that ¢ is upper semicontinuous, closed-valued and dg(f, g) < 4.
Then, by the choice of §, there is h : (limg,d*) — (lim f,d") continuous such
— «—
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that D(h,Idx) < € and oy o h = ho oy Now define the sequence (x,)nen by
Zim4r = 2 whenever [ € N and 0 <r < m — 1. It follows that (z,)nen € limg.
“—

Moreover, since for all n € N there are [ € N and 0 < r < m — 1 such that
n = Im +r, one has Tpim = TL1)ymer = 2r = Tumir = Tntm- 1t follows that

' ((Zn)nen) = (Tn)nen. Therefore, the f-orbit (yn)nen = h((Tn)nen) is well

defined. Since 0'((Zn)nen) = (Tn)nen, one has o' ((yn)nen) = (Yn)nen and so

yo € Per(f). Moreover, since D(h,Idx) < €, we have d(yo,x) < € proving the

result. O
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