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Abstract

We consider a generalization of the Frenkel-Kontorova model in higher
dimension. We give a wider applicability to Aubry’s theory by studying models
with vector-valued states over a one dimensional chain. This theory has a lot
of similarities with Mather’s twist approach over a multidimensional torus.
Weakening the standard hypotheses used in one dimensional, we investigate
properties (like boundness of jumps and definability of a rotation vector) of a
special class of strong ground states: the calibrated configurations.

The main mathematical tool is to cast the study the minimizing configura-
tions into the framework of discrete Lagrangian theory. We introduce forward
and backward Lax-Oleinik problems and interpret their solutions as discrete
viscosity solutions in the same spirit of Hamilton-Jacobi methods. With re-
duced hypotheses, we reproduce in this discrete setting some classical results
of the Lagrangian Aubry-Mather theory. In particular, we obtain a graph
property for the Aubry set, representation formulas for calibrated sub-actions
and the existence of separating sub-actions.
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1 Introduction

One dimensional crystals. Via a local interaction energy map L : R? — R,
the original Frenkel-Kontorova model describes a one dimensional chain of classical
particles coupled to their neighbors and subjected to a periodic on-site potential.
If 1 € R denotes the position of the particle labeled by k € Z, the total energy of
a chain {z;} € R? is given by

Liot({z}) = D Llwr, wer1),

keZ

which may a priori diverge. As an example of local interaction energy map, it is
standard to study
K 2
L(xk,xk+1) = 5 ( k+1 — Tk — U) + (1 - COSQﬂ'SUk),

when considering interactions of atoms via harmonic springs with elastic coupling
constant x and mean interatomic distance v, in the presence of an external periodic
potential V(x) = 1 — cos 2mz.

The main interest is to understand the set of minimizing configurations, or
ground states in statistical physics, that is, the set of configurations {3 }rez € R?
satisfying

n—1

L(xmamerlv cee ,xn) = Z L(I‘k,$k+1) < L(ymamerla cee 7yn)

k=m

for every m < n and every configuration {yx }rez € RZ with y,, = x,, and y, = x,.
Notice that, when L is supposed to be C!, a minimizing configuration {z;} is
critical in the sense that

oL

oL
aﬁy(xk_l,l’k) + %(xk,fﬂk_;'_l) = 0, VkeZ.

Central references, ramifications and further developments. S. Aubry
and P. Y. Le Daeron [2] studied a large class of Frenkel-Kontorova models. Mainly
assuming L to be C?, periodic under the Z action and uniformly strictly convex,
they proved that minimizing configurations do exist and have a well defined rotation
number

In — X0

w:= lim —— = lim
n—-4oo n n—-+oo n

Ty — T_n

Moreover, they proved that any possible rotation number w is achieved by a mini-
mizing configuration {x;} which satisfies in addition supez |z — 2o — kw| < +o0.

This work of Aubry and Le Daeron in solid-state physics and in an independent
study of J. N. Mather [24] on twist homeomorphisms of the annulus gave rise the
so called Aubry-Mather theory, which was later developed for Lagrangian systems
(see [25]). An introduction to such theory is provided by the notes of G. Forni and
J. N. Mather [13]. Furthermore, textbooks pertinent to the subject are [6, 11].
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It is well known that area-preserving maps of the annulus occur as Poincaré
section mappings of Hamiltonian systems with two degrees of freedom. Since such
annulus maps play a role in the stability theory, it is quite natural to interpret cer-
tain aspects of the Aubry-Mather theory into the scene of the KAM theory, specially
into the episode of the disintegration of invariant tori. Conversely, it is interesting
to have in mind, as noticed by M. Herman in [20], the existence of connections
between configurations with minimun energy and Lagrangian tori invariant under
symplectic diffeormorphisms of the cotangent bundle of the d-dimensional torus.

The main objective of this paper is to extend the Frenkel-Kontorova model to
the case where the state xj of the atom at each site k € Z of the lattice possesses
d degrees of freedom, that is, to the case where z;, € R?. First, we would like
to clarify the natural mathematical setting where a such theory gives non trivial
results, for instance by allowing the local interaction energy map L to have the
lowest possible regularity and by avoinding the so called “twist condition”. Our
second purpose here is to study in detail a special class of minimizing configurations
that we call calibrated and are strongly related to Fathi’s theory of weak KAM or
viscosity solutions. Another aim is an attempt to understand rotational theory in
this general context.

Generalizations of Frenkel-Kontorova model have been pursued in several works.
One can consider, for example, a multidimensional topology of interactions. The
state of the system is still one-dimensional as in Aubry’s theory, but the topology
of the interactions is given by a lattice of higher dimension, by Z¢ for instance.
In this framework, x; € R is a real quantity representing the state of a particle
at the site & € Z? By introducing a family of local interaction energies, the
notions of minimizing configurations and rotation vectors can be defined similarly.
In the context of these multidimensional models of Frenkel-Kontorova type, one still
obtains a minimizing configuration having a given rotation vector when respecting
an analogous bounded distance property. For precise definitions and statements,
we refer the reader to the work of R. de la Llave and E. Valdinoci [22]. One should
also consult the paper of H. Koch, R. de la Llave and C. Radin [21] for situations
where the variables range over a more complicated lattice. In another direction,
the potential could be assumed quasiperiodic instead of periodic as it is done in the
work of J. M. Gambaudo, P. Guiraud and S. Petite [14].

Our hypotheses. From now on, we assume our local interaction energy map
L=AL(xy) :R*xRI >R
to be C? and invariant with respect to the diagonal action of Z,
L(z,y) =Lz +sy+s), VscZl

The local interaction energy map is usually supposed to be C?, superlinear and
uniformly strictly convex. We will see that most of the theory can be done assuming
only CY regularity and coerciveness. This later condition implies in particular
compactness on any band ||z — y|| < R. We say that L(z,y) is coercive if

lim inf  L(x,y) = +o0.
PLLTIL St 2
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In the last section, will be interested in discussing rotational properties of minimiz-
ing configurations. We will then require L(z,y) to be superlinear, that is,

L
lim inf M = +o00.
R—+00 |ly—z|>R ||z — y||

Of course superlinearity implies coerciveness.

We will also prove a graph theorem as in Mather’s theory. Only in that part of
the article, we will need L(x,y) to be ferromagnetic. A C! local interaction energy
map L(z,y) is said to be ferromagnetic if, for every pair (Z,7) € R? x R?,

oL oL
zeR'— “(z,7) eR? and yeRY— ——(7,y) € R
3y (z,7) y 5 oY)
are homeomorphisms. This property is weaker than the twist property. It is implied
for instance by C? regularity and uniform strict convexity in y — . In section 2, we
will show that the ferromagnetic condition allows us to introduce a discrete-time
Lagrangian dynamics ®, : T¢ x RY — T4 x R? (see definition 2.5).

Main results. Among the set of all minimizing configurations, calibrated config-
urations play a central role. We first infroduce a notion of minimal mean energy
per site, that we call minimizing holonomic value' L, in the following way

- 1
L = inf { liminf —L(xo, z1,...,2Tn) : {Tk}rez any conﬁguration}.

n—+oo N
We call thus sub-action any continuous Z?-periodic function u : R — R satisfying
uly) —u(z) < L(z,y) =L, Va,yeR™

We call calibrated configuration (or more precisely u-calibrated if needed) a config-
uration {xy}rez such that, for some sub-action u,

w(@pr1) — w(wg) = L(wg, wp1) =L, VEEZ

It is then obvious that a calibrated configuration is a minimizing configuration.

In section 5, we show that calibrated configurations do exist, they have bounded
jumps, supy, || k1 — k|| < +00, and may be obtained using a notion of forward (or
backward) calibrated sub-actions (see lemma 5.5). These specific sub-actions are
similar to Fathi’s weak KAM solutions or viscosity solutions of a discrete Hamilton-
Jacobi equation. A sub-action is said to be forward calibrated if

VzeRe, FyeR? st uly) —ulz) =L(x,y) — L.

!Such nomenclature is due to the class of holonomic probabilities which we will study in sec-
tion 3. As showed by D. A. Gomes in [17], even when no Lagrangian dynamics is clearly present
and the notion of invariant measure has a priori no meaning, such set of probabilities is suitable
for the minimization of the average action. As we will see, L can be also characterized in terms of
minimizing holonomic probabilities.
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In particular, given x¢ and a forward calibrated sub-action u, there exists a forward
configuration {xy}x>o of points of R? such that L(zy, vx11) = w(wgpr1) —u(rr) + L,
Y k> 0.

Calibrated sub-actions can be obtained as solutions of a suitable Lax-Oleinik
problem. In section 4, the forward Laz-Oleinik operator is defined by

Tiu(x) == sup [u(y) — L(z,y)], VzeRY VuecCORY) Z%periodic.
y€ERd

So u is a forward calibrated sub-action if, and only if, T} u = u+c for some constant
¢ € R which necessarily equals L. We not only guarantee that calibrated sub-actions
do exist, but we also discuss how the regularity of the local interaction energy map
affects the regularity of a calibrated sub-action. We show (see proposition 4.7)
that, if £ is locally Lipschitz or C?, then any forward (resp. backward) calibrated
sub-action is Lipschitz or semiconvex (resp. semiconcave).

If L(z,y) is in addition C*, a similar graph property as in Aubry-Mather theory
can be formulated. A triple (x_1,xo,x1) is said critical if

oL L

8fy($_1,$0) + 87(1‘0,1‘1) = 0.

Notice ferromagnetism implies that, for zy fixed, the map x_; — =z is a homeo-
morphism. Given a sub-action u, a triple (z_1, zo, 1) is said u-calibrated if

L(x_1,20) —u(xo) + u(x—1) = L(zo, 21) — u(z1) + u(zy) = L.

A calibrated triple is in particular critical. In section 6, we show that, for C'! local
interaction energy map L, any sub-action w is differentiable at any mid point zg of
some u-calibrated triple (see lemma 6.8) and that

oL oL
D =—(x_ = ——(x0,1).
u(zo) dy (z-1,0) o (20, 21)
One concludes that, in the ferromagnetic case, there exists at most one u-calibrated
triple going througth any zo € R?. This suggests to introduce the following set,
called the Aubry set,

AL) = {z = {zr}rez € (RHZ . z is calibrated for any sub-action }

and its projection pr®(A(L)) C R? called the projected Aubry set, where the map
pr? . (RY)%Z — R? denotes the zero coordinate projection. The Aubry set is not
empty for a general CY coercive local interaction energy map L. We give several
properties in sections 6 and 7.

In the ferromagnetic case, the projected Aubry set satisfies in addition the
graph property in the sense that, for any zg € pr’(A(L)), there exists an unique
configuration z = {z}rez going throught zp, calibrated for any sub-action. In
other words, pr® : A(L) — pr?(A(L)) is one-to-one. Besides, we are able to show
that Du : pr®(A(L)) — R? is a continuous function for any sub-action .
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If one only assumes £ to be C° and coercive, the projected Aubry set admits an
equivalent characterization similar to the non-wandering set in dynamical systems,

prO(A(L)):{:coeRd:Ve>O, dn>1, Ele),...,x;GRd, EIS;Est.t.

|L(xf, 27, ..., 25) —nk| <€, x§=1z0and z§, = o + S5, }.

It is relatively easy to prove that a point xq, satisfying the second definition of the
projected Aubry set, is the projection of a configuration {zy}rez, calibrated for
any sub-action, which is made of limit points when € tends to 0 of the sequences
(xf,25,...) and (zf, — s, 25,_1 — S5, ... ).

The converse is more difficult to prove and uses the notion of separating sub-
action. A sub-action u is called separating when, for any pair of points (z,y)
verifying u(y) — u(z) = L(x,y) — L, there necessarily exists {z}rez € A(L) with
xo = x and z1 = y. We establish in section 10 the existence of these sub-actions
and their generic condition. The existence result is a discrete and topological ver-
sion of the critical subsolutions of the Hamilton-Jacobi equation determined by
A. Fathi and A. Siconolfi in [12]. We actually obtain a stronger statement: for
every {z;}rez € A(L), for any integer m > 1, for all € > 0, there are n > m,

z6, ..., x8 € RY and s € Z4, with zf, = zo + s, such that

1L(z0, ..y T, 05, ..., 25) —nl| < e

The second definition of the projected Aubry set suggests to introduce the
Peierls barrier,
h(z,y) = liminf inf {L(xo, oy y) —nl o ay € R 2=z, xp—y € Zd}.
n—-400
In section 8, assuming C° regularity and coerciveness, we show that h(z,y) is well
defined on R? x R?, continuous, Z% x Z?-periodic and satisfies u(y) —u(z) < h(z,y),
for all z,y € R? and any sub-action u. We also prove that, for any = € R, h(z,-)

is backward calibrated and that, for any y € R?, —h(-,y) is forward calibrated (see
theorem 8.10). The projected Aubry set admits then a third characterization,

pr(A(L)) = {zo € R?: h(zg, z) = 0}.

The set of forward (resp. backward) calibrated sub-actions is completely de-
termined by the projected Aubry set. In section 9, we show that any calibrated
sub-action is characterized by its values on the projection of the Aubry set and the
values of the Peierls barrier. We show (see theorem 9.3) that u is forward calibrated
if, and only if|

ux)= sup [¥(y) —h(z,y), YzeR%
yeprO(A(L))

for some C° and Z%periodic function 1 : R? — R satisfying 1 (y) — ¢(z) < h(z,y)
for all z,y € pr’(A(L)). Moreover u(zx) = v(x) for all x € pr®(A(L)). Such result

shall be understood as the analogous of the one obtained by G. Contreras for weak
KAM solutions (see [5]).
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As in Fathi’s weak KAM theory, we say that a forward uy and a backward u_
calibrated sub-actions are conjugated, and we write uy ~ u_, if they coincide on
the projected Aubry set. We then show in proposition 9.6 that the Peierls barrier
can be defined by

h(z,y) = sup [u_(y) —us(@)], VayeR"

Uy ~U—

In particular, we obtain a forth characterization of the projected Aubry set: a point
g is outside pr?(A(L)) if, and only if, there exist conjugated calibrated sub-actions,
u4 and u_, such that uy (xg) # u_(z0).

In section 11, we introduce the notion of rotation vector w of a configuration

{zktrez
. Tn — Tm
w= lim ——,
n—-m—+oo 1N — M
when the limit exists. We show in particular that there exists minimizing configu-
ration with rotation vector of arbitrarily large norm.

We have chosen to translate the Frenkel-Kontorova model into the framework
of Aubry-Mather theory mainly to be able in a subsequent article to reach Fathi’s
approach of weak KAM solutions (or the problem viscosity solutions of Hamilton-
Jacobi equations) using a more dynamical discretization scheme. Let T¢ denote
the d dimensional torus R?/Z?. The main object we are interested in is thus a
Lagrangian L(z,v) defined on T¢ x R? and a family of local interaction energies

parametrized by 7 > 0,
— dy Yy— T d
Lf(x,y)—TL(x (mod Z%), ), YV x,y e R%
T

Notice that L, is invariant under the diagonal action of Z?,
Lo(x+s,y+s)=L(z,y), VseZd

The two approches are complementary. While the Lagrangian formulation will be
more adapted in the description of the support of minimizing measures, the Frenkel-
Kontorova setting will be used in the construction of sub-actions (or discrete weak
KAM solutions or discrete viscosity solutions), as well as in the definition of two
major notions of action potential between two points: the Mané potential and the
Peierls barrier. We intend later to beter understand the limit when the step 7 tends
to zero and the thermodynamic formalism approach when the temperature goes to
Zero.

2 A discrete-time Lagrangian dynamics

We fix from now on a C? coercive Lagrangian L(z,v) : R? x R? — R, Z9periodic
in x, and its associated local interaction energy map

Lo(z,y) = TL<$, y= x)

T
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defined on R% x R? and invariant by the diagonal action of Z¢. We begin by recalling
some well known notions of divergence type at infinity. Coerciveness is our basic
assumption, superlinerarity will be used when homology will play a role.

Definition 2.1. Let L(x,v) : T? x R? — R be a C°-Lagrangian.

i. L(x,v) is said to be coercive if lim inf inf L(z,v) = +oo.
R—+too|lv]|>R zeT?

L(z,v
ii. L(x,v) is said to be superlinear if lim  inf inf (z,v) = +o00.
R—+oo|lv|>RzeTd  v]|

We call configuration any sequence {xj}rez of points in R?. Let ¥ = (R%)Z
be the set of configurations. We also consider the set of configurations modulo
the diagonal action of Z¢, that is, the quotient of ¥ by the equivalence relation:
{x1 rez ~ {yr}rez if, and only if, there exists s € Z¢ such that y;, = x, + s for all
keZ. So

Y =RHY% and B/. = (RHZ/..

Let us notice that, for any fundamental domain D of the action of Z¢ on R¢, the
set (RYZZ x D x (RYZ+ is a fundamental domain for the diagonal action of Z¢
on X. Let 0 : ¥ — ¥ be the left shift given by o({zr}) = {yr} where yr = xg41.
Notice that ¢ commutes with the diagonal action.

Definition 2.2. We call minimizing configuration any sequence {xy}rez which
minimizes the local interaction energy, namely,

n+m
LT(xTU Tn41y--- 7xn+m) = Z LT(ka $k+1> < LT(ynv Yn+1, - - - 7yn+m)a
k=n

for any finite configuration {yx}} " with identical boundary conditions z, = yy

and Tptm = Yntm-

Although one of our aim is to extend as much as we can the discrete Aubry-
Mather theory to just C? coercive Lagrangian and to describe precisely the set of
minimizing configurations in this general setting, we show in this section that, under
a stronger hypothesis on the Lagrangian (C2-smoothness and twist condition), we
can recover the original theory, where the set of minimizing configurations can be
understood through the help of a dynamical system similar to the usual standard
map. Let us first recall the notion of critical configuration.

Definition 2.3. Let L(x,v) : T x R? — R be a C'-Lagrangian. We call critical
triple a configuration (x_1,xo,x1) of three points in R? satisfying
oL,
Ay

oL,

ox

(.’E_l, 1‘0) + (Io,ﬂfl) =0.
We call critical configuration any configuration {xy}rez of points in R? consisting
of critical triples (xg—1, Tk, Tpt1):

oL,

oL,
3y (Tp—1, 1) + E(xkawwﬂ) =0, VkeZ
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LetT' (L) C X be the set of critical configurations. We notice that 'z (L) is invariant
by both the diagonal action of Z¢ and the shift o. Let T';(L)/~ be the quotient of
I, (L) by the diagonal action of Z2.

The equations defining I';(L) may be seen as a discrete version of the Euler-
Lagrange equation. These equations show that, under some stronger hypothesis of
twist condition, the knowledge of (¢, z1) implies the existence of an unique critical
configuration with such initial conditions. More precisely, prefering the use of the
ferromagnetic terminology instead of the twist condition as it is done in statistical
mechanics, we introduce the following notion.

Definition 2.4. A C'-Lagrangian L(x,v) is said to be ferromagnetic if, for any
sufficiently small T > 0, the two maps in (I) or equivalently in (I1I), where

R? — R4 R? — R
oL, oL
(S * 7 o, @Y and (n{ v = G y-To0) ,
oL, Py )
y 87(3;@) v T@:U xr,v 90 xr,v

are homeomorphisms for all (z,vy).
Similarly a discrete version of the Euler-Lagrange flow may be introduced.

Definition 2.5. Let L(z,v) be a C! ferromagnetic Lagrangian. For sufficiently
small T > 0, we call discrete Euler-Lagrange map (or standard map), the map

{ T¢ x R — T x RY
b, =
(z,0) = (y,w)
where y = x+71v and w s the unique solution of one of the two equivalent equations

oL, oL, oL oL 0L

a—y(x,y) + (y,y+7Tw)=0 or %(m,v) —i—Ta—x(y, w) — %(y,w) =0.

Notice that @, is a homeomorphism on T¢ x R%. In most part of the article, the
dynamical sytem (’]Td x R4, &) will not be used, except, for instance, in section 6,
where we prove that minimizing measures are supported on a graph. The main
advantage of the standard map approach is that the space of critical configurations
modulo the diagonal action is conjugate to a 2d degrees of freedom dynamical
system.

Remark 2.6. Let I, : R% x R — T4 x R be the projection given by
I, (zg, z1) = (:):0 mod Z2, (1 — :L'o)/’]’).

ox

We extend I1; to ¥ by writing I1; ({xk }rez) = L (z0,x1) and notice that the pro-
jection T, : ¥/ — T x R is also well defined. If L(x,v) is ferromagnetic, then
(T (L)/~, 0) is conjugated to (T xR%, &), that is, the following diagram commutes

T.(L)/. —2= T¢ x R

R

T.(L)/. —2= T¢x R
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A critical configuration is thus completely determined by the 2d data (x,v) and
a general configuration plays the role of a virtual deformation as in Mechanics. In
order to check that a Lagrangian satisfies the ferromagnetic condition, an easier
but stronger asumption may be used instead.

Notation 2.7. Let L(x,v) : T¢ x R? — R be a C%-Lagrangian. We say that L is
strictly convex (with respect to v) if g% is uniformly positive definite, that is, if
there exists o > 0 such that

0’L 2 d d
<W(x,v)-w,w>2a||wH, VzeT VovweR%
v

The following proposition shows that a strictly convex Lagrangian with bounded
second derivative is ferromagnetic.

Proposition 2.8. Let L(z,v) : T x R — R be a C? strictly convex Lagrangian.

Then L(x,v) is superlinear. If L(x,v) satisfies in addition the uniform condition

%L
H Ozdv
z,y € T, for any sufficiently small T > 0, the two maps

H’ﬂ‘ded < B for some 3 > 0, then L(x,v) is ferromagnetic. Moreover, for any

oL oL
RY s 727 (g, 0) — 2
vE T—(z,v) 5

oL
D (z,v) e R* and UERdH%(y—T’U,’U)ERd,

or equivalently the two maps

L,
(z,y) € RY,

Lr
(x,y) eR? and zecR?— 3y

]Rd
ye - ox

are Cl-diffeomorphisms. In particular, the discrete Euler-Lagrange map ®, is a
C-diffeomorphism.

Proof. Taylor’s formula applied to L(z,v) as a function of v yields

1 2
L(z,v) = L(z,0) + gL(x,O) ‘v —l—/ (1-— S)<?) S(at sv) - v,v)ds,
o
oY
L(z,v) = —[|L(,0)[[ra — H S0 gallvll + Sl

which implies that L(x,v) is superlinear. Let ¢(v) = Tgi' (x,v)— ‘g{j( v), for a fixed
point € T¢. We want to prove that, under the uniform upper bound || e aL | < B,
the map ¢ : R — R? is a C'-diffeomorphism. The same proof would show that
the map ¢ (v) = %(y —7v,v) is also a C'-diffeomorphism. For every v,w € R?, we

have

oL oL 1oL
aU(ac,w)—&U(:Jc,v)—/o W(x,v—l—s(w—v))-(w—v) ds.

By taking the inner product with w — v, we obtain

OL oL
<%(a¢,w) — %(:r,v),w — v> > aflw— ’UH2.
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The Cauchy-Schwartz inequality yields then

oL oL
|5, (@ w) = == (o) = afw - v,
Moreover, % is uniformly Lipschitz in v and therefore satisfies

oL oL
|5z ) = 55 @ 0l < Bl =l

Combining these two inequalities, we obtain ||¢p(w) — ¢(v)| > (o — 76)||w —v||. So
¢ is one-to-one as soon as 7 < o3~!. Similar calculations would guarantee that D¢
is invertible. We just have proved that ¢ is an open and injective map. In order to
show that ¢ is surjective, we remark ¢ is proper and hence closed. Indeed, if Br
denotes the closed ball of center 0 and radius R > 0, clearly qﬁ(Rd — Br/)NBr =10,
or more geometrically ¢~ (Bg) C Br/, whenever R > (||¢(0)|| + R)/(a — 73). O

Remark 2.9.

- The ferromagnetic condition can be proved under weaker hypotheses. Assume
d=1. Let f: R — R be an increasing homemorphism with f(0) = 0
and g : T' — R be a C'-function. Then L(z,v) = g(z) + [ f(w) dw is a
superlinear ferromagnetic C'-Lagrangian.

- We also notice that g—; is a coboundary under the dynamics (T? x R?, &.):

oL, . dL oL
T%(va) - %(yﬂﬂ) - % © (p‘r (y7w)

3 Minimizing holonomic probabilities

We begin by recalling briefly Mather’s approach of minimizing orbits theory. The
Lagrangian L(z,v) is usually assumed to be C?, periodic in 2 (namely, z € T%),
strictly convex in v € R% and, for the purposes of this article, time independent.

In Mather’s approach, we are interested in finding minimizing absolutely con-
tinuous trajectories, that is, trajectories t € R +— z(t) such that, for any to < t;
and any other trajectory ¢ € [to,t1] — y(t) satisfying the boundary conditions
x(to) = y(to) and z(t1) = y(t1), the local action of x(t) on [tg,¢1] is bounded from
above by the local action of y(t),

Zwuﬂmﬂmﬁg/wummmmﬁ

0 to

Actually we are interested in finding mimimizing trajectories having a prescribed

rotation vector w € RY,
x(t 1 [t
lim z(t) = lim / z(t)dt = w.
t—+oo ¢ t——+oo t 0

Notice that a minimizing trajectory must satisfy the Euler-Lagrange equation

(50 9) = g9
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and is therefore governed by the Euler-Lagrange flow ®,(xg, Zg) = (x¢, ). Suppose
in addition that (z,d4;) is recurrent or more precisely is regular in the sense of
Birkhoff’s ergodic theorem for some ®,-invariant ergodic probability measure y on
T¢ x R?, then

//ﬂ‘ded L(z,v)du(x,v) < //Jl‘ded Lz, v)dv(z,v)

for any other invariant probability measure v on T?¢ x R,

It is therefore natural to look for minimizing trajectories as regular orbits of
the Euler-Lagrange flow located in the support of minimizing measures. Mather’s
approach can thus be translated into a linear optimization problem

W = argmin // L(z,v)du(z,v)
Tdx R4

u is a @ -invariant probability measure

// vdu(z,v) = w.
TdxR4

Following R. Mané [23] and D. A. Gomes [17], one can weaken this optimization
problem by asking p to be only holonomic, that is, satisfying

/Td ¢ o @ (x,v)dp(z,v) = /Td (z) du(z, v)

for any bounded Borel (periodic) function ¢ : T — R. Notice that the holonomic
condition implies, for any C'-function ¢ : T¢ — R,

bz + rv)dp(,v) = / $(@)dp(,v) + ofr),
Td Td

where o(7) is some function negligable with respect to .

We come back to our discrete Aubry-Mather theory and, as in the weak Mather’s
approach, we try to look for minimizing configurations located in the support of
minimizing invariant measures or more precisely in the support of minimizing holo-
nomic measures since the discrete Euler-Lagrange map may not exist. We denote
by P(T? x R?) the convex set of probability measures over the Borel sets of T x R?.

Definition 3.1. We call holonomic probability measure (or T-holonomic if needed),
a probability measure p € P(T? x R?) satisfying

[, ot rodute) = [ owdute.o

Td x R4

for any bounded Borel function ¢ : T® — R. The set of holonomic probability
measures is denoted by P, (T? x R?).

Notice that, in the ferromagnetic case, ®,-invariant probability measures are
holonomic. Nevertheless, the holonomic class is larger. For example, any finite
configuration (zg,z1,...,2,—1) gives a holonomic probability pu = %Z?;ol O(zs,00)
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where v; = “#17% and x,, = z9. Notice also that the set of holonomic probability
measures is closed under the narrow topology.

We want to show that, although the notion of holonomic probability measures
seems to be unrelated to a dynamical system, the set of these measures is never-
theless in one-to-one correspondence with the set of normalized invariant Markov

chain of (X, 0).

Definition 3.2. We call normalized invariant Markov chain on (3,0) a sigma-
finite Markov chain (v(dz),p(z,dy)), with initial distribution v(dx) (a sigma-finite
measure defined on the Borel sets of R?) and transition kernel p(x,dy) (a measur-
able family of probability measures defined on the Borel sets of R?), satisfying the
following properties:

i. v(dzx) is invariant under the action of Z¢ and has mass one on any funda-
mental domain,

i. p(x,dy) is invariant under the action of Z¢ in the following sense

Y(y + s)p(x,dy) = | »(y)p(z + s,dy),
Rd Rd

for any bounded Borel function v, for any s € Z°,

iii. v(dx) is Markov-stationary in the following sense

s V0 ) = [ )

for any bounded Borel function 1.

The sigma-finite Markov chain i on X is given as usual as

/w )di(z /Rd Rdlb(ﬂﬁowla---71L“n)1/(d$0)p(9307d$1)"'p(fnfldxn),

for any bounded Borel function ¥(x) = ¢ (xg, x1,...,xys), for any n > 0. Then [i is
both invariant with respect to the Z¢ and the shift o action.

The announced correspondence will be explained through the notion of nor-
malized invariant transshipment measure as it is suggested by L. Evans and D. A.
Gomes in [8].

Definition 3.3. We call normalized invariant transshipment measure ™ a sigma-
finite measure defined on the Borel sets of R x R verifying the following properties:

i. ™ is invariant under the diagonal action of Z* and has mass one on any
fundamental domain,

ii. if pr! : R4 x R4 — R4 and pr? : R x RY — R? denote the two canonical
projections, then pri(m) = pr2(n).
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We can now prove the equivalence between the set of holonomic probability
measures, the set of normalized invariant transshipment measures and the set of
normalized invariant Markov chains.

Proposition 3.4. The three sets of measures, holonomic probability measures w,
normalized invariant transshipment measures m and normalized invariant Markov

chains (v(dx),p(x,dy)) are in one-to-one correspondence. The correspondence is
given by:

//Rded U(x,y)m(dz, dy) := //RdXRd U(x, x4+ Tv)pu(de, dv),
o ([ vtwptedn ) sto) = [[ | starstenian.an)
JIowomtanacy= [[ o5 gt

where p(dx, dv) has been extended to R x R? by invariance under the action of Z¢
on the first factor.

Proof. Given a holonomic probability measure p(dx,dv) and the corresponding
measure 7(dx, dy) defined above, the property prl(m) = pr?(n) is easily obtained:

// m(dz,dy) = // oz + To)p(de, dv) =
RdXRd RExR4
// wu(dz, dv) // m(dz, dy).
RdXRd Rded

Given a normalized invariant transshipment measure w(dx,dy) and the asso-
ciated Markov chain (v(dx),p(z,dy)) defined in the statement, we first recognize
that v = pr !(7) and that {p(z,dy)},cpe is a desintegration of 7(dx, dy) over the
fibers of prl. So we prove the invariance of v(dz) and p(z,dy) as follows

//RR Y(y + s)p(w, dy)v(dy) =
//Rded Yy + s)m(dz, dy) = //Rded x — s)Y(y)m(de, dy) =
- //Rdx]Rd ¢(x — 5)v(y)p(w, dy)v(dy) = //Rded A2 (y)p(z + 5, dy)v(dy).

Besides, the stationarity of v(dz) can be shown as follows

//Rded plz, dy)vde) //Rded m(dz, dy) =
//Rded w(dr,dy) = | la)v(de).
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Given a normalized invariant Markov chain (v(dx), p(x, dy)) and the correspond-
ing probability u(dz,dv) as defined by the third identity, since pri(u) = v, the
holonomic property follows from

// d(z + Tv)p(dx, dv) // p(x, dy)v(dx) =
Rd xR4 Rdx]Rd
= v(dz) // p(dz, dv).
]Rded

O

As in the weak Mather’s approach, we are interested in finding particular min-
imizing configurations which are located in the support of minimizing holonomic
probability measures. We thus introduce a similar concept equivalent to Mané’s
definition of critical value.

Definition 3.5. Let L(z,v) : T¢ x R — R be a continuous coercive Lagrangian.
We call minimizing holonomic value of L the quantity

= inf // L(z,v) p(dx, dv),
B J JTdxRd

where the infimum is taken over the set of holonomic probability measures. A mea-
sure p attaining the infimum is called a minimizing holonomic probability measure.

Remark 3.6. The three equivalent definitions given in proposition 3.4 show that
any holonomic probability measure u seen on T¢xR? can be lifted to a shift-invariant
probability measure {1 on ¥/, obtained from the normalized invariant Markov chain
(v(dx),p(x,dy)). Conversely, the projection p = (I1;)«(@t) of any shift-invariant
probability measure i on ¥/~ is holonomic:

/ / o(@ + roulde,dv) = [ dlan)idz) =
Td xRd /n
N 5/n Plao)ilde) //Wde lde, dv).

From proposition 3.4, the minimizing holonomic value of L may be computed using
two different ways

L(r) = inf // L(x, ﬂ) w(dz, dy) = igf/ L(xo, T ’50) a(de),
T RIXRE/ ., T HoJS/ T

where the infimums are taken, respectively, over the set of normalized invariant
transshipment measures w and over the set of shift-invariant probability measures

on X/~.

Since T¢ x R? is not compact, the existence of a minimizing holonomic prob-
ability measure is not guarantee at first sight. Nevertheless, periodicity in x and
coerciveness in y — x implies the existence of such minimizing measures.
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Proposition 3.7. Let L(z,v) : T x R? — R be a continuous coercive Lagrangian.
Then there exists a minimizing holonomic probability measure having a compact
support.

Before going into the proof of this result, we will make use of a special piecewise
continuous map F, : T? x R — T? x R? which enables us to replace R? by a
compact ball. Let ||v]|s = max; |v;| be the maximum norm.

Definition 3.8. Suppose L(x,v) is a coercive Lagrangian, then there exists a real
number R, > 1/1 such that

inf inf L(xz,v) > sup  sup L(z,v).
lvllec>Rr z€Td lvllco<1/7 zeTd

Let |v] € Z¢ denotes the vector whose coordinates are the greatest integers less
or equal than the respective coordinates of v € R%.

Lemma 3.9. Let L(z,v) be a C° coercive Lagrangian and F, : T4 x R? — T4 x R4
defined by
. ‘ >R
ey = | @o=tlr)) i ol > Ry
eo={ vl < Rr
Then F. satisfies
i. the image Fy(T? x R?) is a bounded set;
ii. L(z,v) > Lo F (z,v) V (x,v)¢cT%xR%
iii. p € Pr(T¢ x RY) = (F)wp € P, (T4 x RY).

Proof. The first item is obviously verified. The second one is just a consequence of
the choice of R,. Finally, since ¢)(z +7v— |7v]) = ¥(x +70) for every ¢ € CO(T?),
the third item follows without difficulty. O

We can now prove the existence of minimizing holonomic probability measures
for C° coercive Lagrangians.

Proof of proposition 3.7. Consider a sequence {iu,} C P,(T¢ x RY) of holonomic
probabilities satisfying lim,, [ L(x,v) dun(x,v) = L(7). Items ii and i of lemma
3.9 assure that the sequence {v, = (F;).un} verifies the same properties. Further-
more, by item i of the same lemma, all probability measures v,, are supported on a
common compact set. Therefore, any accumulation point v € P, (T¢ x R?) of {v,}
for the narrow topology satisfies [ L(z,v) dv(z,v) = L(7). O

4 Lax-Oleinik operators

The Lax-Oleinik semigroup is well known in partial differential equations and in
calculus of variations. It was used by A. Fathi (see [9]) for obtaining the so-called
weak KAM theorem in the framework of continuous-time, autonomous, strictly
convex and superlinear C3-Lagrangians on a compact manifold.

In our context, we are interested in studying operators with similar properties
to the Lax-Oleinik semigroup. We recall that L. (x,y) = 7L(z, 7).
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Definition 4.1. Given a C° coercive Lagrangian L = L(z,v) : T¢ x R — R and
a constant T > 0, we call forward and backward Lax-Oleinik operators, respectively,
the maps Ty and T_ defined by

Tru(x) = sup [u(z + 7v) — 7L(2,v)] = sup [u(y) — Lr(z,y)],

vERY yERd
T_u(y) = inf [u(y — 7v) + 7L(y — 7v,v)] = inf [u(y) + L, (z,y)],
UERd IERd

for every Z-periodic function u € C°(RY) that we identify with u € C°(T9).

Because of the choice of R, in definition 3.8 and the fact that the minimization
of L can be made on the ball ||v]| < R: as explained in lemma 3.9, T4 are well
defined and have the following more restricted definition

Tyu(@) = max [uz+rv)=rl{zv)]= = max  [uy) =L@ y),
uly) = min [uly —ro) +rly—Tov)] = omin o fu(y) + L (2, y)]

Such identities are immediate consequences of the explicit construction of the ap-
plication F, : T¢ x R — T¢ x R? whose properties are described in lemma 3.9.
Indeed, writing

¢4 (x,v) =u(x +170) — 7L(z,v) and ¢_(x,v) = u(z —7v) + TL(T — TV, V),
we constate ¢4 o Fr > ¢4 and ¢_ o F: < ¢_. So we have

max T,v) = max oF . (x,v) = max T,V
veRd¢+( ) ) vERd¢+ T( ) ) \\U\\wSRT¢+( ) )7

and similar equalities for ¢_ as well.
Let osc(f, D) denote the oscillation of a function f on a subset D of its domain.

Lemma 4.2. Let L(x,v) be a C° coercive Lagrangian. Then the Laz-Oleinik oper-
ators verify the following properties.

i. For allu € CY(TY), for all z,y € T¢,

T u(z) — Thu(y)| < max T‘L(.’E,U*) — L(y,w*)’ and

*
,w

IT_u(x) ~ T_u(y)| < maxr|L(z — 707, 0%) — L(y — 7", w")],
where the maxima are taken over
[z = ylloo
—

[0" oo, [l floo < 2Rr and  [[v* — w*|lo <

ii. The two operators Ty and T_ map C°(TY) into itself.

iti. The two sets Ty (CO(T?)) and T_(C°(T?)) are equicontinuous.
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In particular, osc(Tyu, T and osc(T_u, T¢) are bounded by the oscillation of TL
on T% x Bag,, where Bar, denotes the closed ball of center 0 and radius 2R .

Proof. On the one hand, for any point x in R?, there exists z* € R?, such that
|z — 2"l < TR, and Tyu(z) = u(z*) — L-(x,2*). On the other hand, for any
y € RY Tyru(y) > u(z*) — L,(y, z*). Combining these two estimates, we obtain

Tiu(y) — Tru(r) > Lo(z,27) = Le(y, 2%) = 7[L(z,0") — L(y, w")]

where w* = v* + *=¥ and 2* = z + 7v*. A similar estimate holds by permuting x
and y which proves the first property for T'y. An analogous argument can be used
to demonstrate the inequality concerning the backward Lax-Oleinik operator 7-_.
Since L(x,v) is uniformly continuous on T? x Bsg_, the two sets T (C(T%)) are
equicontinuous and the lemma is proved. O

We recall that the minimizing holonomic value L(7) has been introduced in
definition 3.5. So the main theorem of this section can be stated as follows.

Theorem 4.3. If L(z,v) is a C° coercive Lagrangian, then there exist continuous
periodic solutions of the Laz-Oleinik equation, uy,u_ € C°(T%), satisfying

Tiuy =uy —7L(T) and T-u_ =u_ +7L(T).
Moreover uy satisfies the a priori estimate: ||uy|lo, |[u_|lo < osc(TL,T% x Bag_).

Proof. If we equip C°(T¢) with the topology of the uniform convergence, it is easy
to show that T’y : CO(T9) — C°(T?) is 1-Lipschitz. So the Lipschitz regularity is
also respected by the application 7, : C%(T?) — C°(T¢) defined by

Tru = Tyu— max(Tyu).

Obviously T u < 0 everywhere on CY(T%). Conversely, it follows from lemma 4.2
that
Tiu > —osc(tL,T% x Byg.), YV ue CO(TY).

Let B C C°(T%) denote the closed convex hull of the closure of 7 (C°(T%)). Since
the image T’y (C°(T9)) is bounded, 9B is a compact convex set. As T', (B) C 9B, by
the Schauder-Tychonoff fixed point theorem, there exists a function u, € C°(T%)
such that

Tiuy = ug + max(Tyug).

Obviously, [[ut(o = 174 (up)|lo < ose(rL,T% x Bag.). It remains to show that
max(Tyus) = —7L(7). On the one hand

TL(z,v) + uy(x) —uy(z+ 70) > —max(Tiuy)

everywhere on T% x R?. For any holonomic probability measure p € P, (T?¢ x R%),
by integrating the previous inequality, we obtain

T/L(.’I,‘, v) dp = / [7L(z,v) + uy(x) — up(z + 70)| dp > — max(Tyuy)
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and therefore max (T uy) > —7L(T).
On the other hand, given zy € T¢, there exists a vector vy € R? such that

llvolloe < R and 7L(z0,v0) + u4(z0) — uy(xo + Tv9) = —max(T}u4). For every
k> 1,if 2 = 11 + o1 € T¢, we consider inductively v, € R? such that
llvell < Ry and 7L(zk, vi) + ut(z) — us (zp + 7o) = —max(Thug). Let {un} be

the probability measure defined by

Since their supports are contained in the compact set T¢ x B R., such sequence is
relatively compact for the narrow topology. Let u € P, (T%xR?) be some convergent
subsequence limit. Note that the equality

/ [TL(x,v) + uy(x) — up(z + 70)] dpn(z,v) = —maxTuy,
goes througth the limit x. Hence, we obtain max Tyu, < —7L(7) if we prove that

p is a holonomic probability measure. Indeed, for any function ¢ € C%(T9),

n—1

S (s + o) — ()]

k=0

2
= —[¥(an) = ¥(20)| < ~[[¥]o.

\ [+ 70) = 6@ dynta0)

=

Letting n go to infinity, we immediately obtain that € P, (T¢ x R?). The existence
of a function u_ € C°(T?) is obtained in an analogous way. O

The following result is an immediate consequence of the previous proof.

Corollary 4.4. Let L(z,v) be a C° coercive Lagrangian. If u € C’O(Ti) satisfies
either Tyu =u —c or T_u = u+ ¢ for some constant ¢ € R, then ¢ = 7L(T).

The previous theorem 4.3 may be seen as an important theorical tool: it gives
a way to renormalize the initial Lagrangian by a coboundary

Luorm(7,v) = L(z,v) — L(1) — %[u(l‘ +7v) —u(z)] >0, V(z,0)¢€ T¢ x R%.

The existence of a solution of the Lax-Oleinik operator also gives other character-
izations of the minimizing holonomic value, either as a max-min optimal value or
as an ergodic average asymptotic value.

Proposition 4.5. Let L(z,v) be a C° coercive Lagrangian. Then we have

L = inf L _
") = e [P ) v )

or

n—1
1
TL(T) = inf lim inf ﬁZLT(wk’ka)'
k=0

{zp}e®Er neo
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Proof. Let p € P,(T? x R%) be any minimizing holonomic probability measure.
Then

TL(T) = /TL(JJ,”U) du(z,v)

_ / [rL(z,v) + ¥(x) — (x +70)] dp(z,v)

> inf [TL(z,v) + ¥(x) — p(z + T0)]
(z,0)€TEXRY

for every ¢ € C’O(T_d). By taking the supremum over all 1y € C°(T?), one obtain
a lower bound of 7L(7). Conversely, theorem 4.3 establishes there is u; € C°(T%)
such that
L(r)= inf L(z,v) + _ +70)].
L) = int (L) + (o)~ usle o+ o)
The first identity is proved. Consider now an arbitrary sequence {x} € (]Rd)h.
Then for any n > 0

n—1 n—1
nL(r) <Y Lr(p, wpp1) + ur(z0) — uy (@) <Y Lr(@p, wpr1) + 2l|uy [lo.
k=0 k=0

Dividing by n and letting n go to infinity, we obtain the above upper bound for
7L(7). Conversely, choose any optimal sequence {z} }x>0 in R such that

PL(7) = Lo (2, @) + g (2) — s (@hsr)s ¥ R >0,

Dividing again by n and letting n go to infinity, we then obtain the above lower
bound for 7L(7) and the second identity is proved. O

Thanks to theorem 4.3, we know that the solutions u, of the Lax-Oleinik op-
erator are continuous. If in addition L is locally a-Holder continuous, the same
estimate of part ¢ in lemma 4.2 shows that u4 is also a-Hélder continuous. In fact,
these solutions possess a stronger regularity if L is supposed to be semiconcave.

Definition 4.6. A function F : T x R? — R is called semiconcave if, for every
R > 0, there exists a nondecreasing upper semicontinuous function g : Ry — Ry
satisfying lim,_o+ Or(p) = 0 and

tEE) + (1 = )F(mn) — Fitg + (1 = t)y) < (1 = )€ = nllOr(€ — nll)

for all € = (x,v),n = (y,w) in R x R? with ||v||, |w|| < R and for any t € [0,1].
We call {0r}r>0 a family of local modulus of semiconcavity for F. A function
G :T% x R* — R is called semiconvezx if —G is semiconcave.

Notice that in the case the function F(z) depends only in z € T¢, semicon-
cavity is defined using an unique modulus 6 instead of a family {0r}r>0. Any
C2-Lagrangian L(z,v) is an example of a semiconcave function. Indeed, for every
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R > 0, for any £, € R x R? and t € [0,1], taking ¢; := t& + (1 — t)n, Taylor’s
integral formula allows us to write
tL(§) + (1 —t)L(n) — L(t6 + (1 —t)n) =
= t(L(&) — L(G) + (1 = t)(L(n) — L(G))

1
- / (1— $)D?L(s + (1 — 8)¢) - (€ — C)*ds +
0
1
L) / (1— $)D?L(sn + (1 — $)G1) - (n— )% ds

1
=1 =1 [ (1= 9H(s)- (€ =P,

where H(s) = (1 —t) Hess(L)(s€ + (1 — s)¢;) +t Hess(L)(sn + (1 — s)(). Let
1

Cgr:= —max max || Hess(L)(x,v .
R = max HUHSRH (L) (2, v)]lo

Then 0r(p) = Crp is a modulus of semiconcavity for L.

For more details on semiconcave functions, we refer the reader to the book of P.
Cannarsa and C. Sinestrari (see [4]). Let us examine how the forward Lax-Oleinik
operator T deals with semiconcavity.

Proposition 4.7. Let L(z,v) be a semiconcave C° coercive Lagrangian. Then any
solution u € CO(T?) of the forward Laz-Oleinik equation, Tiu = u — 7L(T), is
S€MICONVET.

Proof. Given z,y € R? and ¢ € [0,1], set z = tz + (1 — t)y. Then there exists an
optimal z* € R? such that

u(2) = u(z*) — L,(2,2%) + 7L(7)
with ||z — 2*||ec < TR,. Moreover
uw(x) <u(z*) — Lr(z,2") + 7L(7) and wu(y) <wu(z*) — L (y,2*) + 7L(7).
Combining these two inequalities and the previous identity, we obtain
tu() + (1 — Huly) — u(z) > — [t (2, 2) + (1= )8r(y, 27) — £r(2,27)].
Let v* and w* be defined by z* = z 4+ 7v* and z* = y + Tw*. Then

x_
=zt + (1 w) and  [v*]leo, [0l < Rr + HT‘”HOO < 2R..

Then

tu(z) + (1 = tuly) —u(z) =
> —7[tL(z,v*) + (1 = t)L(y, w*) — L(z,tv* + (1 — t)w*)] >

2 2
> —7t(1 =)~z = yllocbor, (~lle — )

using the fact that ||v* —w*||lsc = 2||z—yl|lsc. We have shown that 1u is semiconvex

with a modulus of convexity 0(p) = —%HQRT (%p) O

Similarly, any solution u of the backward Lax-Oleinik equation T_u = u+7L(7)
is semiconcave as soon as L(x,v) is a semiconcave C* coercive Lagrangian.
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5 Calibrated and minimizing configurations

For conciseness, for any given configuration {x,}rcz of points in RY, for any m < n,
we call normalized interaction energy of a finite configuration the quantity

n—1

L (T Tona 1y -+ -5 T) 2= Z [LT(xk,ka) — TE(T)] )

=m

o

Let us recall from the introduction the fundamental definition of mimimizing
configurations.

Definition 5.1. Consider a bounded below C°-Lagrangian L(z,v). We say that a
configuration {xy}rez of points of RY is a minimizing configuration if, for every
pair m < n,

L‘r(fﬂm» Tm41y .- - 7':UTL) < LT(yma Ym+1, - - - 7yn)

whenever {yi}rez satisfies Ym = Ty and Yy, = x,. A configuration {xy}rez is
called strongly minimizing configuration if, for any two pair m < n, m’ < n' and
any configuration {yi ‘rez Satisfying ym: = Tm and y, = x, (mod Z¢), we have

ET(a:m, Tintls -y Tn) < ET(ym/, Y/ 415+« s Yn?)-

For a coercive Lagrangian, notice that definition 3.8 implies consecutive jumps
Zp4+1 — x are uniformly bounded for strongly minimizing configurations {zy }xez,
namely,

sup ||Tg+1 — Tklloo < TR~
kEZ

The necessity of constructing minimizing configurations motivates the consid-
eration of the following notions.

Definition 5.2. Let L(z,v) be a C° coercive Lagrangian. A function u : R* — R is
a called sub-action® with respect to L if u(x) is Z%-periodic, continuous and satisfies

TL(T) < 7L(x,v) + u(z) — u(z + 70), V (z,v) € T x R
More restrictively, u is called forward calibrated sub-action if

TL(T) = infd [TL(Q;,U) + u(x) — u(x + T?))], V oz eTe,
veER

and similarly u is called backward calibrated sub-action if

TL(T) = infd [7L(z — Tv,v) + u(z — 70) —u(z)], VxeT%
vER
Notice that CY periodic functions uy,u_ are forward or backward calibrated
sub-actions if, and only if, they are solutions of the forward or backward Lax-
Oleinik equations given in theorem 4.3. The existence of sub-actions has been
proved under the sole hypothesis of coerciveness.

2Perhaps one should insist on the presence of a time step 7 > 0 by employing an expression like
T-sub-action. However, in order to avoid some unnecessary accuracy and since no misunderstanding
is possible, we prefer to let such dependence be implicit.
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Proposition 5.3. Let L(x,v) be a C° coercive Lagrangian. If L is locally - Hélder
continuous, then any forward or backward calibrated sub-action u € C°(T9) is a-
Holder continuous too. Besides, if L is semiconcave, then all forward calibrated
sub-actions are semiconvezr and all backward calibrated sub-actions are semiconcave.

Proof. The Holder case is an immediate consequence of part ¢ of lemma 4.2. The
semiconvex property is just a reinterpretation of proposition 4.7 as well as its ana-
logue for backward calibrated sub-actions mentioned after its demonstration. [

Observe that, in terms of the associated local interaction enegy L. (x,y), a sub-
action u satisfies L, (z,y) > u(y) — u(z) + 7L(7) everywhere on R? x R?.

Definition 5.4. Consider a C°(T?) sub-action u for a C° coercive Lagrangian
L(z,v). A configuration {x}, }rez in RY is called u-calibrated if, for every k € Z, we
have L (zg, Tpi1) = w(rpy1) — ul(zg) + 7L(T).

It is easy to see that calibrated configurations are minimizing and even strongly
minimizing. We show in the following lemma that the coerciveness assumption
implies the existence of calibrated configurations and therefore the existence of
minimizing configurations.

Lemma 5.5. Suppose L(x,v) is a C° coercive Lagrangian. If u € C°(T?) is either
a forward or a backward calibrated sub-action, then there exists an u-calibrated
configuration {xy}rez in RY passing through some point xo € [0,1)¢ and satisfying
lxk+1 — zklloo < TR, where Ry > % has been defined in 3.8.

Lemma 5.6. Let L(z,v) be a C° coercive Lagrangian. If u € C°(T9) is an ar-
bitrary sub-action, then any u-calibrated configuration {x;}rez in R? is a strongly
minimizing configuration satisfying ||zp+1 — Tklloo < TRy for every k € Z.

Proof of lemma 5.5. Let u € C°(T?) be a forward calibrated sub-action. Thanks
to coerciveness, u verifies 7L(7) = miny, . <p, [7L(x,v) + u(z) — u(z + 7v)] or

TL(r)=  min__ [L(z,y) +u(z) —u(y)], VzeR”
v lly—lloc <7 R-

Hence, for every positive integer n, consider a configuration {z} }y>_n in R? such
that ||z} — 27 1]l < TRy and 7L(7) = Lo(a}, 2}, ;) + u(2}) — u(2}, ;) for all
k > —n. Since L.(z + s,y +s) = L,(z,y) for s € Z? we may assume that
zp € [0,1)? for every n > 0. In particular, we get that |27 < 7R.|k| + 1 for all
k > —n. By a diagonal procedure, we extract a configuration {xj}rez satisfying
TL(T) = Lo (2, 2py1) +u(zr) — u(xpy1) for any integer k. A similar reasoning can
be developed for CY(T?) backward calibrated sub-actions. O

Proof of lemma 5.6. Let {xy}rez be an u-calibrated configuration. Thanks to def-
inition 3.8, if ||xgx11 — Tkl|eo > TRy, then

w(zpy1) —u(zy) + 7L(T) = Lr(Tk, Trog1) > i

> Lo(xp, xpa1 — |Tpa1 — 2x)) = w(@psr — |21 — zx]) — u(zg) + 7L(7).
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The periodicity of u implies that the strict inequality cannot happen. Therefore,
|zk+1 — zklloo < TR, for all k € Z. Moreover, for any m < n, for any configuration
{yr}rez in R? satisfying v, = x,, and v,y = x, (mod Z%), since

L‘r(xmv Tm41s - $n) = u(xn) *U(xm) = u(yn’) *U(ym’) < E’T(ym/) Ym/+1,5- - - 7yn’)a
we obtain that {zj}rez is a strongly minimizing configuration. O

Notice that the existence of an u-calibrated configuration of a sub-action gives
an equivalent definition of the holomic minimizing value L(7) as defined in 3.5

n—1
7 1
TL(T) = inf lim inf E Lo(zp, @ '
( ) {z)}e(RD)Z n—m—0o0 n_mk:m ( k k+1)

Furthermore, u-calibrated configurations are examples of critical configurations
without assuming any ferromagnetic condition.

Lemma 5.7. Let L(x,v) be a C' coercive Lagrangian. Any u-calibrated configura-
tion of some C° periodic sub-action w is critical.

Proof. Let {xy}rez be an wu-calibrated configuration. Lemma 5.6 implies that
{2k }kez is minimizing and in particular satisfies
Lor(Thot, Thy Thy1) < Lr(Tpo1, 2, Th41), V2 € RY

Therefore aagyf (xk,l,xk)—i—aa%(xk, zp1) = 0forall k € Z and {xptrez € T'-(L). O

We have seen in remark 3.6 that any holonomic probability measure can be
lifted to a shift-invariant probability measure in ¥/ and that

7L(T) =  min /2/ Lo (xo,x1) dip(z).

fi o—invariant

We show in the following proposition how to lift some minimizing holonomic prob-
ability measures to (I'-(L), o) or equivalently to (T¢ x R, &,).

Proposition 5.8. Let L(x,v) be a C' ferromagnetic coercive Lagrangian, then the
minimizing holonomic value of L is given by

L(7) = min { /L(m,v) dp(z,v) : p € Po(TYx RY), p Q)T—invariant}.

Proof. We already remarked that any ®,-invariant probability is holonomic, then

L(t) < min{/L(w,v) dp(z,v) : p € Pr(T¢x RY), p @T-invariant}.

If {x}}rez is an u-calibrated configuration for some C periodic sub-action u, then
{zk}rez € T'7(L) by lemma 5.7. Therefore, thanks to the conjugation between
(I (L),0) and (T x R, ®,), if vy := Z477% then (z,vx) = ®F(x0,v0) for all

T )
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k € Z and vy, is uniformly bounded by lemma 5.6. Let u € P-(T? x R?) be a weak
limit of some convergent subsequence

n;—1

1
Uny = ni Z 5@&(:5@,1}())'
L k=0

Then p is ®,-invariant and we have

n;—1

/L(:L’,’U) dp(z,v) = lim 1 Z L o ®* (0, v0)

l—o0 Ny s

! {“(‘”’”) —u@) i = 2.

O

We will see in the next section that, for ferromagnetic Lagrangians, all mini-
mizing holonomic probabilities are actually ® -invariant.

6 Graph property and Mather set

In the setting of continuous-time, periodic, strictly convex, superlinear and com-
plete C?-Lagrangians on a compact, connected C* manifold, J. N. Mather showed
(see [25]) that measures invariant under the Euler-Lagrange flow which are action
minimizing can be seen as Lipschitz sections of the tangent bundle. Our main goal
in this section (see theorem 6.10) is to obtain a similar graph property.

Definition 6.1. Let L(z,v) be a C° coercive Lagrangian. We call Mather set the
set

M- (L) = closure(U {supp(p) : pe€ P(T4 x RY) and p is mim’mz’zing}),

where supp(u) denotes the support of the probability .

Proposition 3.7 implies that minimizing holonomic probability measures do ex-
ist, which shows that the Mather set is nonempty.

Definition 6.2. Let L(x,v) be a C° coercive Lagrangian and u be a C° periodic
sub-action for L. We call nil locus of u the set

N-(L,u) = {(z,v) € T¢x R? : 7L(z,v) = u(z + mv) — u(z) + TL(7)}.

We observe that coerciveness guarantees all nil loci are nonempty. The following
proposition shows that N (L, u) actually contains the support of any minimizing
holonomic probability measure.

Proposition 6.3. Let L(x,v) be a C° coercive Lagrangian. Then, for any sub-
action u € C°(T?) with respect to L, we have M, (L) C No(L,u).
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Proof. Consider a minimizing holonomic probability measure u € P,(T¢ x R?).
Since one has both 7L(z,v) + u(z) — u(x + 7v) — 7L(7) > 0 and

/ [7L(z,v) +u(z) — uw(z + 7v) — 7L(1)] dp(z,v) =0,

7L(z,v) = u(x + 7v) — u(x) + 7L(7) holds everywhere on the support of . O

As in the proof of lemma 5.6, the coerciveness assumption of L implies that any
nil locus is compact. More precisely, we have

Corollary 6.4. Let L(x,v) be a C° coercive Lagrangian and u € C°(T?) be a sub-
action with respect to L. If (x,v) € Ny(L,u), then ||v|| < R-. In particular, the

support of any minimizing holonomic probability measure is compact.

Proof. If ||v|os > Ry, then L(z,v) > L(z,v — 1[rv]). Assume (z,v) € N-(L,u),
then

u(x +7v) —u(x) = 7L(z,v) — TL(7T)

> TL(x, v — %LTUJ) — TI_/(T)

>u(z+7(v— %LT’UJ)) —u(z) = u(z + 7v) — u(x).

We obtain a contradiction, therefore ||v]|s < R;. O

We assume from now on in this section that L is C' and coercive. We prove
that any sub-action is continuously differentiable on the projected Mather set
pr1 (M, (L)), where pr' : T x R? — T? denotes the first canonical projection.
When L is in addition ferromagnetic, we prove that M, (L) is a graph over its
projection into T?. Let us recall that II, has been introduced in definition 2.6.

Lemma 6.5. Let i be a holonomic probability measure with compact support, then
for any x € pri(supp(p)), there exists a configuration x := {x}rez in R such that
zo =z and I, o o¥(2) = (wg, =) € supp(p) for all k € Z.

Proof. From proposition 3.4, we naturally associate to p a normalized invariant
transshipment 7 in R% x R%. Let pr'? : R? x R? — R? be the two canonical
projections. Since p has compact support, the support of 7 has compact horizontal
and vertical slices. Then S™2? := prl2(supp(7)) are closed sets. We always have
512 C supp(pri2(m)). Since S%2 are closed, necessarily S2 = supp(pri?(m)).
Since 7 is a transshipment, prl(r) = pr2(n) and S' = S2. Let o € S, then
there exists w1 such that (wg,z1) € supp(7). Since x1 € S? = S1, there exists xo
such that (x1,z2) € supp(rw), and so on. We thus obtain a forward and backward
orbit {xg}rez of points (zx,zky1) in the support of m or equivalently an orbit
{(zg, vk = (Tk+1 — xk)/T) }rez of points in the support of . O

In order to prove the differentiability of any sub-action on the projected Mather
set, we introduce two intermediate notions of calibration.
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Definition 6.6. Let u € CO(R?) be a Z%-periodic sub-action for L. A couple
(z0,71) € RY x RY is called u-calibrated if L,(zo,z1) = u(z1) — u(xo) + TL(7).
A triple (x_1,x0,x1) is called u-calibrated if both (x_1,z9) and (xg,x1) are u-
calibrated.

Lemma 6.7. Let L(x,v) be a C' coercive Lagrangian and u € C°(T9) be a sub-
action. Then, for any u-calibrated couple (zg,z1) € R? x R?, we have

1 oL,
limsup ——— |u(z; + h) — u(x1) — (——(x0,21),h)| <0 and
imop g 1o+ ) ) = (e, ). 0)
oL,
lim inf h) — —{— = hy| > 0.
Mﬁiﬂo”hmmkd$°+ )= uleo) = (= 5 o). )] 2 0

Proof. Indeed, since u is a sub-action, we have on the one hand
u(ry +h) < u(zo) + Lr(wo, 21 +h) —7L(T) and
u(ry) < u(wo 4+ h) + Lo(xg + h,xy) —7L(T), VYV heRL
On the other hand, u(x1) = u(xo) + L. (20, 21) — 7L(7), which implies
u(z1 4+ h) — u(z1) < [Lr(z0, 1 4+ h) — Lr(w9,21)] and
u(xo + h) — u(zo) > [Lr(z0, 1) — Lr(20 + by 21)].
The lemma follows from the differentiability of L. O

Although we could use the theory of subdifferentiability and superdifferentia-
bility of L to derive the next lemma, we prefer to give a direct proof to be the most
complete possible.

Lemma 6.8. Let L(x,v) be a C' coercive Lagrangian and v € C°(T?) be a sub-
action. Let X.(L,u) denote the set of mid-points xo of all u-calibrated triples
(:L‘flvm‘()a:xl)-

i. If (x_1,x0, 1) is u-calibrated, then u is differentiable at x¢ and

oL, oL,
Du(xo) = 3y (z-1,70) = — o (z0,21)
8L Tro— -1 8[/ Tr1 — X 8L Ir1 — X0
=gl T ) = gyl ) g (0 T

i. The map Du : K. (L,u) — R? is uniformly continuous independently of .

wi. If L is in addition ferromagnetic, then there exists at most one u-calibrated
configuration passing througth any zo € R,

Proof. Item i. On the one hand, an u-calibrated triple is critical as in definition 2.3.
Let V be the common derivative

oL, oL,
v = 8y (x—lvxo) = - 8:6 (I’O,l’l).
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On the other hand, lemma 6.7 implies that

h) - —(V,h h) — —(V,h
limsup "0 H ) —ulw0) = (Voh) e M@0+ R) — uzo) = (9, R)
Illoe—0 1lloe lloe—0 1loo

which shows that Du(zg) = V.

Item ii. We begin by showing that there exists a positive function C-(h) defined
for all h € R?, depending only on 7 and L, such that C,(h) — 0 when h — 0 and

u(xo +h) — u(xo) — (Dulxo), )| < Cr(R)]|hloo,

for all h € RY, all 9 € K,(L,u) and all sub-action u. Let (z_1,z0,71) be a
u-calibrated triple. On the one hand,

u(ry) — u(zo) — Lr(wo, 21) = 7L(7) > u(w1) — u(zo + h) — Lo(w0 + hy21),

and by eliminating u(z) one obtain

oL,

u(xo+h) —u(xog) — (Du(zg),h) > — [Lf(ﬂ) +h,z1)— L (z0,21) — <E

(xo,xl).m]

On the other hand,

u(zo) —u(z—1) — Lr(z-1,20) = —7L(7) > u(zo + h) —w(r-1) — Lr (21,20 + h),
and by eliminating u(z_;) one obtain

oL,

u(zo+h) —u(zg) — (Du(zo), h) < Lr(z_1,20+h) =L (x_1,20) — 3y

(x_1,20), h).

Notice that [|[zg — Z_1||co, [[z1 — Z0|lec < TR(7T) whenever (z_1,z0,21) € K, (L, u)
and that L, (z,y) is invariant by the diagonal Z%translation. Define

oL oL
C’ h) = U~r i h7 _ 0Lr ’
T( ) ”-’El—xﬁi};TR(T) s%l[g?l(] H ox (:1:0 § xl) ox (5130 xl)HOO
oL oL
C” h = - —1 + h - -1 .
’T( ) ||xofx_r?||?§§rR(r) srél[%ff] H 8y (.7} 1, Lo T S ) 3y ($ 1 xO)Hoo

Then Cr(h) = max(CL(h),C”(h)) is the desired function.
We now show that Du(zg) is uniformly continuous on X, (L, u). Notice that

|u(z0) — u(zo — h) = (Du(o), k)| < Cr(=h)|[Bllos, ¥ h€R?
Let zo and z{, be two distinct mid-points of K (L,u). Then, for any h,

[u(zo + h) = u(xo) — (Du(xo), h)| < Cr(h)[|]loo,
u(p) — u(zo + h) = (Du(ap), 26 — xo — h)| < Cr(wo + h — 2p) w0 + h = 2] o,
|u(zo) — u(xp) — (Du(xp), xo — 20)| < Cr(wo — 2)||z0 — 2|oo-
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By adding the three inequalities and by taking any ||h||ec = |20 — 2(||c0, We obtain
[(Du(zg) — Du(zo), )| < Cr(x0, 20) || Al oo,
where

Cr(z0, () = sup [C-(h) + 2C(z0 + h — z3) + Cr(z0 — ()]

[[Alloo=Ilz0—2{ |0

Therefore ||Du(zo) — Du(zf)|co < Cr(x0,x) and Du(zp) is uniformly continuous.

Item iii. If {zy }rez is an u-calibrated configuration, then Du(xy) exists for all k and

the two equations Du(xy) = aaLyT (xk—1, ) and Du(xg) = —aa%; (Tk, Tr11) shows

that ;1 and xyq are known as soon as zy is known and L is ferromagnetic. [

The following proposition is now a direct consequence of proposition 6.3 and
lemmas 6.5 and 6.8.

Proposition 6.9. Let L(z,v) be a C' coercive Lagrangian. Then any sub-action
u € CO(T9) with respect to L is continuously differentiable on the projected Mather
set pri(M, (L)), where pr' : T? x R — T? denotes the first canonical projection.
If L is in addition C*t, then Du : pr'(M, (L)) — R is Lipschitz uniformly in u.

Proof. Recall from lemma 6.8 that K (L,u) denotes the set of mid-points of u-
calibrated triples. From lemmas 6.5 and proposition 6.3, we deduce that

prl (M (L)) € K, (L, w).
From 6.8, we obtain that Du : T — R? is continuous. ]

Mather graph property is then an easy consequence of the previous study in the
case of ferromagnetic Lagrangians.

Theorem 6.10. Let L(x,v) be a C* ferromagnetic coercive Lagrangian. Then there
exists a continuous map

Vr 3PT1(MT(L)) - Rdu [Vrllo < Rr,
such that M. (L) is a graph over its projection, that is,
M (L) = graph(V;) = {(z,V-(2)) |« € pr' (M (L)}

Moreover, M (L) is compact and ®,-invariant, any minimizing holonomic proba-
bility measure  is ®,-invariant and, for any sub-action v € C°(T9), one has

Du(x) = gi(aﬁ, Vi(x)) — Tgi/(a:, Vi(z)), Yz eprt(M,(L)).
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Proof. Let u € C°(T%) be any sub-action. From lemma 6.8, we know that Du(x)
exists and is continuous for all € K (L,u). Since L is ferromagnetic, we define
uniquely V;(z) by the following implicit equation

oL z,Ve(x)) — Ta—L(x, Vi(x)), VaoeX (L u).

Dulz) =5, @ o1

Then V; becomes continuous on K, (L, u).

Assume now that = € pr!(M,(L)). Consider a point z_; € T¢ with (z_1,x)
u-calibrated. Take v € R? such that (z,v) € M, (L) and define x; = 2 + 7v. Then
(r_1,z,x1) is u-calibrated and, thanks to lemma 6.8, we have

Necessarily v = V-(z), ||V-(2)|lcc < R, and V;(x) is independent of the choice of
u. From lemma 6.5, we know there exist u-calibrated triples passing through x
consisting of points of pr'(M,(L)). From the ferromagnetic property, we deduce
that this triple is unique. Thus z1 € pr!(M, (L)) € X (L,u) and

Du(er) = 9, Vo(a)) = 91, Velon)) = 732 (0, Vo))
From the definition of ®, (see definition 2.5), we obtain
O (z,v) = (z+710,Ve(z+710)), V (x,v) € M(L).
In particular, ®, preserves the Mather set (the reverse inclusion is proved similarly)

(I)T(MT(L)) = MT(L)

Let 4 € P (T? x R?) be a minimizing holonomic probability measure. For any
bounded Borel function ¢ : T¢ x R — R, from the previous identity, we have

/(p o ¥, (z,v) du(z,v) = /Mr(L) o (x4 710, V(x4 10)) dp(z,v)
= / o (z,Vr(z)) du(z,v)
M- (L)

= [ o0 duo),

which means the ® -invariance of the measure p. O

The last statement of theorem 6.10 is similar to a known result in the case of
Lagrangian theory. For a continuous-time, periodic, strictly convex, superlinear
and complete C*°-Lagrangian on a closed Riemannian manifold, R. Mané showed
(see proposition 1.3 of [23]) that any minimizing holonomic measure is invariant
under the Euler-Lagrange equations.
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7 The Aubry set

In Aubry-Mather theory for continuous-time Lagrangian dynamics, there are gen-
erally two strategies for introducing the Aubry set: A. Fathi’s formulation (see
[11]) using the notion of conjugate weak KAM solutions and G. Contreras and R.
Iturriaga construction (see [6]) using the notion of static curves. Both approaches
request intrinsically a differentiable Lagrangian.

We have chosen a different approach, closer to the usual definition in ergodic
optimization theory, which has the main advantage of requiring only C° smoothness.
Aubry set will use the following notion of periodic configuration.

Definition 7.1. We call periodic configuration of type (q,p) a finite configuration
(o, 1, ,xq) of points of R® such that Tg=x0+p,q>1andpc Z%. Such a fi-
nite configuration determines uniquely a bi-infinite configuration {xy}rez satisfying
ZTgyk = T +p for all k € Z.

The notion of Aubry point below is similar to the one of non-wandering point
with respect a potential used in ergodic optimization (see, for instance, [7, 15, 16]).
A similar projected Aubry set in [18] has also been used in the discrete Aubry-
Mather problem. Recall that L, (zg,z1, - ,24) = 2¢_o[Lr(h, T1) — TL(T)].

Definition 7.2. Let L(z,v) : T x R? — R be a C° coercive Lagrangian. A point
(z,v) € TYxR? is said to be an Aubry point if, for any € > 0, there exists a periodic
configuration of type (q,p), (xo, 1, ,2q), such that

|z — 20lloc <€, |lx+7T0—21]|0c <€ and \ﬁT(a}O,xl,n- Tq)| < e

The Aubry set A-(L) is by definiton the set of all Aubry points.

Notice that the Aubry set depends on L modulo any coboundary, that is, for
all function 1 € C°(T9) and any constant ¢ € R, A, (L) = A (L — A — ¢),
where A,1(x,v) := ¥(z + 7v) — (). Notice also that L (xg,x1,- -+ ,24) > 0 for
any periodic configuration of type (q,p), since L, (xg, 21, - - ,Tq) is unchanged if,
instead of L, we use L — LA u — L(7) > 0 for some sub-action w.

It is easy to see that the Aubry set is a closed subset of T¢ x R?. The fact that
it is a non empty set is proved in the following proposition.

Proposition 7.3. Let L(z,v) be a C° coercive Lagrangian and u € C°(T?) be a
sub-action with respect to L. Then M, (L) C Ar(L) C N (L, u).

Proof. We begin by proving the second inclusion. Define the associated normalized
Lagrangian E(z,v) := L(z,v) — L[u(z + 7v) — u(z)] — L(7) and the corresponding
interaction energy &, (z,y). Then E(z,v) > 0 for all (x,v) € T¢xR% and E(r) = 0.
For any e > 0, there exists a periodic configuration (zo, 1, - ,z4) such that

0 S éT(IEO,Iﬁl) S éT('IOaxlv"' ,.’Eq) = LT(:EOa:Ela" : 733(1) <e.

Letting € go to 0, we obtain &, (x,z 4+ 7v) = 0 or (z,v) € N-(L,u).
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We now prove the first inclusion. The proof of this part is non trivial and
requires the use of Atkinson’s theorem which we recall in 7.4. Let p be a minimiz-
ing holonomic probability measure and (x,v) € supp(u). By proposition 3.4, the
measure 4 can be lifted to a normalized shift-invariant Markov chain & on X/..
Remark 3.6 tells us that [ is a minimizing shift-invariant probability in following
sense

TL(T):/Z/ Co(zo, o)) diz) = inf /E/ L (o, 1) di(z).

U o-invariant

Take € > 0. Let B, denote an open ball of radius n(e) € (0,¢) around the point
(x,v) such that the oscilation of L. (zg,z1) on B, = I-1(B,) is less than e. Then
fi(Be) = p(B:) > 0 and, by the ergodic decomposition theorem (see, for instance,
chapter 7 of [19]), there exists an ergodic minimizing shift-invariant probability
which satisfies

7(B) >0 and TE(T):/E/ Lo (o, 21) di(z).

Atkinson’s theorem implies that there exist a point z = {xp}trez € B, and in-
finitely many positive integers ¢ such that o%(z) € B, and |L, (zg, 1, - ,x4)| < €.
By definition of B, we may assume xo and 1 close to z and x 4 7v within 7(e).
Moreover, z, is close to xo +p within 7(e) for some p € Z¢. We have obtained a pe-
riodic configuration (z, —p,x1,- -+ , x4) beginning close to (x,x +7v) and satisfying
|87 (zg — p, 71, ,24)|] < 26. We have shown that (z,v) € A (L). O

Atkinson’s theorem is well known. We have nevertheless included a short proof.

Theorem 7.4. (Atkinson’s theorem [1]) Let (Z,&,\) be a probability space,
T :7Z — Z an ergodic measure preserving map, [ : Z — R an integrable function,
f € LY(\), and D € € a measurable set of positive measure, \(D) > 0. Denote

=(f, D) ::{zeD . Ve>0 In>1 with
n—1
T"(z) € D and ‘ZfoTk(z)—n/ fdA| <e}.
k=0 z
Then X (E(f, D)) = A(D).
Proof. Without loss of generality, we may assume || zfdA=0. Let ¢ > 0 and

n—1
E(f,D) = {z €D : 3In>1 with T"(z) € D and |ZfoTk(z)‘ < 6}.
k=0

Since Z(f, D) = Mg>1Z1/(f, D), it is enough to show that A (Zc(f, D)) = A(D).
Let f(n,z) = Ez;é o T*(z) and notice the cocycle property

f(0,2)=0, f(m+n,z)=f(m,z)+ f(n, T"(2)), ¥Ymn=>0,VzeZ
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Suppose on the contrary C' := D—E( f, D) has positive measure. Let p : C — N, be
the first return time to C, T : C' — C the first return map to C, T (z) = TP3)(2),
and

p(z)—1 n—1
fo(z) = Z foTk(z2), fo(n,z) :chng(z), VzeC, Vn>0,
k=0 k=0

the induced cocycle on C. By the definition of C
|fo(n,z) — fo(m,2)| = |fe(n —m, TH(2))| > € Vn>m>0.

Let N > 1. Then each subinterval [-N§ +ie, =N § + (i 4+ 1)e), i = 0,1,..., N — 1,
of the partition of Iy := [-N§, N§) into N intervals of length € contains at most
one point of the form fc(n,z). There exists therefore k(N,z) € {0,1,..., N} such

that fo(k(N,z),z) do not belong to I or
[Fe(k(N,2),2)| = N2 > k(N,2)s, ¥ N> 1.

Since {k(N, z)} n>1 is not bounded (for { fc(k(N, 2), 2) } n>1 is not bounded because
of |fo(k(N,z),z2)| > N§), we obtain

n—-+o0o n 2
and by the ergodic Birkhoft’s theorem,
h dotz) o foTH(z) [y fdA
n——+o0o n n——+oo 2?;61 1C o Tk(Z) )\(C)
where p,, denotes the nth return time to C, p,(z) := Z;(l] poTE(z). We just have
obtained the contradiction | [, f dA| > $A(C) > 0. O

We want now to prove that any sub-action is continuously differentiable on
the Aubry set. We first show that a finite configuration with bounded interaction
energy has bounded jumps independently of the length of the configuration.

Lemma 7.5. Let L(x,v) be a C° coercive Lagrangian. Then for any E > 0 there
exists Rg > 0 such that, for any n > 1 and any finite configuration (xo,z1, -+ ,Zn)
of length n with interaction energy bounded from above by F,

LT(ajo,xl,...,mn)SE — ||1'k_l'k—1||oo§RE, Vk=1,---,n.

Proof. Let u be a fixed CO(Td)isub—action. By coerciveness of L, for every F > 0
there exists Rg > 0 such that [0, (z,y)| < E+4||ullo = ||y — |l < Rg. Then

0 < Lp(wpo1,zr) + u(zp—1) — u(zy) <
< Lr(xo,x1,- -, xn) +u(zo) — u(zy) < E+ 2|ulo,

|L7-(.Tk_1,:rk)’ <F-+ 4||u”0 and H:L’k — :L’k_lH < Rg. ]
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We can now extend the conclusion of proposition 6.9.

Proposition 7.6. Let u € C°(T?) be a sub-action with respect to a C' coercive
Lagrangian L(x,v). Then u is continuously differentiable on the projected Aubry
set pri(A-(L)). If L is in addition C%' then Du : pri(A.(L)) — R is Lipschitz
uniformly in u.

Proof. As in the proof of proposition 6.9, we just need to prove that
pri(A, (L) C K (L, u).

We normalize again by defining

87(5507 te 7513n) = LT(£07 T ,$n) +u(x0) - u(xn) > 0.

Let (z,v) € A-(L), x0 = x and x1 = x+7v. Then there exist a sequence of periodic

configurations (1‘6, xll, e ,$f] (l)) and a sequence of integers p' € Z? such that

! ! l Lyl o l !
Ty — To, T T, Tggy=ao+p  and E-(zg,ay,- -, yq) — 0.

From lemma 7.5 we obtain that {mfl(l) - xé(l)_l}l is uniformly bounded. One can

extract a converging subsequence of {xfl (0)—1 ~ pl}l to some z_; € R?. Since

0 < Elzgqy_y — P 2qq) — p') < Enlah, - zgq),

Er(r_1,20) =0 and (z_1,z0,x1) is an u-calibrated triple: x € K. (L, u). O

We can now improve theorem 6.10 in the ferromagnetic case. As introduced in
definition 2.5, recall that (Td x R, ®.) denotes the discrete Euler Lagrange map.

Theorem 7.7. Let L(x,v) be a C' ferromagnetic coercive Lagrangian. Then
Ar(L) is compact, ®r-invariant and equal to the graph of some continuous map

Vo i pri(As(L) — RY

Proof. The proof is similar to the proof of theorem 6.10 thanks to the fact that
pri(A,(L)) € K,(L,u) for any continuous and periodic sub-action u and to the
fact that any = € prl(A,(L)) is the projection of a configuration x = {z}}rez
satisfying IL, (o*(z)) € A, (L) for all k € Z. This is similar to lemma 6.5. The proof
of this fact is given in the following lemma 7.8. 0

Lemma 7.8. Let L(z,v) be a C° coercive Lagrangian. For any (z,v) € A, (L) there
exists a configuration x = {x }rez of points of R? such that I, (zq, z1) = (z,v) and
0, (c*(z)) € A (L) for all k € Z.

Proof. We begin by normalizing L by assuming L(z,v) > 0 and L = 0. Let
(x,v) € Ar(L), o = = and x1 = xo + 7v. Then there exists a sequence of periodic
configurations z! = (z, 2!, - ,a:é(l)), xé(l) = x}, + p! for some p! € Z¢ such that

! ! Fofal ol !
zg — xo, @1 — a1 and 0< Lr(zg, a1, ,2y) — 0.
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From lemma 7.5 we know there exists R > 0 such that all jumps are bounded
uniformly, ||z} — 2} |loc < R for all k € Z. By a diagonal procedure of extraction,
there exists a subsequence of {z'};, that we call again {z'};, such that, for all
k > 0, when [ — oo one has 1:2 — x3, and xlq(l)_k —p! — x_y, for some configuration
{zk}rez. By definition of the Aubry set, each I, (zy, xg11) belongs to A-(L). A
special care should be given in the previous argument when the length [ remains
bounded. O

8 Mané potential and Peierls barrier

We introduce in this section two new definition: the Mané potential and the Peierls
barrier. We prove that these notions give an equivalent characterization of the
Aubry set and that they give a different way to construct calibrated sub-actions.
They will play a fundamental role in the next section to classify all calibrated
sub-actions.

Definition 8.1. Let L(z,v) : T¢ x R — R be a C° coercive Lagrangian. We call
Manié potential the function Sy : R* x R* — R defined by

S-(z,y) = inf inf inf L (zo,...,7n) = inf inf inf L (zo,...,zn).
n>1 pezd To=r n>1 pezd wo=a+p
Tn=y+p Tn=y

Notice that S;(z,y) is periodic in both variables x and y.
We first give obvious properties of the Mané potential.
Remark 8.2. For any z,y, z in R%, we have
i. Sy(z,y) < inf ez [LT(x,y +p) — Tf/(T)] < Lo(z,y) — 7L(T) = L, (2,9),
ii. u(y) —u(x) < Sy(x,y), for any sub-action u € CO(TY),
i1, Sr(x,y) < Sr(z,2) + S:(2,y),
. Sy(xz,xz) > 0.

We just have seen that coerciveness implies the Mané potential is a finite func-
tion. We show in the next propostion that S;(x,y) is continuous with respect to
both x and y.

Proposition 8.3. Let L(x,v) be a C° coercive Lagrangian. Then
i. S-(z,y) : R x R? — R is continuous and periodic in x and y,
ii. For every x,y € R, S;(z,-) and —S.(-,y) are CO(T?) sub-actions.

Proof. We prove the first assertion. Fix ¢ > 0. Take arbitrary points (z,v), (2, )
in R? x R%. Then there exist two configurations (zq,...,Zm), (¥0,...,¥ys) and two
vectors with integer coordinates 7, s € Z% such that

LT(an"'uxm—17$m+T) SSr(ﬂfay/)+€/27 o =, $m=y/7

Lr(yo+s,y1,--,un) < S (z,y) +€/2, wo=2, yn=y.
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Then S;(2/,y')—Sr(x,y) = Sr (2, y') =S (x,y')+S-(z,y')—S-(z,y) can be bounded
from above using the estimates

Sr(@,y') = Sr(z,y') <
<L z1,. .z, ) = Loz, 1, ) €2
<L x1) — Lo(x, 1) +€/2,

ST(xay/) = Sr(z,y) <
<Lo(x+s,91, . Yn1,¥) = Lo+ 8,915 Yno1,y) +€/2
<Lr(Yn-1,9") = Lr(yn-1,9) +€/2.

Since S;(z,y) is uniformly bounded from above by periodicity and item i of re-
mark 8.2, lemma 7.5 guarantees that the points x; and y,—1 which depend on €
and z, y, ' and 3/ are uniformly bounded. So the estimation above shows S, is a
continuous map.

The second assertion is an immediate corollary of item 47 of remark 8.2

ST(£>Z) - ST(xvy) S ST(y>Z) S LT(yvz) - TE» v Y,z € Rd?
or in terms of the Lagranigan L
Sy (z,y +7v) — Sy (2,y) < 7L(z,v) — 7L, Y (y,v) € T? x R%

We just have proved that S:(z,-) is a sub-action. Similarly —S-(-,y) is a sub-
action. ]

For a CY coercive Lagrangian, we clearly deduce S;(x,z) > 0 from item ii of
remark 8.2. We show in the following proposition that S;(z,x) = 0 characterizes
the Aubry set.

Proposition 8.4. Suppose L(x,v) is a C° coercive Lagrangian. Then S;(z,z) =0
if, and only if, x (mod Z%) € pri(A,(L)).

Proof. Let us first show that (z,v) € A,(L) implies S;(x,z) = 0. One can find a
sequence of periodic configurations (xé, o ,:Ulq(l)), l‘f](l) = 1:6 + p!, such that

ah—x, 2l -x+71v and L (xo,xll,...,a:fz(l)) — 0.
Since Sy (zh, zh) = S (x}, x! (l)) < Lo(xh, 2, ... ,xfl(l)), thanks to the continuity of
S; and item v of remark 8.2, we obtain S;(z,z) = 0.

Conversely, assume S;(z, :1:) = 0. Then there exists a sequence of periodic con-
figurations (o, . . . ,JYf](l)) such that ), = z = :L'lq(l) pland L, (zh, 4, ... ,:Uf](l)) — 0
Thanks to lemma 7.5, 2} — 2}, remains uniformly bounded. So one can find a sub-
sequence of I’s such that {(x! —z{)/7}; converges to some v € R%. By definition of
the Aubry set, (z,v) € A-(L). O

Mané potential enable us to construct continuous sub-actions without using a
Lax-Oleinik method. These sub-actions may not be calibrated. We introduce in the
following definition a barrier which is similar to Mané potential, being continuous,
periodic with respect to both variables and in addition defining calibrated sub-
actions (see theorem 8.10).
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Definition 8.5. Let L(z,v) : T x R? — R be a C° coercive Lagrangian. We call
Peierls barrier the function hy : RY x RY — R U {400} defined by

h,(z,y) = liminf inf  inf L (z,...,2,) = liminf inf inf L (xo,...,zn).
n—-4oo pGZd To=T n—-+oo pEZd To=x+p
Tn=Y+p Tn=Y

Again notice that h,(x,y) is periodic with respect to both variables x and y.
We first gather simple properties of the Peierls barrier.
Remark 8.6. For any z,y, z in R¢
i. Sr(z,y) <h (z,y),
i. hr(2,y) < Sr(z,2) + hr(2,y),
iti. he(z,y) < h;(z,2) + S-(2,9).

We will prove in a moment that h,(x,y) satisfies additional properties: h,(z,y)
takes finite values (proposition 8.7), hy(x,-) and —h,(-,y) are continuous, periodic
calibrated sub-actions for all x,y € R (theorem 8.10).

We first prove that S, and h, coincide on the projected Aubry set.

Proposition 8.7. Let L(x,v) be a C° coercive Lagrangian. Then for any points
z,y (mod Z%) € pri(A,(L)), S-(x,-) = h,(z,-) and S-(-,y) = h-(-,y). In particu-
lar b (z,vy) is finite for all x,y € RY.

Proof. We only prove the first identity. Let 2 (mod Z%) € pr'(A,(L)) and y € RY.
For every ¢ > 0, there exists a configuration (x,1,...,%m_1,y + §) in R?, with
m > 1 and s € Z%, such that

LT(%Z/L- s Ym—-1,Y + S) < ST(J:7y) + €.

As S;(z,z) = 0, for every positive integer [, one can also find a finite configuration
(z,21,...,2p 1,2 +7), with n > 1 and r € Z%, such that

Lo(z,x1,...,zp_1, x4+ 1) <€/l

Notice that

(z,x1,. . Tp—1,x+ 121+ 7. Ty 1+ 201+ 20 Ty + 27,
e+ (=1)r...;xp 1+ —=Dr,z+rlyr +lr, .. Ym—1 +lr,y +1r+5)

is a configuration of the form (zo, 21, . . . , Zni+m) satisfying zo = x, zpj4om = y+Ir—+s
and

LT(ZO7 Rlseees an+m) < lfm—(.%’, L1y 7xn—1>$) + LT(y>y17 s 7Z/m—1>y)
< Sq(z,y) + 2e.

Since [ can be chosen arbitrarily large, we deduce that h,(z,y) < S;(z,y) + 2¢,
which immediately yields h,(z,y) < S;(z,y).
The fact that h-(x,y) is finite comes from the inequality

h-(z,y) < S:(z,2) + hr(z,y) = S-(z,2) + 57(2,9),
where z € pri(A,(L)) is arbitrarily chosen. O
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Thanks to proposition 8.3, we conclude that h;(z,-) and —h.(-,y) are contin-
uous, Z%-periodic sub-actions with respect to L as soon as x,y € pri(A,(L)). As
a matter of fact, they are also calibrated sub-actions on the projected Aubry set
(which is a first step in the proof of theorem 8.10).

Proposition 8.8. Let L(x,v) be a C° coercive Lagrangian.
i. For any x (mod Z%) € pr'(A,(L)), S;(x,-) is backward calibrated.
ii. For anyy (mod Z%) € prt(A,(L)), —S:(-,y) is forward calibrated.

Proof. We need to show that, for every ' € R?, there exists y € R? satisfying

h,(x,y) = h(x,y) + ET(y,y').

Since h,(z, ) is a sub-action, we already know that h,(z,y') < h,(z,y) + L, (y,v).
Conversely, one can find a sequence of configurations in R, (xlg b ,fo (k)), such

that zf = x + p* for some p* € Z4, xfl(k) =1,
n(k) — 400 and L. (zk b ... ,$I:L(k)) — h.(z,79).

Thanks to lemma 7.5, a subsequence of {:UZ (k)fl}k converges to some y € R%.
Then

U

by (2, 2 1) + Lo (@hy 109 < Se(@, 2 1) + Lr(@hg 109

AN
Il

k .k k
T(‘T07x17 R xn(k))

Letting k£ go to 400, we obtain h,(z,y) + £,(y,%') < h (z,7'). In an analogous
way, we can prove that —h,(-,z) = —S.(-, z) is a forward calibrated sub-action. [J

We have seen that S;(z,-) and —S;(-,y) are continuous, periodic sub-actions
for any x,y € R%. The following proposition shows that the Peierls barrier can be
defined using Mané potential. (That fact will be used in the proof of theorem 8.10.)

Proposition 8.9. Assume L(z,v) is a C° coercive Lagrangian. Then

h (z,y) = min S-(z,2) + Sy (z,9)], VayeT
(x.y)= _ min [Sr(, 2) + 8 (2,9)] y
Proof. Propositions 8.7 tells us h.(-,y) = S-(-,y) and h.(z,-) = S;(z,-) whenever
z,y € pri(A.(L)). Hence, from item i of remark 8.6, we immediately get

h (z,y) < min Sr(x,z) + Sr(z,9)].

(wy) < _ win o [Sr(2,2) + S (2,y)]

So it suffices to find z € pr(A,(L)) satisfying S, (x,2) + S (2,y) < h.(z,y). Let
u be a C°(T?) sub-action. By taking L(z,v) — Llu(z + 7v) — u(z)] — L(7), we may
assume L > 0 and L(7) = 0. Let L,(z,y) = 7L(z, 1(y — 2)) for z,y € R

By definition of h,(z,y), there exists a sequence of configurations (x5, .. ., xfl(k))

in R? of length n(k) and a sequence p* € Z¢ such that xlg =z, xﬁ(k) =y +p,

n(k) — 400 and klim Lo(xf,... ,xﬁ(k)) =h,(z,y).



MINIMIZING ORBITS IN THE DISCRETE AUBRY-MATHER MODEL 39

Since h,(z,y) < oo and L, > 0, for k large enough, one can find m(k) and m’(k)
in {0,...,n(k) — 1} such that

C hT ‘rvy + 1
m'(k) —m(k) = [Vie] and 0 < Br(@f s Thi) < L<nkJ)—1

Otherwise, we would reach a contradiction,

Lvnk]—2
Pk k s ok k
Lol onam) 2 D Lrlalymyse ol ymm))
=0

h,(z,y)+1

> (Vi) = ) = helay) +1

for arbitrarily large k.

Thanks to the invariance of £, by the diagonal action of Z¢, L, (z+ s,y + ) =
L. (z,y) for all s € Z?, we may assume :Efn(k) € [0,1)%. Using a diagonal procedure,
lemma 7.5 allows us to find a subsequence {k;} of integers and a forward infinite
configuration {z};>0 of R? such that

jh—>Holo x:i(kj) =2€[0,1) and ]1520 :E]:;(kj)+l =z eRY VI>1.

From the construction of the sequence {my}, it follows that L, (z;,2141) = 0
for any nonnegative integer [, which clearly yields S;(z, z;41) = 0. From item i
of remark 8.2, we get S, (z;,2zr) = 0 whenever I > | > 0. Therefore, if z,, € T¢
is an arbitrary accumulation point of {z (mod Z%)};>0, then S;(zx0,200) = 0 or
Zoo € pri(A,(L)). Observe that, for any I > 0,

5k k) 5k k; T K
LT(xoj,...,an(k]_)) = LT(Q:O]""’mni(kj)—s—l)+£“7'(xré(kj)+l""7xnj(kj))

k; k;
2 Sr (@ Ty 1) T S @400 Y)-

Passing to the limit when j — oo, we obtain h,(z,y) > S;(x, z;) + S- (21, y). Taking
then a suitable subsequence of {z;}, we get h,(z,y) > S; (7, 200) + S+ (200,y). O

Theorem 8.10. Let L(z,v) be a C° coercive Lagrangian. Then the Peierls barrier
h; : R® x RY — R is continuous, Z% x 7% periodic. Moreover, h (z,-): R - R
is a forward calibrated sub-action and —h,(-,y) : R? — R is a backward calibrated
sub-action for any x,y € R%.

Proof. Consider arbitrary points (z,%), (z,3') € T? x T¢. Thanks to proposi-
tion 8.9, there exists z, ,, € pri(A;(L)) satisfying h, (2, y) = S;(z, 22.4) +Sr (2.4, V).
Then

hr(m/7 y/) - h7—<l‘, y) < [Sr(xlv Zm,y) - ST(mv Zm,y)] + [Sr<zz,y7 ?/) - ST(Zx,ya y)]

Since S, is uniformly continuous on T¢ x T¢, the estimation above assures that h,
is a continuous map.
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We already know that h,(z,-) and —h,(-,z) are T¢ periodic and continuous.
Take (y,y') € R? x R%. Thanks to proposition 8.9, there exists z € pr!(A,(L)) such
that h,(z,y) = S;(z,2) +S-(2,y). Then, using the fact that S;(z,-) is a sub-action

h‘r(xay/) - hf(x,y) < ST(Zay/) - ST(Zay) < E’(yvy,)'

We have proved that h;(z,-) is a sub-action. Since S;(z,-) is also backward cali-
brated, one can find y” € R? such that S-(z,y) = S;(z,y") + L(y",y). Then

h,(z,y) = Sr(x,2) + S-(2,9") + L, y) > hr(2,9") + L, y).

We have proved that h,(z, -) is calibrated. Analogously, one can show that —h(-,y)
is a calibrated sub-action too. O

9 Representation formulas for calibrated sub-actions

For a continuous-time, autonomous, strictly convex, superlinear and smooth La-
grangian on a compact Riemannian manifold, G. Contreras characterized in [5] the
weak KAM solutions of the Hamilton-Jacobi equation in terms of their values at
each static class and the values of the corresponding Mané potential. Since the
weak KAM solutions have similarities with our calibrated sub-actions and the set
of static classes can be seen as a concept analogous to the projection of the Aubry
set, the next theorem is comparable to the one presented by Contreras. This kind
of analogy has been explored with success, for instance, in a completely abstract
setting: a holonomic model of ergodic optimization for symbolic dynamics (see
115).

Theorem 9.1. Let L(x,v) be a C° coercive Lagrangian. If uy € C°(T9) is a
forward calibrated sub-action or u— € C°(T?) is a backward calibrated sub-action,
then, for every x,y € RY,

uy(x) = max |u —S:(x,y)] = max |u —h,(z,y)],
@)= maxful) =Sl = max () = he(o.p)
u_(y) = min u_(z)+ S-(z,y)] = min u_(z) + h-(z,9)].

)= _min @)+ Sl = min | fu (@) + hela,y)]

Proof. Thanks to proposition 8.7, we just need to prove the two first equalities.
From item i of remark 8.2, we verify without difficulty that
w@)> () = Sl
As uy is a forward calibrated sub-action, one can find a forward configuration
{zk >0 of R such that x¢ = = and uy (2) = us (Tp11) =Ly (Tp, 23y 1) for every k >
0. From uy (z;) —uy (z) < Sr(p, 1) < Lr(Tpy - .., 1) = up (z7) —uy (z) whenever
I >k >0, we conclude that S;(zg,z;) = uy(2;) — ug(wg). Therefore, if y € T¢
is an arbitrary accumulation point of {z; (mod Z%)}, it follows that S (y,y) = 0,
namely, y € pr(A,(L)). Furthermore, by taking a suitable subsequence, u, (x) =
uy(xg) — S-(x, x) tends to ug(z) = uy(y) — Sr(z,y).
Analogously, one can demonstrate the existence of a point x € pri(A,(L))
achieving u_(y) = u_(z) + S;(z,y). O
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Corollary 9.2. Suppose u,u’ € C°(T?) are both either forward or backward cali-
brated sub-actions with respect to a C° coercive Lagrangian L(x,v).

i Af ulpra, )y < W lprica, ), then u < u' everywhere on R<.
it If ul 4, (0)) = Wlpri (4, (1))» then uw = u' everywhere on R%.
Theorem 9.1 admits a reciprocal.

Theorem 9.3. Let L(z,v) be a C° coercive Lagrangian and v : pr'(A,(L)) — R
be any function.

1. If ¢ is bounded above, then

u(z) = sup  [Y(y) = S-(z,y))= sup  [¥(y) —h(z,y)]
yeprl(A-(L)) yeprl(A-(L))

defines a C°(T?) forward calibrated sub-action.

ii. If ¢ : pri(A-(L)) — R is bounded below, then

ww) = ol @)+ S @yl = )+ ()

defines a C°(Z%) backward calibrated sub-action.
i, If () — 0(z) < So(2,9) for all 2,y € pri(A-(L)), then ulpysay = .

Proof. In any case, u : R? — R is clearly a well defined periodic function. Since
both constructions are similar, we will discuss just the second one. So let us show
that v € C(T?). Fix € > 0 and consider y,y’ € R%. Take z (mod Z%) € pr'(A, (L))
such that ¥(z) + Sy (x,y) < u(y) + €. Thus u(y’) —u(y) < S-(z,y') — Sr(x,y) + €.
Since S, is uniformly continuous on R? x R% and e > 0 is arbitrary, it is easy to
deduce that

! !
lu(y') —u(y)| < e ) 1S+ (2, y") — Sr(z,9),

which guarantees the continuity of w.

We now show that u is backward calibrated. Given y € R% and € > 0, choose
x € pri(A.(L)) satisfying ¥(z) + S-(x,y) < u(y) + e. Thanks to proposition 8.3,
Sr(x,-) is a sub-action and

u(y 4+ Tw) — u(y) — € < Sy(x,y + Tw) — Sy (x,y) < 7L(y,w) — 7L(1), Y w e R

Letting € go to 0, we obtain that w is a sub-action. To prove that w is a calibrated
sub-action, we use the fact that the sub-actions {S-(x, )} yepri (4, (1)) are calibrated
(see proposition 8.8). Let y € R?. It suffices to show there exists v € R? such that
u(y) > u(y—7v)+7L(y—7v,v)—7L(7). By definiton of u(y), there exists a sequence
of points z, € pr'(A;(L)) such that 1(zy) + S-(z,y) < u(y) + 1. Moreover, there
exists a sequence of v, € R? such that

ST(‘TkJ y) = ST(xkuy - T’l)k) + TL(y - TU]C,’Uk) - T'Z(T)'
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Remember we can assume [|vg|lsc < R, (see lemma 5.5) for some constant R, > 2
(see definition 3.8). Let v € R? be an accumulation point of the sequence {v }x>0-
Since u(y — Tv) < (k) + Sr(zk, y — TUk), We obtain

u(y — Top) + 7L(y — T, v) — TL(T) < u(y) + %
Taking a suitable subsequence, we get u(y — 7v) + 7L(y — 7v,v) — 7L(7) < u(y).
Suppose ¥(y) — ¥(x) < Sy (x,y) for all z,y € pri(A.(L)) and u is defined as in
item ii. Let y (mod Z%) € pr'(A-(L)). On the one hand, u(y) < ¥(y) by taking
x =y in the definition of u and noticing that S;(y,y) = 0. On the other hand, for
any = € pri(A,(L)), S-(z,y) + ¥(x) > ¥(y) by hypothesis on 1. By taking the
infimum on x we obtain u(y) > ¥(y). We have proved that ul,.1 (4, (1)) = ¥- O

Thanks to item i of remark 8.2, an immediate but important consequence of
theorem 9.3 is the fact that the restriction of any sub-action to the projected Aubry
set behaves as a forward or backward calibrated sub-action.

Corollary 9.4. Let u € C°(T?) be an arbitrary sub-action for a C° coercive La-
grangian L(z,v). Then, for every point x € pr'(A,(L)), we have

u(z) = vmgz@[u(x%—rv) —7L(z,v)+7L(T)] = i]TGIIiRIGIl[u(QZ—T’U)—i—TL(l'—TU,U) —7L(7)].

Theorem 9.3 motivates the introduction of the following notion.

Definition 9.5. Let L(x,v) be a C° coercive Lagrangian. Suppose that u, is a
C%(T9) forward calibrated sub-action and that u_ is a C°(T¢) backward calibrated
sub-action. We say that uy and u_ are conjugated sub-actions, and we we use the

notation uy ~ u—, if Uy|pia, (L)) = U=|prt (4, (L))

Notice that coerciveness is a sufficient condition for the existence calibrated sub-
actions. Moreover, corollary 9.2 implies that, given a forward calibrated sub-action
uy, there exists at most one backward calibrated u_ conjugated to w4 and wice
versa. Finally, theorem 9.3 shows that such a backward calibrated sub-action do
exist. More precisely, if u_ is given, the conjugated w4 takes necessarily the form

up(n) = max [u—(y) = Sr(x,y)]

and conversely if uy is given, the conjugated u_ has the form

us(e)e= min - ua(y) + Sc).

A. Fathi pointed out (see [10]) that, for a continuous-time, autonomous, strictly
convex, superlinear C3-Lagrangian on a compact C*° manifold without boundary,
the Peierls barrier admits a characterization in terms of conjugated sub-actions.
We reproduce his result in the following proposition.

Proposition 9.6. Let L(z,v) be a C° coercive Lagrangian. Then

h(z,y) = max [u_(y) —uq(z)], Va,ye RY.

Uf~U—
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Proof. For any z € pr!(A,(L)) and a pair of sub-actions u, and u_, we have
Uy (2) —up(z) < Sp(w,2) and u_(y) —u_(2) < Sy(z,y), Vax,yeR
If uy ~ u_ are conjugated then uy(z) = u_(z) and we obtain
u_(y) —uy(x) < Sp(x,2) + S:(z,y), Vzepr(A(L)).

Thanks to proposition 8.9, we get u_(y) —uy(x) < h,(z,y), which obviously yields
SUDyy ~u [u* (y) - U4 ($)] <h, (:L‘a y)

Fix ,y € R%. Consider then the forward calibrated sub-action u; = —h.(-,y)
and define a backward calibrated sub-action u_ € C°(T%) by

n o . N . /
u@) = min () 4 S (a )] = min[5:() + 5 (220)

By construction, u; and u_ are conjugated sub-actions. Furthermore, u_(y) = 0.
Thus u_(y) — ut(z) = h-(x,y). O

Together theorems 9.1 and 9.3 provide an interesting description of the cali-
brated sub-actions. In order to present it, we decided to adopt a slightly different
point of view.

Definition 9.7. Let L(x,v) be a C° coercive Lagrangian. We call positive-time
Marié-Peierls transform the application F1 defined on C°(pri(A.(L))) by

o B _ . d
ToW)a) = max | W0) = S-(ey) = max | 00) < b)), Ve R

In the same way, we call negative-time Mané-Peierls transform the application F_
defined on CO(pri(A.(L))) by

F-(W)(y) = zemrg%@))[@b(a?) + Sr(z,y)] = wem}g};ﬁm)[w(x) +h.(z,y)], VyecR.

We summarize then all the main properties of the Mané-Peierls transforms.

Theorem 9.8. Let L(z,v) be a C° coercive Lagrangian. Consider arbitrary func-
tions 1, 1" € CO(pri(A-(L))). Then

i. F_() < < TFL (V) everywhere on pri(A,(L));
ii. < o implies Ty (1) < Fy (') and F_(4) < F_(4);
iti. F4(¥) is a continuous forward calibrated sub-action;

. F_(¢) is a continuous backward calibrated sub-action;

v. if P(y) — Y(x) < Sp(w,y) for all x,y € pri(A,(L)), then Ty and F_ act as
extension operators, namely

F+(D)lprar L)) =¥ = T (V) |pr1 (4, (L))
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vi. if u € CO(T?) is a forward calibrated sub-action, then

Fi (ulpri(a, ) = v = F+ (F-(ulpria, ) |pri(a, zy) everywhere on RY

and F_(u|x(a, (L)) is the unique sub-action conjugated to u;

vii. if u € C%(T?) is a backward calibrated sub-action, then

F-(ulprra,(ry)) = u =T (T (ulpra, @) pria, (L)) everywhere on R4

and Fy (ulpr1(a, (1)) is the unique sub-action conjugated to u;

viti. Fy 1s a bijective and isometric correspondence between the set of the functions
b € COprt(A,(L))) satisfying, for x,y € pr(A-(L)), ¥(y) —(z) < S (x,y)

and the set of continuous forward calibrated sub-actions;

iz. F_ is a bijective and isometric correspondence between the set of the functions
b € COm(Ar(L))) satisfying, for x,y € pr(A(L)), ¥(y) — () < Sr(z,y)

and the set of continuous backward calibrated sub-actions.

Proof. Ttems ¢ and 4 follow immediately from the respective definitions of the
Mané-Peierls transforms. In truth, items 44, 7 and v can be seen as theorem 9.3
rewritten. Besides, items vi and vii result from theorems 9.1 and 9.3 without
difficulty.

Since items wvisi and iz are very similar, we will discuss just the first one. As
F () = ¢ everywhere on pr!(A, (L)), F, is injective. Moreover, when u € CY(T4)
is a forward calibrated sub-action, the identity F (u|r(4,(1))) = v guarantees that
F is surjective. In fact, this correspondence is an isometry. Indeed, fixing = € RY,
there exists a point y € pr!(A,(L)) such that F, (¥)(z) = ¥(y) — S;(z,y). Hence,
one has

Fr(@)(x) = FL(@) () < ¥(y) — ' (y) < ¥ = ¢ ]lo-

Since € R? is arbitrary and since we can interchange the roles of ¢ and 1/, we
get [|F4(¥) = F1(¥)llo < [|¥ — ¥'llo. On the other hand, F4 (¢)|r(4, (L)) = ¥ and
F+()|x(arwy =¥ imply |F4(¥) — T+ (@)oo > 1 — ¥[lo- O

10 Separating sub-actions

If u € CO(T) is a sub-action for a C° coercive Lagrangian, proposition 7.3 estab-
lishes that A-(L) C N-(L,u). So it is natural to ask if there exists a sub-action
whose nill locus is the smallest possible, namely, it is equal to the Aubry set. We
introduce then the following concept.

Definition 10.1. Let L(x,v) be a C° coercive Lagrangian. We say that a sub-
action u € C°(T%) is separating if N, (L,u) = A-(L).

In weak KAM theory, global critical subsolutions of the Hamilton-Jacobi equa-
tion are analogous notions to separating sub-actions. Working with continuous-
time, autonomous, strictly convex and superlinear C?-Lagrangians on a smooth
manifold without boundary, A. Fathi and A. Siconolfi (see [12]) proved the exis-
tence of C! critical subsolutions. Keeping the hypotheses on the Lagrangians but
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focusing on compact manifolds, P. Bernard showed in [3] not only the existence of
CU! critical subsolutions but also their density in the set of C? subsolutions for the
uniform topology.

In a surprisingly similar way, even in our discrete and topological Lagrangian
context, as states theorem 10.2, separating sub-actions are quite typical. During the
preparation of this paper, we become aware of a related study by M. Zavidovique
[26] on separating sub-actions (or strict sub-solutions) in a general discrete setting
given by cost functions defined on certain length spaces. We mention yet that the
genericness of separating sub-actions was recently established also in the conceptual
scheme of holonomic models of ergodic optimization for symbolic dynamics (see
[16]).

Theorem 10.2. Let L(z,v) be a C° coercive Lagrangian. Then, in the uniform
topology, the subset of the continuous separating sub-actions is generic among all
continuous sub-actions.

We will need some preliminary results.

Lemma 10.3. Let L(z,v) be a C° coercive Lagrangian. Then

! - 1
pr (ﬂu is a sub-action NT(L’ u)) B mu s a sub—actionpr (NT(L’ u))

In other words, if x € R® and for any sub-action u there exists y € R such that
(z,y) is u-calibrated, then there exists y € R? such that (x,y) is u-calibrated for
any sub-action u.

Proof. The inclusion pr (NN, (L,u)) C Nuprt(N,(L,u)) is obvious. Consider then
x ¢ pri(NyN; (L, u)). We want to show there exists a sub-action v € C°(T¢) such
that = ¢ pr!(N,(L,u)). Let ug € C°(T?) be a fixed sub-action. We know from
corollary 6.4 that one can choose a constant R; > 0 such that (x,v) ¢ N-(L, ug)
whenever |[v||oc > R;. By hypothesis, for any [|v|e. < R;, there exist a sub-
action u, € C%(T9) and a constant 7, > 0 satisfying (z,w) ¢ N, (L, u,) whenever
|lv — wl|| < ny. By extracting a finite subcover, one can find a finite collection of
sub-actions {u1,...,u,} C CO(T%), with uj, = u,, for some |[vg|co < Rr, such that
(2,0) Ny No(L. ) for any o]l < Ry,

Define thus u := n%rl > h_ouk € CO(T?). Since the set of sub-actions is convex,
u turns out to be a sub-action. Besides, from N;(L,u) = (_qN-(L,ug), we
immediately obtain z ¢ prt(N, (L, u)). O

Lemma 10.4. Let L(x,v) be a C° coercive Lagrangian. If (z,v) € T? x R, then

(x,v) € ﬂu 0 subaction N-(L,u) =z + 10 € pr( ﬂ N+ (L, u)).

u is a sub-action

In other words, if (z,y) € R? x R? is u-calibrated for any sub-action u, then there
exists z € R? such that (y,z) is u-calibrated for any sub-action u.

Proof. Let us introduce a similar transform as in definition 9.7 by considering

Fy(u)(z) = max [u(y) — Sr(z,y)], VaeR,
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where u € CO(T%) is any sub-action. It is easy to see that F (u) € CO(T9) is again
a sub-action satisfying §"+ (u) < u, with equality everywhere whenever u behaves
as a forward calibrated sub-action (see corollary 9.4).

We begin by proving

prl (N-(L,u)) ={z € T . F, (u)(z) = u(z)}, VY u sub-action.

Indeed, if (x,y) is u-calibrated, then u(y)—u(z) < Sy (z,y) < L-(7,y) = u(y)—u(z)
which implies F (u)(z) > u(y) — Sy(z,y) = u(z) and therefore F (u)(x) = u(z).
Conversely if z ¢ pri(N,;(L,u)) then, by coerciveness of L and periodicity of u,
there exists 7 > 0 such that £, (x,y) > u(y) — u(x) +n for any y € R%. For any
finite configuration (zg, z1,...,x,) satisfying o = x, one has

Lo(zo, 21, ... 20) = Lr(20,21) + Lr (21, ..., 20)
> [u(1) — u(xo) +n] + [u(zn) — u(z1)] = ulzn) — u(zo) + 1.
By definition of S;(z,y), one gets Sr(z,y) > u(y) — u(z) + n for any y € R? or

equivalently u(z) > Fy(u)(z) + 7.
We now prove the main induction step:

Fi(u)(@) = u(x) and Lo(z,y) =F(u)(y) - Fo(w)(@) = Fi(u)(y) = u(y).

Indeed, u(y) — u(z) < S-(z,y) < L, (z,y) = F4 (u)(y) — Fy(u)(z), which implies
first u(y) < Fo(u)(y) and therefore u(y) = Fo(u)(y).

We conclude the proof. If (z,y) is u-calibrated for any sub-action wu, on the one
hand, F4(u)(z) = u(x), on the other hand, since (z,y) is also F (u)-calibrated,
F, (u)(y) = u(y). We have proved that y € N {F;(u) = u} = pri(NN-(L,u))
thanks to lemma 10.3. O

The following proposition gives another equivalent definition of the Aubry set.

Proposition 10.5. Let L(x,v) be a C° coercive Lagrangian. Then

A(L) =)

Proof. Let (z,v) € MyN;(L,u). Lemma 10.4 shows there exists a configuration
z = {xk}r>0 such that II.(z) = (z,v) and (zg,xk+1) is u-calibrated for any sub-
action u. Let us first show that

N (L, u).

u is a sub-action

Im := Lo (20, ..., m) + Sr(2m,z0) — 0 when m — +oo.

Since {L,(z0,...,Zm) + Sr(Tm, o) }m>0 is uniformly bounded, one can choose a
converging subsequence of {/,,} and assume in addition that {x,, (mod Z%)} con-
verges to a point 2o, € T¢. Define u(z) := S, (2w, x), for all 2z € R%. Proposition 8.3
shows that w is a sub-action. By hypothesis of calibration on {xj}, we have

Lr(xg, vrr1) = Sr(wk, Tra1) = u(xgyr) — u(zg), YV k>0.

More generally,

Lo(Zp, Thty ooy Tm) = Sr(Tky Tm) = w(xm) —u(zg), Y m>k>0.
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By taking a subsequence of {z,}, on obtains first S-(xg, o) = u(Too) — u(xy), for
all k > 0. By taking a subsequence of {k}, one obtains next

wW(ZToo) = Sr(Too, Too) =0 and Sy (g, Too) + Sr(Too, k) =0, V k> 0.
Notice that z, necessarily belongs to pr!(A,(L)). Moreover,

Im = Lo (20, ..., Tm) + Sy (Tm, x0) = Sy (x0, Tm) + Sy (Tm, o), ¥ m > 0.

Letting m — +o0, one gets [, — 0 along a subsequence. We thus have shown that
any accumulation point of {/,,} is necessarily 0.
Let us prove now that (z,v) € A;(L). By definition of S;, there exist finite

configurations (x5, x5, ,. .. L 6)) such that z7, = @, 27, § = o + pj, for
some p;,, € 7% and, for any m fixed,
Lr(x6, 5011, - - - s Ty(me)) — Sr(Tm, o) when € — 0.
We conclude that
f,T(wo, e T Ty Ty 15+ - ,x;(m&)) —
=l + Lo (250, 5041, - - - s Tr(mae)) — S1(Tm, T0)

tends to 0 when m is first chosen large enough and then € is chosen close enough
to 0. Thus (z,v) € A-(L). O

We now prove that separating sub-actions are generic among sub-actions.

Proof of theorem 10.2. Let {O,}, be a countable family of open neighborhoods of
the Aubry set such that N,0,, = A, (L). Let L, be the set of all C°(T¢) sub-actions
u such that N;(L,u) C O,. Since the subset of C°(T%) separating sub-actions is
equal to N, 4, the statement of the theorem will be obtained if we show that, for
the uniform topology, every i, is open and dense in the set of C°(T¢) sub-actions.

Suppose on the contrary that i, is not open. So there exists a sequence of
CO(T?) sub-actions {uy}x>0 converging to some u € i, and a sequence of points
{(xk, vi) }k>0 such that, for all k > 0, (g, vi) € N-(L, ur) —Oy. From corollary 6.4,
we know there exists a positive constant R, such that ||vx| < R, for all k. By
considering a suitable subsequence, we obtain a point (z,v) € N;(L,u) — O, in
contradiction with N-(L,u) C O,,.

Let us prove now that i, is dense. We first notice that, if ¢t € (0,1), u € 4,
and v € C°(T?) is any arbitrary sub-action, then

N (L,tu+ (1 —t)u') = N (L, u) " N-(L,u") C O,

and therefore tu+ (1 — t)u’ € ,. In particular, in order to prove that i, is dense,
it suffices to argue that U, is nonempty.

Corollary 6.4 assures that (z,v) ¢ N.(L,u) for any ||v|| > R, and any sub-
action u. Let B, denote the closed ball of center 0 € R% and radius R,. Thanks to
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proposition 10.5, for every point (x,v) € (T x B;) — O,,, one can find a sub-action
U(gw) € C%(T4) and an open set V(zw) C T x R? containing (x,v) such that

(y7 w) gé NT(L7 u(x,v))a v (y7 w) S V(x,v)‘

Hence, thanks to the compactness of (T? x B,) — O, there exist a finite cover
by open sets {V1,...,V} of (T¢ x B,) — O,, and a finite collection of sub-actions
{ut, ..., up} C C°T?), where V = Vizpw) ad g = Uy, ) for some (wg,v),
satisfying (e N(L,ux) C Op. Clearly u := L3 w, € C°(T?) belongs to
. O

11 Aspects of rotational theory

A minimizing configuration {z,}n,cz in R? may be distributed according to a
quasiperiodic pattern
Tp X0+ nTW, YV NnEZ,

where w is some fixed vector in R? called rotation vector. In the context of monotone
twist maps of the annulus, w is a rotation number that could be interpreted as an
atomic mean distance for one dimensional Frenkel-Kontorova models. Our purpose
in this section is first to exhibit minimizing configurations with different rotation
vectors and second to relate these rotation vectors to the multidimensional Mather’s
alpha and beta functions.

Our analysis of systems with several degrees of freedom requires a precise defi-
nition of the notion of a rotation vector.

Definition 11.1. We call rotation vector of a configuration {xy}rez of points in
R the limit (when it exists)

w({zr})

We call rotation vector of a holonomic probability measure p € P,(T? x R?) with
bounded support the value

1 . Tn — Tm
= — lim _—
T n—m—+oo0 N — 1M

w(p) == /TdXRdvd,u(:n,v).

We also extend in our context the definition of the two Mather functions.

Definition 11.2. Let L(x,v) be a C° superlinear Lagrangian. We call Mather’s
alpha function the opposite of the minimizing holonomic value of the one-parameter
family of Lagrangians Li(x,v) := L(z,v) — (I,v), I € RY, that is,

—ar(r,I) := L(r,I) = min { / (L(x,v) — <I,v>) du(z,v) : p € fPT(’]I‘d X Rd)},

We call Mather’s beta function the application
Br(1,w) := inf { /L(m,v) du(x,v) : p e P(T x RY),

supp(u) is bounded and /vdu(x,v) = w}.
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We notice that, because of the superlinearity of L, L; is again coercive (actually
superlinear) and that L(,I) is indeed a minimum and not an infimum. We also
point out that, in the definition of 8r, we prefer to restrict p to have bounded
support so that [vdu is well defined. We will show in a moment that the set
where this infimum is taken is not empty and that the infimum is actually attained.
Although af is a standard notation in the context of Aubry-Mather theory, we
prefer to keep the notation L(7,I) in the rest of this section. Using standard
convex analysis, we obtain the following proposition.

Proposition 11.3. Let L(z,v) be a C° superlinear Lagrangian. Then the two func-
tions I € R +— —L(7,I) € R and w € R? — Br(1,w) € R are convex superlinear
obtained by Legendre transform:

—L(1,1) = S;lﬂgd [(I,w) — Br(r,w)] and PBr(r,w)= IS;J]]& [(I,w)+ L(r,1)].

In particular, for every w € RY, there exists I € R¢ such that
Br(r,w) = L(7, 1) + {I,w).
We first show that Mather’s beta function is well defined.
Lemma 11.4. For every w € R?, there exists a holonomic probability measure L

such that
/vd,u(:n,v) =w and supp(u) C T x By,

where B, denotes the closed ball of center 0 and radius [|w||s-
Proof. If w = p/q, with ¢ € Z* and p € 7%, then clearly

1
Hp/q = —
4%

1
0
(%)

is a holonomic probability measure satisfying the statement of the lemma. For a
general w € RY, consider a sequence {p,/q.}, with ¢, € Z% and p, € Z%, such
that limy, .o pn/qn = w and ||pn/gnllc < |Wlloo- Let {pp, /4, } be the correspond-
ing sequence of holonomic probabilities defined as above. Then this sequence is
relatively compact for the narrow topology and any accumulation point ,, is holo-
nomic, p1,, € P, (T? x R?), and admits w as a rotation vector. O

We recall a standard fact in convex analysis that we prove for completeness.

Lemma 11.5. Let f,g : R* — R be convex functions with full domain. Suppose
that f is the Legendre transform of g, namely,

fI) =g*(I) :==sup {{[,w) — g(w) : w E]Rd}, vV IecRY

Then f and g are superlinear and g is the Legendre transform of f. Moreover, for
every I fized (respectively w fixed), the equation f(I)+g(w) = (I,w) admits at least
one solution in w (respectively in I).
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Proof. We first show that f is superlinear. For every R > 0, for every I € R?,
I
I) > R||I|| — inf — ) T e (RH* .
7(0) 2 R — it {g (R ) 1 (R}

As g is continuous, g is bounded from bellow on the sphere of radius R and

lmlnff(l)_R VR>0 = lim LI):—FOO
[][—+oo || 1] I11l—+oo |||

We show that g is the Legendre transform of f. We always have
@) > (Lw) — fw), YILweR! = gw)>fw), YweRd
Moreover, g admits a subdifferential I, at w in the following sense
g > g(w) + I, —w), Vo eRL
Then
f(Lo) = sup{(L,w') — g(&') : &' € R} < (Lo, 0) — g(w)
and g(w) < (I,,w) — f(l,) < f*(w). We just have proved that ¢ = f*. From
the beginning of the proof, we obtain that ¢ is superlinear. In particular, the

supremum is attained in the definition of ¢* and, for any fixed I, the equation
(I,w) = f(I) + g(w) admits at least one solution in w. O

Proof of proposition 11.3. We show that —L(x,I) is convex in I € R%. Indeed, for
any I,J € R and t € [0,1], if p € P.(T¢ x RY) is a minimizing probability for

Ly (144)s, then

L(rtl+ (1+t)J) = (1407 (T, v) dp(z,v)

e
= / (z,v) du(z v)—i—(l—i-t)/LJ(%U) dp(z, v)
tL(r,I) + (1 +t)L(r, J).

We now show that —L(7,-) is the Legendre transform of $1(7,-). Thanks to
corollary 6.4, we have

Y

L 1) =sup { [ (T0) = Lw.o)) du,0) o€ 9, (01 x R,
and supp(u) is bounded}.

Therefore, one can write

— L(r,I) = sup sup {(I,w) — /L(:U,v) dp(z,v) : p € Pr(T? x RY),

w€eRd

supp(p) is bounded, and /U du(z,v) = w},

nameIY> _L(T I) - SuprRdK > ,BL( )]
Proposition 11.3 follows then from lemma 11.5. O
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We are now able to prove the infimum is attained in the definition of Sz (T, w).

Proposition 11.6. Let L(x,v) be a C° superlinear Lagrangian. For every w € R4,
there exists a holonomic probability measure p € P, (T x R?) with bounded support
such that

/deRdU dp(z,v) =w and  Pr(r,w) :/ L(z,v)du(x,v).

Td xRd

Moreover, any holonomic probability measure, with bounded support and rotation
vector w, realizing the infimum in the definition of B (T,w), minimizes a Lagrangian
Ly, for some I, € RZ.

Proof. We follow Mather’s idea which says that the superlinearity of L implies that,
given a constant C' € R, the set of Borel measures

{|yv|| pu(dz,dv) : g e Po(T¢ x RY), and /L(m,v) dp(z,v) < c}

is tight. Let xgr(z,v) be a test function taking its values in [0, 1] and satisfying
x(z,v) =1 for all |[v|| < R—1 and xg(x,v) =0 for all ||v]| > R. Let {un}n>0 be a
sequence of Borel probability measures for which { [ L(z,v) dp, (2, v)} is uniformly
bounded. So notice that, for every ¢ > 0 and R sufficiently large, we have the
inequality ||v||(1 — xr) < e(L(z,v) — inf L), which clearly yields

lim limsup/HvH(l — XR) dptn(z,v) = 0.

R—+00 p—+oo

Suppose in addition that u, is holonomic,

n—-+o00

lim [ L(z,v)dp,(z,v) = pr(r,w) and /v dpn(z,v) = w.

We first extract a subsequence, that we again call {u,}n>0, converging to a Borel
measure p in the sense that

[ran= i [Fdn, ¥ f € Cppua (T xR,
[ fan<timint [ ¥ 5 € Chypaea™ < B, 1 20,
The tighness property actually implies
[ran=tm_[fau, [rodu= tim_ [fodun ¥ 1€ O™ x B,
In particular, p is a holonomic probability measure, it possesses a rotation vector

wand [L(z,v)du(r,v) < Br(r,w). However, as BL(7,-) is the Legendre transform
of —L(,-), there exists I, € R? such that Gz (r,w) = L(7, I,) + (I,,w). We obtain

/(L(x, v) = (I, v)) du(z,v) = /L(m,v) du(z,v) — (I,,w) < L(7, 1),

which implies that p is minimizing Lj, and therefore has bounded support as it is
shown in corollary 6.4. O
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Our next objective is to show the equivalence between the set of subdifferentials
of —L(7,-) at the point I and the set of rotation vectors of minimizing probability
measures for the Lagrangian Lj.

Definition 11.7. Let L(x,v) be a C° superlinear Lagrangian. Denote
Q(r, 1) := {/v du(z,v) : p € Pr(T? x RY) is minimizing for LI}, v IcR

Denote the set of subdifferentials of —L(7,-) at I by

“OL(r,1) = {w R —L(r,J) > —L(r, )+ (w,J — 1), ¥ Je Rd}.
We notice that Q(7,I) is a compact convex subset of R? and that proposi-

tion 11.6 implies
U a0 =
IeRd

Proposition 11.8. Let L(z,v) be a C° superlinear Lagrangian. For every I € RY,
Q(r, 1) ={w : Br(r,w) = L(7,I) + (I,w)} = —0L(7,I).

In particular, Q(t,I) is reduced to a point if, and only if, L(t,-) is differentiable at
1. In such case, for any minimizing probability measure y for Ly,

OL
I
Jvdnte.0) =50,
Proof. If w € Q(r,I), there exists u € P-(T% x R?) such that

/v du(z,v) =w and /[L(at,v) — (I, v)] du(z,v) = L(7,I).

W'y for

) = AT,
T, +<I w) =

Legendre transform implies the a priori estimate —L(7, I') + L,
w) I

any I’,w’ € R%. As p has bounded support, we obtain Br(T,
J L(z,v) du(z,v) > Br(1,w).

Suppose now w satisfies 31, (7,w) = L(7,I) + (I,w), then the previous a priori
estimate implies

(T,w
> L(

~—

—L(r, I+ L(r,]) > {I' - I,w), VI eR%
We have shown that w is a subdifferential of —L(7,) at I.
Finally, suppose w € —0L(7, I). Since R = U;Q(r,I), there exists .J such that
w = [vdu(z,v) for some p € P, (T¢ x RY) minimizing for L;. So
/ Lz, v) d(a,v) = B (r.0) = L(r, J) + (J,).
By definition of subdifferentiability,
Br(t,w) — (J,w) = L(r,J) < L(7, 1) — {w, J — 1),

We then obtain A1 (7,w) < L(7,I) + (I,w), that is, B(r,w) = L(1,1I) + (I,w),
which guarantees p minimizes L; and therefore w € (7, I). O
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Conversely the set 00L(7,w) of subdifferentials of §(7,-) at w admits a dual
description.

Proposition 11.9. Let L(x,v) be a C° superlinear Lagrangian. Then
i. OBL(T,w) ={I €R? : we Q(r,1)};
it. Br(T,-) is affine of slope I on int(Q(7,I));
dii. int(Q(7, 1)) Nint(Q(7, J)) =0 as soon as I # J.

Proof. If w € Q(7, 1), then there exists p € P, (T? x RY) such that [vdu(z,v) = w,

/ [L(z,v) — (I,v)] du(z,v) = L(r,I) and Br(r,w) = /L(:c,v) du(z,v).

The previous a priori estimate implies 31 (7,w’) > L(,I) + (I,w') for any w'. We
thus obtain B (1,w')— (7, w) > (I,w'—w), namely, I is a subdifferential of 3y (7, )
at w.

If I is a subdifferential of 8 (7,-) at w, for every p/ € P,(T¢xR9), with bounded
support, let ' = [vdy/(z,v), then

/[L(x,v) — <I,v>] du' (x,v) > Br(r,0") — (I,w'") > Br(r,w) — {I,w).

By taking the infimum on p', we obtain L(7,1) = fr(r,w) — (I,w). Moreover,
there exists u € P;(T¢ x R?), with bounded support, such that w = [vdu(z,v) and
Br(r,w) = [L(z,v)du(x,v). Therefore, y is minimizing for L; and w € Q(7, I).

If w,w" € int(Q(7, 1)), then I is a subdifferential of 31 (r,-) at both w and w'.
We thus obtain S (7, w’) — L (1,w) = (I, —w) and Br(7, -) is affine on int(Q(7, I))
with slope I. In particular, int(Q(7, I)) Nint(Q(7, J)) =0 if I # J. O

We are now in a position to construct infinitely many minimizing configurations
with different rotation vectors. By standard convexity argument, the following
directional differentials exist for all T, h € R?

_ L(r,1 — L(1,1
3;:L(7',I) = lim (.1 + ph) (7. ),

p—0+ p
_ L(t,I) — L(t,I — ph
O Lr 1) = lim HD = LTI = ph)
p—0t p

The following theorem improves, in the C° superlinear case, a result due to D. A.
Gomes (see theorem 6.2 of [17]).

Theorem 11.10. Suppose L(x,v) is a C° superlinear Lagrangian. Let uy € CO(T%)
be an arbitrary sub-action for L;. Then, given h € R%, any ur-calibrated configu-
ration {xy}rez of points of R satisfies

—70;, L(7,I) < liminf (h, M> < limsup (h, %> < —70 L(r,1).

n—m—0o0 n—m n—m-—oo
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In particular, if L(t,-) is differentiable at I € R, then any ur-calibrated configura-
tion {xk}rez has a rotation vector given by

wn}) = ~5rrD) = [odue), ¥ e (L))

There exist minimizing configurations for L with rotation vector of arbitrarily large
norm.

We recall that, according to lemma 5.6, ur-calibrated configurations are exam-
ples of minimizing configurations of L (or of any L ; since the whole family {L;} ;cpa
shares the same minimizing configurations).

Proof of theorem 11.10. Without loss of generality, we can suppose that L(7) = 0.
So by definition, notice that, whenever m < n,

ur(zy) = ur(zy,) + ET(xm, consy) — (L, xn — ) — (n—m)TL(7, ).

Take p > 0 and h € R%. Set I}, := I —ph. If u;, € C°(T?) is an arbitrary sub-action
for Ly, , then we obviously have

ur, (zn) <up, (Tm) + Lr(@m, ... 2n) — Ip, T — Tm) — (0 —m)7TL(7, I1).

Therefore, it is not difficult to obtain the following inequality

Tl_}(T,I—ph) — L(7,1) 2 lur —ug, o < (h, xn—xm>7
p p n—m n—m

from which we immediately deduce

- L(r,1 — ph) — L(r,1 -
—70, L(7,I) =7 lim (7. = ph) (1) < liminf <h,M>.
p—0% p n—m-—00 n—m

Replacing h by —h, one thus get

limsup (b, ™Y < 7 lim L(r,I) — L(r,1 + ph)

= —710, L(7,1).
n—m-—o0o n—m p—0t P h ( )

Finally, if L(r,-) is differentiable at I € R?, the previous inequalities become

. Ty — T, OL B d
<n—17}nn—l>oom+TW(T7I)’h>_O7 VvV h e R
We just have proved wy = w({zr}) = —%(7, I) exists. Notice yet that w; satisfies

the relation (I, wr) = Br(r,wr)—L(7,I). Soif [|I|| — +oo among the set of points of
differentiability of —L(7, ), the superlinearity of —L(7,-) implies |w;|| — +o00. O

One shall have in mind that, even in the context of C'*° superlinear Lagrangians,
a calibrated configuration may not have a well defined rotation vector. Let us
present an example.
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Example 11.11. Assumed =1 and T =1. Let £ : RxR — [0,1] be a C*° function
such that

¢71(1) = {(0,0),(0,1/2),(1/2,0)} and £71(0) D R* — (—1/4,3/4)>.
Define then L1 : R xR — Ry by

Li(z,y)=1-) Lz+sy+s), VayeR
SEZ

Clearly, L1 is a C*° function invariant by the diagonal action of Z,

L1>0, £750)=8:=[J{(s,9),(s,s+1/2), (s +1/2,9)}
SEZ

and L1 > 0 everywhere on R2 — S. If Lo(x,y) = |z —y? |z —y + 12|z —y — 1|2, let
us consider a nonnegative local interaction energy map given by

L(x7y) = L1($,y)ﬁ;1($ - 1,y)£1($,y - 1) + L’Q(‘Ta y)a v T,y € R.
Notice that L is C*°, superlinear, invariant by the diagonal action of Z,

L>0 and L7YH0) = U{(s, s),(s,s+1),(s+1,9)}.
SEL

However, L does not satisfy a twist condition: there are points (xq,vo) € R? such

that %(mo,yo) = 0. Indeed, since %(0, 0)=0= %(1,0), Rolle’s theorem states

that %(azo,O) =0 for some xg € (0,1).

Let then L : T x R — R denote the corresponding C* superlinear Lagrangian.
We will exhibit a configuration {x}} u-calibrated for any sub-action u € C°(T) but
without a well defined rotation vector. To that end, notice we have

(z,v) e A1(L) & L(z,z+v)=0 & =0 (mod Z) and v € {—1,0,1}.

So consider any sequence of positive integers {r;}i>1 such that %Z? 1 7i has at

least two distinct accumulation points: 1/wi and 1/we. We define a configuration
{ar} by

n—1 n
x0=0 and zp=n if Zri < |k|] < Zri.
i=1 i=1
Notice that (z (mod Z), 1 — x)) € {(0,—1),(0,0),(0,1)} = A1(L). Therefore,
proposition 7.8 guarantees {xy} is u-calibrated for any sub-action u € C(T). Nev-
ertheless, the fact that

n—1 n
n Tk n
=— < — < ——— whenever r < k< T
> 1 1 > i
D i T k > iy Ti ; ;
and the choice of the sequence {r;} imply that, when k — +oo, z/k has wy and
wa as accumulation points, which shows the configuration {x;} does not admit a
rotation vector.
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From now on L(z,v) is supposed to be a C! superlinear ferromagnetic La-
grangian. Notice that the set of critical configurations I';(L;) introduced in sec-
tion 2 for Ly(z,v) = L(x,v) — (I,v) actually does not depend on I € R?. Hence,
from lemma 5.7, if u; € CY(T?) is an arbitrary sub-action for L7, we have in
particular that

{zk}rez is us-calibrated = {zy}rez € T'7(L).

Ferromagnetism is another property naturally inherited by the family {L;};cga.
Using definition 2.5, we observe that, when L is ferromagnetic, the discrete-time
Lagrangian dynamics (T x R, ®,) is independent of I too.

According to theorem 7.7, Aubry sets are nonempty compact ®.-invariant sets.
Hence, as a consequence of theorem 11.10, the next result gives a sufficient con-
dition for the existence of disjoint invariant sets with respect to the discrete-time
Lagrangian dynamics.

Proposition 11.12. Let L(z,v) be a C! ferromagnetic superlinear Lagrangian.

Suppose I,J € R? are points of differentiability of L(r,-) satisfying %(T, I) #
9L(1,.J). Then A;(L;)NA(Ly) = 0.

Proof. Suppose on the contrary (zo,vo) € A-(Lr) N A-(Ly). By the invariance of
Aubry sets, we have

(z1, vp) == ®F (20, v0) € A-(L1) NA(Ly), Y EkEeELZ.
Define then 39 = 2 € [0,1)¢ and recursively
Yk+1 = Yk + TUg € R? for k>0 and Yk—1 = Yk — TUE_1 € R? for k < 0.

Let u; € C°(T?) be a sub-action for L; and let uy € C%(T%) be a sub-action for
L. By proposition 7.3, the configuration {yj}xez is simultaneously uj-calibrated
and u j-calibrated. Hence, theorem 11.10 forces
oL oL
_Zr ) = -~
S (D) =w(mh) =~ 51 (),

which is a contradiction. Thus A(L;) and A,(L;) are necessarily disjoint. O

We have seen in theorem 11.10 that, if I is a point of differentiability of L(r,-),
then w = —%(7, I) is a rotation vector of some configuration. We are now inter-
ested in vectors w € Q(7,I) when Q(7,I) is not any more reduced to a point, that
is, when L(,-) is not any more differentiable at I. The extremal points of Q(7,I)
play an interesting role in the study of rotational properties for ferromagnetic La-

grangians.

Proposition 11.13. Let L(z,v) be a C! ferromagnetic superlinear Lagrangian.
Given I € R?, if w is an extremal point of Q(t,I), then there exists a configuration
{x1}rez of points in R? which is ur-calibrated with respect to any sub-action ur for
L; and has a rotation vector given by

w({zr}) = w.
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Proof. Let w € Q(7,I) be an extremal point of Q(, I). By hypothesis, there exists
a holonomic probability measure p such that

/v du(x,v) =w and /[L(:U,v) —(I,v)] du(z,v) = L(r, ).

Theorem 6.10 guarantees that p is @ -invariant. Furthermore, thanks to the ex-
tremal conditions on w and on L(7, ), we may assume that y is ®,-ergodic.

By the ergodicity of y, for almost all (x,v) € T¢ x R?, if zq is a representant of
x and z, = xo + Tzz;é pr? o @, (z,v), then

n—1
Ty — Tm

1 . . 2
L m e w3 e e = [uda) =
=m

Moreover, {xy }rez is us-calibrated for any sub-action uy of Lj since

(:rk ( mod Z9), M) = ®F(z,v) € M (L) € No(Lp,ur).
T
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