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Abstract

The continued fraction expansion for a quartic power series over the finite field F13 was conjectured
first in [W. Mills, D. Robbins, Continued fractions for certain algebraic power series, J. Number Theory
23 (1986) 388—404] and later in a more precise way in [W. Buck, D. Robbins, The continued fraction of
an algebraic power series satisfying a quartic equation, J. Number Theory 50 (1995) 335-344]. Here this
conjecture is proved by describing the continued fraction expansion for a large family of algebraic power
series over a finite field.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In this note we discuss continued fractions in the function fields case. For a general presenta-
tion of this subject, the reader may consult [S]. The examples which are considered here belong
to a particular class of algebraic power series called hyperquadratic. More references concerning
this class of elements as well as comments on the particular quartic equation considered first by
Mills and Robbins and then by Buck and Robbins can be found in [BL]. In this note we con-
sider power series over a prime field IF,, where p is an odd prime. We consider an indeterminate
T, the ring of polynomials IFF,[T] and the field of rational functions I, (7). If |T| is a fixed
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real number greater than one, we consider the ultrametric absolute value defined on F,(T) by
|P/Q| = |T|de(P)~dee(Q) The completion of this field is the field of power series in 1/T over
IF,, which will here be denoted by F(p). If « € F(p) and « # 0, we have

o= Z uka, where ko € Z, uy € Fj, ugy #0and |a| = |T|k°.
k<ko

We introduce the following subset of F(p):
F(p)+ = {o € F(p) with |a] > |T1}.

We also know that each irrational element o of F(p) can be expanded as an infinite continued
fraction. This will be denoted by o = [ay, ..., ay, ...], where the a; € IF,[T] are the partial quo-
tients. As usual the tail of the expansion, [a,, a,+1, - . .], called the complete quotient, is denoted
by «;, (21 = «). Finally the numerator and the denominator of the convergent [a;, az, ..., a,] are
denoted by x,, and y,. These polynomials, called continuants, are both defined by the same re-
cursive relation: K,, = a, K, _1 + K,,_» for n > 2, with the initials conditions xo = 1 and x; = a;
for the numerator, while the initial conditions are yop = 0 and y; = 1 for the denominator.

2. Results

The main result, Theorem 1 below, is based upon the study developed in [L], Section 4. We
recall the notations which were introduced there and which we have slightly modified here. For
integers k > 1 and 1 <i < 2k we introduce the rational numbers

wr= [] @phek—2j/ ] @i-DC@k=2j+1
1<j<i/2 1<j<@i+1)/2
and also
=" [T a—1/2).
1<j<k

Given the integer k, we fix a prime number p with p > 2k + 1. Thus it is clear that the rational
numbers u; x and 6 can be reduced modulo p. Therefore in this note these numbers will also be
considered as elements of 7. We introduce the following pair of polynomials:

T
P(T)=(T>=1)" and Qk(T)=/(x2—1)k_

0

ldx.

Again these polynomials can either be considered as elements of Q[7'] or, by reduction mod-
ulo p, as elements of IF,[T]. Note that the existence of Qr(T) is ensured by the condition
p = 2k + 1. We recall that the origin of the numbers u;  is to be found in the following continued
fraction expansion,

Pe(T)/ Qi(T) = [k — DT, ..., 2k —2i + DGV T, .. (=2k + Dusg i T,
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which holds in Q(7') as well as in I ,,(T') by reduction modulo p. Note also the link between 6
and Qy which is given by the formula: 2k6; QO (1) = —1.

For an integer / > 1 and an integer n > 1, we define f(n) = (2k + 1)n +1 — 2k. We define the
sequence (i(n)),>1 in the following way:

im)y=1 ifn¢ f(N*) and i(f(n)=im)+1.
Finally we introduce the sequence (A;);>1 of polynomials in IF,[T] defined recursively by
A1=T and Ay = [Af/Pk] fori > 1

(here the square brackets denote the integer part, i.e., the polynomial part). We have the following
result.

Theorem 1. Let p be an odd prime number. Let k > 1 be an integer with 2k < p. Let | > 1 be
an integer. Let (A1, A2, ...,A;) be a l-tuple in (IE‘;‘,)’. Let (e1,€) € (IF}*,)2. Let o be the infinite
continued fraction o = [ay, ..., a;, a;+1] € F(p) defined by
ai(T)=MT for1<i<l and oaf =€ Prajyg+e0k.
Then « is the unique root in F(p) 4 of the algebraic equation
yixP Tt — xixP + (€1 Peyi—1 — €20k y)x — €1 Pexi—1 + €2Q1x; =0. (E)

Set formally 6; = [2kOrA;, ..., 2kO0k 11, 62_1] for 1 <i < 1. We assume that

5,’61@‘; for1 <i<l—1 (Hy)
and
8 = €1 (Orun k€)™ (H>)
Then we have
an =AnAim), where A, € F; forn>1. 0))
Let (8,)n>1 be the sequence defined from the I-tuple (81, ..., 8;) by the recurrence relations
S =€\ Oy forn>1 (Do)

and (Dy), for 1 <i < 2k,
R o b T PRI SN Vi > 1
S fny+i = € Ot (U k6n) forn>1.
Then the sequence (Ap)n>1 is defined from the I-tuple (A1, ..., A;) by the recurrence relation

—1yn
=€V h forn>1 (Lo)
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and (L;), for 1 <i < 2k,

R P YRy s (=D
Afm)+i = —€; 2k —2i + 1)(u;i k6n) forn>1.

Remark. It is interesting to observe that, in the extremal case p = 2k + 1, the sequence of polyno-
mials A; is constant and we have A;(T) =T for i > 1. Consequently when the conditions (Hj)
and (H>) are satisfied all the partial quotients of the expansion are linear. A first example was
given in [MR], p. 400, and such continued fractions have been studied in a different approach in
[LR1] and [LR2]. There we started from the algebraic equation (E) but we imposed a special
form to this equation, this was apparently artificial and constrained us to take [ > p.

Now we can turn to the conjecture made by Buck, Mills and Robbins [MR, p. 404],
[BR, p. 342].

Theorem 2. Let o be the unique root in F(13) of the algebraic equation
x4 x2—Tx+1=0.
Let (A;)i>1 be the sequence of polynomials in F13[T] defined recursively by
Ay=T and Aip=[AP/(T* =D fori>1.
Let U and V be the following vectors:
U=ui,...,us) =(7,10,5,12,9, 11, 1,5) € (Fy3)®
and
V =(vo,...,v8) = (11,10, 1,11,12,5,1,12,6) € (F13)°.
Let u € Fig9 with u? = 8. Then we have the continued fraction expansion
a=1[0,a1,...,a,,...]
with
a, = u(_l)nﬂk,,Avg(gn,z)H uT) forn>1, where &, € Fi5

(here vo(m) denotes the largest power of 9 dividing m).
If (8n)n>1 is the sequence in Ty defined by the recurrence relations

Son—nti = v,-S,(fl)i forO0<i<8andn>1

with the initial conditions (81, ...,8¢) = (11,12,5,1,12,6), then the sequence (A,),>1 is de-
fined by the recurrence relation

Aop—2=—X, forn>1
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with the initial conditions (°1, ..., ¢) = (5,12,9, 11, 1,5) and by
on—nri =uiCV for1<i<8andn>1.
3. Proofs

Proof of Theorem 1. The existence of the continued fraction o € F(p)4 satisfying the given
definition and the fact that it is the only root of equation (E) follows from Theorem 1 [L]. Now
we use Proposition 4.6 of [L]. Hence we know that there exists N € N* U {oo} depending on
(A, ..., N and (€1, €2) such that

an = rnAigy with A, GF’; for 1 <n< f(N). 0))
The sequence (A,)1<n< r(v) is defined in the following way:
=€, forl<n< N (Lo)

and (L;), for 1 <i <2k,

o (71)n+i _ . ] (—l)i _
Afyri = —€) (2k — 2i + 1) (u; x8p) forl<n <N —1,

where the sequence (8,,)1<n<n 1s defined recursively by
8y =2k0, "0y + Sporum )™ forl<n< N (DL)

with the initial condition 8y = (Mz](,kéz)_l. Note that the frame of Proposition 4.6 is more gen-
eral than here. Indeed here the base field is supposed to be prime, it follows that the Frobenius
isomorphism is the identity on IF, and this implies a simplification in (Lo) and (DL). Moreover
the formulas given here are adapted to our new notations. Both sequences (A,) and (§,) are de-
pending on each other and the process of their definition can be carried on as long as §,, # 0. If
this process terminates then N € N*, we have 8y = 0 and the continued fraction expansion is de-
scribed by (/) but only up to a certain rank f(N). This is what happens if the /-tuple (A1, ..., A;)
is taken arbitrarily. We need to prove that under conditions (H;) and (H>) we have N = oo and
also that the sequence (3,) satisfies the formulas (Dg) to (D) stated in this theorem. First we
observe that (Hp) simply says that N > [. Indeed for 1 <n <! we have i(n) = 1 and (DL) be-
comes &, = [2kOk Ay, ..., 2kOr A1, 62_1]. We will prove that 8, # 0 for n > [ 4+ 1 by showing that
the equalities (D;) for 0 < i < 2k hold for n > 1. We introduce the following equalities

n—1
3 f(n)—1 =E(_l) 91:15,,_1 forn > 1. (Hy),

We observe that (H3)1 is simply (H2) and thus it is assumed to be true. Now we shall prove that
for n > 1 we have the following implications:

(H2)n - (DO)n’ (1)
(Di)n = (Di+1)n for0<i <2k —1, 2)
(D2k)n = (H2)n+1. (3)
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This will prove by induction on 7 that, for 0 < i < 2k, (D;) hold for n > 1. To establish these
implications we use the following equalities which are immediately derived from the definitions:

4207 ua i = 1 4)
and
wre=1, uipp=uic(i@k—)"" for1<i<2k—1. (5)
To prove (1) we start from (DL) at the rank f(n). Since i (f(n)) =i(n) + 1, we have
8y = 26, 0 gy + (ka8 -1
and, by (Lo) and (DL) at the rank 7, this becomes
Srmy = (8 — (5n—1uzk,k)_l)€f_l)”9k + (”2k,k5f(n)71)_1-

Now using (H3), we obtain immediately 6 r(,) = Sneffl)n 0, which is (Dg),. To prove (2) we
start from (DL) at the rank f(n) +i+1for0<i <2k —1.Sincei(f(n)+i+ 1) =1, we have

8 f )i+l = 2kOkA pmyvir1 + Uk kS rany+i)

Applying (L;+1) and (D;), and using (4) and (5), we obtain without difficulties (D;41),. Finally
the last implication (3) is obtained very simply with (4)

—_n" D",
S =1 =8 fy+2k = 61( ) 4k29ku2k,k5n = Ef ) 0, 15,,.

So the proof is complete. O

Remark. It is clear that condition (Hj) is necessary to have N = oo, but condition (H>) may
not be so. Indeed this condition implies a simple form for the sequence (8,),>1 showing that it
never vanishes. We say that the expansion is perfect if (I) holds for n > 1 (i.e., N = 00). So the
expansion could perhaps be perfect without §,, having the form given in the theorem. Indeed it is
interesting to notice that more complex forms for this sequence have been pointed out when the
base field is not prime and in the particular case p =2k 4 1 (see [LR2], p. 562).

Now we turn to the second theorem.

Proof of Theorem 2. Letus consider the infinite continued fraction 8 = [by, ..., bg, B7] € F(13)
defined by

(b1,...,be) = (5T, 12T, 9T, 11T, T,5T) and B> =—PsB; —40Qs.
This element S is the only solution in F(13)4 of the algebraic equation (E)

(T° 4377 + 11T)x"* + (8T® + 127* + 37 + 1)x P + (ST> + 1)x + 7T =0.
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It is easy to check that conditions (H;) and (H>) of Theorem 1 are satisfied. Here k = 4,
04 =2 and ug 4 = 3. Moreover [ = 6 and (€1, €2) = (—1, —4). We have the resulting 6-tuple
(61,...,86) = (11,12,5,1, 12, 6). Thus the expansion for g is perfect and, according to Theo-
rem 1, we have

by = AnAim), Where i, € F{; forn > 1.

Here we have f(n) = 9n — 2. It is elementary to check that the sequence vg(8n — 2) + 1 satisfies
the same relations as i(n), and therefore here we have i(n) = vo(8n — 2) 4+ 1 for n > 1. By
adapting the formulas given in Theorem 1 for the sequences (A;),>1 and (8,),>1, we obtain
immediately those which are stated in this theorem. Now we turn to the quartic equation which
can be written as x = 1/T + (x> 4+ x*)/T. Hence by iteration, we see that it has a root « in
F(13) with |a| = |T|~'. We put y(T) = u"'a~'(u™'T). Then it follows that y is solution of
the algebraic equation B(x) = x* — 5Tx> +5x> — 1 =0 and y € F(13),. In order to have
the continued fraction expansion for « as described in the theorem , we only need to prove
that 1/a(T) = uB(uT) or equivalently that y = 8. Thus it remains to prove that y satisfies
equation (E). This will be shown if the polynomial A on the left side of equation (E) is divisible
by the polynomial B. A straightforward calculation shows that A = BC with

C=(T°+37° + 1UT)x"" + (T* + 6T% + 1)x” + (27° +2T)x"
+(ST*+6T% +8)x” + (1077 +2T)x® + 127%x° 4 (1277 + 5T )x*
+ (107% 4 8)x> +4Tx* + (872 + 12)x + 6T.
So the proof is complete. O

References

[BL] A. Bluher, A. Lasjaunias, Hyperquadratic power series of degree four, Acta Arith. 124 (2006) 257-268.

[BR] W. Buck, D. Robbins, The continued fraction of an algebraic power series satisfying a quartic equation, J. Number
Theory 50 (1995) 335-344.

[L]  A.Lasjaunias, Continued fractions for hyperquadratic power series over a finite field, Finite Fields Appl. (2007),
doi:10.1016/j.ffa.2007.01.001.

[LR1] A. Lasjaunias, J.-J. Ruch, Flat power series over a finite field, J. Number Theory 95 (2002) 268-288.

[LR2] A. Lasjaunias, J.-J. Ruch, On a family of sequences defined recursively in IF; (II), Finite Fields Appl. 10 (2004)

551-565.

[MR] W. Mills, D. Robbins, Continued fractions for certain algebraic power series, J. Number Theory 23 (1986) 388—
404.

[S]  W. Schmidt, On continued fractions and Diophantine approximation in power series fields, Acta Arith. 95 (2000)
139-166.

Please cite this article in press as: A. Lasjaunias, On Robbins’ example of a continued fraction expansion for a quartic
power series over [F13, J. Number Theory (2007), doi:10.1016/j.jnt.2007.01.012



http://dx.doi.org/10.1016/j.ffa.2007.01.001
http://dx.doi.org/10.1016/j.ffa.2007.01.001

