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Recalls and basic results on BSDEs What is a BSDE 2
What we know about quadratic BSDEs

Definition

Let (2, F,P) be a probability space, (W;);cr+ be a Brownian
motion in RY, (F;)cr+ be his augmented natural filtration, T be
a nonnegative real number, ¢ a real Fr-measurable random
variable, g : [0, T] x Q x R x R4 R,

T T
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What we know about quadratic BSDEs

Definition

Let (2, F,P) be a probability space, (W;);cr+ be a Brownian
motion in RY, (F)icr+ be his augmented natural filtration, T be
a nonnegative real number, ¢ a real Fr-measurable random
variable, g : [0, T] x Q x R x R4 R,

T T
t t

Definition
A solution to (1.1) is a pair of processes (Y:, Zi)o<t<7 Such that :
@ (Y, 2)is a predicable process with values in R x R'*9,
©Q P-as. t— Y;is continuous and fOT lg(r, Y, Z)| + |1 Z|? dr < oo

Q (Y, 2) verifies (1.1).
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Recalls and basic results on BSDEs What is a BSDE 2

What we know about quadratic BSDEs

Simple example

We take g = 0.
@ A natural idea is to consider Y; := E[¢|F].

Q The martingalte representation theorem gives us
© By a simple calculus we obtain

T
t
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Recalls and basic results on BSDEs What is a BSDE 2

What we know about quadratic BSDEs

Existence and unicity results

@ Existence and uniqueness of BSDEs when g is Lipschitz
with respect to y and z : E. Pardoux et S. Peng (1990).
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Recalls and basic results on BSDEs What is a BSDE 2

What we know about quadratic BSDEs

Existence and unicity results

@ Existence and uniqueness of BSDEs when g is Lipschitz
with respect to y and z : E. Pardoux et S. Peng (1990).

@ Numerous works weak assumptions on g.

@ Existence and unigueness of solutions to quadratic BSDEs
with respect to z with £ bounded : M. Kobylanski (2000),
J.-P. Lepeltier et J. San Martin (1998).

@ Existence of solutions to quadratic BSDEs with ¢
unbounded : P. Briand et Y. Hu (2006).

@ Uniqueness of solutions to quadratic BSDEs with g a
convex function with respect to z and £ unbounded : P.
Briand et Y. Hu (2008).
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Framework and tools
Uniqueness result sketch of the proof
Construction of the control problem

framework

Assumptions : There exist three constants 3 > 0, ¥ > 0 and
r > 0 together with two progressively measurable nonnegative
stochastic processes (& )o<t<T and (ay)o<i<7 such that, P-a.s.,

Q@ z— g(t,y,z)is aconvex function V(t,y) € [0, T] x R;
Q v(t,z) €0, T] x R'*9,

9(t.y,2) —g(t,y,2)| <Bly -], Y(.y)eR?
© growth condition : Y(t,y,z) € [0, T] x R x R'*9,

—a; = r(lyl +12)) < gt.y.2) <@+ Blyl + % |2
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Framework and tools
Uniqueness result sketch of the proof
Construction of the control problem

Existence result

If there exists p > 1 such that

exp <yeﬁr (5‘ + /OTatdt>> + (NP + (/OTa,dt>

then the BSDE (1.1) has a solution (Y, Z).

p

E < +00
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Framework and tools
Uniqueness result sketch of the proof
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Fenchel-Legendre transform

Since g(t, y,.) is a convex function, we can define the
Fenchel-Legendre transform of g :

f(t.y,q) =sup(zq —g(t,y.z)), Vte[0,Tl,geR yeR.
V4

f is a function with value in R U {4o0}.

@ Y(t,y,y',q) €0, T] x R x R x R? such that
f(t,y,q) < +oo,

f(t,y',q) < +oo et |f(t,y,2) —f(t,y,2)| <Bly -y

@ f is a convex function with respect to q,

@ The Fenchel-Legendre transform of f is g.
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Framework and tools
Uniqueness result sketch of the proof
Construction of the control problem

sketch of the proof for the uniqueness result

What happened when g does not depend on y ?

T T
Ytzf—/t g(s,Zs)ds+/t ZsdWs.

We have g(s, Zs) = supg,(Zsqs — (s, gs)) = Zsqs — (s, G5)-
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sketch of the proof for the uniqueness result

What happened when g does not depend on y ?
T T
t t
We have g(s, Zs) = supg,(Zsqs — (s, gs)) = Zsqs — (s, G5)-
T T
Y: = §+/ f(s,qs)ds + / Zs(dWs — qzds)  (2.1)
t t

T T
< ¢+ [ fs.a)dst [z - qsds). (22
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sketch of the proof for the uniqueness result

What happened when g does not depend on y ?
T T
t t
We have g(s, Zs) = supg,(Zsqs — (s, gs)) = Zsqs — (s, G5)-
T T
Y: = §+/ f(s,qs)ds + / Zs(dWs — qzds)  (2.1)
t t

T T
< ¢+ [ fs.a)dst [z - qsds). (22

Finally,

Y; = ess infEQ
geA

£+ /tTf(s, qs)ds)}}] )
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Framework and tools
Uniqueness result sketch of the proof
Construction of the control problem

Questions

@ Are we allowed to apply Girsanov ?
@ Which admissible control set A could we choice ?
@ What happened when f depends on y ?
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Framework and tools
Uniqueness result sketch of the proof
Construction of the control problem

Construction of the control problem (1/4)

.
A = {(qS)SE[O,T]a /0 |QS|2ds<+OO P-as.,

(M) tefo, 1) is a martingale,

:
E [j¢] + /0 (5.0, gs)| ds

) t 1 t o d l
with M; .= exp (/0 gsdWs — 2/0 |Qs| ds) and 9P MTJ

< 400,
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Construction of the control problem (1/4)

.
A = {(qS)SE[O,T]a /0 |QS|2 ds < +oo P—as,
(M) tefo, 1) is a martingale,

:
E [j¢] + /0 (5.0, gs)| ds

) t 1 t o d l
with M; .= exp (/0 gsdWs — 2/0 |Qs| ds) and 9P MTJ

There exists a solution to the BSDE

T T
Vi=t+ [ fs.Viiqds+ [ Z8awd, o<t
t t

< 400,

N
\'

with dW7 := dW; — gat.
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Framework and tools
Uniqueness result sketch of the proof
Construction of the control problem

Construction of the control problem (2/4)

We have Y < ess infges Y9. We must show that g* € A. If T is
small enough and if there exist some given exponential
moments for supg;<7 Yy + fot asds and supg,c7 Y; then we
are able to show that M7 is a martingale.

In the general case we divide [0, T] into subsets. Thus, for N
big enough we define ¢ := T with i € {0, ..., N}.
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Framework and tools
Uniqueness result sketch of the proof
Construction of the control problem

Construction of the control problem (3/4)

lit1
At,’,t/+1 (77) = {(qs)se[tj,fi+1]7 / |q5‘2 ds < +o0o ]P - aS?
]

) ; fiss
(M)ie(s.1. is 2 martingale,  E@' [|y] + / 1£(5.0.Ge)| ds| < +oo,
t.

. i ! 1 ! 2 dQI i
with M] := exp gsdWs — - | |gs|"ds | and — =M, ;.
f 2 f dIP) i+1

There exists a solution to the BSDE

t,'+1 tf+1
N / (s, Y29, gs)ds+ / Z09dWE, <t b
t t
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Framework and tools
Uniqueness result sketch of the proof
Construction of the control problem

Construction of the control problem (4/4)

A= {(Qs)se[o,na Qtn_1,7 € Aty_,,7(6),
Vie {N=2,....0},qp 1. € s, (¥7,)

ith Y9 — YY17+2’qu+1v’i+2] dvd —
%21 tir = Tty an T = .

We can define our cost functional

, Y{ aie
Vie {N—1,...,0},Vt€ [t tiq], YI:=y, w0l
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Framework and tools
Uniqueness result sketch of the proof
Construction of the control problem

Result

Theorem

We suppose that there exists a solution (Y, Z) of the BSDE
(1.1) verifying 3p > 7,3 > 0,

t
E [exp (p sup (Yt+/ &sds>> + exp <5 sup Yf)
0<I<T 0 0<t<T

Then we have Y = ess infac 4 Y9, and there exists g* € A such
that Y = Y9 . Moreover, this implies that the solution (Y, Z) is
unique among solutions verifying such assumption.

< 4+

O
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Framework and tools
Uniqueness result sketch of the proof
Construction of the control problem

Remarks :

@ To obtain the existence of a solution (Y, Z) that verifies
such assumption it is sufficient to suppose that )
&+ fOT a¢dt have an exponential moment of order ge®
avec g > yand £t + fOT a,dt have an exponential moment
of order e > 0.

© When g does not depend on y, we do not have to divide
[0, T]. We have

Y; = essinf EQ
qeAy T(6)

-
5+/t f(s,qs)ds’]-}], vt e [0, T].
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Links with PDEs

Link with PDEs

Let us consider the following semi-linear PDE
oru(t, x) + Lu(t,x) — g(t, x, u(t, x), —o*Vu(t,x)) =0, u(T,.)=h,

with £ is the infinitesimal generator of the diffusion

S S
X = x+/ b(r, X,t’x)dr+/ o(nNdW,, t<s<T,and X =x, s<t,
t t

(3.2)
and the BSDE

T T
Y = h(X2) - / 9(s, X2*, YI*, Zb ) ds— / ZdWs, 0<t<T,
t t
(3.3)
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Links with PDEs

Link with PDEs

Let us consider the following semi-linear PDE
oru(t, x) + Lu(t,x) — g(t, x, u(t, x), —o*Vu(t,x)) =0, u(T,.)=h,

with £ is the infinitesimal generator of the diffusion

S S
X = x+/ b(r, X,t’x)dr+/ o(r)dW,, t<s<T,and X =x, s<t,
t t

(3.2)

and the BSDE

T T
Y = h(X2) - / 9(s, Xt vt* ztX)ds— / ZHdWs, 0<t<T,
t t

(3.3)
The nonlinear Feynman-Kac formula consists in proving that the
function defined by the formula

Y(t,x) € [0, T] x RY, u(t,x) := Y} (3.4)

is a viscosity solution to the PDE (3.1).
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Links with PDEs

Exponential Moments

We suppose o continuous and b K-Lipschitz in x. We have

2

A|xjo0 2

,3C>0, E| sup e X < CeClel”,
ot<T

’
€% oo T
[ 26T ||o|l, T
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Links with PDEs

Assumptions

We suppose that g : [0, T] x R x R x RY — Rand h: R? — R are
continuous and that there exist five constants r > 0, 5 > 0, v > 0,
a>0eta’ >0suchthat:

o |g(t7X7y7Z) _g(tax7y/7z)| < 5|y_y/|;
Q z— g(t,x,y,2)is aconvex function on R'*9;
Q@ —r(1+xP+lyl+z) <g(t,x.y,2) < r+alxP+Blyl+ %12,

—r—ao |x]? < h(x) < r(1 + |x]?);

o |g(t,X,y,Z) - g(tvxl7yaz)| < r(1 + |X| + ‘X/D |X_ X,| )
[h(x) = h(x")| < r(1 + x| + [x']) [x = x|
© 1

O/ + Ta < T At 2 o
2737 |lo|l, T
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Links with PDEs

Results

Proposition

The function u defined by (3.4) is continuous on [0, T] x RY and
satisfies

V(t,x) €0, T] xR, |u(t,x)| < C(1 + |x|?).

Moreover, u is a viscosity solution to the PDE (3.1).
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Links with PDEs
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