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Abstract

Let W be a g-dimensional irreducible algebraic subvariety in the
affine space A, Pi,..., P, m elements in C[Xy,...,X,], and V(P)
the set of common zeros of the P;’s in C". Assuming that |IV] is
not included in V(P), one can attach to P a family of non trivial
W-restricted residual currents in "D%*(C"), 1 < k < min(m, q), with
support on |W|. These currents (constructed following an analytic
approach) inherit most of the properties that are fulfillled in the case
g =n. When the set [W|NV(P) is discrete and m = ¢, we prove that
for every point o € [W|NV(P) the W-restricted analytic residue of a
(¢,0)-form Rd(;, R € C[Xq, ..., X,], at the point « is the same as the
residue on W (completion of W in Proj C[Xy, ..., X,,]) at the point «
in the sense of Serre (¢ = 1) or Kunz-Lipman (1 < ¢ < n) of the g-
differential form (R/P; --- P,)d(;. We will present a restricted affine
version of Jacobi’s residue formula and applications of this formula
to higher dimensional analogues of Reiss (or Wood) relations, corre-
sponding to situations where the Zariski closures of |W| and V(P)
intersect at infinity in an arbitrary way.

1 Introduction

Let us recall first two questions about effective constructions in Commuta-
tive Algebra and Algebraic Geometry where residue currents play a central
role, both as a discovery tool and in the proofs. These are the Hilbert’s
Nullstellensatz and the construction of Arakelov measures.

The main idea of our work on this subject was to use the analytic theory
of multidimensional residues and residue currents to find key identities and
several explicit constructions. What we used repeatedly was the fact that
residues could also be computed by analytic continuation of associated zeta
functions. We refer to the short monograph [BGVY] for the details. We
recall here just a few points.

Let us assume that fi,..., f,, g are holomorphic functions near the origin
of C", and assume that {f; = --- = f, = 0} = {0}, then the residue of the
meromorphic function g/ f;--- f, at z = 0, as defined by Poincaré, is given
by

9

—~ 0)=lim 1 9(¢)
Hes (fl---fn’o) oy <2m)n|f/e fl(g)...fn(c)d<7 (1.1)
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d¢ = d(iy A ... AN d(,, where |f| = e, for e = (e1...¢,), denotes the cycle
{|fil =¢€1,...,|fu]l = en}. When the Jacobian J of the f; does not vanish at
0 we have

9590 (1.2)

froo fu J(0)

as expected. This definition of the residue in several variables was introduced
by Jacobi at least for polynomials in [Ja2]. It has been extended in [CH] to
define residue currents : namely, if we replace gd( by a smooth compactly
supported (n, 0) differential form ¢, then the limit in (1.1) still exists provided
€1, ..., €, approach 0 in an admissible way, and we may define a (0,n) current

d(1/f) as

Res (

=1 L 1 %)
(0% 0) = lin (27rz')”|f|£ froeofo

(1.3)

What one does next is to relate this current 9(1/f) to the current-valued
holomorphic map in C

A= | free falPOfi AL A D, = | fIPOF, Re A >> 0

Using the Bernstein—Sato functional equation one sees that the holomorphic
function defined for Re A >> 0,

A /\/ |FIPAOf A,
Cn

has an analytic continuation to A = 0 and it satisfies

— —1
A IO Al = eal@7.9), (1.4)
o S
A=0

where ¢, # 0 is an absolute constant.

The way residues help in finding identities depend on the Abel-Jacobi
vanishing theorem and its generalizations. The following result is due to
Jacobi [Ja2] : let Py, ..., P, be polynomials in C" without any common
zeros at infinity and let () be another polynomial satisfying the inequality

deg@Q < degP, +---+degP, —n—1; (1.5)



then

—1
where {
<5F7 de>
denotes the total sum of local residues
Q
Res (Pl---Pn’a)

at all common zeroes a of Py, ..., P, in the affine space C". In other words,
the sum of all the residues of the meromorphic function Q/P; - - - P, vanishes.
When all the zeros are simple we obtain Jacobi’s original statement

Qla)
2 )

We refer to [Gr], [Ku2], and [EGH] for interesting geometric applications of
this theorem.

A problem one often finds in trying to apply Jacobi’s theorem is that
given an ideal [ in C[X}, ..., X,,] defining a zero-dimensional variety in C", it
may not be possible to find P,... P, in I without common zeros at infinity.
What we can do is construct in some elementary way (that is essentially
without using elimination theory) polynomials P, ... P, in such an ideal T
so that the map

is a proper map of C”" into itself. The properness condition is equivalent to
a Lojasiewicz type inequality: there are constants K > 0, v > 0, and 6 > 0
with the property that if |z| > K then

1PN = <l (1.7)

Such a ¢ is called a Lojasiewicz exponent for P.

In the situation of Hilbert’s Nullstellensatz, where we have a collection of
polynomials pq,...,p, in C[X, ..., X,,] without common zeros, we can find
polynomials P, ... P, in the ideal generated by them that define a proper
map and also have their degrees and size of their coefficients controlled by de-
grees and size of the coefficients of the original polynomials p;. In particular,
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it follows that there is an effective generalization of the vanishing theorem of
Abel-Jacobi. Namely, there is a proper affine function § : N" — R such
that for any polynomial ¢ and any m € IN" such that

deg @ < 6(m) (1.8)
one has
(O, QC) = 0, (19)
Ppm+l
where P+l = (P/™m*! . Pmt1) Note that a proper map usually has

zeroes at oo, this is the point that makes this statement a strong generaliza-
tion of the Abel-Jacobi theorem. The proofs of (1.9) given in [BY1], [BGVY]
depend very heavily on the properties of residue currents.

In [BY1] we used the method just sketched to compute residues in C™ and
the generalized Abel-Jacobi theorem to obtain effective estimates on the solv-
ability of the Nullstellensatz for polynomials py, ..., py € Z[ X1, ..., X,,| with-
out common zeros in C™. This was based on the previous work of Brownawell
[Br1,Br2], J. Heintz and its collaborators [CGH1], J. Kollar [Ko], who proved
that in the above situation there exist polynomials ¢i, ..., qy € Z[ X1, ..., X,]
and ro € Z\{0} such that the equation

P1g1 + -+ PMqM = To (1.10)

is satisfied while
max degq; = O ((max degm)”) .
J J

By itself, this bound does not produce sufficiently good estimates on the
complexity of deciding whether the Bézout equation is solvable. One needs
to obtain also a priori estimates on the (logarithmic) size of an “optimal”
solution ¢, ...,qu,7o. In fact, it was shown in [BY1] that, given M poly-
nomials py,...,py in Z[Xy, ..., X,] (with degrees d; in decreasing order and
absolute values of coefficients bounded by e"), one can solve (1.10) with
ro € Z, qi,...,qu € Z[X, ..., X,;] satisfying the following estimates :

{ maxdegq; < (3/2)'n(2n + 1)d, ...d,
J

max(log 7o, meax h(g;)) < K(n)di(dy ...d,)*(h+log M + dy log d,),
(1.11)



where K (n) is a computable constant and h(g;) denotes the maximum of
the logarithms of the absolute values of the coefficients of ¢;. One can also
replace Z by an arbitrary integral domain A equipped with a size function,
irrespective of the characteristic of the corresponding quotient field K and
corresponding algebraic closure K [BY4]. Though one may substitute alge-
braic tools from residue calculus [BY3, BY4] to analytic tools, such analytic
methods provided [BY6] some insight respect to the following result recently
obtained by M. Hickel [Hi] : let I be an ideal in C[Xj, ..., X,,], T its integral
closure in this ring, p1, ..., pm a system of generators of I, and let d; = degp;,
such that d; < dy--- <d,, = d ; then one has the following alternative :

e if m < n, every p € I is such one can express p™ as

pPr= ) 4

1<j<m
with max; deg(g;p;) < mdegp+md; ...dy, ;

e if n > m, for every p € I there exist ¢; such that

pn+1: Z ijj

1<j<m

satisfying

dy...d,
max deg(q;p;) < (n+ 1) degp(n + 1) min {d”, 71dmfn } :
J 1

The use of (1.4) to compute residues plays also a role in a subject that is of
interest in Algebraic Geometry, Mathematical Physics, and Number Theory.
We refer for example to the construction and the properties derived thereby
of the so-called Green currents [BY8, BY5]. These currents appear in the
work of Arakelov on intersection theory and its applications to Physics [Ar],
as well in work of Faltings [Fa|, Bost, Gillet, and Soulé [BGS|, and the
very interesting lecture of McMullen [Mc| relating them to the Fermat’s last
theorem.

As we pointed it out in this introduction, Abel-Jacobi vanshing theorem,
together with various connected tools from residue calculus in C", plays a
major role in our approach towards algebraic intersection or division prob-
lems. What we do in the body of the paper is to extend this theorem to
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the case where the underlying space is not C". In fact, we replace C™ by
a g-dimensional irreducible algebraic subvariety W and, assuming that W
is not included in the variety V(P) of common zeros of a family P of m
polynomials P, ..., P, in C[X}, ..., X,], we shall attach to this polynomial
family P a family of non-trivial W-restricted residual currents in "D%*(C"),
1 < k < min(m,n), with support on |W|. These currents (constructed us-
ing analytic ideas) inherit most of the properties that are fulfilled in the
case W = C". When the set |W|NV(P) is discrete and m = ¢, we prove
that, for every point o € |W| N V(P), the W-restricted analytic residue of
a (q,0)-form Rd(;, R € C[Xy,...,X,], at the point « is the same as the
residue on W (completion of W in Proj C[Xy, ..., X,,]) at the point « in the
sense of Serre (¢ = 1) or Kunz-Lipman (1 < ¢ < n) of the g-differential
form (R/P;--- P,)d(;. We present a restricted version of the affine version
of Jacobi’s residue formula (1.6) and obtain applications of this formula to
higher dimensional analogues of the Reiss-Wood relations, corresponding to
situations where the Zariski closures of |W| and V(P) intersect at infinity
in an arbitrary way. We expect this extended Jacobi residue to have as
many useful applications to effective constructions in algebraic varieties as
our previous work had for the Nullstellensatz.

2 Preliminaries

Let I' be a complete integral curve embedded as a closed subscheme in
Proj C[Xy, ..., X,,] and C(I') its function field. Following the exposition of
Hiibl and Kunz of the Serre’s approach [HK2], the residue of a meromorphic
(1,0)-differential form w € Qg at the point a € T' is defined as follows :
let My,..., My be the minimal prime ideals of the completion @[‘704 of the
local ring of T at « and let R;, j = 1,...,d, be the integral closures of the
"branches” R; = @na//\/lj, 7 =1,...,d, of the curve I' at the point . Then
R; is isomorphic to an algebra of formal power series C[[t;]] and in C((¢;))
the differential (1,0)-form w can be written as

w = Zait?,

k>k;



where ai € C, k > kj, are complex numbers which are independent of the
parameters t;. Define

— =) — J
Resp gz w:=al;, Respow:= >,
=1

It was pointed by G. Biernat in [Bi] that, if fi,..., f, are n germs of holo-
morphic functions in n variables (with Jacobian determinant J; € O,,) such
that (fi,..., fu_1) define a germ of curve v (with branches parametrized re-
spectively by ¢1, ..., pq) and dim [y N {f,J; = 0}] = 0, then, for any h € O,,
the Grothendieck residue

e [hdg/\---/\d(’n} o / hdCy A - A dC,
0 Froo fo : (Qm)nlf_ fio fa
1l=e1
\fnl=en
(with the orientation for the cycle {|fi| =€1,...,|fn] = €.} that ensures the

positivity of the differential form darg f; A --- A darg f, on it) equals

i 00 (Do)
2 Resi- [ T30 71 (05 (1)) ]

In particular, if w denotes the (1,0)-meromorphic differential form

dCa
:gC , g€0,, ae{l,..,n},
In
then G A A d

fl"'.fn—l

equals the sum
d
Z viRes,, o [w], (2.1)
j=1

where 71, ..., 74 correspond to the irreducible germs of curves attached to the
isolated primes in the decomposition of (fi, ..., f,_1), the meromorphic form
w is considered as restricted on the germs of curves i, ..., 74, and Res,, o [w] is
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defined on the model of the Kunz-Hiibl residue, this notion being transposed
from the algebraic context to the analytic one (see also [Lej]). This suggests
a natural relation between the approaches developed by Serre-Hiibl-Kunz
and the analytic residue approach developed by Coleff-Herrera [CH] (which
precisely allows the transposition of the definition of the Grothendieck residue
in the complete intersection case to the setting of currents).

The analytic approach we use to define restricted residual currents on a g-
dimensional reduced analytic space J C U, where U is an open subset of
C", will be described in section 3 as follows : if fi,..., f,, are m functions
holomorphic in U, then the map

A= @y s (A) o= || fFIPA YT,

where [Y] denotes the integration current on Y = ||, can be meromorphi-
cally continued as a 'D™~%"~9) (U)-map. Moreover, for any k € {1,...,m}, for
any ordered subset Z C {1,...,m} with cardinal & < min(q, m), the analytic
continuation of

k k
A= Ay (A — k=) ADFIPA (D) A )
=1 Jj=
J#l

where
(—1)kG=D/2(f — 1)
(2im)k

is holomorphic at the origin. Its value at 0 defines, up to a multiplicative
constant, a residual regular holonomic (n — ¢,n — ¢ + k)-current which is
supported by Y N V(f) ; regular holonomiticity is here understood in the
sense of Bjork ([Bj2], chapter 9). Properties of such currents are similar to
those introduced above in the case ¢ = n. Proposition 3.1 will summarize
the different properties of such restricted residual currents. The main case
of interest for us will be the case where m < ¢ and dim (Y NV (f)) < q¢—m,
that is, when fi,..., f,, define a complete intersection in ). In this case,
the restricted residue current corresponding to Z := {1,...,m} is the Coleft-

Herrera current on Y m o
0— ) A[Y
(A%)

introduced in [CH]. It is not surprising that residual restricted currents in
such a complete intersection setting obey the transformation law for multi-
dimensional residue calculus ([BGVY], chapter 6), which we will prove (and

Cr - —
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use next) in the case m = ¢. If fy = Py, ..., f, = P, are polynomials and W
is an affine ¢g-dimensional algebraic subvariety of the affine scheme A¢ such
that dim (V(P) N |W|) = 0, we will prove in section 4 that the total sum of
restricted residues

W]AQAX;, N--- NdX;,
Res
P, .. P,

vanishes as soon as the degree of () is sufficiently small, under a properness
assumption on the restriction of (P, ..., P,) to |W|. We will thus transpose
to the restricted case an Abel-Jacobi formula proved in the case ¢ = n and
W =A% in [VY].

Let again W be a g-dimensional irreducible algebraic subvariety in the affine
scheme A¢ and P, ..., P;, ¢ polynomials in C[Xy, ..., X,,] such that [W]|N
V(P) is a discrete (hence finite) algebraic set in C". Let ) € C[X{,..., X,)]
and Z a subset in {1,...,n} with cardinal . The meromorphic differential

form
QG A+ N dG,
W= PP

induces an element in Q%(W) /C where VW denotes the completion of W in
Proj C[ Xy, ..., X,,]. We will prove in section 5, thanks to the algebraic residue
theorem in [L2] and the properties of restricted residual currents that were
pointed out in previous sections, that the residue at a closed point « in
|[W|NV(P) (in the sense of Hiibl or Lipman [L1]) of the differential form w
(viewed as an element in 25y, c) equals

R = (( A7) 0V, 50, 1 06

where ¢ denotes a test-function with compact support in some small neigh-
borhood of «, such that 1 = 1 near a. The result is clear when « is a smooth
point of W it will follow from the algebraic residue formula combined with
a perturbation argument in the case « is a singular point of W. As a con-
sequence of the fact that the analytic and algebraic approaches lead to the
same restricted residual objects, we will extend in section 5 (with an alge-
braic formulation) to such a restricted context the affine Jacobi’s theorem
obtained in the non-restricted case W = Ag in [VY].
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Theorem 2.1 Let W be a q-dimensional irreducible affine algebraic subva-
riety in Ag (0 < ¢ <n) and Py, ..., P, be g polynomials in C[Xy, ..., X,,] such
that there exist strictly positive rational numbers o1, ...,0, and two constants
K >0, k>0 such that :

S}

ce|Wl, Kl = K Z_: |C||6

then, for any Q € C[Xq, ..., X, such that deg@Q < 6; + --- + 0, — q, for any
multi-index (iy, ...,1,) in {1,...,n},

2 K; (2.2)

S Reswa [Qd@t A A d@q] _o. (2.3)

ag|WNnVv(P) Pp--- Pq

We will derive (in sections 5 and 6) some consequences of this result in the
spirit of Cayley-Bacharach’s theorem and Wood’s results [W]. The key point
here (compare to the framework of [HK2] or [Ku2]) is that the properness
assumption along |W| (2.2) which is satisfied by the polynomial map P :=
(P, ..., P;) does not imply that the Zariski closures of |W| and V (P, ..., P,)
in P"(C) have an empty common intersection on the hyperplane at infinity.

3 Restricted residual currents

We begin this section by recalling some basic facts about currents on analytic
manifolds, especially integration currents on analytic sets or Coleff-Herrera
currents and their “multiplication” with integration currents. We inspire
ourselves on [Bjl], [BYS], [BY5], and [Meo].

We start with some basic facts about integration on a ¢-dimensional irre-
ducible analytic subset Y in U C C™ [Le]. The subset Y., of regular points
of Y is a g-dimensional complex manifold. The set of singular points Yine
is an analytic subset of U with complex dimension dim Y., < q. Therefore
for any smooth (q,q) test form ¢, € D@?(U), one can define the action
of the integration current [Y] on ¢4 as

<[Y]>¢(Q7Q)> = /¢qq CC / ¢(qq CC +/ gbqq gg)
= ¢(q,q)(C7 C) .

)/reg
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For Re A > 0 and fi, ..., f,, holomorphic in U, one can define the (g, ¢)-current
IFIP* Y] b

2A — 2\
I Y b0) = [ WP b0

It is known ([Bj1],[Bj2]) that this current [Y] is a regular holonomic current,
which implies, for each point zy in UNY’, for any distribution coefficient Ty,
of the integration current [Y], the existence of a Bernstein-Sato relation

~d 0
(M GG g ) VPO @ T = b ) (1 € T (3.1)
(b, € C[A]) valid in a neighborhood of z;. In fact, this does not follow
directly from Theorem 3.2.6 in [Bj1] since ||f]|* is a real analytic function
(and not a holomorphic one). Nevertheless, the existence of Bernstein-Sato

relations of the form (3.1) remains valid here since ||f||? has the particular

form
2
1F (O ny
and the integration current on Y = {g; = --- = gy = 0} admits a Siu
decomposition
n—gq
[Y] = Z T, in—q I\ /\ dgiz )

1<i1<-<in_q<N =1

where the T}, , are (0, n—¢q) currents which are regular holonomic because

of Coleff—Herrera type ([BY5, Meo, Bjl]). One can then proceed in

U:={(():CeU}cCn

with blocks of variables (¢, () and profit from the fact that formally 9, and
85 can be considered as derivations respect to independent sets of variables.
Consider then the function of one complex variable defined by

A= Dy p(A) = || FIP Y] (3.2)

This function (which is a "D™~%"=9)({J)-current valued function) is well de-
fined and holomorphic in {\ € C; Re A > 0}. Thanks to the Bernstein-Sato
relations (3.1), it can be continued to the whole complex plane as a meromor-
phic function. The poles of this meromorphic extension are strictly negative

12



rational numbers. Furthermore, there is a true pole at any point A\ = —k,
ke IN*.

In fact, we will need a more precise result, where the construction of the
meromorphic continuation of (3.2) play a role. What we need is formulated
in the following proposition.

Proposition 3.1 Let Y be an irreducible g-dimensional analytic subset of
U cC C"and fi,..., fm m functions holomorphic in U. For any k € {1,...,m}
and for any ordered subset T C {1,...,m} with cardinal k < min(q,m), the
"D=an=a+k) _yalued map

k k
A= A fIPCF Y YT ADIAP A (D' A )
=1 1l
(which is holomorphic in Re A > k + 1) can be continued as a meromorphic
map to the whole complex plane, with no pole at X = 0. Its value at A = 0
defines a residual (n — q,n — q+k)-current which is supported by the analytic

setYN{fi=-=fn=0=YNV(f) and denoted as
YIA() YA
p € DU > Res | fiyso fi | () =Res | fii,o fi | - (33)
f].?""?fm fl?""?fm
Proof. Assume that Y is defined (in U) by the equations g; = -+ =gy =0

and that v is the (Hilbert-Samuel) multiplicity of the ideal Oy, generated
by ¢1,...,gn at a generic point y € Y. Let d = n — ¢g. One can conclude
from [Meo] that [Y] coincides with the value at © = 0 of the meromorphic
"D (U)-valued map ¥,

v, pu(d—1) 2%WwA 2 2 ag]z A Ogj,
———|lg||** 0log ||g]|* A Olog||g]* A :
(2Z7T)d1/ ]'1<Z<Jd 1 l/\l ( HgH2 )

1< <N

In fact, in the general situation where (gi, ...,gn) define a g-purely dimen-
sional cycle Z (non necessarily irreducible) in U, the integration current
(with multiplicities) on Z can be expressed as the value at A = 0 of some
meromorphic "D(@® (U)-valued function which can be made explicit in terms

13



of g1,...,gn (see Theorem 3.1 in [BY5] for a proof in the algebraic case). Let
Z C {1,...,m} with cardinal £ < min(q, m) and, for Re A > k + 1,

k k
O52(N) = AIF PO DB fIP A (S (-1 A F) -
&
In order to prove the proposition, we can localize the problem and assume
that the origin belongs to Y N V(f). As in our previous work (see for ex-
ample [BYS], pages 32-33, or [BY5], page 208) we construct an analytic n-
dimensional manifold X', a neighborhood V of 0 in U, a proper map 7 : X —
V' which realizes a local isomorphism between V' \ {f1--- fing1---gn = 0}
and X\ 7 '({f1-+ fimmg1--- gy = 0}), such that in local coordinates on X
(centered at a point x), one has, in the corresponding local chart U, around
"’I/"

fiom(t) = wi(t)t;"" -t =wu;()tY, j=1,...,m
geom(t) = w(t)t]r -t = v ()%, k=1,..,N

where the u;, 7 = 1,...,m and the vy, k = 1, ..., N, are non vanishing holo-
morphic functions in U, at least one of the monomials t*, 7 = 1,....m
divides all of them (we will denote this monomial as t*), and at least one
of the monomials t%, k = 1,..., N divides all of them (we will denote this
monomial as 7).

When ¢ is a (q,q — k)-test form with support in V', one has, for Re A >> 0,

/me@fl(/\) Np= l/\/ U, () AOrz(N) A

pu=0

(the right hand side being continued as a meromorphic function of p which
has no pole at = 0). For A fixed with ReA >> 0, one can rewrite for
Re o >> 0 the integral

[ W) 7 0520 A

as a sum of integrals of the form

| w100 AT 052N A o (), (3.4)

x
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where p is a test-function in U, which corresponds to a partition of unity for
7 (Supp ). We know from Lemmas 2.1 and 2.2 in [BY5] that

[77* [\Pg</ﬁ)]} y=0 [\IIQOTF(/O} =0

is a positive @ and d-closed current 6y, in U,, which implies that, as soon as
Re A >> 0,

[l Aetes A = [ Al A,

x

On the other hand, in U, and for Re A >> 0, a straightforward computation
2)\‘ta‘2>\

leads to _
™[0:2](\) = /\7(19 +w A ‘Z) :

where ¥ and @ are smooth differential forms in U, (with respective types
(0,k) and (0,k — 1)) and a is a strictly positive real analytic function in U,.
It follows from Stokes’ theorem that

/I 7O z](A) A Oy, N p*(p) = /u

T

|to<’2)\

O AL, (39)
where (t,\) — &,(p; t,A) is a (n — ¢,n — ¢)-differential form with smooth
coefficients (in t) depending holomorphically in A.

One can see also that, for Re y >> 0,

i dt8 dt?
m Wl (1) = p b P (S5 4 m0) A (G5 +00) A

where b is a strictly positive real analytic function in U, 1.0,1), 1(1,0), v are
smooth differential forms in U, with respective types (0,1), (1,0) and (d —

1,d — 1). This implies that, if ¢; ,...,t;, are the coordinates that appear in
tP,

s

91/{1 = Z [til = 0] /\u),'l y

=1

where w;, is a smooth (d—1,d—1)-form in U, and [t; = 0] denotes the integra-

tion current (without multiplicities) on {t; = 0}. Therefore, for Re A >> 0,
. ‘ |75°‘|2A

[ w00 A A= Y [ () N (ps 1, A).

Us {ti,=0} NUs

(t;, ta> 1

15



Such a function of A can be continued to a meromorphic function in the
whole complex plane, with no pole at A = 0 (using Stokes’ theorem). The
assertion of the proposition follows, since for Re A >> 0,

/\If JAOrz(A) A

is a sum of integrals of the form (3.4). ¢

Keeping the above notation one obtains the following corollary.

Corollary 3.1 Under the conditions of Proposition 3.1, the residual current
defined by (3.3) has the following properties
1) For any h € H(U) such that

VK CccUNY ,3Ck >0, |h] < Cklf|| on K, (3.6)
one has
RFIYTA ()
fiu“ flk =0
f17-~ fm
2) If he H(U) and
h(z)=0,VzeYNV(f), (3.7)
then one has _
hYTA ()
fi17' afzk E
Jis ooy fm

Proof. Let us now suppose that h satisfies (3.6). If we do not perform
integration by parts as in (3.5), we have, for Re A >> 0,

[, 7 Or2)(N) A b, A pr ()

_ ) Z / %'ta‘%(m ALY N (8) A ()
= w —— i s .
{ti,=0y Uy tF™ to ! p 14

(t; ta) 1

Condition (3.6) implies that there exists some positive constant s such that,
for any | =1, ..., s with ¢;, coprime with ¢,

i
| h(t1, ...,é, o ta)| < K|tY],  t € Suppp,
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which implies that t** divides (W*hk){‘til o} on the support of p. This implies
that for such A,

[/z T O07.12)(N) A Oy, A pr*(hFp) = 0,

which gives the first assertion of the corollary since

[ W) 7 ©s2(0) A

is a sum of integrals of the form (3.4).

If h vanishes on Y N V(f), then, for any [ = 1,..., s such that ¢; is coprime
with ¢%, any coordinate which divides ¢* also divides (7*h)q, =0y on the
support of p. This implies that any expression of the form

U = _
——— (0 4+ww A —=) Aw,;,(t) A pr*(h
/{til:O}muz the ( o ) l( ) P ( 4,0)

has in fact no antiholomorphic singularity (therefore has a meromorphic ex-
tension which is polefree at the origin). It follows that for such h, one has
again

[, 00 A o) =0,

which proves the remaining assertion of the corollary since again

[ ) A 0520 A g

is a sum of integrals of the form (3.4). <

When k£ =m < ¢, we will use the simplified notation

YA ()
YTA() _
Res [fh 7fm] (p) :== Res j{l’,'.‘.‘.‘,’{‘"fz

The transformation law for residual currents can be transposed to the case
of restricted residual currents. Since we deal in this paper with restricted
residual currents supported by discrete sets, we state the transformation law
in this particular setting. One has the following proposition :

17



Proposition 3.2 Let Y be an irreducible g-dimensional analytic subset of
U c C" and fi,..., fg, 91, -5 9q, 2q functions holomorphic in U such that
YNV(f) and Y NV (g) are discrete analytic sets. Assume that there exist
q* holomorphic functions in U, ay, 1 < k,l < q, such that

gk(C):Zakl(C)fl(C)v k:L"'aqa CEY
=1

Then, one has the following equality between restricted residual currents :

res [ 0] =R [205)] 9

where A = det|ak]1<k,i<q-

Proof. In order to prove this equality, we just need to prove it when U is
a neighborhood V of a point & € Y N (V(f) UV (g)) such that « is the only
point of Y N (V(f) UV (g)) which lies in this neighborhood. Thanks to the
first assertion in Corollary 3.1, it is enough to test the two currents involved
in (3.8) on test forms in D@ (V) whose coefficients are holomorphic in a
neighborhood of a. Let ¢ be such a test form. Since

q

9 [Hfu?M Y] A (31, /\df)]

=1
1#5

= AP Y] A AT

q

ISP Y AT A (S (-1, A )

j=1 1=1
1#]

for ReA >> 0 and

where

18



one has, by Stokes’ theorem, that

- Z( I /\ df;
Yine 1 _ ) 7 5
Res[fl,....,fq] - “’/y HE A

— q
= (—1)%w, /
reg

Similarly, if we introduce

J=1 =1
I#5

9
lj = ) ]:17"'7Q7
T llal?

and .
évj :Zaljtl7 j:]-77q
=1

one has also
S5O =1, V(e (VNYi)\{a}.
j=1

Let, for £ € [0,1] and j =1, ..., q,

sV =(1-¢s;+E5;.

Note that we have

S SPO[Q) =1, VEe0,1], VCE (VN Yig) \{a}.

Jj=1

Therefore, one has, since

q q
Z 1)~ 1sj/\dsl)/\5<p.

(3.9)



on [0, 1]. It follows from (3.9) that

Res [f[ly“ﬂ — (—1)h, /Y (i(q)jls} A 3) A g

l#j

q 4

> (<1915, A

J: —
= (-1 A al A Op

(D% |, TE
= Res [A[Y]/\gp] .
gl,....,gq

this concludes the proof of the proposition. <

As a consequence of this result, we will state in the algebraic context the
following analogue of the global transformation law. We need first some ad-
ditional of notation. Assume that W is a ¢-dimensional irreducible algebraic
subvariety in the affine space A{ (the integration current on |W| without
multiplicities taken into account being denoted as [W]) and that P, ..., P, are
q elements in C[X1, ..., X,] such that |[W|NV (P, ..., P,) is a discrete (hence
finite) algebraic subset of C". For any @) € C[Xj, ..., X,,], any ordered subset
{i1,..., 44} of {1,...,n}, we will denote as

WIAQ A dX,,
Res =1

P, .., F,
the result of the action of the W-restricted current

[W]MO]

> Res {Pl, .. P,

on the (g,0)-test form Q(¢)¥(¢) AlL; d¢;,, where v is any test-function in
D(C™) which equals 1 in a neighborhood of |W| NV (P). If

M
F = Z Vjo
j=1

(where W1, ..., Wy, are M irreducible algebraic subsets in C™ and v; € IN¥,
j=1,...., M) is an effective g-dimensional algebraic cycle in the affine space
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C™ and P, ..., P, are ¢ polynomials such that W, NV (P) is discrete for any
7 =1,....,M, we will also denote as

TIAQ A dX;
Res =1

P, ... P,

the weighted sum
q
> v;Res =1
=1 P,.., P,

Corollary 3.2 Let T' be an effective q-dimensional algebraic cycle in the
affine space C" and Py, ..., P;, Ry, ..., R, be 2q polynomials such that SuppI'N
V(P,...,P;) and Supp' N V(Ry, ..., R,) are discrete (hence finite) algebraic
subsets of C™. Assume that there is a (q, q)-matriz of polynomials [Aj|1<ki<q
such that .
Re =Y AuP on Suppl k=1, .,q.

=1
Then, for any Q € C[X, ..., X,], any ordered subset {i1,...,1,} of {1,...,n},
one has

q q
TIAQ A dX;, TIAAQ A dX;,
Res =1 = Res =1 : (3.10)
P,...P, Ri,... R,

where A denotes the determinant of the matriz [Ay|i1<ki<q-

Another key point about the restricted residual current in the discrete context
is the following annihilator property :

Proposition 3.3 Let Y be an irreducible g-dimensional analytic subset of
UcC C"and fi, ..., f; be q functions holomorphic in U such that Y NV (f) is
a discrete analytic set. Then one has, for k=1,...,q,

Res [fﬁl[Y]A;q)] =0 (3.11)
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Proof. We give here a self-contained proof of the above proposition. Ac-
tually, because of the properties quoted in Corollary 3.1, it is enough to
show that if @« € V(P)NY and ¢ is a test-function with support arbitrar-
ily small about @ with ¢ = 1 in some neighborhood v, of «, then, for any
function h € C°°(U) which is holomorphic on v,, for any ordered subset
T ={i1,....,iq} C {1,...,n}, one has, for j =1,...,q,

LY A hpdlz
Res { Froor o

One can use Stokes’ formula (as in the proof of Proposition 3.2) and write

=0.

Res {f’c[}?’/\}f‘;qd&} = (—=1)%w, /Yreg hfk(ji(—l)j_lsj z/q\1 dsl) Ay AdCr,

I#]

where s; := f;/||flI?, 7 =1,...,q. One can see at once that

fk(i(—l)j_lsj' /q\ dsi) NG A[Y] = ( /q\ dsi) NIp AdG N[V

1#j I#£k
q
= +d [Sk( A ds,) Ao A dlr A [Y]]
=1
1#k,k/

for k' # k, since s1f1 + -+ + s,fy = 1 on Y N Supp dyp, which shows that

q q B
[ (3217715 A dst) AT A diz =0
as a consequence of Stokes” formula on Y. <

We remark here that there is an alternate proof of the last proposition. In

fact, when m < q and f1, ..., f,, define a complete intersection on Y, one can
show that the restricted residual current
YIA()
Res [ [ ]
fl? tey fm

coincides with the Coleff-Herrera current ( ey fj)) AlY] as it is defined
in [CH]. The proof of this claim can be carried out as it was done in the
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non restricted case in [PTY], section 5. Since the proof of this fact is rather
tedious, we will not give it here. A consequence of this result is that, when
fiyeoiy fm (m < q) define a complete intersection on Y, one has for k =

1,...,m,
s [4710) - Rag)

(see [CH]). This implies the proposition when m = g.

Note moreover that Proposition 3.2 also holds when m < ¢ : namely, if
(f1,--s fm) and (g1, ..., gm) define complete intersections on Y and are such
that there exist holomorphic functions ag;, 1 < k,l < m in the ambient space
U satisfying

Zakl k—l m,§€Y7

then formula (3.8) remains valid with m instead of ¢.

4 An Abel-Jacobi formula in the restricted
case (analytic approach)

One of the key facts about restricted residual currents (as defined through
the analytic approach described in section 3) is that they satisfy (in the 0-
dimensional complete intersection setting) Abel-Jacobi’s formula, exactly as
in the non-restricted case (see [VY]). Such a result will be, together with the
validity of the transformation law in the restricted context) a crucial fact in
order to compare our analytic approach and the algebraic one.

Proposition 4.1 Let W be a q-dimensional irreducible affine algebraic sub-
variety of the affine scheme A (0 < ¢ < n) and Py, ..., P, be g polynomials in
C[X1, ..., X,] such that there exist strictly positive rational numbers o1, ..., 6,
and two constants K >0, k > 0 with :

> K. (4.1)

ce|Wl, Kl > K = Z_: HCH& =
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Then, for any Q € C[X, ..., X,] such that degQ < 01+ -+, — q, for any
multi-index (iy, ...,1,) in {1,...,n}9,

WIAQ A dX,,
=1

Res =0. (4.2)

P,.., P,
Before we give the proof of this result, let us state an important corollary :

Corollary 4.1 Let W be a q-dimensional irreducible algebraic subvariety in
the affine scheme A} and W be its completion in Proj C[Xy, ..., X,]. Let
Py, ..., P, be q elements in C[Xy,...,X,|, with respective degrees Dy, ..., D,
such that

WIn{[G . 6] €PYC); "Pi(Gos s Gr) =0, G =1,...,q} € C,
(4.3)

where "P;, j = 1,...,q, denotes the homogeneization of the polynomial P;.
Then, for any Q € C[Xy, ..., X,] such that deg@Q < Dy + ---+ D, — q, for
any multi-index (iq, ...,1,) in {1,...,n}9,

WIAQ A dX,,
=1

Res =0 (4.4)

P, .., P,
Proof of Corollary 4.1. Assume that
W= {[Go ¢ o Gl € PHC): "Gy(GoreoGa) = 0, j = 1,0 N},

where Gi, ..., Gy are homogeneous polynomials in ¢ = (Coy---, Cn)- Condition
(4.3) implies that

|W| n {[CO Dot gn] S ]Pn(c)v th(CO»-”aCn) = 07 j = 1a >Q}

is a finite set in C™ ; this implies (through a compacity argument) that there
exists K,k > 0 such that, for any (¢, ..., (,) € C"™\ {(0,...,0)} such that

(G2 +--+1aP)"” 2 KlGl.

24



one has

IICIID HCHdeggl B
Condition (4.1) with (5j = Dj, j = 1,...,q, holds if we restrict to the affine
space C". The statement (4.4) follows then from (4.2).

We remark that a proposition similar to Proposition 4.1 was proved in the
non restricted case (W = Ag) in [VY]. Unfortunately, the proof which is
given there (and depends heavily on resolution of singularities on the analytic
manifold P"(C)) cannot immediately be transposed to the restricted case
(since the Zariski closure |[W| of |W| in P"(C) is not a smooth manifold
anymore). Instead, we will follow an alternative approach (applicable also
for the case ¢ = n), based on an argument in the affine space (and not in its
compactification P"(C)), which was proposed by Hai Zhang in [Z]. Our task
has been to adapt this argument to the restricted case.

Note that, if z = Aw is a linear change of variables in C", one has, for any
element in D@0 (C")

Res [ W] A q ~ Res [[A%W)J A A%

fis - fq fioA, .., f0A

Therefore, we do not loose generality is we assume that Z = {1, ...,¢} and
that the projection

II (Cl, ---7Cn) = (Clv ---»Cq)

is a proper map from |W| to C? (coordinates can be choosen in such a way
that Noether normalization theorem applies respect to any (q,n—q) splitting
¢ = (¢’,¢") of the set of variables ((i, ..., (), see for example [Fo, Ru]).

For ¢;, © = 1,...,q which appear in the statement of Proposition 4.1 we
choose a positive integer N large enough so that

q

N[[da>2, j=1,....q. (4.5)
=1
I#37

Then, let
q
oll = NH(S,, j=1,..q,

=1
1#]
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and .
§:=Nb&---6,=6;0", j=1,..,q.

Similarly, for the polynomials P, ..., F,, one can define, in the affine open
set C"\ {P,--- P, =0}, the C* functions

’P"(SU]
5j = qjim, j=1,..q.
P, 3 IR

These functions 3, j = 1,...,q, extend (provided N >> 1) to C* functions

in C™\ V(P), satistying

q
Si(OP(Q) =1, (eC"\V(P).

1

J

Let finally ’
J .
u; ::\Pj]‘s 2. j=1,..4q

and

a
Si=>ul = |ul?.
=1

At this point we return to the

Proof of Proposition 4.1. One can suppose without any loss of gener-
ality that {i,...,i,} = {1,...,q} and that the projection II is a proper map
from |W| to C?. Condition (4.1) implies the existence of a strictly positive
constant sy such that

S©C) > knlCI°, Ce W], <> K. (4.6)

Let
0 € D(] — 3kn/4,3kN/4]

such that # = 1 on [—ky/4, kN /4] ; for any R > 0, let the element ¢p in
C1(C") defined as

pr ¢ 0(S(Q)/R).
Since the restriction SHWl is a proper map (all d,’s, j = 1, ..., ¢, being strictly
positive) and V(P) N |W| is a discrete (hence finite) algebraic subset of C"
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(this follows also from (4.1)), there exists Ry such that for R > Ry, pp =1
in a neighborhood of |W| N V(P). Therefore, if
P;

) j
Sj

BRI

one has (see for example formula (3.9))

q
[WIAQ A dX;
Res =1
P, ... P,
= Cq /|W| (Z(—l)jilé’j /\ dSl) A QdC/ VAN 8@3
reg =1 =1
l#j

(4.7)

for any R > Ry, where d¢' = A}_, d(;. Tt follows from an homotopy argument
similar to the one which is developed in the proof of Proposition 3.2 that

WIAQ A dX
Res =1
P, ... P,
q T -
= Cq /|W|reg (]Zl(—l)J 8]‘ l:/\l dSl) A\ ng A aQOR
1#]
- cq/ (S(-1)15; A\ 93) AQdC A g
Wieg * 55 é;l

(4.8)

for any R > Ry. Since P;5; = u?/S, j =1,...,q, one can rewrite (4.8) as

q
WIAQ A dX;

Res =1

P.,...P,

Zq:(—l)j_luj /q\ du;
ot [ (LB 2 ow s
= C — U
15w VR K o



q
du
) Julf?
Sy, V) == Al dc’.
W5 ™) g M T ) 2
(4.9)

(—1)7¢ 20!
B R(g /|W|reg (

For any order J C {1, ...,q}, let
q
Wy = /\ dOéjJ
j=1
where ReC if je 7
e(; 1I j €
i) = {1 i) 5 7,

then one can write

In order to prove formula (4.4), it is enough to prove that for any J C
{1,...,q}, one has, as soon as deg @) < 61 + -+ 0, — ¢,

q
du
T1 Cpyl -z N N
Rll}}rloo [m/wreg (]];IIP]'U/] >HUH2(‘]—1) /\0 Ré QWJ(C) —0

(4.10)

Since the restriction of P = (P, ..., P,) to each connected sheet F (above the
(’-space) of the 2¢-dimensional real manifold |W|,e is proper, the map

Frr : CeEFr (U, ....0074)

is a R*-valued proper map, with topological degree ds . Moreover, condi-
tion (4.6) implies that, for R > K,

Supp(0(S/R%)) € {C € €™+ |[¢]| < R}
Actually, for ||(|| > R > K, one has

S(¢) > rn||C|IP > kv R® > (3rn/4)RC.
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For such R, one has

QO(S/R%)| < CRIY=Q,

e

“\

oo

where C' = C'(0, Q) is a positive constant. It follows then from the properness
of all maps F7 » and from the positivity of the differential form

q 1_% q
(H u; ™ ) N dw
j =1

Jj=1

in ]0, co[? that

1
R

L Adu e
/|W|reg('1;[ P ' )HuHQ(Q_l)/\ ( >Q J(C)

(Edjf) C RiQ s /\ duy
RO (/‘Nfi‘*<||u||2<3””"NR (H )IIUIIQ(q 1)

7=1
x(/ dtl/\---/\dtq>
Itl<r

(Z dJ”’F) Cn RdegQ@+q

< R </ * <Jufp< (ﬁ 2]);\dw>

Jj=1 =1

<

(Z dg, }') RdegQ+q " > (kﬁ)ﬂ%
i .
< (X dgr) Cyz REECHTT" "0 = o(1),
.7_—

[MIEY

IN

which proves the conclusion (4.10) we need. The proof of Proposition 4.1 is
therefore completed. <
5 Analytic versus algebraic approach

Let X be an integral C—Variety of dimension ¢ and Ds,...,D, be g Cartier
divisors on X’ such that |D;|N---N|D,| is finite. If w is a meromorphic form
in Q x)/C which has a simple pole along D; + - - - + D,, one may define (see
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[Hu], page 621) the local residue of w at any closed point a in |D;|N---N|Dy]|.
That is, if

_n

i fo

where n € w%(){)/cva and f; =0, 5 =1,...,¢q, is a local equation for D; at o
then

w =

Resx;p, ... D, (W) = Resciy)/ca ([fl n ; D )
T

When X is smooth, this definition agrees with the definition in [GH], chapter
5, section 1. (See [L1], Appendix A). Adding the hypothesis that X is C-
complete, one has (see Proposition 12.2, page 108, in [L2])

> Resx;p, ... Dy (W) =0,

a€|D1|N-N|Dy|

which is known as residue theorem on X (it extends the classical residue
theorem on a complete integral curve in its algebraic formulation, see [Se]).

Such a residue theorem holds in our analytic setting (and is essentially a
consequence of Stokes’ formula). Namely, if W is an integral algebraic ¢-
dimensional subscheme in A¢ (with completion W in Proj C[Xy, ..., X,])
and Py, ..., P, are ¢ polynomials in n variables such that |[W| N {"P, =--- =
"P, = 0} is finite and included in C", then ([W] being understood as the
integration current free of multiplicities),

WIAQ(X)dX;, A--- NdX;, _

Res P, ... P,

0

when deg @ < Y9_,deg P; — ¢ — 1 (corollary 4.1) for any ordered subset
{i1,..igt C {1,....n}.

On the other hand, the transformation law holds for our analytic restricted
residue (see Corollary 3.2). Such a transformation law remains valid (in its

local formulation) for restricted residue symbols defined through the algebraic
approach (see Theorem 2.4 in [HK1]).

Finally, the local residue symbol
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where
n

 fieee f.’
n e ng(X)/C,a and f; =0, 5 =1,...,q, is a local equation for D; at «, equals
to 0 as soon as n = f;7] for some 7] € W yy/c, (see also [HK1], section 2).

The same annihilation property is satisfied by the restricted residual current
(Proposition 3.3).

w

Our goal in this section is to profit from the fact that both restricted resid-
ual objects (defined through the algebraic or analytic approach) satisfy the
transformation law, the residue formula, the annihilation property, in or-
der to show that they coincide. Therefore, we are able to give an algebraic
formulation of the Proposition 4.1, which is the Theorem 2.1 stated in our
preliminaries section.

In order to do that, we will need the following technical lemma :

Lemma 5.1 Let |W| be an irreducible q-dimensional algebraic set in C"
and |W)| its Zariski closure in P"(C). Let also Py, ..., P, be q polynomials in
C[X1, ..., X,] such that V(P)N|W| is a discrete (hence finite) algebraic subset
of C", with 0 € V(P) N |W|. Then, there exists Ny > 0 such that, for any
integer N > Ny, one can find gn + 1 complex parameters u,, j = 1,...,q,
kE=1,...,n,te C*, so that, if

PV(X) = tP(X) + (Y upXe) . G=1,..0,
k=1

one has :
e any point o € |W| NV (PND) but 0 belongs to |[W e ;
o the set
IWINnA{[( : ... : (] € PH(C) : th(N’u’t)(Co, Cn) =0, 7=1,....q}
s contained in C".

Proof. Since |W]| is irreducible and ¢-dimensional, one has dim |W|gne < ¢ ;
one can find an algebraic affine hypersurface H := {{ € C"; H({) = 0}
(with Zariski closure |H|) such that |[Wlgn, C H and dim ([W| N |H]) < q.
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Let Nop > degPj, j =1,...,q, and N > Ny. Assume also that N > ppu (0),
where ppw (0) is the order of vanishing of P at the origin (along |W1).
Letu = [uj), 7 =1,...,q, k =1, ...,n, be a (¢, n) matrix with generic complex
entries,

M, ={CeC" : upG+ - +upnG=0, j=1,...,q}

and |M,| its Zariski closure in P"(C). Since dim |[W| = ¢ and dim (|W| N
H|) < q, IM,| N0 |W| C C* and |M,| N W|N|H| = {0} for u generic.
Therefore, for such a generic choice of u (u = u°) (this choice will be refined
later), for any ¢ € C*, the polynomials

B (X) + (Wi Xa 4o+ Xo)™ G = 1,

define in C" an algebraic set ZN4"9 whose closure ZV4"0 in P*(C) in-
tersects [WW| only at points in C™ (note that 0 is one of these points). The
algebraic set |[W| N ZNw’0 can be described as

W[ N Z00 = ((ND (W0 8), ., (N (1)} U {0}

where m is fixed (depending on N and |W|) and the t — (M) (u0,1), j =
1,...,m, are algebraic C™-valued functions of ¢ which are not identically 0 and
can be classified in two classes, depending on their behavior when |¢| tends to
zero. A branch t — (V9 (u0 ¢) will be in the first class if (V) (u,t) tends
to zero when [¢| tends to 0. It will be in the second class if (V) (u°, t) tends
to a point in |[W| N M,e which is distinct from 0 when |¢| goes to 0. Tt follows
then from M, N|W|N H = {0} that none of the functions

t— H(CWVD (W0, 1))

where t +— (N9 (u°,t) belongs to the second category, can be identically
equal to 0. The behavior of branches of the first category can now be studied
when |¢| goes to infinity. The assumption on /N ensures us that such branches
either approach points in ([W| NV (P)) \ {0}, either satisfy

lim |¢N9D (w0 t)| = +o0

[t|—o0

in the second alternative. The hypothesis on u° implies that the function
t — H(CW(u°,t)) is not identically 0 if we are in the second alternative.
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If u" is conveniently choosen (in terms of the Taylor developments at the
first order for P, ..., P, at the points in (|[W| N V(P)) \ {0}, the assertion
t = H(CW9)(u® 1)) # 0 also holds for branches concerned by the first alter-
native. Finally, for any branch ¢ — (™) (u°,t), one has H (™9 (u°,t) # 0.
Therefore, once u° has been conveniently chosen, one can pick up ¢ # 0 such
that the map P& %) gatisfies the assertions of the lemma. ¢

We can now relate the analytic and algebraic approaches for restricted resid-
ual symbols.

Proposition 5.1 Let W be a complete integral C-variety of dimension q,
embedded in the projective scheme Proj C[Xo, ..., X,,], « be a closed point in
(W] such that o € C" and Dy,...,D, be q Cartier divisors on W so that the
intersection |Dy| N --- N |D,| defines a zero-dimensional scheme on W in a

neighborhood of a. If

where n = QdX;, N --- NdX;,, Q@ € C[Xy,...,X,] induces an element in
qu(X)/C@ and P, ..., P, are elements in C[Xy,...,X,] such that P;, j =
1,...,q, is a local equation for D; at «, then, for any function ¢ € D(C")
with arbitrary small support around o satisfying o = 1 in a neighborhood of
a, one has

WIA
R I
Proof. One can assume for the sake of simplicity that o = 0. Let M be the
maximal ideal (X7, ..., X;,) in the local algebra Ocx, ... x,],0 and (I(WW))o the
localization at 0 of the radical ideal

.....

IW):={g€ClXy,...,X,]; 9(() =0V € (W NC"}.
Choose p € IN* such that
M? € ([(Py, ..., Py)al*, I(W)a) .

It follows from the validity of the transformation law and the annihilating
property in the algebraic context that, if

Py(X) = P(X) + (Z w X',
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then one has, for any n = QdX;, A--- AN dX; , Q € C[Xy,..., X,], that

R]) = Resw;ﬁl ,,,,, 5q,0 (ﬁlrr]ﬁq> s (52)

where ﬁj, j=1,...,q, is the Cartier divisor on W with local equation ]5] in a
neighborhood of the origin. On the other hand, it follows from Proposition
3.2 and Proposition 3.3 that, for any test-function ¢ with arbitrary small
support around the origin, one has also

Res [[21/7]/\7?:7] = Res [U]gl/’]/\’%ﬂ ) (5.3)

If the uj,, j = 1,...,q, k = 1,...,n are generic (see for example the con-
struction in the proof of Lemma 5.1), the algebraic set V(P) N |[W| N C"
is discrete (hence finite). We can then conclude from (5.2) and (5.3) that
in order to prove (5.1), it is not restrictive to assume that the algebraic set

V(P)N|W| N C™ is finite, what we will do from now on.

The same argument as above shows that, in order to prove (5.1), one can
replace P;, j =1, ..., q, by the polynomial

lﬁ(N,u,t)

t J

constructed in Lemma 5.1 (IV being choosen sufficiently large, certainly such
that N > maxdeg P;, MY C (I(P)o, I(W)p)) and deg@ < ¢(N — 1)), and
this is what we do (preserving the notations P; and D;). As a consequence
of the residue formula in the algebraic context (which we recalled at the
beginning of this section) and of Corollary 4.1, one has

U (WA en
Z Resw.p,,.Dp0 55— ) = Z Res {
aeV(P)NW(C) ' <P1 "' Pq) eV (P)NW(C) Py, By

(5.4)

whenever ¢ is a test-function in D(C") with arbitrary small support around
the points a« € V(P) N |[W|, such that ¢ = 1 in a neighborhood of each
of these points (¢, will denote next ¢ #6,, where 6, is a test-function with
support arbitrary small around « and 6, = 1 in a neighborhood of «). If «
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is any point in V' (P) N |[W| distinct from 0, W is smooth about a (Lemma
5.1, first assertion) and we know in this case that

n WIA@a
ReSW;Dh...,Dq,a (P1Pq> = Res [[Pl],?ppqn} R (55)

since the construction of our restricted residual currents corresponds to the
construction proposed in [GH], chapter 5, section 1 (this is a consequence
of the classical relation between Bochner-Martinelli and Cauchy kernels),
which is known to fit with the algebraic approach in the smooth case (as
it was recalled at the beginning of this section). Formula (5.1) follows then
from (5.4) and from the identifications (5.5). <

Proof of Theorem 2.1. We may now transpose to the algebraic context
the analytic result stated in Proposition 4.1. This gives the statement of the
Theorem 2.1 of our introduction, provided we remember that we have

ReSW;'Dh_,_”Dq,a (W) - ReSC(W)/C’a ([fl 77 f ‘|>
s Jq

for any point a in |[W| N |Dy|N--- N |Dy| N C™ (here we just assume that
Ds,...,D,, define a 0-dimensional scheme on W, there is no assumption about
what happens on W]\ [W]) and any w in ¢y, ¢ with simple poles (in W)
along Dy +---+D, (n= f1--- fyw, where f; denotes a local equation for the
Cartier divisor D;). Since the reference to the divisors Dy, ..., D, was implicit
in the expression of the element in Qqc(w) Jcr e used the abridged notation
Resy o[ | instead of Resw.p,....p,.« in order to formulate the statement in this
theorem.

As a direct consequence we formulate the restricted version of the Cayley-
Bacharach Theorem.

Corollary 5.1 Let W be a g-dimensional irreducible affine algebraic subva-
riety in Ag (0 < ¢ < n) and P, ..., P, be q polynomials in C[Xq,..., X,]
satisfying the condition (2.2). Assume also that V(P) and |W| intersect
transversally at any of the k distinct points which constitute V(P) N |W].
Then any algebraic hypersurface {Q = 0}, @ € C[Xy,..., X,], such that
deg@Q < 61 + -+ + 0, — q, which passes through any k — 1 points of the set
V(P) N |W| passes through the last one also.
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6 An affine version of Wood’s theorem.

Let 71, ...,7a be d pieces of manifold in P"(C) and |£y | be a line in P"(C)
which intersects each of the 7; transversally respectively at distinct points
pjo, J = 1,...,d. Assume that affine coordinates are such that the support
|Lool| is the line ¢; = -+ = (,—; = 0. Then, for (a,3) € (C"1)? close to
(0,0), the projective line

|Lagl ={[Co: . :G]EP(C); =0 G+ Bk, k=1,...,n—1}

intersects transversally 7,...,74 at the respective points p;(«, (3),..., pa(a, 5)
(pj(a, ) being close to pjp). In [W], J. Wood gave a simple criterion for the
local germs of manifold ~1, ..., v; to be germs of a global algebraic hypersur-
face (with degree d) |H| in P"(C) satisfying the relation such that

’H| N “Ca,5| = {p1<06,ﬁ), "'7pd(057ﬁ)}

for (a, B) close to (0,0). The (necessary and sufficient) condition he gave can
be formulated as follows :

Z Galpj(c, B)] = ho(a) + ni hi. () B , (6.6)
=1 k=1

where hq, ..., h,_1 are germs of holomorphic functions in « at the origin (here
Ca[p], where p denotes a point in C", means the n-th affine coordinate of
p). Note that the algebraic hypersurface |H| (in P"(C)) which interpolates
Y1, .-, Va 1s such that its intersection at infinity with any line |£, |, with
(ar, B) close to (0,0), is empty. What we would like to state here is an affine
analog of this result, P"(C) being replaced by some irreducible ¢-dimensional
affine algebraic subvariety of C" (¢ = 2,...,n).

Let us first state the following easy consequence of our Theorem 2.1.

Proposition 6.1 Let W be an algebraic irreducible q-dimensional subvariety
of the affine scheme A (with 2 < g < n), m be a positive integer strictly be-
tween 0 and q, and 71,...,7q4 be d disjoint pieces of q—m-dimensional analytic

manifold such that v; lies in |Wlyeg for j =1,...,d. Furthermore, assume that
the affine n + m — g-dimensional subspace

LO,O = {CGC”,Ck:O, k?:l,,q—m}
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intersects each v; transversally respectively at points pjo, j = 1, ...,d. Suppose
that there are strictly positive rational numbers o1, ...,0,, and polynomials
Py, ..., P, withdeg P; =d; >9;, 7 =1,...,m, such that

o |W|NV(P) is a ¢ — m-dimensional variety in C" which interpolates
the pieces ~y; and is such that |W| NV (P)N Lo = {p10,---sPdo} ;

e there exists strictly positive constants k, K such that

ceml Iz K= SRS Pree 6)

Then, for (a, 3) close to (0,0) in (C*T™~9)4=™ x CI~™  the affine n+m —q-
dimensional subspace
n+m—q
Laﬁ = {C € Cn’ Ck = Z Oék,r(qu%ﬂ'—i_ﬁk; k= 1”q_m}

r=1

intersects each ~y; transversally respectively at the points p;(a, 3), j =1,...,d
(necessarily distinct and close to the pjo) and one has

d
S G B)] = 3 hP(@) sl l=q—m+ 1,0, (6.8)
j=1

keNg—m
[k|<p+1

where the hg) are germs of holomorphic functions in o about the origin and

pi=3(d— 5))

j=1
Proof. Let, for k =1,...,q — m,
n+m—q
Aa,ﬁ,k(g) = Ck - Z Ok r qum+r - Bku C € Cn;
r=1

condition (6.7) implies that, when («, 3) is sufficiently close to (0, 0), one has

A,
cem iz 0= SIS Beatllo 20 e
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This shows that for («, 3) close to (0,0), the only points in L, N |[W|NV(P)
are d points p;(c, 3), j = 1, ..., d which approach the points pyg, ..., pso (about
each of these points, one can use the implicit function theorem in order to
describe the intersection v; N Ly3). This proves the first assertion of the
proposition.

It follows from Proposition 4.1 that, as soon as the multi-index £ € INT™™ is
such that

m

m qg—m m
Y= +1<DY 6+ > (ki+1)—qg=>0;+ k| —m,
j=1

j=1 j=1 =1

then, for [ = ¢ — m + 1,...,n, for any finite ordered subset {i1,...,7;_m} C

{1,...,n},

W] A X, (jgl dP;) A (7\? ax.,)

Res =0

Pl, ceey Pm, (Aa”&l)kl—i_l, ceey (Aa7ﬁ’q,m)kq7m+l
for (a, 3) such that (6.9) holds. It is immediate to check (use for exam-
ple formula (4.7)) that for such (a, ), one has, for any multi-index k =
(k1 .oy kgem) € NI

m qg—m
I . WA X, ( A dP;) A ( A dx;,)
es = =
opfr - 0B,

P].? R Pm7Aa7/6717 ""AOé7ﬁ,q—m

W] A X, (jgl dP;) A (‘Z\T ax.,)

= + Res . (6.10)

Pla ) Pma (Aa,ﬁJ)lirla ) (Aa,ﬁ,q—m)kq_erl
Then it follows from (6.9) that the right-hand side of (6.10) (hence the left-
hand side) equals identically 0 when

k| >> (d;—d6;)+1=p+1.

J=1

This proves that, when (a, 3) is close to (0,0) and l =m —q+1,...,n,

m q—m
! WIAG( AdP)A( A dhag,
> Glpi(a, B)] = Res (jzl ]> ( i )
Jj=1 Pla e Pm, Aaﬁ,l, ey Aa,ﬁ,q—m
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is a polynomial expression in § = (i, ..., B,—m) With total degree at most p+1
(the coefficients being holomorphic functions in «). The second assertion of
the proposition is proved. <

Remark. Note that we recover here as a particular case the necessity of
Wood’s condition in the case W = Ag, m =1, 6; = dy = d, which means
precisely that in this case we also impose the restriction

{E e P"(C); hpl(g) =0} N 1[Loo| = {P10,--»Pa0} -

Furthermore, one can state the following proposition, which appears as a
weak converse of Proposition 6.1 in the affine setting.

Proposition 6.2 Let vq,...,7q4 be d disjoint pieces of n — m-dimensional an-
alytic manifold (1 < m < n) in the affine space C". Suppose that for any
(v, B) € (C™)"=™ x C™™™ close to (0,0), the affine m-dimensional subspace

Log = {C eC"; G = Z o Cpmr + Ok, k=1,...,n — m}

r=1

intersects transversally vi,...,7q4 respectively at points pi(c, 3), ..., pa(a, B3).
Assume that there exists D € N and analytic functions h,(f), k| < D+1,
l=n—m+1,..,n, in a neighborhood of 0 in (C™)"~™ such that for (o, 3)
close to (0,0) in (C™)*~™ x C*™™ for anyl=n—m+1,...,n,

d
S Gl B = Y B () Bl B (6.11)
j:1 keNn—m

|k|<D+1

Then, one can find a collection of polynomials (P,),c7 with degree at most
d + D which define an affine algebraic variety V(P) such that for some con-
venient constants € >0, k >0, K >0, one has :

o if
F€ = U Laﬂ,

(a,B)€(CM)N—m x Cn—m
max([lel,[|8]])<e

then

¢ele, [l = K = max|[P(()] = wlICH (6.12)
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o for max(||all,||B) <€, one has
La,ﬂmV(P) = {pl(CY)ﬁ)a"'apd(a’ﬁ)}‘ (613)

The proof of this proposition is directly inspired on [W] (page 237, proof of
the sufficiency). First we observe, as in Wood’s argument, that conditions
(6.11) imply that for any integer ¢ € IN*, for any | = n —m +1,...,n, one
has, for («, 3) close to (0,0) in (C™)"™ x C*™™

S(lpi(a, ) = > B(a) Bl B (6.14)

7j=1 keNn—m
lk|<D+o

where the h((,l)k are analytic functions in « in a neighborhood of 0. One can
then define, for any [ = n — m + 1, ...,n, the polynomial A; in the variable
X; (with coefficients analytic in « and polynomial in 3) as

A(X o ) = E(Xz—Cl[pj(Oéaﬁ)])
= X' — An(o, )X+ 4 (1) Aj(er, B)

(6.15)

(cv and S close to 0 in their respective spaces). For any such «, denote as
P, the element in C[Xj, ..., X,,] defined as

Pl,a(X) = Al (Xl, a; Xl - Z al,an—m—i-ra ) Xn—m - Z an—m,an—m—i—r) .
= r=1

For each « close to 0 and each | € {n —m +1,...,n}, P, is a polynomial in
variables (X, ..., X,,) with total degree less than d+ D, such that all pieces of
manifold v, ..., 74 lie in V(P —mi1.as -y Pna) for any a close to 0 in (C™)"~™

Let now F be the finite subset in L defined as
(e F<=Vi=n—-m+1,.,n, Fj{l,....d}, ¢ ={lpjo

and F' := F \ {p10, ---» a0}, and A be an affine form in X,,_,,41, ..., X, such
that for any ¢ € F,

A(Q) # Alpjo), 7 =1,....d;
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if
B(Xp_mits o Xn: B) = H(A(Xn—m—i-la - X)) = Alp;(0,3)])

and Q(X) := B(Xu_ma1s s Xn; X1, Xpuom), one can check that the col-
lection of all polynomials P, ,, [ =n —m + 1,...,n, together with the poly-
nomial @ fits with the assertions (6.12) and (6.13). <

In the particular case m = 1, one can be more precise and repeat Wood’s
argument in order to obtain the following :

Proposition 6.3 Let vy,...,74 be d disjoint pieces of smooth analytic hyper-
surface in the affine space C". Suppose that for any (a,3) € (C"1)? close
to (0,0), the affine line

La,,@ = {QGC”;Ck:akgn—i—ﬁk, k:zl,...,n—l}

intersects transversally vi,...,7q4 respectively at points pi(c, 3), ..., pa(a, B).
Assume that there exists D € IN and analytic functions hg, k| < D + 1,
in a neighborhood of 0 in C™"~! such that for («, 3) close to (0,0) in (C" )%,

d
Z:Cn[pj(a,ﬁ)}Z S hgla) g g

kenn—m
|E|<D+1

(one from the hy for |k| = D + 1 being non identically zero). Then, one
can find a polynomial P with degree d + D which defines an affine algebraic
variety V(P) such that for some convenient constants € > 0, kK > 0, K > 0,
one has :

o if
F€ = U Laﬂ,

(a,B)€(CM)n—m x Cn—m
max([|e|l,||8]])<e

then

¢ele, <l =2 K =[Pl = &l¢]1*;

o for max(||all,||B) <€, one has

La,ﬁ N V(P) = {pl(a/7ﬁ)7 "'apd(aaﬁ)} :

41



Remark. In the particular case W = A{, m = 1, Proposition 6.3 appears
as the reciprocal assertion to Proposition 6.1. The difficulty in the more
general case W = A{, m > 1, is to be able to interpolate the germs 71, ..., 74
by an algebraic complete intersection V (P, ..., Py,). It does not seem possible
when m > 1 even if conditions (6.10) are satisfied with D = 0 (which would
mean that the projective variety {"P, = ... = "P,, = 0} corresponding to
the complete intersection V' (P) that interpolates the pieces 7; does not hit
|Hoo|N[Loo|). We do not have the answer to that question yet. Nevertheless,
Proposition 6.2 can be seen as an attempt to settle a converse to Proposition
6.1 in general.
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