Let V' be a n-dimensional Stein manifold, I be a closed ideal of holomorphic functions on V. It was
proved by Roger Gay that, given an analytic functional T such that hT = 0 (as a functional) for any h € I,
one can find some (n,n) compactly supported current T, such that T(¢) = 0 for any ¢ € IE%0(V) and
T(h) = T(h) for any h analytic on V. In this paper, we give some explicit construction of T in terms
of residual currents when I is defined as a complete intersection or is locally Cohen-Macaulay. Moreover,
by means of integral representation formulas of the Andersson-Berndtsson-Passare type, we also study the
non complete intersection case in order to represent analytic functionals orthogonal to the ideal in terms of
currents annihilated (as currents) by some power (less than n) of the local integral closure of 1E%°(V).

1. Introduction.

In [15], [16], one of us considered the following problem: give integral representations for entire solutions
with exponential type in C™ to some particular system of convolution equations. Let IE%°(C") be an ideal
in £90(C") := C>°(C") generated (as an ideal in £%°(C")), by holomorphic functions which correspond to
characteristic functions of the given equations. Using the techniques developed in the two papers quoted
above, it is possible to prove the existence of (n,n) compactly supported currents 7' in C™, orthogonal (as
currents) to such an ideal I€%0(C™); the integral representation of a solution h of the convolution equation
(or the system of convolution equations) is then of the form

hz) =<T((), exp(< (2 >) >, (1.1)

where T' = T}, is such a current. In this setting, this was a version of the so called Ehrenpreis’s fundamental
Principle. The results obtained in [15], [16], were, in some sense, optimum, as long as we limited ourselves to
the use of cohomology without any growth conditions. Nevertheless, some natural questions were remaining
unanswered. Among them, the following: given a compactly supported (n,n) current T orthogonal to some
ideal 1€%9(C™), is there any representation of T' in terms of residual currents (as defined in Coleff-Herrera’s
work [8])7 Or also this one: can one make T (in (1.1)) completely explicit (in terms of the characteristic
functions of the convolution equations)?

The aim of this paper is to give a preliminary answer, which will be partial but positive and complete in
some particular cases, to such questions. We will use two different kinds of techniques: one is cohomologic
and is based on [15], [16]; the other one, more analytic in nature, is inspired by our approach of residue
currents and division formulas via analytic continuation ([4], [5], [7],[36]).

The fundamental notion that appears in this context is the notion of analytic functional (on a complex
analytic manifold V', which will usually be a Stein manifold) orthogonal to some closed ideal I of holomorphic
functions on V. The set of all such functionals will be denoted by I*. In our application, V is a convex open
subset of C™. The exponential type functions, which are solutions of the system of convolution equations one
considers, are the Fourier-Borel transforms of compactly supported distributions with support included in the
zero set of the ideal I. In the one variable case, these distributions are linear combinations of Dirac masses
and derivatives of Dirac masses at some finite set of points; via Fourier-Borel transform, the corresponding
exponential type entire functions are in this case the exponential polynomials. In the multivariable case, the
exponential type functions one obtains that way can be viewed as a natural generalization of exponential
polynomials in higher dimension (such a generalization is certainly as natural as considering exponential
polynomials in several variables, which correspond to zero dimensional ideals).

We will give, in Section 2, most of the background which is necessary in order to understand the
cohomological method of [16]. Then, in Section 3, we will study in detail (in the particular case where I
is given as a complete intersection) how residual currents play a role in this method (and how I can be
expressed in terms of them). In Section 4, we will apply cohomological methods to study situations more
general than complete intersections. We will describe in detail what happens in the case when I is locally
Cohen-Macaulay (for example, when T is a zero dimensional ideal). Finally, Section 5 will be devoted to the
description of the analytic method.

For a general survey about convolution equations, we refer to [6].

2. Some preliminary background.



From now on, V' will denote a complex analytic n-dimensional manifold, n > 1, which as usual we will
assume to be countable at infinity. O(V') denotes the Fréchet space of holomorphic functions on V. QP is
the sheaf of holomorphic p-forms on V', EP7 (resp. ‘DP*?) denotes the sheaf of (p, q) C* differential forms on
V (resp. (p,q) currents on V). As usual, O will be the sheaf of germs of holomorphic functions on V.

Let F be a sheaf of O modules. One can associate to the functor (from the category of sheaves of
O-modules with base V into itself)
M — Homo(F, M)

its successive derived functors (with values in the category of sheaves of O-modules with base V)
M = Exth(F,M), ¢>0. (2.1)

In the same vein, if ¢ denotes the family of all compact subsets of V', one can associate to the functor (from
the category of sheaves of O-modules with base V' into the category of abelian groups)

M — Hom, o(F, M) :=T(V,Homo (F, M))
its successive derived functors (with values in the category of abelian groups)
M= Extl (Vi F, M), ¢ > 0. (2.2)

One can do the same for the family of all closed subsets of V; the derived functors (still with values in the
category of abelian groups) will then be denoted as

M — Exts(V; F, M), ¢ > 0.

When F is coherent, one can compute these objects using local resolutions of F.

For any nonempty compact subset K C V, let gx be the semi-norm on O(V)

[ ax(f) =sup{|f(2)]; z € K}.

The standard topology on O(V') (that is that for which one has uniform convergence on any compact subset)
is defined by the family of all semi-norms gr, K being any compact of V. O(V'), equipped with this topology,
is a Frechet-Schwartz (FS) space. In particular, it is reflexive [23]. A linear form on O(V) is an analytic
functional if and only if there exists K CC V, ¢k > 0, such that, for any f € O(V),

| <T,f>|<crqr(f) (2.3)

Such a functional is said to be carried by the compact subset K (which is then called a carrier for T) if and
only if, for any relatively compact neighborhood Q of K, there exists C > 0, such that, for any f € O(V),

| <T,f>]| < Cagg(f) (2.4)

We will denote by O’ (V) the topologic dual of O(V), equipped with the strong topology. From Hahn-Banach
theorem, it follows that, if T is an analytic functional carried by some compact set K, then, for any open
subset Q of V' containing K, there exists a (n,n) compactly supported current 77, with support in €, such
that T3 represents T, that is

<T, f>=<T,f> feO(lV). (2.5)

We now recall Malgrange’s version [27] of the duality theorem of J. P. Serre [35]. As usual, d is the
(0,1) component of the exterior derivative.

Let us consider the two exact sequences of sheaves of O-modules with basis V:

I

0-02 000 . 2 c0m (2.6)



0—qn 202 . 2 pnn (2.7)

The sheaves involved in these two exact sequences satisfy interesting properties: for any x € V, for any
p,q € N (in particular when p = 0 and ¢ is arbitrary), ££7 is a flat O,-module; similarly, for any such (p, q)
(in particular when p = n and ¢ is arbitrary), ‘D27 is an injective O,-module (this is a consequence of the
theorem of division for distributions [26]). From these two properties, one can get ([27]) the following version
of Serre’s duality theorem.

Theorem 2.1 [27]. Let F be an analytic coherent sheaf of O-modules on V. The sequences of O-modules
onV
0=F—FRE0 ... 5 FQEM -0 (2.6)'

and
0 — Homo(F, Q") — Homo(F, D) — -+ — Homo(F, D™™) — 0 (2.7)

are in local duality; moreover (2.6)’ is an exact sequence.

In fact one can say much more. Let 0 < ¢ < n. Following Serre’s argument in [27], one can show the
following. If
L(V,F® &%) = T(V, F @ E%PF1)

are homomorphisms (the two spaces being considered as topological vector spaces) for p = ¢ and p = ¢ — 1,
then the cohomology space H?(V,F) (which can be identified to the g-cohomology group of the complex
(T(V, F ® £%*)) since (2.6)’ is a resolution with fine sheaves, (see [17], p. 181) is equipped with a canonical
Frechet space structure; its topologic dual is isomorphic to the the the n— g cohomology space of the complex

Le(V, Homo (F, " D™")),
that is to say,
Ext!' ! (V; F, Q") =
_ Ker{T.(V, Homo(F, D" 4)) — T.(V, Homo (F, D" 91))}
~ Im{T(V,Homo(F, D"=4-1)) — Tc(V, Homo (F, ‘Dn=49))}

For example, when V is a Stein manifold, it follows from the fact that H*(V, F) = 0 for k > 0 (Cartan’s
theorem B) that
NV, Fe &%) - T(V,F 2 %)

and
F(V,Fe&" ) :=T(V,F) - [(V,F &™)
are homomorphisms between topological vector spaces. Therefore, one can apply our version of Serre’s
theorem for ¢ = 0 and get that the space
Ext. o(V;F,Q") =
B L. (V,Homo (F, D™™))
~ Im {L.(V,Homo(F, Dn=1)) — T(V, Homo (F, “Dmm))}

is isomorphic (as a topological vector space) to the topologic dual space of T'(V, F) = H°(V, F). The duality
is realized thanks to the bilinear form

®: H'(V,F) x Ext! o(V; F,Q") - C

that can be expressed as follows. Since HO(V, F) = Exty,(V; O, F), one
can define, for u € H°(V, F) and v € Ext o (V; F,Q"),

U(u,v) =ueuv,
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where the e above is the composition product of Ext
Ext(,(V;0,F) x Ext} o(V; F,Q") — Ext o(V;0,Q").

Now

T. “pan
U(u,v) € Extg (V5 0,Q") = HI (V5 0,Q7) = M’

so that if ¢ is the trace map which is induced (as one takes quotients) by
T—<T,1> T.(V,D"") — C,

one can naturally define
D (u,v) = t(¥(u,v)),

which is the bilinear duality map.

Let V' be an open subset of C™ and T' some analytic functional which admits as a carrier some convex
compact subset K of V. The function from C” into C

2z F(T)(z) =<T¢,exp < (,z2>>

n
(where < (,z >:= Z (;zj) is called the Fourier-Borel Transform of T
j=1
For any € > 0, there exists a constant C. > 0 such that

[F(T)(2)| < Ceexp(Hi (2) + € 2]]), (2.8)

where Hg : z — sup{R < (,z >; ( € K} is the support function of the compact subset K. The other way
around, if f is an entire function of n variables satisfying (2.8) (for some convex compact K and for any
e > 0, with some appropriate constant C,), there exists some analytic functional T' € O’(V'), which admits
K as a carrier, such that F(T) = f ([20]).

We denote as Exp(K) the vector space of entire functions f in n complex variables, with exponential

type, such that
[/l == sup{[f(2)|exp(—HKk(2)); z € C"} < o0.

This space, equipped with the norm || - ||k, is a Banach space. The space

Exp(V) := lim Exp(K)

Kccv

will be equipped with the inductive limit topology, associated to some exhaustive sequence (K, ),>1 of convex
compact subsets of V. The topology one defines like that does not depend on the choice of the sequence
(Kp)n. It is immediate to check that

F:0(V)— Exp(V)

is an isomorphism between topological vector spaces. The space Exp(V)’ is therefore isomorphic to the

bidual O” (V') through the transpose 'F of F. Since O(V) is reflexive, one may identify O”(V) and O(V).
Therefore
'F(R)(z) =< R¢,exp < (,z >>, z €V, R € Exp(V)".

The convolution operation between R € Exp(V)" and f € Exp(V) is defined as usual by
(R f)(z) =< Ry, f(z+u)>, z€V.
This is also F(pT), where p :=' F(R) and f = F(T). The convolution between elements in Exp(V)’ is
defined as
<RxS, f>=<R,S*xf> R,SeExp(V), feExpV).
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One has the relation
'F(R*S)=("F(R)) - ("F(5)),

which immediately implies that Exp(V)’ is a convolution algebra isomorphic to O(V).

If one uses such a dictionary, solving a homogeneous convolution equation (resp. a system of homo-

geneous convolution equations) R x f = 0 (resp. Ry * f = --- = Ry, * f = 0) is just the same thing than
solving a division problem ( resp. a system of division equations to solve simultaneously) pT = 0 (resp.
T == p,T=0), where p, p1 ..., pm € O(V) and T € O'(V).

Solving the division equation pT" = 0 can be done easily on an n-dimensional Stein manifold. One can
represent T' with some (n,n) compactly supported current T such that there exists a (n,n — 1) compactly
supported current T such that

The existence of T3 is due to the following facts: pT; (as a current) is orthogonal to O(V) and O'(V)
can be identified with T'.(V,D™")/d0.(V,*D™"~1). Then, from Malgrange’s theorem about division of
distributions, it follows that there exists T3 € ‘€™"~1(V), with compact support, such that pT3 = Tb.
Therefore, one has from (2.9)

p(Ty — TT3) = 0

(as currents), which implies that 77 — 973 is a (n,n) compactly supported current with support in V(p) :=
{z € V; p(z) = 0}, which represents 7.

In the case of a system p;T = --- = p,, T = 0, one would like any solution T" to be represented by some
(n,n) compactly supported current T', with support included in the analytic set

Vip,-som) =[] Ve,

1<j<m

the current 7' being annihilated (as a current) by the functions p;j, 1 < j < m.

More generally, let W be an invariant subspace of Exp(V) (V being some open convex subset of C™).
That is, W is closed and, for any f € W, for any u € C", z — f(z + u) is in W. One can remark that
EF(WH) is a closed ideal in O(V); moreover, the map W ! F(W) is a one-to-one map between invariant
subspaces of Exp(V) and closed ideals in O(V'). Given such an invariant subspace W, it would be interesting
to give integral representations for the elements in W in terms of compactly supported (n,n) currents which
are orthogonal (as currents) to the closed ideal I =* F(W) associated to this invariant subspace.

In order to describe I+ (that is, the orthogonal of I in O'(V)), we use Malgrange’s duality theorem [27].
We proceed as follows. The sheaf of ideals Z which is generated by I is coherent, and such that T(V,Z) =T
(V is a Stein manifold). From classical results, one knows that the sequence

0—-T(V,I) - T(V,0) = T'(V, f) —0

is an exact sequence of Fréchet spaces. Then

=1V, 7)* = (r (V, (;)), (2.10)

and one can identify the dual space in (2.10) thanks to Lemma 2.2 that we are going to state and prove, in
order to help the reader. We will denote as V(Z) the support of the sheaf O/Z. From now on, ‘D}'? will be
the sheaf of germs of (p, q) currents T', with support in V(Z), such that, for any open subset U C V, for any
f €I'(U,Z), the current f-Tjy is 0 on U. The space I'.(V, ‘D7) is the set of sections with compact support
of this sheaf.

Lemma 2.2. Let Z be a coherent subsheaf of the sheaf O on a Stein manifold. We have the three following
assertions.



(1) The space T'o(V, Homo(O/Z,“D™")) can be identified with the space T'.(V, ‘D}™).
(2) The space

Im{T(V, Homo O/, D" 1)) & To(V, Homo(O/T,D™"))}

can be identified to the subspace d[T.(V, ‘D)™~ 1)] of T.(V, “D}™).
(3) The following diagram is commutative

Exty(V;0,0/I) x Ext! o(V;O/I,Q") = Extlo(V;0,Q")
T ~ Lt
1% LAYF) Cyn,n— d
TV (Pe(v, Dy /BI(v, PP ) - c

where e denotes the composition law of Ext, ¢ the trace map, j the identification map which results from (1)
and (2), and d is obtained when one takes quotients from the standard duality d : (f,T) —< T, f > between
C* functions and (n,n) compactly supported currents.



Proof.

(1) An element h in I'.(V, Homo(O/Z,*D}"™)) is an O-homomorphism with compact support, this
support being included in the support of the sheaf Home(O/Z, D}™), which is contained in the support of
O/Z, that is V(Z). This means that h can be considered as a collection of I'(U, ©) homomorphisms

hy : T(U,0)/T(U,T) — “D™™(U),

for any open subset U C V, all these homomorphisms being compatible with restrictions. Since I'(U, O)/T(U, 7))}
is generated by a single element, hy is determined by Ty := hy(1y). Therefore, one can see immediately
that the collection (Ty)y provides a (n,n) compactly supported current on V, Ty = ®(h), which is in
Lc(V, ‘D}™) because of the definition of this space.

It is clear that the map ® : h — ®(h) = Ty is a I'(V, O)-linear homomorphism from I'.(V, Home (O/Z,‘D;™))}
into I'.(V, ‘D}"™).
This map is in fact one to one; in order to prove that, let us explicit its inverse. If T is a current in
L (V, “D}™)), let’s associate to T an element W(T') in T'o(V, Homo (O/Z,“D}"™)). Such an element is deter-
mined by the collection of homomorphisms (¥(7")y )y, U being any open subset of V', where

v(T)y : T(U,0)/T'(U,T) — ‘D™™(U)

is defined by

U(T)u(f) = f T,

f being the class of f € T(U,O) modulo I'(U,Z). The map ¥ : T — ¥(T) is T(V,O)-linear and it is
immediate to check that ® and ¥ are inverse one to each other.

(2) The proof is analogous to the proof of point (1).
(8) We know that T'(V, 0/Z) = Ext%(V, 0, 0/T). We also know that

Bxt! o (V; 0/T,0") =
- Fc(‘/; HomO(O/Iv LDn’n))
~ Im {T.(V,Home(O/I, D" =1)) — To(V, Homo (O/ZL, D))}

from Serre-Malgrange duality theorem. The identification map j is obtained from

idrv,0/7) X ®

when one takes quotients. The fact that the diagram is commutative can be seen as follows: the composition
product e of Ext associates to the pair j(f,T) the class of fT in H?(V; O, Q") = To(V, D™") /O[T (V, D"~}
The lemma is proved. <

Now, we know from lemma 2.2 that the orthogonal of any closed ideal I in O(V') can be identified with
LoV, Dy™)/ALe(V, D" )],

which is a representation of Ext, »(V;O/Z,Q").

In particular, if p17 = --- = p,, T = 0, there exists an (n,n) compactly supported current, with support
in V(p1,...,pm), which is orthogonal (as a current) to the ideal (p1,...,pm)E%°(V) and represents T.
Whenever V is a convex open set in C", Ry,..., R,, are m elements in Exp’(V) (let us say, for example,
m infinite order differential operators with constant coefficients), any solution f in Exp(V') of the system of
convolution equations

Rixf=-=Rp*xf=0

is of the form f = F(T), where T € O'(V) can be represented by some compactly supported (n,n) current
Ty, with support included in V(p1,...,pm) (p; =" F(R;)) such that, for any open subset U C V, for any
1<j<m,p;-(Tyy)=0.



Remark 2.3. It is easy to extend the statements above to closed submodules in OP(V). When V is a
convex open subset in C™, one can apply these methods to study systems of convolution equations of the
form

p
> Rijx¢;=0,1<j<gq

j=1

where R; ; € Exp’(V), ¢; € Exp(V) for 1 <i<gq, 1 <j<p.

Remark 2.4. When V is a convex open subset in C™ and W an invariant subspace in Exp(V), there is a
unique analytic subspace V(W) = V(Z) (Z beeing the sheaf of ideals generated by I+ :=* F(W)), such that

- ( LV, D}") ) .
ore(v. D" )

Remark 2.5. For some given T' € O'(V), the ideal I(T) of elements p € O(V) such that pT = 0 is the
largest closed ideal such that T € I*+. When I(T) # {0}, one can see the analytic space defined by I(T) as
the analytic carrier of the functional T'.

Remark 2.6. We would like to mention the beautiful result of L. Gruman, which generalizes, in some
substantial way, Ritt’s division theorem. Here is some simplified version of this statement:

Theorem [19]. Let (Ix)1<x<m be a collection of finitely generated ideals in O(C™) and, for each k, Ty
be some analytic functional in I ,j- Assume that, for some collection of M elements (03;)1<i<m, for some
collection of M complex numbers (¢;)1<i<nm, the function

Zlgkgm F(Tk)(2)
Zi\il ciexp < B,z >

z— G(z) =

is an entire function in C™. Then, there are closed ideals J;, 1 < i < N, as well as compactly supported
(n,n) currents T;, 1 < i < N, such that T; is annihilated by J; (as a current) for any i, and

We end this section with the definition of residue currents. We refer to [8], [10], [30], [36] for the properties
of residue and multiple-residue principal value currents.

Let V be a complex manifold of dimension n and {Y3,...,Y,} a family of p hypersurfaces (1 < p < n). One
can associate to any (r,q) semimeromorphic form having its poles on the union of the given hypersurfaces,
a multiple residue current of bidegree (r,p + ¢). In the particular case where each of the hypersurfaces
Y; is defined by the vanishing of a global holomorphic function f; € O(V) and the family is in complete

(.UI
© - Tl
the action of the associated residue (n, n)-current 8% A A 8% Aw on a test function ¢, may be defined as
p

intersection position, given any w’ € £ P(V), we can consider the semimeromorphic form w := and

the limit along an admissible path ¢ = £(0) (in the sense of [8]), of the following integrals over semianalytic
tubes

-1 -1 1 oW
6—/\.../\8—/\w(<p):lin17,/ _pY
h fo 6=0 (2m)P Jifi=er ol fpl=epy 10 o

It is interesting to remark that the above limit does not exist in general if we just let e € RY tend to 0,
even in the point case p = n, as it has been shown in [31].
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The residue current may be equivalently defined by means of analytic continuation as follows: using Atiyah’s
theorem [2], one can consider the map

p
A TGN = Grp e L2 N\ OF;

AP
LT !
Jj=1

as a current-valued meromorphic map defined in the whole complex plane. One can show that this map has
its poles in Q, and is such that, for any w € E™"P(V), for any test function ¢,

I{wey;0) = <8J}1/\.../\8;p/\w,90>.

The local behaviour of this residue current is the following;:

Let Y :=n?(f; = 0) and (W, 2) be a coordinate neighborhood such that for any A C {1,...,n}, |A| =
n — p, there exists a sufficiently small polydisk Uy C W with the property that II: Us NY — (U4 NY)
is a ramified covering, where II is the coordinate projection onto {z : z; = 0Vj ¢ A}. Denote U := N4U4.
According to the fibered residue formula of Coleff-Herrera, there exist for each A, a positive integer m 4, a
holomorphic function pg € O(U) such that (pa = 0) NY contains sing(Y") and for any r € Ny, |r| < ma,
semimeromorphic functions k4[r] on Y with poles contained in (p4 = 0) such that, for any test function ¢
with support contained in U:

=1
O— N...NO— ANw(p) =
fi P
a’l"
= > P | > o ) (©) halr].dza Adza (2.11)
~ ZA Y
|[Al=n—p Ir|<ma
- . o " .
(Py,p, denotes the principal value current on Y associated to (p4 = 0) and = —F if A=

027, 021 ...0z"
1 ip

{il,...,ip} with i1 <ip < ... < Zp)

We observe that 5711 A A 5% A w(¢p) is locally equal to a sum of principal values over Y of linear

p

combinations (with semimeromorphic coefficients k4 [r]) of holomorphic derivatives transverse to reg Y of the
test function . These principal values are reduced to integrations if the functions k 4 [r] have no singularities,
or evaluations if p = n.



3. The representation of I in the complete intersection case; a cohomological approach.

In this section, we will characterize ' in terms of residue currents under the hypothesis that the ideal
I is generated by a complete intersection fi,..., f, € O(V) (i.e. V(I) :=Ni_,(fi = 0) has dimension n — p).
For any w € T.(V, ™" P), the distribution ((n,n) current) 3f—11 AN 8% A w , has compact support

contained in supp(w) NV (I) and is annihilated by fi,..., f,, defining an element in I+. We will show that
in fact, I+ has 6;—1 AN 8% as a natural generator. Precisely, we will prove that I+ can be identified in
p

a natural way with the 9-cohomology space Hg_p(Fc(V, E™* ®O/T)), and that the identification is realized
via the morphism

HIP(D(V,€™* © O/T)) — -
7 — (5(1/}‘1)/\~--/\5(1/fp)/\</’)|o(v)'

We begin with a characterization of the above cohomology group.

Proposition 3.1. Let V be a n-dimensional manifold and fi, ..., f, € O(V) generating a (coherent) sheaf
of ideals Z. Then, for any m,

HIMV; Q" © O/T) = HE(To(V,E™* © O/T)) =

_Apel(V,&m™) /8¢ = 3 fii, for some 1 € Te(V,E™™ )}
~ BFC(‘/, 57’71,77171) + {Z fzgo,“ SOZ e PC(M g’l’b7m)} .

(3.1)

Proof. By arguments similar to those in Theorem 2.1, it follows that

0= Q" 0/T B en0 g o/ %% ent g 07 %% ..

is a c-soft resolution of Q" ® O/Z, which proves the first isomorphism H(V; Q" ® O/T) ~ Hg'(FC(V, EM*®
0/1)).

In order to prove the second isomorphism, note first that the quoted flatness of £** over O implies that
0-E"QRL—-EM -E"R0/T—0

is exact.

As HY(V,E™* ®@ T) = 0, we get the following commutative diagram with exact columns:

0 0 0
=T (V,E""1@I) — T (V,E""®I) — T(V,ErmTII)—
— T (V,Emm ) - L.(V,Em™) - T (V,Emmtly
STV, 19 9) — TV, e Q) — T(V,ee9)—

0 0 0

Moreover, the image of T'o(V,E™* ® Z) in T'.(V,E™*) is equal to I - T'.(V,E™*), by collecting local represen-
tations of a section by means of a partition of unity.

Therefore, we can compute Ker(0 ® id)/Im(d ® id) as the stated quotient of global C> compactly
supported forms.
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We know from §2 that I can be represented as Ext ,(V; O/Z, Q"). In the case of a complete
intersection ideal of codimension p, this global Ext can be characterized as follows:

Proposition 3.2. Let V be a n-dimensional manifold and let T be a coherent sheaf of ideals in O. Suppose
there exist p < n such that Extl,(O/Z,Q") is nonzero only for ¢ = p. Then,

Ext o (Vi O/T, Q") ~ HYP(V, Eatly (O/T, ")), (3.2)

Moreover, if there exist f1,..., fp, p elements in O(V') in complete intersection position generating I, one
also has the following identification

Ext. o(V; O/, Q") ~ H"?(V;0/T ® Q") (3.3)
Proof. As Exth(O/Z,Q™) is nonzero only for ¢ = p, the spectral sequence of Ext degenerates at Ey and
one has for ¢ > p the following isomorphism
Eth,O(V; O/I, Q") ~ HI7P(V,Extih(O)T,07)).

In particular, when ¢ = n, we get (3.2). In order to prove this result, let us consider an injective resolution
J* of Q™; one closes the double complex K as below

0 0
! !
0—  T.(V,Homo(2,9") — - L.(V,Homo (2, 7)) —

! !
0 — To(V,CO(V, Homo(Z, Q")) — - Te(V,CO(V, Homo($,7%))) —

! !
0 — To(V,CHV, Homo (£,Q7))) — - To(V.CHV,Homo(2,T*))) —
l !

For this complex, one may compute

'EYI(K) =H(C?(V,Homo(O/Z,Q")))
=CP(V,H (Home(O/I,J*)))
=CP(V,Exth (0/T,0™)),

since Godement’s functor F — C.(V, F) is exact (see [17], p. 168). Therefore
EP(K) = HE(V, Eth(O/T, 7).
Since we have, for any integer m
"By = HM(V, Exty,(O)T,Q")) =0
for r # p, it follows from Theorem 4.4.1, p. 81 in [17], that
H"(K)="Ey""P(K) = H]}"P(V,Extt,(O)ZL,Q")). (3.4)

Since the sheaves Homo(O/Z, J*)) are flabby, we have also, for any ¢ > 1,

"EVIUK) = HI(C*(V,Homo(O/Z,JP))) = H(V,Homo(O/Z,J")) = 0. (3.5)

11



Then, using again Godement’s Theorem 4.4.1, we get from (3.5)
H™(K) =" Ey"°(K) = H!(V,Homo(O/T, J*)) = Ext! o (V; O/, Q). (3.6)
From (3.4) and (3.6), we deduce the isomorphism (3.2).

In order to prove (3.3), observe first that there exist an invertible matrix A = (a;;) € GL(C,p) such
that the functions g; := Z?Zl a;; f; form a regular sequence in O(V) generating I ([11, Prop. 1.2]). We
can suppose then w.l.o.g. that the given generators f1,..., f, are a regular sequence and we consider the
associated Koszul projective resolution of O/Z:

0 Aror Lartor . ator Lo - 0)T 0.

The sheaves Exty, (O/Z, Q™) are the cohomology sheaves of the dual complex (Homo (A*OP, Q™). 3*), which
again can be identified to a Koszul complex. Therefore,

a) for any ¢ > 1, ¢ # p, ExtH(O/Z, Q™) =0, and so (3.2) is true.
b) Exthy(O/Z, Q") ~ O/I @ Q™ , proving that

Ext. o (V; O/I, Q") = H""(V;0/T @ Q").
Finally, we deduce (3.3) from Proposition 3.1. ¢

Corollary 3.3. If I is generated by a complete intersection f1,..., f, € O(V),

It ~ Hy7P(e(V,E™* @ O/T)) .

We show next that every element in I+ is represented by a residue current. The approach to prove this
special case of the classical duality theorems ([33],[34]), is inspired by [28] (see also [13]).

Theorem 3.4. Let V' be an n-dimensional Stein manifold and I C O(V') generated by a complete intersec-
tion f1,..., fp € O(V). Let I denote the coherent sheaf of ideals associated to I. Then,

HEP(T(V, €7 © O/T))  — -
’ = @A/ A AL L) A oy

is an isomorphism.

Proof. By ([12, Prop. 1.2]), there exist an invertible matrix A = (a;;) € GL(C, p) such that the functions
gi = Z?Zl a;; f; are another set of p generators of I satisfying the additional hypotheses that, for any
subset J C {1,...,p} with cardinal k, N;es{g; = 0} is an analytic set of codimension k. Moreover, by the
Transformation Law for residue currents (see for example [18] for the discrete case, [21], p. 171 and [12] for
the complete intersection case), we have the equality of currents:

B/ A~ A B(1]gy) = ( )au/m A ABOYS)

1
det(A)

Therefore, we can suppose w.l.o.g. that the given generators fi,..., f, define a regular sequence for any
order.

Let (R*, p) be the Koszul resolution of O/Z:
O — APOP L5 LN OP 2L N0 L 0/ — 0,

12



where p(ei, Ao Aei) =305 (1) e A NE AL Ae

Denote by Zj the set
{w € Home(R*,E™®) : w(ATOP) C ™" j=0,...,p, and Ow = wp}

Following Palamodov ([28]), each w € T'.(V, Zy) is called a (closed) peripherical form.

Given I C {1,...,p}, denote ef = e;; A... ANe;, if T = {iy,... i} with i1 < @9 < -+ < i, and let
wr = w(es). Then, each w € I'.(V, Zy) is determined by a collection (wr)rcqi,...,p} of C*° compactly supported
forms verifying:

i) wr € To(V, €N forall T C {1,...,p}.

i) Owy = Zy:ll(—l)j_lfj “Wr_qi,}, for all I such that |I| > 2, and Owgy = fi-w(l) foralli=1,....p.

Consider . ‘

Z:={w e Homo(R" ,E™ ) :w(AOP)C g™~ j=0,...,p}
and let A : Z; — Z; defined by B

A(w)(er) = dw(er) +w(pler)),
as in [28]. By Theorem 5.1 in [28],

Le(V,Z0) @ 1
arvey o 1 (3.7)
w — [yw(l).

is an isomorphism. By [25, Remarque 2.5],

re(V.2o) B HLZP(To(V,€™* @ O/T)

AT.(V.Z1) (3.8)
w — wler A...Nep)
is also an isomorphism.
We claim that for any closed peripherical form w and any holomorphic function h € O(V):
=1 =1
/ W)= (0P( A AB A,y h) (3.9)
1% fl fp

The proof of this fact is a consequence of properties 1.7.2(4), 1.7.6(2) and 1.7.7(3) of residue and residue-
principal value currents shown in [8].

First,
Jwen= (518 frew)®) = (51480 ) 0)
- —(5[%] Aoy ) (B).

because Oh = 0f; = 0.
Similarly, for any k € {1,...,p},

(5% A /\gfkl—l /\W{l,...,k—l})(h> =

= (E%A...Agfkl_l A [%} A frwi, k,l})(h) =

= (5% A"'Agfkl,l A [i} A (—1)’“*15w{17,,,,k})(h)+

+j§<; (E% A Aéfkl_l A [ﬂ ADTFfw o) () =
- (71)’“1(*1)'“(5% A /\5% A w{17___7k})(h) +0=

= —(5% A /\5% Aw{L,,_,k})(h),
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which proves (3.9).
Taking into account (3.1), each class in Hgfp (To(V,E™*®0/T)) is represented by a form ¢ € T'.(V, 5"’””’)'

with Op = 3_ fih;, for some vp; € T.(V, £ P+ Let ¢ be any such form; by (3.8), there exists a periph-
erical form w,, such that T = wy,(e1 A ... Aep).

By (3.7), (3.8) and (3.9),

HE P (V,€7 © O/T)) — r
P = (0/f) Nwgler Ao A ep)) oy

is an isomorphism.

On the other side, by (3.1), ¢ —wy(e1 A ... Aep) = O + Y fipi, where ¢ € To(V,E™"P~1) and
pi €T (V,E™"P) Vi=1,...,p. Now,

(a) (D) A N DA Lp) AT ) = £(B/ f1) A NB(1/ fy) A, DY =0,
for any h € O(V) and

(®) (D ) -+ NBO/ ). 3 fupr) =0

since the residue current is annihilated by the ideal (fi, ..., f,).

Finally, we deduce that

(5(1/f1)A...Ag(l/fp)Aww(el/\.../\ep))lo(v) —
=01/ f1) N+ NO(1/fp) /\W)\o(v)’

which proves the theorem. <
Corollary 3.5. Let V' be an n-dimensional Stein manifold and I C O(V) generated by a complete inter-

section fi,..., f, € O(V). For any T € I+ and any open Stein neighborhood ) of a carrier K of T, there
exists a C* (n,n — p)-form pr with compact support contained in ) such that

T(h) = (B(/f1) A+ A D/ f,) A, h)for all b€ O(V).

Moreover, o1 can be chosen verifying:

P
dpr = Z fi i, for some @; € T (V, ™" PH) .
i=1

Proof. As T extends to an analytic functional over O(2) by (2.5), the Corollary follows from Theorem 3.4
and the representation of
Hg_p(FC(V, EM*®0/I))

given in Proposition 3.1.

Remark 3.6. From the injectivity of the “residue” isomorphism
HZP(L(V, €™ ® O)T) — I
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in Theorem 3.4, we deduce that given ¢ € I'.(V,E™"7P) defining a cohomology class (i.e. such that 0p =
Y| fiwi, for some ¢; € T (V,E€m"~PHL) i = 1,...,p), the restriction of the residue current d(1/f1) A
- N1/ fp) N to O(V) defines the zero functional iff there exist forms 8 € To(V,E™" P71, and f; €
Lo (V,E™"P)Vi=1,...,p, such that ¢ =B+ >0, fif%:.
In fact,
OWV)/I x Hg_p(FC(V, EM*R0/I) — C
hx% — (8075 ) )

is a non-degenerated bilinear pairing.
We can also rediscover here the Duality Law for residue currents with holomorphic numerators ([11],[29]):
Given h € O(V), the condition h € I is equivalent to

(RO A 7 BA/E) ) () = (9B f2) A=+ A DL/ S) ) ()
=0 Vel (V,E"P)

(or even for any such ¢ for which dy is in the ideal generated by I in T'.(V,E™n—PFL)),

4. From complete intersections to locally Cohen—Macaulay ideals.

In this section, we extend the results of §3 to describe I in terms of residue currents in case I is a
closed ideal such that each local quotient O, /Z, is a Cohen—-Macaulay ring of some fixed dimension. We
recall that a local ring O, /Z, is said to be Cohen—-Macaulay if it has a regular sequence of germs vanishing
at x of length equal to dim(Z,). In particular, if dim(Z,) = 0 or if Z, is a complete intersection, then O, /Z,
is Cohen-Macaulay.

We give a simple proof for the case of dimension 0, using Taylor expansions of C*° functions in local
coordinates around each point in V' (I). In the general Cohen-Macaulay case, the proof relies on cohomological
methods.

The following lemma will be used to reduce this case to the complete intersection case previously studied.

Lemma 4.1. Let V be a Stein manifold of dimension n and let I C O(V') be a proper closed ideal such that
codimV (I) =k € {1,...,n}. There exist f1,..., fr € I such that codim Nf_,{f; =0} = k.

Proof. Let f1 € I\{0}. Fork > 1, given 1 < j <k—1and fi,..., f; € I such that codimﬁg=1 {fi =0} =4,
let N be a countable set such that N N (Z, \ Nj_, {fi = 0}) # 0 for each irreducible component Z, of
NI_,{fi =0}. Forany x € N, A, := {f € I/f(x) # 0} is an open dense subset of I, and then A := N, 4,
in non void. For any f;;1 € A, the sequence {f1,..., fj+1} C I is a complete intersection. <

We show in the next proposition that when dimV (I) = 0, each functional in I+ is the restriction to
O(V) of a residual current associated to any complete intersection ideal contained in I.

Proposition 4.2. Let I C O(V) be a closed ideal such that dimV (I) = 0. For any T € I+ there exists a
unique compactly supported residual current Rp such that:

(i) Rrjowvy =T.
(i) h- Rp =0 in T' (V) D™™), for any h € I.

Moreover, for any complete intersection ideal K contained in I with V(K) discrete, generated by
fi,-++, fn, there exists w € T(V,E™Y) with 0w € K - T'.(V,E™') such that

Rr=01/f))N---NO(1/f) Aw .
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Proof. By Lemma 4.1, there exists a complete intersection ideal K C I of dimension 0 generated by
a regular sequence fi,..., f,. Given a functional T' orthogonal to I, T is also in K+. By Theorem 3.4
(or Corollary 3.5), there exists w € T.(V,E™%) with dw € K - T.(V,E™1) such that the residual current
Ry :=0(1/fi) A-+-ANO(1/f,) ANw extends T and is annihilated by K as a current. It remains to show that
Ry is also annihilated as a current by all elements in 1.

Let o € To(V,E%9) and h € I. By a partition of unity argument, we may suppose that supp ¢NV(K) = ()
(and then Rr(p) = 0), or that supp ¢ is contained in a small coordinate neighborhood € of a point Py € V(K)
and suppp N V(K) = {Py}. We assume then that there exist n global holomorphic functions z1,...,z,
defining a system of local coordinates in  and such that z;(Py) = 0 Vi = 1,...,n. As Ry has compact
support, it has finite order bounded by m. Consider the Taylor expansion of order m of ¢(z):

p(2) = p1(2) + p2(2) + p3(2)

where

for some 0; and K, in £%°(Q).
Now,
(i) h- Rr(p1) = Rr(h-¢1) =T(h- 1) =0, because p; € O(V).
(ii) h - Rr(p2) = Rr(h - p2) = 0 because each function Z; is the conjugate of a holomorphic function
vanishing at suppRr N (cf. 1.7.5 (2) in [8]; it is in fact a consequence of (2.11)).
(#4i) h - Rr(ps) = 0 by the choice of m.
Then, h - Ry = 0, as wanted.
Suppose that K’ =< fi,..., f], > is another complete intersection ideal of dimension 0 contained in
I, and let W’ € T.(V,E™0) such that the residual current Ry := 9(1/f]) A--- AA(1/f,) A w' also coincides
with 7' ( and then with Rp) on O(V). Let m > max{ordRy,ordR}.}. Again, by a partition of unity
argument we may suppose that we are given a test C° function ¢ such that suppp N (V(K) U V(K')) =0
(and then Rp(p) = 0 = R(p)), or that supp ¢ is contained in a small coordinate neighborhood of a point
in V(K)UV(K’). In this case, taking into account that supp Rt C V(K), supp R} € V(K’), and expanding
© = @1+ @2 + 3 up to order m as in (4.1), we deduce by arguments similar to the previous one that
Rr(p) = Rp(p). ¢

In the case of locally Cohen-Macaulay ideals with positive dimensional zero set, we still have a residue
representative Ry for each T € I+ (see Theorem 4.4 below), but uniqueness is lost. This “non uniqueness”
is already present in the complete intersection case. For example, consider I =< 21,...,2,-1 > in V = C"
and any ¢ € T'.(C",E™0). Then, d(1/21) A--- AN 9(1/z,_1) A Op is in general a non zero current, but its
restriction to O(V) is the zero functional.

Theorem 4.4. Let I C O(V) be a closed ideal such that each local quotient O, /Z, is a Cohen—-Macaulay
ring of some fixed dimension n —p € {0,...,n}. For any T € I there exists a compactly supported residual
current Rt such that:

(i) Rriow) =T.
(ii) h- Rp =0 in ' (V) D™™), for any h € I.
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Moreover, for any complete intersection ideal K =< fi,...,f, > contained in I, there exists w €
Lo (V,E™"~P) with w € K -T'o(V,E™"~P*1) such that the residue current d(1/fi) A---AI(1/f,) Aw extends
T.

Proof. By Lemma 4.1 there exists a complete intersection ideal K contained in I. Let K =< fi,..., f, >
be any such ideal. As in particular T € K=, there exists by Corollary 3.5 a compactly supported form
w € To(V,E™"7P) such that dw € K -To(V,E™"PH1) and Ry, := 9(1/f1) A+~ AD(1/f,) Aw coincides with
T on O(V). This residue current Ry, is annihilated by K and we will show that in fact w can be chosen in
such a way that h- Ry (@) =0, for any h € I and any test function ¢. For any such w, Ry, satisfies the
required properties for Ry in the statement of the theorem.

Let K denote the coherent sheaf of (complete intersection) ideals associated to K. We know from Lemma
2.2 that I+ (resp. K=) can be naturally identified with Ext »(V;O/Z, Q") (resp. Exty o (V;O/K,Q")).
The fact that each local quotient O, /Z, is Cohen-Macaulay of codimension p implies that Extl,(O/Z,Q"), =
Extl, (0./Z,,Q}) = 0for q # p,Vx € V. We have then by (3.2) that Ext; (V; O/Z, Q") ~ HIP(V, Ext, (O/Z,0)) |}

At the level of local rings, Extf, (O/KC, ™), can be identified with (O/K®Q™), as was already observed in
the proof of Proposition 3.2. The inclusion K < Z induces an injection Extf, (O /L, Q") — Exth)(O/K,Q"),,
and under the identification Ext, (O,/K.,Q}) ~ O, /K, @ Qp, the image of Extg, (O/Z,Q"), is just [K,
T,/ Ky @ QF (cf.[25], [32]), where as usual [IC; : Z,] denotes the ideal quotient, i.e. all the germs sending
any element in Z, into IC,.

By the results in §3, K may be regarded as H? P (V; O/K®Q") (cf. (3.3), and by the above paragraph,
any element of I (inside K1) is in the image of H?~P(V; ([K : Z]/K) ® Q™). By the identification in terms
of global sections given in (3.1), any element in the image of HP(V; (K : Z]/K) ® Q™) is represented by a
form w € [K : I]-T'.(V,€™" P). For any such w , the residue current Ry, extends T' by Theorem 3.4. Thus,
given any h € I, we know that h-w € K -T'.(V,E™"P) and then,

h-Ryfp=01/fi1)N---NI1/fp) A(h-w)=0,

proving the theorem. <

5. An analytic description of the representation formulas.

In this section, we intend to make explicit some of the results proved with a cohomogical approach in
the two preceeding sections. The first result we would like to illustrate that way is Corollary 3.5. We will
start with some formulation of our results for V' being some open pseudoconvex subset in C". It is easy
to extend these results to Stein manifolds. This can be done using Narasimhan-Forster result (see [14]),

which allows us to consider the Stein manifold V' as a submanifold in some C, then using an holomorphic
retraction on this manifold to extend holomorphic functions on V' to the ambient space (see also [9].)

From now on V will be a pseudoconvex open subset of C™. We recall one basic consequence of Cartan’s
theorem A: given some holomorphic function f on V, one can find some holomorphic map

9=911= (g[f],lv cee 7g[f],n) VxV-—-C?

such that, for any z € V, for any ( € V,
f(z) = f(Q) :Zg[f],k(zvo(zk_Ck)~ (5.1)
k=1
When V' is convex, one can make explicit such a map gy thanks to Taylor integral formula

1= 1= [ (e tz—cn) ar
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when f is a polynomial, one can also use express g[s) as a polynomial map obtained with successive divided
differences. For the sake of simplicity in our next computations, we will denote as Gy the (1,0) differential
formin V xV

Gp)(2,0) =D gip(2, Q). (5.2)
k=1

Such a form G|y is called an Hefer form for f.

Let (K;)2, be some exhaustive sequence of compact subsets of V' such that, for any [ € N*, [K/\l]v CKi41

and K] is a strictly pseudoconvex open subset with C* boundary (for the existence of such a sequence (K;);,

—

see for example [22], corollary 1.5.11, here [K],, denotes the holomorphic hull of K). Let [ € N*; given K
and its defining function p;, one can construct a Henkin-Leiterer section

S[l] : I%l X I%l—> Cn,

which is holomorphic in z, of arbitrary large regularity in {, and such that, for any compact K CC K;, for
o [e]

any z €K, for any ¢ €K,

R(< s(2,0),¢ =2 >) = pi(Q) — piz) + 6(K) ¢ — 2|, (5-3)

o

for some strictly positive constant 6(K). We will denote as S the differential form on I%l x K
SU(z,0) =" s (2, Q)dCx.
k=1

For each I € N*, let ¢l be an element in D(V), with support included in K, such that ¢/ =1 in a

—

neighborhood of [K;],,. We can further assume (from (5.3)) that for any z in some neighborhhood of [K]y,,
for any ¢ in the support of dpll, < sli+1] (2,¢),¢ — z > does not vanish. We will also assume that S+ g

smooth for z in some neighborhood of [K/\l]v and ¢ in some neighborhood of the support of 9.

Finally, we remind in our setting Koppelman’s representation formulas with weight factors, which are
due to M. Andersson and B. Berndtsson ([1], [3]). Let

q: VXxVe Cnv (Z,C) = ((h(Z?C):"'aqn(Z’C))

where the ¢; are holomorphic in z and C! in (. Let ® be some entire function in one variable such that
®(1) = 1. For any positive integer m, let T(™ be the function on V x V'

m d "
I‘( ) : (ZaC) = (dt) [(I)]\t:<q(z,§),sz>+1'
Let also @ be the (1,0) differential form on V' x V which is associated to ¢ by

n

Q(Za C) = Z Qk(Z7 C)dgk

k=1
For any h € O(V), for any | € N*, one has the following representation formula for z in a neighborhood of
K]y

; (] ©)(4 9.0V (2. ()—
n!(?iﬂ')" /CEV he (C)F ( 7C)(84Q) ( aC)

/ 130(C) A (Z LOm s A @Sty A <8<Q>m<z,<>>
cev

m! < sltt1(2,(),( — 2z >n—m

h(z) = h(z)p"(2) =

(2im)™

m=0
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We need some additional notation. If U is some open subset of V, w is an element in EP%9(U x U) of
the form

W(Z,g) = Z WI,J(23<)d<I /\dZJa

1§'i1<~-~<ip§n
1<51 < <jg<n

and S € ‘EP9(U), we will denote as < S,,w(z, ) > the differential form on U

< SZ,OJ(Z, ) > CH Z < Sszl,J(ZaC) > dCI A dzJ

1<iy <---<ip<n
1<j1<---<jq<n

In particular, when S = p, where p is a measure with compact support in U,

[eeame = 3 ([ v ) dond,

1<iy<---<ip<n
141 < <jg<n

We now are ready to state our results about the description of the orthogonal of some ideal I in O(V)
which is defined as a complete intersection. In our first statement, we deal with the zero dimensional case.

Proposition 5.1. Let f1,..., f, define a complete intersection in O(V'). Let T be some element in O’ (V)
such that, for any j € {1,...,n}, f;T = 0 (as an analytic functional). There exist lj € N*, and a Radon
measure po with support in K, such that, for any h € O(V),

T(h) =<0t/ f) Ao A O fn), heor >, (5.5)

where wr is the element in D™ (V) defined as

wr(Q) = (12l [ A G0 | duolo) (5.

the Gj = >, 9;kdCk, 1 < j < n, being Hefer forms respectively for fi,..., fn.

Before giving the proof of this statement, let us complete it with the following remark.

Remark 5.2. From our point of view, the functions ¢, | € N*, were fixed a priori (that is independently
[

of the functional T one wants to represent). For a given T, we can replace o by any element 807{ in

D(K41) which coincides with ¢ on [K/\l]v and is identically equal to 0 near each common zero of fi,..., f,
in K;11 \ [Ki]y (these zeroes are isolated). Formula (5.5) remains valid if in wr one replaces pll by cp[qlfﬂ,

which gives @ instead of wy. So we have also the representation formula
T(h) =< d(1/f1) A---0(1/ fn), hop >, (5.7)

where now @r satisfies 9o = 0 in some neighborhood of {f; = - = f,, = 0} (since the G, have holomorphic
coefficients in z and ¢). Such a representation formula (5.7) (with the additional condition that dwr is in
the ideal generated by the f;’s in £™1(V), which is clearly realized here for &7, since this form is 0 closed
near {f1 =--- = f, = 0}), fits with Corollary 3.5 in the zero dimensional case.

Proof of Proposition 5.1. As we have already seen in the proof ot Theorem 3.4, we may assume that
fis- -+, fn define a regular sequence in O(V) whatever the order is (that is, for any 1 < k < n, for any subet
J C{1,---,n} such that |J| =k, codimy{f; =0; j € J} = k). Let T € O'(V). Since the (K;);°2, define an
exhaustion of V, it follows from Hahn-Banach theorem that there exists some [y € N*, some Radon measure
o supported by K, such that, for any h € O(V),

<T,h>= /K h(z)duo(2). (5.8)

lo
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We now represent any holomorphic function h € O(V') using formula (5.4) for some adapted choice of
g and ®. This is inspired from M. Passare and B. Berndtsson works ([3], [7], [29], [36]). We take here the
approach which was proposed in [4] (see also [5], chapter 3). In fact ¢ depends on a complex parameter A
such that, at the beginning $(A) >> 0. Instead of defining g = g, it seems easier to plot the associated
(1,0) differential form on V' x V', namely

Q0 = r(=0) == S IHOPOVEQD Zggk ¢)dc.

=1

The key fact is that

<qa(z,0), 2 —C>+1 = 1_*Z|f3 ‘2)\ Z|f] |2)\f] ( )-

The entire function ® we choose is the polynomial

]f[ (nt — j).

For z € K, one can represent h(z)p!"l(z) thanks to formula (5.4). So

(2im)"h(z) = (2im)"h(2)p") (z) =
1

== PPOTO (=, 0)(0:Q0)"(2,¢)—
n. CeEV
- 15olol A 7521 (m) glio+1] A (5CS[10+1])n717m A @Qx)m(z,o
cev v — m! < slot(z, (), —z >n—m
(5.9)
The first integral in the right handside of (5.9), as one can check immediately, equals
On,to(A) =
— (—1)rn-D/2gn /V holollfy o £ 2000 [ ABRE@ | A | A
j=1 =
(5.10)

As a function of the complex parameter A, it is known (from [2]) that Oy ;, can be continued up to the
whole complex plane as a meromorphic function of A; in fact, as shown in ([5], chapter 3, Proposition 3.6
and Theorem 3.18), all the poles of ©p,, are in {R(A) < 0} and the value at A =0 is

On1y(0) = (=)™ V2 (FA/ L) A AT/ Fu). k) N G(z.0)).

Inspired by this idea, one can take in (5.9), as in [5], the analytic continuation of both sides (as mero-
morphic functions of the complex parameter A) and compare the values obtained at A = 0. Thanks to the
choice of @, the formula that one obtains at this stage (see [5], pages 74 to 79) is, for z € K, of the form

h(z) = h(z)pl)(2) ng +7(2), (5.11)
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where the h; are holomorphic in some neighborhood of [I/(; ]y (since
< slll(z,¢),¢ — 2 > does not vanish for z in some neighborhood of [Kj, ]y, and ¢ in the support of dplo]) and

r(2) = ()" V2B f) A A D f), bl A ().

Since holomorphic functions in some neighborhood of [I/(:; ]y can be uniformly approximated on Kj, by
elements in O(V) ([23], Theorem 2.6.11 and Lemma 4.3.1), the fact that T, as a functional, is orthogonal to

> f30(V) implies
Z / £5(2)h; (2)dpo (=) = 0.

Therefore, it follows from (5.11)

<T,h>:/
K

We finally use Fubini theorem in order to get

| el =

lo

= (cap e [ (3 e nB0/ 1), [lﬂl/\G ) )o(2) =

lo

h(2)dpolz) = /K r(2)dpo(2).

lo lo

=< 5(1/.101) A"'/\g(l/fn)7th >,

where
wr(¢) = (=) HRIRI(() /V N Gi(2,0) | dpo(2).
j=1
This concludes the proof of the proposition. <

For non zero dimensional complete intersections, we have the following result:

Proposition 5.3. Let fi,..., f, define a complete intersection in O(V'). Let T be some element in O’ (V')
such that, for any j € {1,...,p}, ;T = 0 (as an analytic functional). There exists lp € N*, 1o a Radon
measure with support in K, such that, for any h € O(V'), one has

<T,h>=<9(1/f1) N---NO(1/fp), hnr >,
where nr is the (n,n — p) form
nr(¢) =

_ Slio+1] 0 Sllo+1]yn—p—1 ’
=GO [ (T ) A G o)

where i)
pP\P—
2

e _ (=D
_j/:\l GJ( vC)’ CP T (2i7T)"_p

the Gj = >, 9;kdC, being Hefer forms attached to f1,. .., f,. Moreover, there are p elements in D"’"_Z’H(V),I
N7T1,---,NT,p, Such that

p
(<) Z Onr(C (5.12)
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Remark 5.4. This representation formula, with the additional property (5.12), fits with the statement in
Corollary 3.5 as well as in the zero dimensional case.

Proof of Proposition 5.3. The proof follows the same lines of the proof of Proposition 5.1. Again, we may
assume that fi,..., f, define a regular sequence in O(V') whatever the order is (that is, for any 1 < k < p,
for any subet J C {1,---,p} such that |J| = k, codimy{f; = 0; j € J} = k). As before, there exist some
lo € N*, and some Radon measure pg supported by Kj, such that, for any h € O(V),

<T,h>= /K h(z)dpo(z).

lo

We represent h in K, using formula (5.4) for a convenient choice of ¢ and ®; g will at the beginning
depend on a complex parameter A such that R(\) >> 0; let’s express ¢ = gy by plotting its associated (1,0)
differential form

Q(2,0) = Qr(2,0) = ;Zm( OPYVE) ng Q).

Jj=1

We have, as before,

Z QP () fi(2)-

E\)—‘

<qa(z,0),z—C>+1= 1_,§:|fJ 2>

j 1

The entire function ® we now choose is the polynomial

o H pt—j)-

For z € Kj,, one can represent h(z)pl)(z) thanks to formula (5.4). Since it is immediate that, for
m > p (and in particular, for m = n)

m

@QA)"L:(:) Zlf (OPYDTT A G20 | =0,

one has from (5.4), for z in some neighborhhod of [I/{;]V
(2im)"h(z) =
p m lo+1 ) lo+1]\n—1—m ) m
- [ aEg s (Z D gl 1) p @Sttt 1-m A BcQn) <z,<>> |
Cev

m! < sllot1(z, (), —z >n—m

m=0
This can be written as
(2im)"h(z) =
= ,(,1)17(17*1)/2/\17/ h‘f|2()\*1)W AG(z,¢) A 5@[101 A (2,¢)—
eV
1

_/ hdpllol A (S: rm glo+1l A (§, SloHn=1=m A (5. Q)™ (Z»C)>
cev

m' < 5[l0+1]( 7C)7C —z>nmm

m=0

(5.14)

where

St (z,) A

(5 l0+1 )nflfp
< st (5,0),C — 2z >nP

\Illo (Z7 () =
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and

==
g

of :=

—_— .
Il
-

1=

When z is fixed in some neighborhood of [I/(;]V, all the forms

fl"'fp|~

S[lo+1] A (gcs[lo-&-l})n—l—m A (ECQA)m(Z, C)
m! < sllotl(z (), — z >n—m ’

C_,E@UO]/\ =0,...,p
(among which is dpllol A Uy (2,-)) have coefficients in D(V). This follows from the fact that (5.3) (with
I = lp+ 1) is satisfied for z in some neighborhood of [Kj,],, and z in the support of dpllol. As in the zero

dimensional case, it can be shown that the function
AP
(2im)™

En

A R0 —(—1)pe=1)/2

/ BFPA-DFF A Bl A Wy (2, ) A Gz, 0)
cev

can be continued as a meromorphic function in the whole complex plane; its poles (as shown in [5], chapter
3, Proposition 3.6 and Theorem 3.18), are in R(\) < 0 and

( )p(p 1)/2

Ehlo(o) = 27]7_[_ n—p

</\51/fj h()apl) Ay (2, )/\G(z,-)>.

It is clear again (from Atiyah’s theorem [2]) that both sides of (5.14) (considered as functions of the
complex parameter \) have analytic continuations to C as meromorphic functions. We take the analytic
continuations of both sides and identify their values at A = 0. Thanks to the choice of ®, one can show

(exactly as in pages 74 to 79 in [5]) that one gets from (5.14), for z in some neighborhhood of [Kj ], a
formula of the form

P
h(z) =Y hi(2)f;(z) +7(2),
j=1
where the h; are holomorphic in this neighborhood and

(- )p(p 1)/2

rz) = =G

(B(1/ ) A+ B Fp), R A Wy (2,) A G, 0))

As in the preceeding proof, the hypothesis on T" implies

<T,h>:/
K

Applying Fubini theorem as at the end of the proof of Proposition 5.1 leads to

BEdol2) = [ rE)dolo)

<T,h >=< 5(1/]"1) AR /\g(l/fp),h’I?T >,

where 5y is the (n,n — p) form

nr(¢) =

_ Slio+1] 9 Sllo+1]yn—p-1 ’
=GP () A /K, ( < suffu (CZ,O’ ¢ )_ > >n(_zp O) A G(z, Q)dpo(2)
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We now are left with the proof of (5.12). For z in some neighborhhood U of [I/(Z]V and ¢ in some
neighborhood U of Supp(d¢l!), one has

<slH(z,0), ¢ =z >#0.
Let us write, on U x [7,

. 5Uo+u( n
(=0 = (z0,(—2> Z: )

It is clear than on U x U ,

which implies, for (z,¢) € U x U,
> (G — 2)9cor(z,¢) = 0. (5.15)
k=1

Let us state now the following technical lemma.

Lemma 5.5. Let U x U a product of open sets in C™ x C". Let ¢ = (01,...,05,) a C*® map from U X U
in C" such that

n

> (G —zk)on(z.0) =1, (2, €U XU (5.16)
k=1
and the o}, are holomorphic with respect to the z variables. Let fi,..., f, be p functions holomorphic in U
and (g;k) 1<j<p, a matrix of holomorphic functions in U x U such that, for any j € {1,...,p}, one has
1<k<n
1 Zgg, Ok —21), (2,0 €U xT. (5.17)

Let gj, j = 1,...,p the differential forms

Z 95,k (2, Q) dC.

For any ordered subset J C{1,...,p}, such that #J = m, 1 < m < p, one can find a list of forms UJ, j€J,

Uj]z: ihled j#£1,U “,, g lreJ, l# 34, r+#jl, and so on, with C* coeflicients holomorphic with respect
to the z variables, such that

(Zagw,g)mck)) AMA Q| =YW - ]

jeJ jeJ

U] =" (HiQ) = h(2)Ui(2,), jeT

l#j
UL =" (£:(Q) = fr (UL (2,0), GlE T, G#L-

red

r#5,

Proof. The proof is a proof by induction on m = #.J. We start with m = 1. From the condition (5.16) on o,
it is clear that for any z € U, for any ¢ € U, z # . For any point (z,() in U x U, there exists t € {1,...,n}
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such that z; — (; remains different from zero in a neightborhood. Fix ¢t € {1,...,n} and consider a point in

U x U such that, in a neighborhood of (z,¢), ¢; # 2z (for some t € {1,...,n}). In thi neighborhood of (z,¢),
one can write

n n—1
<Zag‘0k/\d§k> /\gl(z,C) =

n—1
( Z 6(0’k /\ de _CC zdet)> N g1

1<k<n
k#t
(=1)(n=2) —z
=(-1)" 2 n—1< A 3<ak> ( A (dck—Ck de,g))/\gl
1<k<n 1<k<n Ct A
kAt k#t
n=l(n=2) _
— (D e (A B ) A (A Qe A--dc,)
1<k<n
k£t
where A(z, () is the determinant
1 0 0 g11(2,¢) 0 0
0 1 . 0 gazd 0 0
0 0 1 0
Az, )= -$=2 . . . gz .. e
0 e . 1 0 .
0 . .0 gLn,l(Z,C) 0 . 1 0
0 . .0 g0 0 1

Note that this determinant is preserved if one adds to the row L; with index ¢ the linear combination

If one uses formula (5.17), one can see that in this new determinant, the line L; is now replaced by the line

Zt:(()’...’o’w

where the single nonzero term is at position t. Therefore, one has

(C1P A N A= f“)( A dck)Adct,

707"'70)

1<k<n Ct 1<k<n
k#t
so that
n—1
( Z 8(0‘;@/\<de—§ zfd<t>> ANgr =
12;<tn
:(mg:m> ey n_1< A 8<ak>/\< A dck)mct
12;;:71 17_€i;gn
A0 — Al = |
- (PP (S ) na o
12;<t71
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This formula can be rewritten as

(Zacak Ade>n_1 Ngi(z,¢) = (‘M)_t(z,g). (5.19)
k=1

Gt — 2

Outside the set F; where (¢; — z¢)ot(2,() = 0, we have

5 (KGO - H© i
(% e de) Ntz o) = <Z?_1(Ct — )04 (2, C)) oulz OFelz )

Using the standard rule about proportions that asserts that if

we have also

we get, combining formulas of the form (5.19) for all different values of ¢, that outside the union of the Fy,
t=1,...,n, we have

n—1
(i) ooy s a(&=e9)
(fl <Zat~t NG >

Such a formula holds everywhere by continuity. Now, one can see at once that

R [Z UH] = (Dcor Ad) A ( > acakAd§k>
t=1

1<k<n
kAt

n

= Z 5(0’;9 A dCx =0.

1<k<n

n—1

This is our statement in the case m = 1. The proof of the inductive step from m — 1 to m is exactly the
same computation. Suppose the elements in J are in increasing order and that #J = m. Let us denote as

Kn the constant
— (_1)(n—m)(n—m—1)/2 n
K = (—1) (m) .

Then, one has

<Xn:3<0k(z, O A d@)n_m A A0 =

jeJ

e (Ka)(F (s S2e)-

1<ky <ky<-<kp_p<n

kj#t

A (Z\ 5.(:)

= Kn Z ki)( /\ 6¢akj>/\Akt /\dC]
j=1

1<ky<ko<---<k, <n

n—m>=

kj#t
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where €(k) is a convenient sign and Ay, is the determinant constructed exactly like A except that the
columns labelled with q1,...,qm ({q1,---,am} = {1,...,n} \ {k1,...,kn_m}) are respectively replaced by
the columns

i1

ji,n

Changing the determinant Ay just by adding to the ¢-th row the same linear combination of rows as before,
one can rewrite

E(k)Ak’t(Z7C) /\ dC] = Z fj(i'z_fJ(Z) ]\ gco-k?j A Gj,t(zyc)
j=1

! : — &t
7j=1 jeJ

where G +(z,() is the form obtained from A, ; g:(2,¢) by replacing g; by d¢;. Therefore, adding all these
terms for all k£ and multiplying by the coefficient

(_1)(n—m)(n—m—1)/2 ( n ) ,

m
we get
(Xanondw)  a( Ane0)= X060 - 6 (5.20)
k=1 jeJ jeJ
where o
- = -z
:;'],t = ( Z 8(0']9 A (de - Cgk — kd@)) A Gj)t .
1<h<n t — 2t
ket
Combining formulas of the form (5.20) for the different values of ¢, 1 <t < n, exactly as in the case m =1,
we get
(L= 0nda))  a( An0) = 00 - 5007
k=1 jeJ jeJ
where

n

U/ (2,¢) :Zat( > aCOkAde:) . AGji(2:C)

t=1 1<k<n
k#£t
=+ opd( A ( > Ocon Adck) A </\91(Z,C))
t=1 1<k<n ll;EéJ
J

One can see immediately that, for j € J,

n—m+1
8<U]‘-](z,§)=:|:< Z 8(0’k/\d<k) A (/\gz(Z,C)>
1<k<n e

We now can use the inductive hypothesis to conclude to the proof of the lemma. <
We now go back to the proof of Proposition 5.3. Since Slot1 A Sllo+1] = 0, one can check that on U x Tj',

m—pe1 _ Sllo+1] A (5€5[lo+1])n7p71(27§)

=N (0c) <t (2,0),C — 2 >
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Therefore, on U X (7, one has

_ Sllo+1] A (5c5[10+1])n7p71(27<)
‘ K < slF(z, (), (=2 >m7

= (5C2(27 C))nip A G(Zv C)

From Lemma 5.5, one can conclude that in U x U

) n60) =

Be[Wi,(2,¢) A G2, 01 = D (f5(0) = fi(2))w;(2,0),

=1

where the forms w; are in £"~?(U x U) and have coefficients holomorphic in z. Since

! (¢) A 0¢[Wi,(2,¢) A G(2,)]dpo(2)

T Qim)r K,

and

fi(2)wi(z,Q)dpo(2) =0, j =1,...,p

Klo

(this is the hypothesis on T and the fact that one can approach uniformly on K;, any holomorphic function

on U by elements in O(V)), we get
P

(<) Z Fi(Qnr (¢ (5.21)

for some differential forms 77 ; in Drn—pL(Y), <>

We now intend to give some representation formulas for analytic functionals orthogonal to some ideal
(again in O(V), V being some pseudoconvex open subset in C™) in the non complete intersection case. The
first result in this direction is related to the case when the number p of generators of the ideal is strictly
smaller than the dimension n. The statement is inspired by the statement of Proposition 5.3. Before stating
our first result, we need some preliminary notation. Let I be some ideal in O(V), /T its radical (in O(V))

and T its integral closure. We will denote as vIE%?(V) the ideal generated in £%°(V') by the conjugates of
all elements in /1.

Proposition 5.6. Let p < n and I be an ideal in O(V') generated by f1,..., fp. For each m € {1,...,p}
there is a family of (! ) (0,k) currents Ty, j, J C {1,...,p}, #J = m, which are annihilated (as currents)
by the ideal T E%0(V) + VIEOO(V), such that any functional T orthogonal to I can be represented as

P
= Z Z < Tk Js hn(m J) (5'22)
m=1 JC{l,...,p}

where, for any m, J, nii’ € D™ (V) satisfies

g =D fOme (¢ (5.23)

jeJ

for some elements n(m ) e prnmmH(Y),

Proof. The proof is similar to the proofs of Proposition 5.1 and 5.2. Let T be an analytic functional
orthogonal to I = (fi,..., fp). There exists I € N*, some Radon measure py supported by K, such that,
for any h € O(V),

<T,h>= /K h(z)dpo(z).

lo
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Once again, we represent h in K, using formula (5.4) for a convenient choice of ¢ and ®; ¢ will at the
beginning depend on a complex parameter A such that #(A) >> 0; the (1,0) differential form associated to
q = q» is now

Q(2.0) = Qa(2,0) = IF(Q)I* (

i1 1i(C (O Xy 9jk(2,0)dC
[ £(CII? ’

where

IF(Q)? = Z 1£5(¢

Note that from an immediate computation, we have

2 T L5 G)

I+ < a(2,0), 2 — ¢ >= 1= | FQIP + 1£(Q) NGIE

(5.24)

We take ®(t) = tP. For z in some neighborhood of [E]V, one has the following representation formula

2z :7i 3 ,llo] - M 3 n—1l-m a A \m .
h(z) (2im)" /CeV hdp™e A < Z A (0c%) A (0cQN)™( ,C)> (5.25)

m=0

where

Stotil(z ¢)
< slo+1(2,¢),¢ — 2z >

S(z,¢) = £l (z,¢) =

One can write the differential form which appears between brackets in the integrand (5.25) as
p p— p— ~
> (;Z) (1= QIS A @eR) ™™™ A (Be@n)™ (2, O)+
0
P
+ ) fi(2)05(2.¢ ),
j=1

where the forms 6; have coefficients in £%%(U x U), where U is a neighborhhod of [K lo]y and U a neighborhood
of Supp(dyplel). Moreover, these coefficients are holomorphic in the z variables. Let Qo be the differential

form
Z] 1fJ( )Zk 195,k (2, Q) dCr

é0(27 C) =

HEE
Clearly, for any m € {1,...,p — 1},
[DcQx(z O™ =
~ Pl 2 ~ —_ o~
— IF©QPm™ ([6<Q0<z, o + mﬁ'fﬂ'L A Gol:0) A [BcGol=. <>1m1)
(5.26)
and N
[0cQx (2, Q)]P = pl(—1)PC DN F(O) PPV G(2,¢) AIF(C) (5.27)

where, as before

= /\gj(z,g“)7 W;: /\afj(C)~
=1 3=t

29



Let us write, for m € {1,...,p},

Q=N BDEN = Y 0ws0n( An0).
=1

For any m € {1,...,p}, for any J C {1,...,p}, the map

| f1?
I1F11?

has a meromorphic continuation as a map from C to ‘D™ (V). This follows from Atiyah’s theorem. We
denote as T}, ; the (0,m) current defined as the coefficient of A° in the Laurent expansion of (5.28) around
A = 0. We now take the meromorphic continuation of both sides in formula (5.25) and identify the Laurent
coefficients at the origin. The formula one gets at this stage is

A A (V) = A AP A6, (5.28)

(2im)"h(z) =
p m
=2 X (T b0 A S A @E) T A (N gjl)} () )+
m=0 J;:{}:.,p} =1

p

+ hi(2)fi(2), (5.29)
j=1
where the h; are holomorphic functions in some neighborhhood of [f{l\o]v and

1 1
Yo = m/ WD (1~ u)du = m < ; ) / N (L M|
0 0

m

for this particular choice of ®. We now use Fubini theorem and the fact that the functional T is orthogonal
to the ideal, so that one can write, for h € O(V),

p
Thy=> Y <D hni™" >,

m=1JC{1,...,p}

where
(2im)" " () =

= —agln [ [z“o*” A @Byt (A gjl)} (=, )duol2).
lo

=1

As in the proof of Proposition 5.3,

" (¢) =

_ 1 5

One can use again Lemma 5.5 (with the functions f;, j € J), in order to prove the existence of smooth

differential forms ngpm"]) such that, for any m € {1,...,p}, for any J C {1,...,p},

{(8@”0“])”’” A gjl)} (2,Q)dpo(2).

lo =1

() = 3" B ().

JjeJ
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In order to conclude the proof of the proposition, we need to prove that the currents 7, ; are orthogonal

(as currents) to I E%0(V) + VIELO(V).

This can be done with the use of resolution of singularities, as in the proof of Theorem 3.25 in [5] (from
which the whole proof of Proposition 5.7 is inspired). Clearly, the question is a local one. Let f := f1 - f,.
Let 2(9 € V. There exists some neighborhood Q(z(o)), some n-dimensional analytic manifold X', together
with a proper map 7 : X — Q(z(?)) such that the restriction of 7 to & \ 7*f~*(0) is a biholomorphic map
over Q(z(9)\ £71(0) and such that, for each zy € X, there are local coordinates w centered at xo, so that,
in a local chart around xg, one has, for each j € {1,...,p},

7 fi(w) = uj(w)w,
where a; € N™ and u; is a non-vanishing holomorphic function in the local chart. We next introduce, for
such a local chart, the Newton polyedron I't (v, ..., ), defined as the convex hull of

U{aj +@”},

and the toric manifold X, = X (T (ay, . .. , ap)) associated to it (see [24]). The projection map 7, is a proper
map from X, to C"; furthermore, this map is invertible from /’Ex\ﬁ'a({wl < wy, = 0}) to C"\{wy - - - w, = 0}.
In some local chart I/ in fa, all monomials %;(w;?‘), j=1,...,p, are multiples of a distinguished one among
them, that we will denote M. So in such a chart, one can write, for j = 1,...,p,

N T
e om) [fIIQ] S

where 6 is a smooth function. Similarly

alfr] oM
TR S

M
where 71 is a smooth function (in the local chart) and 12 a smooth (0, 1) form. So that, for any J C {1,...,p},
one can write, for R(\) >> 0,

(wom |

. M 2mA\ v 2mA\ W
(Ta om)(Am,) = A% <0m,J v Tm,J> :

where again o,, s is a smooth (0,p — 1) form (in the local chart), 7, ; a smooth (0,p) form, and v a
non-vanishing smooth function in the local chart. Now, if h € T £%°(V), one has locally

(O] < CIFON™,

so that, as it can be seen immediately, M™ divides (7% o 7)(h) in the local chart. Since a function of the

form
n 2\ 2\
A\ )\/ |M|** v 71/J(t)dt/\dt7

C t]

(where ¥ € D(C™), M is a monomial, v a smooth function non-vanishing on Supp(t))) has a meromorphic
continuation which is holomorphic and vanishes at the origin, it is clear that any current 75, y is annihilated

by h. If now h € VIE®O(V), any coordinate function ¢; which appears in the expression of M is such that
t; divides (7% o7)(h). Since a function of the form

n 2X (5,122 I+
AHA/\M|W\w@ﬁAﬁ7
c Mm
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(where ¢ € D(C™), M is a monomial, v a smooth function non-vanishing on Supp(v)) has a meromorphic
continuation which is holomorphic and vanishes at the origin, it is clear that any current 7., ; is also
annihilated by h. <

The currents involved in this representation formula are not annihilated by the ideal I (as currents). So
we do not recover, with such a formula, the existence of a (n,n) compactly supported current S, which is
annihilated by the ideal as a current, such that, for any h € O(V), T(h) = S(h). This was the result stated
(and proved with cohomological methods) in section 2. Nevertheless, it seems interesting to remark that it is
possible, by a slight change in the method of proof of Proposition 5.6, to give another explicit representation
formula for the unique residual current extending a given functional orthogonal to an ideal with isolated
zeroes (see Proposition 4.2).

Proposition 5.7. Let I be some ideal in O(V') generated by fi,...,f, (p > n) and such that V(I) is
discrete. Any analytic functional T which is orthogonal to the ideal (as a functional) can be represented
with a compactly supported (n,n) current S which is orthogonal to the ideal as a current and can be
described in terms of the analytic continuation of X — || f||?*.

Proof. We follow exactly the same proof as in Proposition 5.6, except that we take ®(¢) = t"! instead of
®(t) = t?. We keep the same notations than in the proof of the mentioned proposition. Formula (5.29) is

now replaced by the following. For z € [f(l\oL we have

(2im)"h(z) =

m=0Jc{1,..., p} =1

#J=m
n p
+ Y < Tag el N gi >+ hi(2)f(2), (5.30)
Jc#;} ..... p} =1 j=1

where the h; are holomorphic functions in some neighborhhood of [I/(;]V We have then the following
representation for T’

T(h)y=Y Y <Tus i >,
m=1JC{1,...,p}

where
2im) " () =

— _Fliol /
K

forl<m<n-1,JC{l,...,p}, #J =m and

{2”0“1 A @l tyr=tmm 7\ gjz,)} (2,-)dpo(2)

lo =1

(/\ gjl> (2, -)dpo(2)
1=1

D)y L )
nre () @iy ? (C)/Kl

0

for J C {1,...,p}, #J = n. Currents T, s for m € {1,...,n} are orthogonal to vVIE®(V) (as currents).

So is the current .
J
S = Z Z T"L,J /\ngpm )
m=1JC{1,...,p}

Since T is orthogonal to I as a functional and T and S coincide on O(V'), S(h) = 0 for any h € I. Moreover,
as VI-S =0, it follows that supp(S) is a finite set contained in V (I). Then, for m sufficiently big, S(p) =0
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for any ¢ € £%9(V) vanishing on V(I) up to order m. Now, the proof of S(h ¢) = 0 for any h € I
and ¢ € £%9(V), follows by the same arguments as in the proof of Proposition 4.2. Namely, by means
of a partition of unity, me may assume that supp(y) N supp(S) is a single point Py. Let 21,...,2, and
the decomposition p(z) = p1(2) + v2(2) + w3(2) be as in (4.1). Then, S(h ¢1) = 0 because p; € O(V);

S(h 2) = 0 because py € VIE®(V), and S(h ¢3) = 0 by the choice of m. Therefore, we deduce that S is
orthogonal as a current to I€%°(V) and the proposition is proved. ¢
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