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Abstract

A finite collection of planes {F,} in C¢ is called an atomic family if
the top de Rham cohomology group of its complement is generated by a
single element. A closed differential form generating this group is called a
residual kernel for the atomic family. We construct new residual kernels
in the case when E, are coordinate planes such that the complement
C*\ U E, admits a toric action with the orbit space being homeomorphic
to a compact projective toric variety. They generalize the well-known
Bochner-Martinelli and Sorani differential forms. The kernels obtained are
used to estabilish a new formula of integral representations for functions
holomorphic in Reinhardt polyhedra.

Introduction

The multidimensional residue theory as well as the theory of integral repre-
sentations for holomorphic functions are grounded on several model differential
forms called kernels. These are the Cauchy kernel in C? whose singular set
consists of all coordinate hyperplanes and the Bochner-Martinelli kernel with
singularity at the origin, which is the zero-dimensional coordinate subspace of
C?. Observe that these two model kernels have been the source of other funda-
mental kernels and concepts of residue by means of homological procedures.

For instance, starting with the Bochner-Martinelli formula in the domain
G C C% J. Leray was able to deduce a new integral representation formula
(calling it the Cauchy-Fantappie formula) by lifting the boundary dG into a
complex quartic in C2¢ preserving its homology class [18]. Later this idea was
developed in the works of W. Koppelman [15] and others [1, 19], resulting in
new representation formulas for d-closed forms.

Another fundamental integral formula in complex analysis, namely, the Weil
formula, turns out to be related to the Cauchy formula by the transformation
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law for the Grothendieck residue [24]. Moreover, the connection between those
two formulas demonstrates how to produce various algebraic concepts of residue,
starting from the residue for a Laurent series as the coefficient ¢_;. Lastly, let us
point at the Sorani integral kernels [23] regular in (CP), x (C,)9~P. These forms
appear as intermediate differential forms between the Cauchy and Bochner-
Martinelli kernels in the proof of the de Rham (or Dolbeault) isomorphism
based on the Mayer-Vietoris cohomology principle [12].

Notice that the Cauchy and Bochner-Martinelli kernels together with a num-
ber of the Sorani kernels possess two common properties: firstly, their singular
sets are the unions of coordinate planes, and secondly, the top cohomology group
of the complement to a singular set is generated by a single element. The aim of
the present paper is to construct new kernels with singularities on such unions
of coordinate planes.

So, let {E,} be a non empty finite collection of planes (of arbitrary dimen-
sions) in C%. Let us introduce the concept of atomicity for such a family and
illustrate with some (positive and negative) examples.

Definition. The family {E,} is said to be atomic if the top de Rham cohomology
group H*(C4\ |, E,) is generated by one element:

Cif k=k
ok ¢ \ U E,| ~ if 05
- 0 whenever k > kg.
A generating form of the group H*o is called a residual kernel for the atomic
family {E,}.
Examples:

1) the family of all coordinate hyperplanes € = {E, }1<, <4, where
E,:={CeC’: (=0}

is atomic; in this case the complement C¢ \U, E, is the d-dimensional complex
torus (C,)? = T¢, which is homotopically equivalent to the real d-dimensional
torus, so for this example ky = d; thus, the Cauchy form

_da o da
nc_ﬁ /\Cd

is a kernel for the family of all coordinate hyperplanes.

2) the family & = {{0}} consisting of the single 0-dimensional coordinate plane
{¢ = 0} is also atomic, since C%\ {0} is homotopically equivalent to the (2d—1)-
dimensional real sphere S2~1, in this example kg = 2d — 1; so, the Bochner-

Martinelli form d _
B Zkzl(—l)k_lckddk’] A dC
o= ¢

is a kernel for & = {{0}}.



3) the family & = {ly, 12,13} of coordinate lines

I :i={G=30G=0}:={0=3G=0}3:={G=C_(=0}

in C? is not atomic. In order to make this observation clear let us note that by de
Rham’s theorem it is enough to show that the top homology group Hy(C3\|J 1)
with coefficients in Z cannot be generated by a single element. By the Alexander-
Pontryagin duality (see [2]) for any & € N one has

Hy(C*\ | J1j) = Hs_p—1 (I ULy Uly),
J

where [; U [y Ul3 denotes the closure of the lines /; in the compactification S8 of
C3 and H , denote the reduced homology groups; and since I3 U ly U l3 consists
of three 2-dimensional spheres with two common points (namely 0 and c0), it
is easy to see that

N - 72 if k = 4,
He—p—1(l1 Ul2 Ul3) ~ {0 whenever k > 4

which proves {l1,l2,l3} is not an atomic family.

We shall proceed in the following order. First, we shall show that a class
of atomic families of cordinate planes is delivered by the exceptional sets Z (%)
associated with fans (conical polyhedra) ¥ in R™ (Proposition 1). These sets ap-

pear in the representation of toric varieties Xy [4] as quotients (C*\ Z(%)) / G,

which generalize the well-known representation Ccnt {0} / ~ of the complex
projective space P,,.

The construction of kernels for Z(X) is given in Theorem 2. The prototype
of our kernels is the Bochner-Martinelli form 1, which combines the Fubini-
Study volume form on P,, and the one-dimensional Cauchy kernel [11, 20], i.e.
up to a costant non-zero factor

nem = w(C) A dntr _
Cn+1

2 n
L (aaem (1 + p Lntr
n! Cnt1

In general case, our kernel is the exterior product of a volume form of Xy
(in homogeneous coordinates) and the r-dimensional Cauchy kernel. The key
element of the proof of this result is Theorem 1 on the multidimensional per-
spective. According to this theorem, a toric variety Xx can be attached to the
affine space C¢ at infinity as a subvariety of codimension r in such a way that
the orbit G - ¢ of each point ¢ € C?\ Z(¥) intersects Xx in a unique point.
Such an embedding of Xy allows us to present a non-trivial cycle of maximal
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dimension in C%\ Z(¥) and integrate the kernel over it. This cycle turns out to
be homologous to p~!(p) where p is the moment map and p is taken from the
Kaéhler cone of Xs.

Section 4 is devoted to the construction of specific volume forms w on pro-
jective toric varieties induced by the Fubini-Study metrics. These forms are
relatively simple, and the volumes of toric varieties with respect to such forms
are easily computed.

In the final section, we formulate and prove an integral representation for-
mula for holomorphic functions in special Reinhardt domains.

It should also be mentioned that the results were partially announced in [25]
and [22].

1. The atomicity coming from toricity

We shall give a sufficient combinatorial condition for the formulated atom-
icity property to hold. This combinatorial condition allows us to equip the
complement of an atomic family with a group action that provides a special
representation of a toric variety [9] in terms of homogeneous coordinates.

In further detail, every compact n-dimensional toric variety X = Xy is
defined by a complete fan ¥ in R™. By a fan ¥ is meant a set of rational
strongly convex polyhedral cones ¢ such that

(1) each face of a cone in ¥ is also a cone in %;
(2) the intersection of two cones in ¥ is a face of each.

It is said that a fan is complete if its support |X| covers the whole space R™.
Let v1,..., vqg € Z™ C R™ be primitive generators of one-dimensional cones in
3. A cone o of ¥ is called simple if its generators form a part of a basis for
the lattice Z™. Let us denote also by X (k) the set of all k-dimensional cones
in ¥. Following the construction in [4], to each one-dimensional cone of ¥ (or
to each v;, j = 1,..., d) we assign a complex variable (;, j = 1,..., d, so we
obtain the space (C< Ca of homogeneous coordinates for the toric Varlety X5
corresponding to the fan %. For any cone o € X, let (5 be the monomial

:H@'

vj¢o

and let Z(X) be the set
Z(%):={¢eC?:{ =0VoecX(n)}. (1)

The set Z(X) assumes the role of the origin {0} in the representation of
the projective space as the quotient of C?\ {0} by the diagonal action of the
complex torus T. To define a group action in the analogous construction of a
toric variety Xy, one utilises the Chow group A4,,—1(Xs) of Weil divisors modulo
rational equivalence on Xy. The Chow group is given by the exact sequence

0 zn &, gd P

Ap1(Xy) —— 0, (2)



where a sends m € Z" to ((m, v1),..., (m, vq)). Then any element g of the
group G defined to be

G = HomZ(An,l(XE), T)

acts on ¢ € C¢\ Z(X) according to g - ¢ = (g([D:])¢;) with [D;],i = 1,...,d
being the classes of the basis elements of Z? in A,,_1(Xx). It follows from [4]
that the toric variety Xy can be represented as a geometrical quotient

(Cd\Z(E))/G.

Remark 1. Let us say some words on the structure of G and homogeneous
functions (with respect to G) on C?\ Z(X). When A,,_;(Xx) has no torsion,
the group G is given by the r-parametric surface

G={g= (9" A\ AP \%d): ) e T € T,

where r = d — n and the group action ¢ - ¢ is the usual product in T¢. The
exponents a;; are chosen in a way that

a11v1 + -+ a14vq = 0

ar1v1 + -+ argva =0

is the lattice (basis) of relations between the generators v; of X.

The degree of the monomial (% from C[(y,..., (4] is defined to be the class
B(a) € A,_1(Xx) of the exponent a € Z? (see (2)). Therefore two monomials
¢® and ¢® have the same degree if and only if a — 3 is equal to a(m) for some
m € Z".

For the simplicial fans there is an equivalent construction of the set Z(X)
[3]. A subset of generators {v;, ¢ € I'} as well as the index set I C {1,..., d} is
called a primitive collection if the vectors v; do not generate any cone of ¥ but
every proper subset of them does so. All primitive collections I constitute a set
that we shall denote by P. Then by [3] the set Z(X) coincides with the union
of coordinate planes

Z(Z) = U EI7

1eP

where Er = {{;; = -+ = ¢;, = 0} and the union is taken over all primitive
collections.

For collections of coordinate planes coming from simplicial complete fans the
following assertion holds.

Proposition 1. The collection {E;}icp is an atomic family.



Proof. Since ¥ is a complete fan, the set C?\ Z(X) is a bundle over the compact
n-dimensional complex simplicial toric variety Xy, with fibers being homeo-
morphic to several copies of the torus T” [4]. In other words, C¢\ Z(X) is
homotopically equivalent to some oriented compact real analytic cycle of real
dimension 2n + r = d + n that one can interpret as a bundle over connected
compact oriented manifold Xy with several disjoint copies of the real torus
St x .- x S! as a fiber. O

7 times

Example 1. The family of all codimension 2 planes in C?
Eij={G=¢ =0} 1<l|i—jl<d

is atomic. Indeed, let ¥ be any fan in R? with d generators. Let us number them
in the counterclockwise order, then every pair {7, j}, 1 <14 < j < d becomes a
primitive collection unless v; and v; are contiguous.

V2
v1

U3

Vq

Fig.1. A fan in R2.

Remark 2. It would be interesting to deduce Proposition 1 from the result of
Goresky-MacPherson [10] (see also [7]), which could help to estabilish a general
criterion for the atomicity property to hold.

2. Multidimensional perspective

The Renaissance (linear or one-dimensional) perspective has given rise to
the notion of projective space P, as the set of all lines {i} in an affine space
A" passing through the center point. Moreover P, can be attached ‘at the
infinity’ to the space A"*! to form P,,; = A"*! U P, in such a way that
the closure [ in P, of every line intersects the attached P, in a single point
corresponding to [. In this section we shall prove an analogous result for toric
varieties. Note that with the exception of the weighted projective spaces, all
toric varieties are defined as spaces of r-dimensional orbits where r» > 2. This
allows us to interprete this result as the multidimensional perspective.

Assume that the fan X € R" contains at least one simple n-dimensional
cone. With this assumption made, we prove the following



Theorem 1. Let X be a simplicial complete fan in R™ with d generators. There
exists a d-dimensional simplicial and compact toric variety

Xg=ClUXuU---UX,)

with ‘infinite’ toric hypersurfaces X1, ..., X, such that its ‘skeleton’ X1N---NA,.
is isomorphic to Xs. Moreover, for every ( € C%\ Z(%) C X5 the closure
G - C of its orbit in X5 intersects ‘the skeleton of infinity” in a unique point
corresponding to the class of ¢ under the isomorphism.

To illustrate this assertion one can consider an embedding of P; x P; into
IPQ XP2=C4|_|(X1UX2)

as the intersection of two infinite hypersurfaces X; = P x Py and
Xy = Py x P{°. The fan ¥ that corresponds to P; x Pihas four generators
(see Fig.2), and the set Z(X) = Ei3 U Eoy with Eyj3 = {{; = (3 = 0} and
Eyy = {¢; = ¢4 = 0} in C*. The relative arrangement of these objects is de-
picted on Fig. 3 where the orbit G- ( is specified by the shadowed area and ‘the
skeleton of infinity’ X, = &1 N A, attached to C* is the ridge.

X

v2

U3 U1

V4

Fig.2. Fig.3.

Proof. Let us construct the fan ¥ in R? (and by that the corresponding toric
variety Xs) starting from the fan X.

Without loss of generality, we may assume that the simple cone in ¥, men-
tioned in the theorem, is generated by the canonical basis v1 = ey,..., v, = e,
of Z" c R™. Consider in Z? = Z"*" the following d + r primitive vectors:

51 = (61, O/I), cee oy gn = (en, ON),
gn—&-l = (0/7 €I1I)a R gn—&-'r' = (O/a 6;./), (4)
5n+1 = (Un+17 _elll)a cee 5n+r = (Un+ra _e,r/)a



where (ef,..., e/) denotes the canonical basis of R" and 0’, 0” the neutral
elements in Z" and Z", respectively. These n + 2r distinct vectors span R¢ =
R™ " as a vector space; they are going to form the set of 1-dimensional cones of
our d-dimensional fan 3. We need then to describe how to organize the cones
of the fan X, starting with this collection of generators.

Let I :={1,..,n} and J := {n + 1,...,n 4+ r}. The prescription rules for the
organization of d-dimesional cones suggest the following three steps:

e choose any n-dimensional cone o = (Upy,, ..., Uy, ) in the fan ¥ and divide
the set of indices {my,...,m,} into

K :={my,...m,}NI, L:={mqy,...mp}NJ;

e divide (in some arbitrary way) the complement J \ L into two disjoint
subsets @ and S, so that one gets an ordered partition {Q, S} of J\ L;

e consider the d-dimensional cone ¢ = (ék, €z, ég, Us, UL).

Define now the fan % as the collection of all such d-dimensional cones &
together with all their faces. The following proposition holds.

Proposition 2. The collection Yisa complete simplicial fan in R™T"; further-
more, if 3 is simple so is X.

Proof of the proposition. Let us note first that the cardinals |K|, |L], |Q|, |S|
satisfy
\K|+|Ll=n, [L[+|Q +[S] =,

and all d generators of a cone ¢ are linearly independent, so every such cone is
d-dimensional and simplicial.
The proof reduces to the verification of three points.

1. % is a fan.

To prove this, it is enough to show that if one of the generators of ¥ (taken
from the list (4)) is not an edge in some d-dimensional cone &, then it does
not belong to this cone. Let us take such a cone o and order all the index sets
obtained. Write the coordinates of all the cone’s generators (with respect to the
basis (€1, ..., €n4r) into the rows of the (n 4 r) X (n + r)-matrix



0 0 0 0 0 0
€K eK
0 0 0 0 0
0 010 0 0 0 1 0
er, :
0 0 0 0 0 0 1
0 011 0 0 0 0 0
€Q :
0 010 1 0 0 0 0
0 -1 0 0 0
Vg Vg
0 0] 0 -1 0 0
0 0 0 0 -1 0
vy, vy,
0O ... 0 0O ... 0 o ... -1
I Q S L

The generators that are not used as edges in the construction of the cone
are:

(a) enx;
(b) es;
(C) 5@.

Consider cases a), b), ¢) separately.

a) Let i € I\ K. If we assume that €; € o then in its representation as a
non-negative linear combination of generators of o the coefficients at vg
must be zeroes. It follows from the fact that the S-coordinates of €; are
zero, but at the same time in the S-column of the matrix for ¢ non-zero
elements stand only on the corresponding diagonal of the block vg-row and
they are negative. Hence, the vector e; must belong to the cone (ex, vr)
of the fan ¥ that contradicts the definition of a fan and the assumption
that i € I\ K.

b) If €; € & then in its representation as a non-negative linear combination
of generators of o the coefficients at vy must be —1, which is impossible.

¢) This case is analogous to the previous one, it is enough to consider the
Q-column.



2. If ¥ is primitive then so is 3.

Add €j-rows to the v -rows of the matrix for o. Then it is easy to see that the
determinant

det o = det <€K) =deto
vL

is equal to 1 in the case ¥ is primitive.

3. Completeness of 3 implies completeness of 3.

In order to prove this it is enough to show that each (d — 1)-dimensional face of
any d-dimensional cone ¢ of ¥ is a face of some other d-dimensional cone of 3.

There are five types of (d — 1)-dimensional faces for an arbitrary d-cone &
as follows

Tk = <éK\;€, ér, éQ, Ug, 77L>7 ke K;
T = (€K, €\, €Q, Vs, UL), | € L;
Tq = (€, €er, éQ\qv Us, L), q € Q;
Tg = <éK, €r, éQ7 ﬁs\s, 1~)L>, s €S,

7| = (€K, €L, €q, Us, Ur\y), | € L.

Consider each of these types separately.
1) faces of the type 7i. The sets of indices K C I and L C J are so definied that
o = (ex, vr) is an n-dimensional cone of X. The cone (ex\y, vr) is then a face
of ¢ and since the fan ¥ is complete, this cone must be a face of some other
n-dimensional cone of the fan. We distinguish two cases

i) (ex\x, vr) € ¥ is a face of a cone of type (e(x\ryui, vr) € X, k € K, i € I

ii) (ex\k, vz) € X is a face of a cone of type (ex\r, vLuj) € X, k € K,
jeJ\L.

In the first case the cone 7y is a face of the cone
(€(r\k)Uis €L, €Q, Vs, VL)-
In the second case it is a face of the cone
(Ex\k> €LUj» €Q\js Us, ULuj) if § € Q,

(this face is obtained by the elimination of ¥; and renaming of vectors ery; and
€q\; by €r and eq) and of the cone

(€x\k> €LUj» €Q> Vs\j, VLuj) if 7 € 5

(by the same reasoning).

Obviously, each of these three d-dimensional cones does not coincide with
o and belongs to X, for instance, the last cone belongs to X, because by the
assumption (e\x, vLu;) is a cone of ¥ and {Q, S\ j} is a partition of J\ (LU)
(recall that (Q, S) is a partition of J \ L by the definition of 7).
2) faces of the type 7;. There are two cases:

10



iii) (ex, vry) € ¥ is a face of a cone of type (exui, vr\) € 8,1 € L, i € I\ K.

iv) (ex,vpy) € ¥ is a face of a cone of type (ex, vi\yu;) € %, [ € L,
jeJ\K.

In case iii) the cone 7; is a face of the cone
(€KUis €L\ €Qs USUL, VL\L)-
In the latter it is a face of the cone
(€K, e(L\Uj» €Q\js US, U(r\nyu;) if J € Q
and of the cone
(€x; €r\nuj» €Qs Vs\js V(r\nu;) if J € S.

All these three d-dimensional cones do not coincide with o.
3) faces of the type 7,. The cone 7, is a face of the cone

<6K7 €L; €Q\q» VSug; UL>7

which differs from o.
4) faces of the type T.. The cone 75 is a face of the cone

<6K7 €L, EQus; US\S? vL)a

which is different from & as well.

5) faces of the type 7/. The proof is similiar to the case 2) of faces of the type
7. Two possibilities, iii) and iv), are conceivable. In case iii) the cone 7/ is a
face of the cone

(€xUis €L\l €QuIs VS, UL\l>7

and in case iv) it is a face of the cone
(€xs €L\)Us» E(QUI\js VS, U(L\nyu;) if € Q
and of the cone
(€K, e(LA\Uj» €QULs Vs\j» D(L\nu;) if § € S.
O

Now we can finish the proof of theorem. Compare the actions of the groups
G and G on C?\ Z(X) and C¥*"\ Z(X), respectively. Note that every relation

pivr + -+ pgvg =0
between the generators vy, ..., vqg of the fan X defines the relation
H1VL A+ -+ (1g0d + P 1Vd41 + - F PngrVdgr = 0
between the generators
Vi=¢€,1=1,...,nV44j =€nyj, j=1,...,7 0, k=n+1,...,d

of the fan 3 (see (2.1)). So, if a basis of relations between vy, ..., vq consists of
the vectors

11



/'LT = (/1/7’1’"" Mrd) :pr @q7 ez @ng

then the vectors

pr=p"dq dq"
can be chosen so that they constitute a basis of relations between vy, ..., Ugy,.
Note that ¢',..., ¢" can be chosen such that they form an identity matrix.

Assign a complex variable to each of generators of the fan ¥ in the following
way

vn+j<_>£d+j7j:1,"'ar'

Therefore the group actions occuring in the definitions of the varieties Xy and
X5, are as follows:

G = (AP, A7) = (NP ABE AP PR AT\ AT AT,

G = (AP, A9, \9).

Consider now the coordinate chart U ~ C? of the variety Xg corresponding
to the cone (€, €;) with local coordinates ¢ = ({1, ..., {4). In the homogeneous
coordinates § of X this chart is defined by the condition {411 # 0, ..., {a1r # 0,

and every class in U has a representative of the kind (a, 1,..., 1) in CHM\Z(D).
Let a € C*\ Z(X) C U C X5 then for every fixed g = (AP, A7) € G and the

corresponding element g = (AP, A9, A7) € G one has

g-a= [(g ca, 1, 1)]@ = [g (CL, Aiq)]é = [(a’ Aiq)}év

where [] denotes the class of an element by the action of the group in the lower
index. The fact that A=7 = (A{*,..., A;1) implies that

r

)\}iinoog ca= )\}iinoo[(a, A )]s =[(a,0,...,0)]s.

Ay —00 Ay —00

Denoting
Xj={fat; =0} j=1...,r
we conclude that the closure of the orbit G'-a of a point a € C%\ Z(X) intersects

X0 N X = (€ = = Eagr = 0)

12



in a unique point [(a, 0,..., 0)]z = (la]a, 0,..., 0) corresponding to the class
[a]g € Xx. On the other hand, every point a € C?\ Z(X) canonically corre-
sponds a unique point (a, 0,..., 0) € C4+7\ Z(i) such that there is an isomor-
phism

Xe~>XN---NA&,.

This completes the proof of Theorem 1. O

3. The construction of residual kernels

Let us describe residual kernels associated to complete projective toric vari-
eties, by which we mean kernels with singularities on Z(X). We assume that the
fan X has d primitive generators and at least one simple n-dimensional cone.

The construction of kernels that we present involves volume form of the toric
variety. In general, such a variety is not smooth and by a volume form on a
compact n-dimensional toric variety Xy, we mean a differential (n, n)-form w
that is regular in smooth points of Xy, positive and integrable in T" C Xy. In
the homogeneous coordinates ¢ of Xy, is given by

w(¢) = 9(¢, QB AE(),
where E(() denotes the Euler form [5]

B(¢) = det(vr)¢; s

[I|l=n

and g(¢, €) is a C>°-function in C?\ Z(X) of appropriate degree [4] such that it
makes the form w to be G-invariant.

Denoting the set C?\ {¢; = 0} by U, and taking into account (1), we have
the canonical covering of the complement to Z(X)

chz®E) = {J U

oc€eX(n)

In accordance with notation (s, for every n-dimensional cone o we introduce
the differential r-form

o p 1
C& vjdo Cj
J
regular in U,.

Theorem 2. Let w({) be a volume form of Xx given in homogeneous coordi-
nates. Then the list of forms

1 dés

10lQ) = (O A o )

defined in U, for every o € X(n) constitutes a globally defined, closed and reqular
(d, n)-form in C¢\ Z(X) being a kernel for Z(%).

13



Proof. The exterior product E({) A % consists of a single term corresponding
to the index set of generators of o:

dGs
G

Consequently, the form 7,(¢) in U, equals

E(O) A 22 = detodC.

1 dés —

10(0) = (0 A g o = 9(¢ OEQAC.

which shows that 7, does not depend on the choice of the cone ¢ and the list
{ns}, o € (n) constitutes a global form regular in the union of all U,, which
is C4\ Z(%).

The differential of 7(¢) in some U, is obviously equal to dw(¢) A ——— %2

deto Cs5 °
Taking into account that w(¢) comes from an (n, n)-form on an n-dimensional

variety, which implies that its differential is zero, we conclude that the form
7(¢) is closed.

Recall that the set C?\ Z(X) is homotopically equivalent to an oriented
compact real analytic cycle +y of real dimension d +n (see Theorem 1 or[4]). By
Proposition 1, this cycle generates the top homology group of the complement
to Z(X). Hence, the obtained differential (d, n)-form 7n({) has the right degree
and is a kernel, provided that it is not cohomologically trivial.

To compute the integral

/ n(¢)

~

we regard the space C?, where the form 7(¢) lives, as the chart U in the toric
variety Xg. This chart is the affine toric variety Xz that corresponds to the
cone o = (€r, €;) = Rff_ generated by the first d = n + r vectors from the list
(4). According to Theorem 1, the variety Xy is a complete intersection of toric
hypersurfaces X1 N --- N A&, in X5. Let us show that this form has poles of the
first order along all those hypersurfaces &, 7 = 1,..., r. For that we look at
the form 7(¢) in another coordinate chart of X§ whose intersection with ‘the
skeleton’ is dense in it. There is a number of such standard charts in the variety,
we choose the one that corresponds to the simple cone (¢;, v;) € ¥. This chart
Vis homeomorphic to C¢ and the formulas

1 1
— Unt1 Vg
w1 *ClCnJﬂ G
o™ o7
— +1 d
Wn = Canll <84
Wnt+1 = g7y Wd = ¢
relate its local coordinates w = (wq,..., wq) to the local coordinates ¢ in U

[13, section 27.9] or [8]. Notice that the first n equalities are nothing but the
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relations between local and homogeneous coordinates in the variety Xy and
easy calculation shows that in local coordinates w
dwnp, 1 dwy

I (6)

n=(—1)"w(wy,..., w,) A
(1) n .

On the other hand, the relation between the local coordinates w and the
homogeneous coordinates £ of X5

wlwn"ff~ wd *flfdnﬂ- 5d+w

n
Un+1

— n+1
WnWyyy - wd 5n§d . £d+r7
1 &ntr
Wnt1  Lay1’ ) wd ch»r

shows that a toric hypersurface X; = {44, = 0} in W is given by the equation
Wp4; = 0. Thus, a global differential form on X given by 7(¢) in U has poles
of the first order along ‘the skeleton of infinity’.

Let us show how to choose the cycle v. We follow the construction of the
Leray coboundary for cycles in subvariety S of the complex codimension r in
the variety X [18, 1]. In our case we consider the subvariety S = X3 N---N X,
of X = X5 as in Theorem 1. By this theorem the closure of the orbit G - ¢ in
Xs of any ¢ € C%\ Z(X) intersects ‘the skeleton’

Xin---NX, ~ Xs,

in a unique point [(]g. Let us take in every orbit a real r-dimensional torus
such that their union over all [¢(] forms a continuous family of tori in C?\ Z(X),
which we shall take as ~.

Then by (6) and Fubini’s theorem

dwy, d .
/77 / w(w) / st - T (273)"Vol, (Xx)
v X5 st Wnp41 st Wq

with the volume Vol,( f w. O

In the next section we shall point out a natural class of volume forms on Xy,
and, correspondingly, the class of kernels 7, for which the volume Vol, (Xy) is
easily computed. At the moment let us consider another class of kernels and
volume forms examined in the special case in [17].

Example 2

Let ¥ be a fan in R™. Assume that its generators are vertices of a reflexive
polytope P. In this case the dual polytope PV = {x € R*(y, x) > —1Vy € P}
is also integer.

Let {u;} be the vertex set of PV. Then the differential form

_ Bl
(S SR AR
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is a kernel for Z(X). Indeed, let u; be dual to the cone o € 3. According to
the definition of « in (2) the coordinates of a(u;) with indices that correspond
to vectors generating o are equal to —1 and are non-negative for other indices
(since u; is integer). Whence, taking into account (1), the form n has singularity
only along Z(¥). The form 1 has degree zero, since E((), d¢, and ¢! have the
same degree and the degree of ¢*(%3) is zero (see Remark 1). The corresponding
volume form in homogeneous coordinates is

_ _BONEQ)
32 ¢l gatualt 2

Analogously, for reasons of homogeneity, a vector k = (k1, ..., kq) of natural
divisors of d defines the differential (d, d — 1)-form

_ (=) sGdC(I] A d¢

k] AR J
(s, ky=d
where ¢ > 0 and ¢; > 0 for s = (0,..., %,..., 0). This form is a kernel

in C?\ {0} that generalizes the Bochner-Martinelli kernel, which one obtains
choosing all k; = 1.

A representative v of the only non-trivial class of the top homology group
can be given by an analytic expression. This is the point where the fact that X5
is projective plays a key role. Indeed, in this case the results [6, Theorem 4.1]
and [14, Section 7.4] suggests taking v = u~!(p) where p is the moment map

T8 (Cd—>]R:_

associated with the action of the maximal compact subgroup of G on the com-
plement of Z(X). A point p is taken from the interior of the Kéhler cone Ky of
Xs.

Let us give the accurate descriptions of g and Ky. The moment map p is
the composition Bg om of two mappings where m(¢) = (|¢1/?%, ..., |[¢4]?) and Br
comes from the exact sequence

0 R RY —% A, ((X5) @R — 0

obtained by tensoring (2) with R. Note that A,,—1(Xy) ® R ~ R" since the fan
Xy is projective and simplicial. Having a lattice of relations (3), one immedi-
ately obtains the explicit formulas

wi(C) = ail|<1|2 + - +aid|Cd|2, t=1,..., 1

Observe that the coefficients a;; in the lattice can be chosen all non-negative.
Let |Cx|? occur with negative sign. Since the fan is complete, the vector —uvy
belongs to some cone in ¥ and equals a linear combination of its generators
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with non-negative coefficients. Multiplying this equality by appropriate positive
factors and adding the results to the initial relations we eliminate all |(x|? with
negative signs.

There is a procedure for defining of the Kéhler cone K, (see [3]). Let I € P
be a primitive collection for the fan . As the fan is complete, the sum >, v;
belongs to some cone of ¥ generated by {v;}, j € J, and therefore is a linear

combination of them

E v; = E CjUj

icl jed
with all ¢; being positive rational numbers. Since the row-vectorsin (3) a1, ..., a,
form a basis of relations between generators, this relation can be rewritten as

Z’Ui — ZC]"UJ' = t{(anvl + 4 Cle’Ud) + 4 ti(arlvl + 4 ardvd).
iel jeJ
Then

Ks={peR":l;(p) :=tipi + - +tlp, >0 for all I € P}. (7)

4. The Fubini-Study volume form of Xy

There is a natural choice of the volume form in the construction of the
kernel. Let A be an n-dimensional simple (each vertex belongs to exactly n
edges) integral polytope A C R™. Given A, there is a complete simplicial toric
variety X associated to the fan ¥ dual to A. The variety Xy constructed in
this way admits a closed embedding into the projective space as follows.

Let P(z) = Y. c¢q2® be a Laurent polynomial in the torus T™ with all
aEANZ?
non-negative coefficients ¢, such that its Newton polytope Np coincides with

A. Put elements of ANZ™ in the order a; ..., ay and define an embedding of
the torus f: T" — Pyx_1 by

(215 oy 2n) F— (VCar 2700 ot (fCan 2°T).

The closure f(T") is then the image of Xy, which may have singularities, but
observe that the f(T") C f(Xyx) is always smooth.

We introduce a differential (n, n)-form w on the torus T™ as the pullback
image of the Fubini-Study volume form wjg:

1 *( n 1 c n
= Ef (Wpg) = ] (dd lnP(|zl\2,..., |zn|2)) .

This is a well-defined positive in the torus T" C Xy differential (n, n)-form; it
may vanish or be not defined in some points of the variety, however that does
not affect the value of the integral

[ o]

regXs Tn

The following simple proposition gives the exact value of the volume.
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Proposition 3.
Vol(Xyx) = 7#"Vol(A).

Proof. The obvious change of variables in the integral gives
1
/ W= / Weg-
T £(T™)

The volume of this algebraic subvariety of projective space with respect to the
Fubini-Study metric equals

ﬂ.n

ol deg(f).
It only remains to compute the degree of the embedding f. Let the homogeneous
linear forms [;(¢), j = 1,..., n define a generic plane of codimension n in Py _;.

Then the degree of f equals the number of solutions to the system of equations
l; (f)’ £(T™) with the same Newton polytope. The number of solutions to such

a system is given by Kushnirenko’s theorem [16] and equals n!Vol(A), and the
assertion follows. O

Notice also that integrating w with respect to angular coordinates in this
equality provides a new proof of Passare’s formula, which gives the volume of a
polytope as an integral of rational form over the positive orthant [21].

Example 3. The volume form of P x P;.

The product of two copies of the Riemann sphere (projective line) is a toric
variety associated with the two-dimensional complete fan 3 on Fig.3(a). Let P
be a polynomial P(z1, 22) = 1421 +22+a21 22 where the coefficient a is positive.
Its Newton polytope Np is the unit square in R? (Fig.4) and is obviously dual
to the fan ¥ (Fig. 3).

Fig.4. The Newton polytope of P(z).

Following the construction, we define a differential form on T2 C P; x P; as the
pull-back of W%s under the mapping f: (21, 22) — (1: 21: 221 \Jaz122)

dz1 Ndzy Ndzo N\ dZs.

= — " (w
o ( FS 2 (1+|Z1|2+|22|2+a\zl|2|zz\2)3

The volume of P; x P; with respect to this measure is equal to 72. Note that
the volume form does not coincide with the product of two volume forms on
copies of Py (it happens only if a = 1), although it gives the same volume.
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5. Integral representation with residual kernels

In this section we shall prove integral representation formulas with the
kernels obtained. The first step in this direction is the following proposition.
We keep our notation where Ky is the Kéhler cone (see (7)) and 7 is the residual
kernel (5) defined for the fan ¥.

Proposition 4. Let p € Kx, and U, be a complete Reinhardt domain

an|CGil? + -+ a1alCal? < p1,

a7‘1|<1|2 + -+ ard|<d|2 < Pry

with distinguished boundary v = p=(p). Then for every f € O(U,) N C(U,)

10 = Gryaveray | /OO

Proof. Let V C C% be a polydisc centered at the origin and relatively compact
in U,.The function f admits a Taylor series expansion ) ag¢ # about the origin

that converges on compact subsets of V. Choose p’ € Ky, such that ' = u=1(p')
compactly lies in V. Then by Stokes’ theorem the cycle « can be replaced by
~" where the series converges absolutely and uniformly. Let us show that

[ =oits 2o
,Y/

Notice that the following change of variables

¢ ei(alltl-ﬁ-'“-‘raﬂtr)cl7

Cq— ei(a1dt1+'”+ardt7~)<d

with all £; being real, preserves the integration set and the kernel, as the latter is
homogeneous with respect to this action; but the integrand gets the coefficient
etllantitetants)fit. (aratit+aratr)Ba)  The rank of the matrix A = (a;;) is r,
so the image of the linear mapping given by A is R". Therefore, for any 5 # 0

one can choose t = (t1, ...,t,) such that the coefficient is not equal to 1, so the
integral must equal 0.
The statement follows now from Theorem 2. O

Recall that the Kéahler cone of Xy is defined by the system of linear inequal-
ities I7(p) > 0. For a fixed p, define a domain D of C? by the system

G P+ + G P < tipr + -+ thp, (8)

for all primitive collections I € P of X.
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Proposition 5. The domain D is a subdomain of U,.

Proof. Note that the rational vectors t/ = (¢{,..., t1) are the interior normal
vectors to the faces of the Kahler cone. Therefore they generate the dual cone
bit!t + -« 4 byt!s where b; € R", b; > 0. Since the Kéhler cone is not empty
and contained in the positive orthant R , the dual cone is also non-empty and
contains the positive orthant. This means that every basis vector e; of R” can be
expressed as a linear combination of {¢/} with non-negative rational coefficients.
Hense we can sum the inequalities (8) multiplied by these coefficients to get p;
on the right side and

an |G+ aialal® o0 | Y Gl b | D lG P

JEJ1 J€Js

on the left with the same inequality sign. So, a;1|C1]? + -+ + aq|Ca|* < pi and
the proposition is proved. O

Now we extend the representation of the function at the origin (Proposition
4) to the representation in a domain. The formula we shall obtain combines the
properties of the Bochner-Ono formula [1] (as it represents values of a function
in a subdomain) as well as of the one of Sorani [23] (as one integrates over the
distinguished boundary).

Theorem 3. Let f € O(U,)NC(U,). Then for every z € D C U,

1) = G | F(Onc =)

Proof. Let z be in D. Consider the homotopy I'(t) of the cycle p=1(p) = v

a1|¢i —tz1 2+ - 4 aralCa — tzal? = Ra(t),

ar |G =tz + - + aralCa — tzal* = Ry (t).
with the vector-function R(t) = (R1(t),..., R-(t)) given by
R(t)=(1—t)*p+te, t €0, 1],

where ¢ is a point from the Kéhler cone Ky of Xy, chosen in such a way that
the following two conditions are satisfied

(1) the homotopy I'(t) forms a (d + n + 1)-dimensional chain in Up;

(2) the cycles I'(t) do not intersect

ZE)+z={CeC(-2€Z(D)}.
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With these conditions satisfied the Stokes formula implies that

[ranc-2= [ rnc-2

(1)

and the change of variables ( — ( 4 z in the integral gives

F(C+2)n(Q).
()
Since ¢ € Ky, it follows from (4) that the integral equals (2i)"7?Vol(A)f(z).
Hence, it is left to point out such e.
Notice the fact that e € Ky, automatically implies that the whole curve R(¢)
lies in K. Then cycles from {I'(t)}, ¢t € [0, 1] constitute a continuous family,

i.e. a (d+ n+ 1)-dimensional chain. By the triangle inequality in the standard
metric of R24

a — 1/2
( “Kl t21|2 "'+aid|<d tzd‘z) / >
)1/2.

)

1/2
> (%1\C1|2 +"'+aid|<d|2) / _t(ai1|zl|2 + 4 ajalza)

denoting the image p(z) by © we obtain

(anlCif + -+ aid|Cd|2)1/2 < VRi(t) +t\/p; forall ¢ € T'(¢).

Therefore, to satisfy the first condition for T'(¢) it is enough to require

(Vpi —ty/ii)? — Ri(t) >0 foralli=1,..., r
These inequalities hold if &; < ((/pi — /i)?), i =1,..., 1.
For all ¢ € I'(t), we have
U(RE®) =Y G —tzil> =Y e;l¢; — tz.
iel jed
Substituting any point of Z + z into corresponding identity, we get
=Y el =tz = h(R() — (1= 1) |

jed i€l

By definition Y |z;]? < I7(p) and get the right hand side being strictly positive.

i€l
This proves that { € Z(X) + z does not belong to the chain {T'(¢)}. O

FAKULTET MATEMATIKI I INFORMATIKI, KRASNOYARSKII GOS. UNIVERSITET,
660041, KRASNOYARSK, RUSSIA
E-mail address: alex@lan.krasu.ru

21



FAKULTET MATEMATIKI I INFORMATIKI, KRASNOYARSKII GOS. UNIVERSITET,
660041, KRASNOYARSK, RUSSIA
E-mail address: tsikh@lan.krasu.ru

INSTITUT DE MATHEMATIQUES DE BORDEAUX, UNIVERSITE BORDEAUX 1,
33405, TALENCE, FRANCE
E-mail address: Alain.Yger@math.u-bordeauxl.fr

References

[1]

2]

3]

[9]

[10]

[11]

L.A. Aizenberg, A. P. Yuzhakov Integral Representations and Residues in
Multidimensional Complex Analysis, Translations of Mathematical Mono-
graphs, 58. AMS, 1983.

P.S. Aleksandrov Topological duality theorems. I. Closed sets, Amer. Math.
Soc. Transl. 30, 1963, 1-102.

V.V. Batyrev Quantum cohomology ring of toric manifolds. Journées de
Géométrie Algébrique d’Orsay (Orsay, 1992). Astérisque No. 218 (1993),
9-34.

D. Cox The homogeneous coordinate ring of a toric variety. J. Algebraic
geometry 4 (1995), 17-50.

D. Cox Toric Residues. Ark. Mat. 34 (1996), no. 1, 73-96.

D. Cox Recent developments in toric geometry. Algebraic geometry — Santa
Cruz 1995, 389 — 436, Proc. Sympos. Pure Math., 62, Part 2, AMS, 1997.

P. Deligne, M. Goresky, R. MacPherson L’algébre de cohomologie du
complément, dans un espace affine, d’une famille finie de sous-espaces
affines. Michigan Math. J. 48 (2000), 121-136.

T.O. Ermolaeva, A.K. Tsikh Integration of rational functions over R™ by
means of toric compactifications and higher-dimensional residues. (Rus-
sian) Mat. Sb. 187 (1996), no. 9, 45-64; translation in Sb. Math. 187
(1996), no. 9, 1301-1318.

W. Fulton Introduction to toric varieties, Annals of Mathematics Studies,
131. Princeton University Press, Princeton, NJ.

M. Goresky, R. MacPherson Stratified Morse Theory, FErgeb. Math. Gren-
zgeb. 3. Folge, Bd. 14, Springer-Verlag, Berlin, 1988.

Ph. Griffiths, J. Harris Principles of algebraic geometry, Pure and Applied
Mathematics. Wiley-Interscience [John Wiley & Sons|, New York, 1978.

22



[12]

[13]

[14]

[23]

[24]

[25]

F.R. Harvey Integral formulae connected by Dolbeault’s isomorphism. Rice
Univ. Studies 56 (1970), no. 2, 77-97.

A.G. Khovanski Algebra and mized volumes. Addendum 3 in the book
Yu.D. Burago, V.A. Zalgaller Geometric inequalities, Grundlehren der
Mathematischen Wissenschaften, 285. Springer-Verlag, Berlin, 1988.

F.C. Kirwan Cohomology of quotients in symplectic and algebraic geometry,
Mathematical Notes, 31. Princeton University Press, Princeton, NJ, 1984.

W. Koppelman The Cauchy integral for differential forms. Bull. Amer.
Math. Soc. 73 (1967), 554-556.

A.G. Kouchnirenko Polyédres de Newton et nombres de Milnor. Invent.
Math. 32 (1976), no. 1, 1-31.

A.A. Kytmanov On an analogue of the Fubini-Study form for two-
dimensional toric manifolds. (Russian) Sibirsk. Mat. Zh. 44 (2003), Ne2,
358-371; translation in Siberian Math. J. 44 (2003), Ne2, 286-297.

J. Leray Le calcul différentiel et intégral sur une variété analytique com-
pleze. (Probléme de Cauchy. III). Bull. Soc. Math. France 87(1959), 81—
180.

I. Lieb, J. Michel The Cauchy-Riemann complex. Integral formulae and
Neumann problem, Aspects of Mathematics, E34. Friedr. Vieweg & Sohn,
Braunschweig, 2002.

A M. Kytmanov The Bochner-Martinelli integral and its applications,
Birkhauser Verlag, Basel, 1995.

M. Passare Amoebas, convexity and the volume of integer polytopes. Ad-
vanced Studies in Pure Mathematics, 42 (2004), 263-268.

A.V. Shchuplev On reproducing kernels in C* and volume forms on toric va-
rieties. (Russian) Uspekhi Mat. Nauk 60 (2005), Ne2(362), 179-180; trans-
lation in Russian Math. Surveys 60 (2005), Ne2, 373-375.

G. Sorani Integral representations of holomorphic functions. Amer. J. Math.
88 (1966), 737-746.

A K. Tsikh Multidimensional residues and their applications, Translations
of Mathematical Monographs, 103. AMS, 1992.

A K. Tsikh Toriska residyer. Proc. conf. ‘Nordan 3’ (1999), 16. Stockholm.

23



