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Bifurcating autoregressive processes

The state of the art

Bifurcating AutoRegressive processes

Consider the bifurcating autoregressive process given by
{in = a + bX, + e2n,

Xony1 = ¢ + dXn + e2p41-

@ Xj is the ancestor,

Assume that 0 < max(|b|, |d|) < 1and |a| + |c| # 0.

Goal. Statistical inference on the parameters (a, b, c, d).
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Bifurcating AutoRegressive processes

Consider the bifurcating autoregressive process given by
Xon = a + bX, + e2n,

Xony1 = ¢ + dXn + e2p41-

@ X is the ancestor,
@ ¢, is the driven noise.

Assume that 0 < max(|b|, |d|) < 1and |a| + |c| # 0.

Goal. Statistical inference on the parameters (a, b, c, d).
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Introduction

Associated binary tree
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The state of the art

Characteristics of the binary tree

@ The two offsprings of n are labelled 2n and 2n + 1,
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Bifurcating autoregressive processes

The state of the art

Characteristics of the binary tree

@ The two offsprings of n are labelled 2n and 2n + 1,
@ The mother of nis [n/2],
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Bifurcating autoregressive processes

The state of the art

Characteristics of the binary tree

@ The two offsprings of n are labelled 2n and 2n + 1,
@ The mother of nis [n/2],
@ The ancestors of nare [n/2],[n/22],..., [n/2™].
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Bifurcating autoregressive processes

The state of the art

Characteristics of the binary tree

@ The two offsprings of n are labelled 2n and 2n + 1,
@ The mother of nis [n/2],

@ The ancestors of n are [n/2],[n/2?],..., [n/2"].

@ Go={1},Gy ={2,3}, Go = {4,5,6,7},
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The state of the art

Characteristics of the binary tree

@ The two offsprings of n are labelled 2n and 2n + 1,
@ The mother of nis [n/2],

@ The ancestors of n are [n/2],[n/2?],..., [n/2"].

@ Go={1},Gy ={2,3}, Go = {4,5,6,7},

@ The generation nis G, = {2",2" +1,..., 2m 1},

) ’
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Bifurcating autoregressive processes

The state of the art

Characteristics of the binary tree

@ The two offsprings of n are labelled 2n and 2n + 1,
@ The mother of nis [n/2],

@ The ancestors of n are [n/2],[n/2?],..., [n/2"].

@ Go={1},Gy ={2,3}, Go = {4,5,6,7},

@ The generation nis G, = {27, 2" +1,...,2"1 — 1},
@ The subtree T, = Go UGy U --- U Gp,
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Bifurcating autoregressive processes

The state of the art

Characteristics of the binary tree

@ The two offsprings of n are labelled 2n and 2n + 1,
@ The mother of nis [n/2],

@ The ancestors of n are [n/2],[n/2?],..., [n/2"].

® Go= {1}, Gy = {2,3), Go = {4,5,6,7),

@ The generation nis G, = {27, 2" +1,...,2"1 — 1},
@ The subtree T, =G UG U--- UGy,

@ The cardinalities are |G| = 2", |Ty| = 2™ — 1,
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The state of the art

Characteristics of the binary tree

@ The two offsprings of n are labelled 2n and 2n + 1,

@ The mother of nis [n/2],

@ The ancestors of n are [n/2],[n/2?],..., [n/2"].

@ Go={1},Gy =1{2,3}, Go = {4,5,6,7},

@ The generation nis G, = {27, 2" +1,...,2"1 — 1},

@ The subtree T, =G UG U--- UGy,

@ The cardinalities are |G,| = 2", |T,| = 2™ -1,

@ The filtration is F = (F,) where F, = o{ X with k € Tp}.
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The state of the art

Previous works |

Stationary processes

@ Cowan,Staudte, Biometrics, 1986 : Introduction, motivation
in Statistical Biology.

@ Huggins, Annals of Statistic, 1996 : Maximum likelihood
estimation for large trees.

@ Huggins, Basawa, Journal of Applied Probability, 1999 and
Australian Journal of Statistics, 2000 : Maximum likelihood
estimation for large trees and higher order.

@ Basawa, Zhou, Journal of Applied Probability, 2004 :
exponential BAR processes, and Journal of Time Series
Analysis, 2005 : CLT for BAR processes.
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Bifurcating autoregressive processes
The state of the art

Previous works Il

Non stationary processes

@ Guyon, Annals of Applied Probability, 2007 : Least square
estimation for Gaussian BAR processes via a Markov
chain approach.

@ Our work, 2008 : Least square estimation for martingale
difference BAR processes via a Martingale approach.

@ Delmas, Marsalle, 2008 : The same as Guyon + Possibility
for a cell to die.

Bercu, De Saporta, Gégout-Petit On bifurcating autoregressive processes



Martingale assumptions

Least squares estimation .
Our least squares estimators

Outline

9 Least squares estimation
@ Martingale assumptions
@ Our least squares estimators

Bercu, De Saporta, Gégout-Petit On bifurcating autoregressive processes



Martingale assumptions

Least squares estimation i,
Our least squares estimators

Martingale assumptions

(H.1) Vn > 0and Vk € Gpy1,
Elex|Fn] =0 and E[e2|Fp] = 02 > 0 a.s.

(H2) Vn>0and Vk # ¢ € Gpq,

o if [k/2] # [¢/2], then ¢, and ¢, are independent given F,
e if [k/2] = [¢/2], then for p < o

Elekee| Fn] = p a.s.

sup sup E[ef]|Fn] < o0 a.s.
n>0 keGpy4
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Estimation of the parameter

We estimate 0 = (a, b, ¢, d)! by the least squares estimator

an Xok
~ b 1 Xk Xok
0, = ~ =(L®S
" Cn (2@ S,) ke%: Xok+1
dn "\ X Xokt

where

1 X
= X% %)

keTp

Bercu, De Saporta, Gégout-Petit

On bifurcating autoregressive processes



Martingale assumptions

Least squares estimation .
Our least squares estimators

A martingale identity

Eok
~ _ Xye
(Oh—0)=(2S,") > o2k

K €2k41
€Th 4
Xkeok+1

Consequently, if ¥, =1, ® S, we have the martingale identity
é\n — 0= 2;11 Mn

where M, is the martingale given by

€2k
M= Y Xke2k
n KeT E2Kk+1
n—1
Xkeok+1
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Martingale assumptions

Least squares estimation .
Our least squares estimators

Estimation of the conditional variance and covariance

We estimate the conditional variance o2 by

2
Th = 5 Z (€2k +€2k+1)
|T” 1 keT,_

and the conditional covariance p by

Pn = T Z E2kE2k+1
Tn— 1| KETh_1

where for all k € G,

Eok = Xok — an — bnX,

Eok41 = Xok+1 — Cn — dnXk.
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Strong laws for the noise

If (¢n) satisfies (H.1), (H.2) and (H.3), we have

Z&k =0 a.s.

s |T”| KET,
_ 2
n~>+oo ‘Tn‘ Z Ek = O a.s.
KeTn
lim EokERKH1 = P a.s.
M, B
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Some notations

First of all, let

z_atc B_b+d

27 2
— _ab+cd — &+ = PP+
ab_T, as = 5 b¢ = 5

In addition, denote by I and L the two symmetric matrices

o2 p 1 A
r= and L=
p o? AL

where
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A keystone lemma

If (en) satisfies (H.1), (H.2) and (H.3), we have

Remark. The matrix L is positive definite.
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Strong law for the parameter

Assume that (¢,) satisfies (H.1), (H.2) and (H.3). Then, On
converges a.s. to 6 with the rate of convergence

162 —6 =0 (
In addition, if A = I, ® L, we have the quadratic strong law

17 N .
lim — " |Tx_1|(Bk — 6)'N(6k — 6) = 40? a.s.
k=1

n—oo N
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Tools for the strong laws

The strong laws are related to the random variable

Vn = (é\n - G)tzn_1 (é\n - 0)

where Y, = hL® Sy.
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Tools for the strong laws

We have the main decomposition
Vat1 + An = Vi + Bpy1 + Wht,
Whel’e, |f AMnJ’_‘] - Mn+1 - Mn,

n
An = Z M/i(Z/:L a 221)Mk7
k=2
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Tools for the strong laws

We have the main decomposition
Vot1 + An = Vi + Bny1 + Whta,
where, if AMp 1 = Mpq — Mp,
Ap = zn: MEZ — E M,
k=2

n
Bpy1 =2 Z ML AM 4,
k=2
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Tools for the strong laws

We have the main decomposition
Vat1 + An = Vi + Bpy1 + Wht,
Whel’e, |f AMnJ’_‘] - Mn+1 - Mn,
n
An = MUy — 5 )M,
k=2
n
Bpp1 =2 M{T ' AMyy,
k=2

n
Whit = Z AMj, 15 T AM 1.
k=2
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Strong law for the conditional variance

Denote

1

2 2
= oI 1 E (62K + €5k41)-
| n_1| keT,_4

Assume that (sp,) satisfies (H.1), (H.2) and (H.3). Then, 52
converges a.s. to o2,

on

.1 ~ 2 [~ > 2
Jim k; (Eak — €2k)” + (E2k41 — €2k41)" =40 a.s.
€lpn—q

T
lim [Tnl

n—oco N

(02 — o2) = 40? a.s.
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Strong law for the conditional covariance

Denote

1
Pn:? Z E2KE2K+1-
ITp1]
keTp_4

Assume that (¢,) satisfies (H.1), (H.2) and (H.3). Then, pn
converges a.s. to p,

.1 ~ ~
Jim -~ > (Eok — cok)(Eakrt — €2k41) = 2p a.s.
keTp_1
T
lim [Tl (Pn — pn) = 4p a.s.

n—oco N
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More assumptions

(H.4) ¥n>0and Yk € Gp,1,
Ele}|Fn] = a.s.
Moreover, Yk # ( € Gpq with [k/2]=[¢/2] and for v? < 74
E[e2e2| Fp] = 12 a.s.

sup sup E[8]F,] < a.s.
n>0 keGpy4
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Central limit theorems

If (en) satisfies (H.1) to (H.5), we have

ITn_1|(6n — 6) R NO,T® L™,
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Central limit theorems

If (en) satisfies (H.1) to (H.5), we have

ITn_1|(6n — 6) R NO,T® L™,

a3t = ot £ (0, 22047,
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Central limit theorems

If (en) satisfies (H.1) to (H.5), we have

\/|Th—1|(6n — 6) £, N(@O,FT® L),

4 —20% + 1/2>
9

_ c
ITh1](62 — 0?) = N(o, :

To11(Bn — p) -5 N(0,02 — p?).
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