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@ X, — the system output,
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Xn — the system output,

®, — the regression vector,

U, — the adaptive control that can be chosen,
en — the dirven noise.
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@ Estimate the unknown parameter 6,
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Weighted least squares algorithm

Introduction
Adaptative tracking control

Optimization

Simulation of explosive autoregressive process |0| > 1
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The weighted least squares estimator 8, of  minimises

1 n—1
An(ﬁ) = E Z ak(Xk+1 — Uk — th)k)z.
k=0
Consequently,
R n—1
On = 3,,__11(3) Z a Py (Xk+1 — Uk),
k=0

n
Sn(a) = ) axd, ;.
k=0

The standard least squares estimator is given by
an = 1. W\R
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Weighted least squares estimator

The weighted least squares estimator is given for v > 0 by

1 14+~ n
an = ( > where sp =) [ ®k|?.

k=0

We always have the decomposition
On — 0 = S;" (a)Mn(a)

n—1

Mn(a) = Z ak¢k€k+1.
k=0 /N
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Adaptive tracking control

We wish to track, step by step, a given reference trajectory (xp).
We make use of the adaptive tracking control

Un = Xn+1 - Orfd)n.

Hence, the closed-loop system is given by

Xn+1 — Xpp1 = Tn + €ny1
where

TTh = (0 — é\n)tq)n.
m

B. Bercu Estimation and Control 9/ 46



Introduction el

Weighted least squares algorithm
Adaptative tracking control
Optimization

Optimization

We assume that (¢,,) satisfies the law of large numbers

1
lim —> "% =0 a.s.
k=1

n—oo N

where o2 > 0. We shall say that the tracking is optimal if

n

1
Jim > (X — xi)? = o? a.s.

k=1

m
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Strong law of large numbers
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e Strong law of large numbers

m
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Strong law of large numbers

Let (¢n) be a sequence adapted to a filtration F = (F,) with

Elenst|Fn] =0 and E[e2,4|Fn] = 02 > 0.

For a scalar sequence (¢,) adapted to IF, we investigate the
asymptotic behavior of the martingale transform

n
M, = Z Dy _qek.
k=1

The explosion coefficient associated to ($,) is given by

2 n
f,=-"1 where Sn = Z @2,
Sn k=0

m
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Strong law of large numbers

First law of large numbers
In all the sequel, we assume that

lim s, = +c0 a.s.

n—oo

Theorem (First LLN)

We have
m,
(LLN) lim — =0 a.s.
n—oo Sn_1
Remark. If (s,) converges, then (M,) also converges a.s. ™
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Strong law of large numbers

Second law of large numbers

Theorem (Second LLN)
For a > 2, assume that

(Ar) SUpE[|ens1|3Fn] < oo a.s.
n>0

Then, we have

(;:’i) = O(log sn) a.s.

2
My
Sk—1

) = O(log sn) a.s.
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Strong law of large numbers

Quadratic strong law

Theorem (Quadratic strong law)
If (A1) holds and the explosion coefficient f, — 0 a.s., we have

(QSL) lim ka(”’z")=02 as.

n—colog sp (7 Sk~

Remark. The QSL is exactly the convergence of the moment of
order 2 in the ASCLT for (Mp).
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Strong law of large numbers

Let (£5) be a sequence of iid random variables with E[¢,] = m
and Var(¢2) = 02. If Sp = & + & + - -+ + &n, We have

(LLN) im>"—m  as
n—oo N
1 KNS —km2

m
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Linear regression models with adaptive control

Consider the autoregressive process with adaptive control
Xn+1 = et‘bn + Un + €n41,
¢, = (Xna ] Xn—p+1)t-

We assume that the reference trajectory (x,) satisfies

. 1
lim —> " xg =72 a.s.
where 7 > 0. Forall n > 0, let

n
S, = Z byl
k=0 N
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Linear regression models with adaptive control

Lemma (Bercu)
Assume that (Aq) holds. If ¢ = o2 + 72, we have

lim Sn _ Ll a.s.

n—oo N

Theorem (Bercu)

If (A1) holds, 6, converges almost surely to 6

| 6 — 6 ||2= o("’i") as.
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Linear regression models with adaptive control

Lemma (Bercu)
Assume that (Aq) holds. If ¢ = o2 + 72, we have

lim Sn _ Ll a.s.

n—oo N

Theorem (Bercu)

If (A1) holds, 6, converges almost surely to 6
= logn
—0 2=
| 60— 0 || o( . ) a.s.

In addition, the tracking is optimal

1 n
lim — (X — x)*> = 0° a.s.

k=1

n—oo N
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B. Bercu

Linear regression models with adaptive control

Theorem (Bercu)
If (A1) holds, we have

(CLT) V(G — 0) = N (0, Zh),

(LIL) lim sup

n ~
—— ) |6, — 0 ||>=
n—oo (2Iog log n) I 6n I

(QSL) ,,"oo.og ZH Ok — 6 ||°=

a.s.
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Almost sure central limit theorem
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Almost sure central limit theorem

Central limit theorem

Let (£5) be a sequence of iid random variables with E[¢,] = m
and Var(&2) = 02. If Sy = & + & + -+ - + &n, we have

Sn — nm

L
N N(0,02).

(CLT)

In other words, for any function h bounded continuous,
. Sn—nm
g 2[a(% )] = [ e

where G stands for the Gaussian measure N(0, o). n
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Almost sure central limit theorem

Almost sure central limit theorem

We also have

1 &1
(ASCLT) log Z_: X 5( Sk — km> =G  as
vk

In other words, for any function h bounded continuous,

1 1 S —kmy
nlmmw;kh(ﬁ) = /R h(x)dG(x)  as. i
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Almost sure central limit theorem

We have already seen the LLN for the martingale transform

n
Mn = Z (Dk_'[sk.
k=1

The explosion coefficient associated with (¢,) is given by

d2 o,
f,=-1" avec Sp = P<.

m
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Almost sure central limit theorem

Theorem (Brown, Chaabane, Lifshits)

If (A1) holds and the explosion coefficient f, — 0 a.s., we have

M, [ 2
CLT, — N(0,0%).
(CLT) N i (0,07)
In addition, if

d <o a.s.

n=1

for some v > 0, then we also have

1 n
(ASCLT) logsn,;f"‘s( M >=>G a.s.
Vi
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Almost sure central limit theorem

Powers of martingales

For any function h bounded continuous, we have

. 1 < My
Jm s anfkh( sk_1) = /R h(x)dG(x)  as.

Definition. We shall say that (M,,) satisfies a PASCLT if this
convergence holds for all polynomial function h.

Goal. Establish a PASCLT in order to study the stability of
controlled functional regression models.

m
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Almost sure central limit theorem

Theorem (Bercu)
Forsome p > 1 and a > 2p, assume that

a
(Ap) ?’l;gEHSnH’ | Fn] < o0
Then, we have
M2 \p
= O(log s
<s,,_1) (log sn)
n M2 \p
> vilp) ()" = O(log sn)
k=1 Sk—1

a.s.

a.s.

a.s.
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Almost sure central limit theorem

Theorem (Bercu)
If (Ap) holds and the explosion coefficient f, — 0 a.s., we have

a.s.

) ’ ( M2 )p _ a?P(2p)!

Sk_1 2pPp!

Theorem (Bercu-Fort)

Assume that (Ap) holds for allp > 1 and f, — 0 a.s. Then,
(M) satisfies the PASCLT

|Og Sn Z fy 6 ( ) = G ELS,
N
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Almost sure central limit theorem

Explosive martingales

Forallp > 1, let

Theorem (Bercu)

Assume that (Ap) holds and, for all2<q<2p, on(q) — o(q)

a.s. where o(q) = 0 if g is odd. Also assume that f, — f a.s.
where 0 < f < 1. Then, we have

1 M2 P
nll)ngonl;(&(q) = I(p, f) a.s.
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Almost sure central limit theorem

Gaussian limit distribution

The limit I(p, f) is given by

This expression does not depend on fiff, forall 1 < k < p,

(2K) = Zﬁi’!‘)'

In that particular case, we have

o2P(2p)!

I(p, f) = 2pp!

= I(p)-
N
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Almost sure central limit theorem

Explosive martingales

Theorem (Bercu-Fort)

Assume that (Ap) holds for allp > 1 and f, — f a.s. where
0<f<1. Forallp>1,ifl(p,f) = I(p), then (M,) satisfies the
PASCLT

nZ(S( M >=>G a.s.
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Almost sure central limit theorem

Stable autoregressive process 0| < 1

Consider the stable autoregressive process

Xn+1 = 0Xp + €n41-

If (A1) holds, we have f, — 0,

a.s.

In addition, 8, — @ a.s. and

V(0 — 0) L5 N (0,1 — 62).
m
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B. Bercu

Almost sure central limit theorem

If (Ap) holds for all p > 1, we have the PASCLT

1 2
In particular, for all p > 1, we have

1 — 62)P(2p)!
lim —— ka 16k — 0)2P=( )"(2p) a.s.
n—oo Iog n 2Pp!

m
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Almost sure central limit theorem

Explosive autoregressive process [0] > 1

If (Hy) holds, 6" X, converges a.s. to the random variable

Y=Xo+> 0 ek
pa
In addition, f, — (62 — 1) /62,
Sn 62Yy?

nlmooﬁ: (9271) a.s.

Consequently, 5,, — 0 a.s. Moreover, if (¢5) is gaussian and C
stands for the Cauchy distribution

107(6 — 0) £ c. m
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Almost sure central limit theorem

If (¢n) is gaussian, we have the PASCLT

12 a?(6%2 — 1)
B ’; (slelk(’ék_e) = N(O, 7Y2 ) a.s.
In particular, for all p > 1, we have
1T e o?P(62 — 1)P(2p)!
im — k _ 2p _
k=1
n
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Functional regression models with adaptive control
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Functional regression models with adaptive control

Consider the functional autoregressive model of order d > 1

Xn+1 = Gf(Xn, Tty Xn—d+1) + Un+ €n4+1-

We estimate 6§ by the standard least squares estimator

~ M n
Op— 0= — with My =>" ®_qex.
Sn—1 k=1
We choose the adaptive tracking control
Un = Xp41 — é\nq)n
where ¢, = f(Xp, -+, Xp_g+1)- N
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Functional regression models with adaptive control

The functional class C(a, b)

Let C(a, b) with a,b € N and a > 1 be the class of functions f
from RY to R such that, for all x € RY,

c1+Ca || x|P< [f(x)| < es +ca |l x|

where b > 1if ¢; = 0 and b > 0 otherwise.

m
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Functional regression models with adaptive control

Corollary (Bercu-Portier)

Assume that (Ha) holds and f € C(a, b) with a < 4. Then, we
have 6, — 6 a.s. and

(6h—0)2=0 (Iog n> a.s.

n

For all1 < p < a, the tracking is stable of order p

lim sup — Z (Xk — xk)?P < o0 a.s.

n—oo M=

If on(2p) — o(2p) a.s., the tracking is optimal of order p

n

.1
fm o Sk~ x0® =o@p) s n
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Functional regression models with adaptive control

The natural hypothesis (H;)

Denote by P(a) the polynomial algebra with d variables and
total degree < a with a > 1. We assume that f> € P(2a)
together with

T
(Ha)  lim — > ek + Xkr- o Ek—dit + Xk—dr1) =L as.
k—d

where ¢ > 0. Under (A,) and (Hz) with a < 4, we can prove

s
lim 22 =¢ a.s.
n—oco n

m
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Functional regression models with adaptive control

Corollary (Bercu-Portier)

Under (A) and (Hy) with a < 4, we have 6,, — 6 a.s. and

2

(CLT) Va6, — 0) % N (o, Z)
(LIL)  limsu <"> (6n — 0)2 = il AL
mouP \ 2l0glogn,) " T "

Moreover, for all1 < p < a, we also have
2P (2p)!
Z kP— 1(0k )2P = M 213,
n—>oo Iog n £P 2P p!
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Functional regression models with adaptive control

Polynomial autoregressive processes of order 2

Assume that x, — 0 and op(p) — o(p) a.s. forall 1 < p < 4.
Consider the polynomial autoregressive processes

(1) X1 = OX5 + Un + eny1,
(2) Xnp1 = 0Xn(1 — Xn) + Un + eng1,
(3) Xni1 = 0XnXn—1 + Up +enta.

Then, the corollary holds with £(1) = o(4),

£(2) = o(4) — 20(3) + o(2), £(3) = o(2)% "
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Functional regression models with adaptive control

Polynomial autoregressive processes of order 3

Assume that x, — 0 and op(p) — o(p) a.s. forall 1 < p < 6.
Consider the polynomial autoregressive processes

(4) Xnp1 = HX,:,” + Un +enya,
(5) XIH—1 = HXE)(“ - Xn) + Un + En+i,
(6) X1 = 9Xan—1 + Un+éeng1-

Then, the corollary holds with £(4) = o(6),

£(5) = o(6) — 20(5) + o(4), £(6) = o(4)o(2). m
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Functional regression models with adaptive control

Simulation of controlled autoregressive process
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