Université de Bordeaux LICENCE INTERNATIONALE MULTIVARIATE CALCULUS

Exercise 1  Prove that ||z|| := |z| is a norm on R. Explicit the open and closed balls
B(2,3) and B2, 3]. Discuss if the following sets are open or closed (or not). Determine
interior, boundary and closure in each case. Determine interior, boundary and closure
in each case.

A= {0} B =10,1} C=(0,1) D =10,1]
E =(0,1] F=7 G={l/n:n>1} H={1/n:n>1}U{0}
Exercise 2 Equip R? with the Euclidean norm. Discuss if the following sets are

open or closed (or not).

A={(0,0)} B ={0} x[0,1] C ={0} x (0,1)

D =(0,1) x (0,1) E =10,1] x (0,1) F={(z,22): 2 >0}

G={(z,22) : x>0} H={(z,1/x):2 >0} J={(z,1/x):x #0}U{(0,0)}
Exercise 3 Give proofs or counterexamples to the following assertions.

a) Arbitrary unions of open sets are open.

If A C R%is not open then A must be closed.
Arbitrary intersections of closed sets are closed.
Arbitrary unions of closed sets are closed.

The set {z? + 3y* < 1} is open / closed / bounded ?

The set {z? + 3y* < 1} is open / closed / bounded ?
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Exercise 4
Which of the following subsets Which of the following subsets of E = C([0,1])

of R? are vector spaces? are vector spaces?
a) {(z,y):x=0} a) E itself.
b) {(z,y):x=0,y =1} b) The polynomial functions: {f € E: Jp €
) {(z,y):z+y=0} R[X]: Vo : f(z) = p(a)}
Q) {(z.y): v +y=1} ¢) {feE: [j f(r)de =0}
) {(z,y):z-y=0} d) {feE: V,: f(z)=0}
f) {(z,y): 2> +y* =1} e) {feE: folf(x)2da:§1}.

Exercise 5 Let n > 2 be fixed. For any n x n matrix A = (a;;) define ||A|| =

Zmaxﬂaikl : k = 1.n} Show that this defines indeed a norm. Equip R™ with the
i=1
|.[[;-norm. Show that ||Az|jy < ||A||||lz]:.

Exercise 6 Show that the closure of an open ball B(x,a) in a normed vector space
is the closed ball B[z, r].



Exercise 7 Let N(z,y) := max (|]z — 2y|, |2z — 3y|). Show that N is a norm on R?.
Let U be the Euclidean unit ball in R?. Find r > 0 such that By(0,7) C U.

Exercise 8 Let E be a finite dimensional vector space with basis {by,...b,}. For
x =73 ;&b let ||z == max{|&], .., |§u]}. Prove that this defines a norm on E. Now
let [|z|[y := >, [&;]. Prove that this defines a norm on £. Can you find a sequence ()
that converges in ||.||« but not in norm ||.|[;? Or a sequence that converges in ||.||; but
not in norm ||.||s?

Exercise 9  Let £ = C([0,1]) and || f||o := max{|f(z)| : z € [0,1]}. Prove that this
defines a norm on E. Now let || f|; := fol |f(z)|dz. Prove that this defines a norm on
E. Can you find a sequence (f,) that converges in ||.|[o but not in norm |.[[;? Or a
sequence that converges in |[|.|[; but not in norm ||.|[s?

Exercise 10 Let E = C([0,1]). Prove that (f,g) fo g(t) dt defines a scalar
product on E.

Exercise 11  Let (x,y)s be the euclidean scalar product on R". Establish a criterion
on a n x n matrix A to guarantee that [z, y] := (Az, Ay) defines a scalar product on R™.

Exercise 12 Discuss continuity (or not) of the following functions on R2.

0 otherwise

f1($,y) _ { (xQ +zy+y )sm( 2+y ) if (%y) £ (070)

x2y4223 if (JI
2.2 7y) 7£ (07 O)
= xe+y
ey { 0 otherwise
ysin(z) ¢ (z,y) # (0,0)
= 12+y2 ) s
flew) { 0 otherwise
sin(f(@)=sin(f®)  if o £y
B o5 here f is of class (!
ey { f'(w)cos(f(y)) otherwise where f is of class
oy
fo@y) = { Prsae L@ y) #(0.0)
0 otherwise
sin?(z)(e?—1) if ( 0.0
— 272+y2 1 l’,y) 7é( , )
fo(x,y) { 0 otherwise
lzy|* -
falz,y) = ¢ & i (m,y). 7 (0,0) for a > 0
0 otherwise
zty?+ady® if ( 0.0
= x0+2y6 1 zvy) 7é( s )
fs(z,y) { 0 otherwise
s
g =4 Ve 1@y # 0.0
0 otherwise



