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R→+∞
∫ R
−R f(t)eitxdt f2
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x

R→+∞
∫ R
−R f(t)eitxdt
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Z
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f
[a, b] R,

P [a, b],
σ = (x0, . . . , xn) a = x0 < x1 < . . . < xn = b. σ [a, b]

Mσ(f) =
n−1∑

i=0

(xi+1 − xi)supxi≤x≤xi+1f(x)

mσ(f) =
n−1∑

i=0

(xi+1 − xi)infxi≤x≤xi+1f(x).

mσ(f) ≤ Mτ (f) σ, τ ∈ P. f
σ∈Pmσ(f) = σ∈PMσ(f),

∫ b

a f(t)dt = σ∈Pmσ(f) = σ∈PMσ(f)

[a, b] [a, b]

f I R x0 ∈ I,

F (x) =

∫ x

x0

f(t)dt

F I, F ′(x) = f(x) x
I, F a f(a) I

a, F b f(b) I
b F f I f(x0) = 0).



f [a, b],∫ b

a f(t)dt

n→+∞
b−a
n

∑n
k=0 f(a+k b−a

n ) = n→+∞
b−a
n

∑n
k=1 f(a+k b−a

n ) =
∫ b

a f(t)dt.

{
f(x) = 0 si x ∈ Q, 0 ≤ x ≤ 1
f(x) = 1 si x /∈ Q, 0 ≤ x ≤ 1

f
R

mσ(f) = 0 Mσ(f) = 1 σ [0, 1].

f [0, 1]
1

f(t) = a0 +
+∞∑

n=1

ancos(nt) + bnsin(nt),

(an)n≥0 (bn)n≥0

∑
n≥0 |an|2∑

n≥1 |bn|2



R. E
m(E). m(E)

a +∞ = +∞ a ∈ [0, +∞]
E m(E) = 0.
E m(E) = +∞.
E [a, b], [a, b[, ]a, b] ]a, b[, m(E) = b−a.
E = ∪1≤n≤kIn m(E) =∑

1≤n≤k m(In).
E = ∪n≥1In

m(E) =
∑

n≥1 m(In), m(E) = +∞ In

In

∑
n≥1 m(In)

E ⊂ R x ∈ E
δ > 0 ]x− δ, x + δ[⊂ E.

F ⊂ R
E

E = ∪nIn, (In)n

m(E)
E R.

R
R. F R. N ≥ 1

F ⊂]−N, N [. E F ]−N, N [. E

m(F ) = m(]−N, N [)−m(E) = 2N −m(E).

A ⊂ R
(En)n≥1 R A (Fn)n≥1

R A n→+∞m(En) =
n→+∞m(Fn),

m(A) = limn→+∞m(En) = limn→+∞m(Fn).

B ⊂ R
B∩]− n, n[ n ≥ 1,

m(B) = limn→+∞m(B∩]− n, n[).

m(B) = +∞.
(En)n≥1

(Fn)n≥1 En ∩1≤m≤nEm

Fn ∪1≤m≤nFm). m(F )
(En)n≥1 (Fn)n≥1.



A A

(An)n≥1 ∪n≥1An ∩n≥1An

(An)n≥1 m(∪n≥1An) =
n→+∞m(An).

(An)n≥1

n0 ≥ 1 m(An0) < +∞, m(∩n≥1An) = n→+∞m(An).

E ⊂ R
m(Ea) = m(E) a ∈ R, Ea := {x− a}x∈E.

R

P(X)
X. φ : P(X) → X φ(A) ∈ A ∀A ∈ P(X).

R

R

R.

R



f : R → R f−1(E) := {x ∈ R | f(x) ∈
E} E R.

C.

fn n ≥ 1, f(x) = n→+∞fn(x) f

R

E ⊂ R, χE(x) = 1 x ∈ E, χE(x) = 0 x += E.
f E1, . . . , Ep

c1, . . . , cp

f =
∑

1≤k≤p ckχEk
.

E1, . . . , Ep f =
∑

1≤k≤p ckχEk

R,

∫
R f(t)dt =

∑
1≤k≤p ckm(Ek).

f : R → [0, +∞[
(fn)n≥1 f(x) = limn→+∞fn(x)

x ∈ R.
∫

R
f(t)dt = limn→+∞

∫

R
fn(t)dt ∈ [0, +∞].

f
∫

R f(t)dt < +∞.

(fn)n≥1

f(x) = limn→+∞fn(x) x ∈ R,
n→+∞

∫
R fn(t)dt (fn)n≥1.

f : R → R f |f |



∫

R
f(t)dt =

∫

R
f+(t)dt−

∫

R
f−(t)dt,

f+(t) = max(f(t), 0) f−(t) = max(−f(t), 0) t ∈ R.
f : R → C f |f |

∫

R
f(t)dt =

∫

R
Re(f)(t)dt + i

∫

R
Im(f)(t)dt.

f
a ∈ R

∫

R
f(t− a)dt =

∫

R
f(t)dt.

E ⊂ R f : E → C
f̃ : R → C f R f̃(x) = 0 x /∈ E,

f̃(x) = f(x) x ∈ E.
f E f̃ f

E f̃ R.
∫

E

f(t)dt =

∫

R
f̃(t)dt

f g E, λf + µg E
λ, µ ∈ C

∫
E(λf(t) + µg(t))dt = λ

∫
E f(t)dt + µ

∫
E g(t)dt.

f g
E, |f |2 |g|2 E, fg

E

∣∣∫
E f(t)g(t)dt

∣∣ ≤
√∫

E |f(t)|2dt
√∫

E |g(t)|2dt.

f g
E

{x ∈ E | f(x) += g(x) }



f E.
g f E, g E

∫

E

f(t)dt =

∫

E

g(t)dt.

F
F = {xn}n≥1, xn += xm n += m. E

{xn}, m(F ) =∑
n≥1 m({xn}) = 0. Q

Q∩ [0, 1] f(x) = 0
x ∈ [0, 1] ∩ Q, f(x) = 1 x ∈ [0, 1], x /∈ Q, f

[0, 1]. f 1 [0, 1], f
[0, 1]

∫ 1

0 f(t)dt =
∫ 1

0 dt = 1.

(fn)n≥1

E, f E.

n→+∞fn(t) = f(t)

g E |fn(t)| ≤ g(t)
n ≥ 1.

f E,
∫

E f(t)dt = limn→+∞
∫

E fn(t)dt.

f R. f̂(x) =
∫ +∞
−∞ f(t)e−itxdt.

f̂ R.



f̂ f̂(x) =

n→+∞f̂(xn) x ∈ R (xn)n≥1

x.
x ∈ R (xn)n≥1 x = n→+∞xn.

h(t) = f(t)e−itx hn(t) = f(t)e−itxn n ≥ 1.

n→+∞hn(t) = h(t) x ∈ R,

|eitx| = 1 t,

|hn(t)| = |f(t)| t ∈ R n ≥ 1.

f R,

f̂(x) =

∫ +∞

−∞
f(t)e−itxdt =

∫ +∞

−∞
h(t)dt = limn→+∞

∫ +∞

−∞
hn(t)dt

= limn→+∞

∫ +∞

−∞
f(t)e−itxndt = limn→+∞f̂(xn).

f̂ R. ♣

(fn)n≥1

f(t) := n→+∞fn(t)
t ∈ E.

∫

E

f(t)dt = limn→+∞

∫

E

fn(t)dt ∈ [0, +∞].

n→+∞
∫

E fn(t)dt = +∞, f
E.

f [a, +∞[,∫ +∞
a f(t)dt

∫ L

a f(t)dt

L → +∞,
∫ +∞

a f(t)dt = limL→+∞
∫ L

a f(t)dt.

f ≥ 0,
∫ +∞

a f(t)dt



f [a, +∞[

a ∈ R, f [a, +∞[
f(t) ≥ 0 t ≥ a. ∫ +∞

a f(t)dt
f [a, +∞[,∫ +∞

a f(t)dt
∫

[a,+∞[ f(t)dt

F (L) =
∫ L

a f(t)dt. f ≥ 0, F
[a, +∞[, F (L) L → +∞ (F (n))n≥1

fn(t) = f(t) a ≤ t ≤ n, fn(t) = 0 t > n. fn

n ≥ 1, fn f(t) = n→+∞fn(t) t ≥ a.
f

[a, +∞[ n→+∞
∫ n

a f(t)dt = +∞, f
[a, +∞[

n→+∞
∫ n

a f(t)dt)n≥1

∫
[a,+∞[ f(t)dt = n→+∞

∫
[a,+∞[ fn(t)dt = n→+∞

∫ +∞
an

f(t)dt. ♣

n→+∞
∑

1≤k≤n
1

n+k

α > 0 Eα = ∪n≥1[n, n + 1
nα [. α

Eα

m(E2).

f ∈ L1(R). x ∈ R

F (x) =

∫ +∞

−∞
f(t)sin4(t3x2 + tx)dt,



G(x) =

∫ +∞

−∞
f(t)cos2(1 + t2x2)dt.

F G
R.

f ∈ L1(R). t ∈ R

F (t) =

∫ +∞

−∞
f(x)cos(t2x)dx.

f
R.

f̂ f. F f̂ .
t→+∞F (t) = 0.

f ∈ L1(R). x ∈ R

G(x) =

∫ +∞

−∞
f(t)sin(tex)dt.

G
R.

G f̂ .
x→+∞G(x) = 0.

G(x) x → −∞?

f L1(R) x > 1,

F (x) =

∫ +∞

−∞
f(t)cos

(
tx

(x− 1)2

)
dt.

F
]1, +∞[.

F f̂ f,

x→1+F (x).



x→+∞F (x).

f ]a, b]. f ≥ 0,∫ b

a f(t)dt f

]a, b],
∫ b

a f(t)dt∫
]a,b] f(t)dt

f(t) = cos(t)
t x ≥ 1.∫ +∞

1 f(t)dt f

[1, +∞[
∫ π

4 +2kπ

−π
4 +2kπ |f(t)|dt).

f ∈ L1(R)

F (x) =

∫ +∞

−∞
f(t)e−x|t|dt.

F [0 +∞[.∫ +∞
−∞ |t||f(t)|dt < +∞.

F [0, +∞[, F ′(x) = −
∫ +∞
−∞ |t||f(t)|e−x|t|dt

(fn)n≥1

E R.
fn(t) ≥ 0

∑
n≥1 fn(t) t ∈ E.∫

E

[∑
n≥1 fn(t)

]
dt = +∞,

∑
n≥1

[∫
E fn(t)

]
dt

∫
E

[∑
n≥1 fn(t)

]
dt < +∞,

∑
n≥1

[∫
E fn(t)dt

]

∑

n≥1

[∫

E

fn(t)dt

]
=

∫

E

[
∑

n≥1

fn(t)

]
dt.

∑
n≥1 |fn(t)| t ∈ E,∑

n≥1

[∫
E |fn(t)|dt

]

f(t) =
∑

n≥1 fn(t) t ∈ E.

f E L1(E)



∑

n≥1

[∫

E

fn(t)dt

]
=

∫

E

[
∑

n≥1

fn(t)

]
dt.



L1(R)

L1(R) R,
f ∈ L1(R)

‖f‖1 :=

∫ +∞

−∞
|f(t)|dt.

L2(R) R |f |2
R,

f ∈ L2(R)

‖f‖2 :=

√∫ +∞

−∞
|f(t)|2dt.

L∞(R) R
m ≥ 0 |f(t)| ≤ m

f ∈ L∞(R)

‖f‖∞ = inf{m ≥ 0 | |f(t)| ≤ m presque partout}.

C0(R) R
|t|→+∞f(t) = 0. f ∈ C0(R)

‖f‖∞ = supt∈R|f(t)|.



E(R) f R
f (0) = f,

|t|→+∞|t|p|f (q)(t)| = 0 ∀p ≥ 1,∀q ≥ 0.

‖.‖i, i = 1, 2
∞

‖f + g‖i ≤ ‖f‖i + ‖g‖i (f, g)

‖λf‖i = |λ|‖f‖i f
λ,

‖f‖i ≥ 0 f, ‖f‖i += 0 f += 0.

(xp)p≥1

n→+∞supp≥n,q≥n‖xp − xq‖i = 0, x
n→+∞‖x− xn‖i = 0.
E(R)

f, g ∈ L1(R). t .−→ f(x− t)g(t)
R x ∈ R.

f ∗ g

(f ∗ g)(x) =

∫ +∞

−∞
f(x− t)g(t)dt,

f ∗ g ∈ L1(R), ‖f ∗ g‖1 ≤ ‖f‖1‖g‖1.

f ∗ g = g ∗ f ∀f ∈ L1(R), ∀g ∈ L1(R).

f ∗ (g ∗ h) = (f ∗ g) ∗ h ∀f ∈ L1(R), ∀g ∈ L1(R), ∀h ∈ L1(R).

f ∈ L1(R). x ∈ R,



L1(R)

f̂(x) =

∫ +∞

−∞
f(t)e−itxdt

f̂ f, F : f .−→
f̂

f̂ R f ∈ L1(R).

f ∈ L1(R), f̂ ∈ C0(R), ‖f̂‖∞ ≤ ‖f‖1.

F(f ∗ g) = F(f)F(g) f ∈ L1(R), g ∈ L1(R).
f f̂ L1(R), t ∈ R,

f(t) =
1

2π

∫ +∞

−∞
f̂(x)eitxdx.

f ∈ E(R), f̂ ∈ E(R) F : E(R) −→
E(R)

F−1(f)(t) = 1
2π

∫ +∞
−∞ f(x)eitxdx f ∈ E(R), t ∈ R.

F(f (k))(x) = (ix)kF(f)(x) f ∈ E(R), x ∈ R, k ≥ 1.

f ∈ L1(R), f̂ = 0, f = 0,
f f

L1(R). F : L1(R) −→ C0(R)
F : L1(R) −→ C0(R) g ∈ C0(R)

f ∈ L1(R).

f ∗ g = h, f g
h

f̂ .ĝ = ĥ, ĥ/f̂ ĝ = ĥ/f̂ .

C0(R).

anf
(n) + ... + a1f

′ + a0f = h,



h ∈ E(R) f ∈ E(R)
p(x) = anxn + . . .+a1x+a0

p(ix)f̂(x) = ĥ(x) ∀x ∈ R.

p

x .−→ ĥ(x)
p(ix) E(R), f E(R),

f(x) =
1

2π

∫ +∞

−∞

ĥ(t)eitx

p(it)
dt.

p (iα1, . . . , iαk).
1 ≤ j ≤ k mj iαk,

m ≥ 1 p(m)(iαj) += 0.
ĥ(0) = ĥ,

ĥ(m)(αj) = 0 ∀m ≤ mj − 1, ∀j ≤ k.

t .−→ ĥ(t)
p(it) R

E(R) f E(R),

f(x) =
1

2π

∫ +∞

−∞

ĥ(t)eitx

p(it)
dt.

L2(R)

L2(R).
L2(R)



L2(R)

L2(R). f̂(x) =∫ +∞
−∞ f(t)e−itxdt, f ∈ L1(R),

f ∈ L2(R) α > 0 f ∈ L2(R)
t .−→ f(t)e−α|t| R.

f ∈ L2(R) [−R,R]
R > 0.

f ∈ L2(R). α→0+

∫ +∞
−∞ f(t)e−itx−α|t|dt

R→+∞
∫ R

−R f(t)e−itxdt x ∈ R.

L2(R),
L2(R)

f ∈ L2(R), f̂ R
f̂(x) = α→0+

∫ +∞
−∞ f(t)e−itx−α|t|dt R→+∞

∫ R

−R f(t)e−itxdt

f ∈ L2(R), f̂ ∈ L2(R)

f(t) = α→0+
1
2π

∫ +∞
−∞ f̂(t)eitx−α|x|dx = R→+∞

1
2π

∫ R

−R f̂(x)eitxdx
t ∈ R.

∫ +∞
−∞ |f(t)|2dt = 1

2π

∫ +∞
−∞ |f̂(t)|2dt.

f ∈ L2(R), g ∈ L2(R),

∫ +∞
−∞ f(t)ḡ(t)dt = 1

2π

∫ +∞
−∞ f̂(t)¯̂g(t)dt,

F : f .−→ f̂ L2(R)

L2(R),
f ∈ L2(R)

F−1(f)(t) = 1
2πF(f)(−t).



H(t) = e−|t| t ∈ R. H.

f(t) = te−t t ≥ 0, f(t) = 0 t < 0. f
R, f ∈ L1(R) ∩ L2(R).

f̂(x) = 1
(1+ix)2 .∫ +∞

0 t2e−2tdt = 1
2π

∫ +∞
−∞

dx
(1+x2)2 .∫ +∞

−∞
eixt

(1+ix)2 dx t ∈ R.

∫ +∞
−∞ |t|ne−t2

2 dt < +∞ n n ≥ 0.
∫ +∞
−∞ tne

−t2

2 dt = 0 n

um =
∫ +∞
−∞ t2me

−t2

2 dt m m ≥ 0.
um = 1

2m+1um+1.

um = (2m)!
2m(m!)u0 m ≥ 1.

u0 =
√

2π.

f(t) = e−
t2

2 t ∈ R. p ≥ 0 x ∈ R.
t ∈ R

Fp,x(t) =
p∑

n=0

(−ix)n

n!
tn.

f̂(x) =

p→+∞
∫ +∞
−∞ Fp,x(t)e−

t2

2 dt.

f̂(x) =
√

2πf(x) x ∈ R.

(f )f)(t) =
√

πe−
t2

4

t ∈ R.

f ∈ L1(R), f̂ f. f

f̂(x) =

∫ +∞

−∞
f(t)cos(xt)dt.



f(t) = 0 |t| > 1, f(t) = 1−t2

4 −1 ≤ t ≤ 1.

f,
∫ +∞
−∞ |f(t)|dt =

∫ +∞
−∞ f(t)dt

∫ +∞
−∞ |f(t)|2dt.

f̂(0).

f̂(x) x += 0.
f̂ .

f

f̂ ∈ L1(R)? f

Hλ(t) = e−λ|t| λ > 0, t ∈ R,

hλ(t) =
1

2π

∫ +∞

−∞
Hλ(x)eixtdx.

hλ,
∫ +∞
−∞ hλ(x)dx = 1.

f ∈ L1(R), t ∈ R

(f ∗ hλ)(t) =
1

2π

∫ +∞

−∞
Hλ(x)eixtdx.

g R.
t ∈ R

g(t) = limλ→0+(g ∗ hλ)(t).

f R, f̂

t ∈ R,

f(t) =
1

2π

∫ +∞

−∞
f̂(x)eixtdx.



f R. L > 0 f(t) = 0
t > L, f̃(t) = f̄(−t) t ∈ R.

g = f ∗ f̃ . g R, |g(x)| ≤ ‖f‖2

x ∈ R, g(x) = 0 |x| ≥ 2L.

‖f‖2
2 = g(0) = limλ→0+(g ∗ hλ)(0).

x ∈ R,

ĝ(x) = |f̂(x)|2.

∫ +∞

−∞
|f(t)|2dt =

1

2π

∫ +∞

−∞
|f̂(x)|2dx.



k ≥ 2
k = 1. P = [a1, b1]×...×[ak, bk]

mk(P ) = (b1 − a1)...(bk − ak).

p = (p1, ..., pk) ∈ Zk, ε > 0, Cp,ε =
[εp1, ε(p1 + 1)]× ...× [εpk, ε(pk + 1)], m(Cp,ε) = εk. C

C = ∪1≤i≤qCpi,ε, p1, ...,pq q ≥ 1, ε > 0
C = ∪1≤i≤qCpi,ε ∈ C,

mk(C) = qεk =
∑

1≤i≤k

mk(Cpi,ε).

a = (a1, ..., ak) ∈ Rk, r > 0 B(a, r) = {x = (x1, ..., xk) ∈ Rk | x2
1 +

... + x2
k < r2}. U ⊂ Rk a ∈ U r > 0

B(a, r) ⊂ U, V ⊂ Rk

W ⊂ Rk

R > 0 W ⊂ B(0, R).

U ⊂ Rk mk(U) = supC∈C,C⊂Umk(C).

F Rk, U Rk

F ⊂ U. V F U. E

mk(F ) = mk(U)−mk(V )



R ⊂ Rk

(Un)n≥1 Rk R (Fn)n≥1

Rk R n→+∞mk(Un) =
n→+∞mk(Fn),

mk(R) = limn→+∞mk(Un) = limn→+∞mk(Fn).

S ⊂ Rk

S ∩B(0, n) n ≥ 1,

mk(S) = limn→+∞mk(S ∩B(0, n).

k = 1,

R R

(Rn)n≥1 ∪n≥1Rn ∩n≥1Rn

(Rn)n≥1 mk(∪n≥1Rn) =
n→+∞mk(Rn).

(Rn)n≥1

n0 ≥ 1 mk(Rn0) < +∞, mk(∩n≥1Rn) = n→+∞mk(Rn).

E ∈ Rk m(E− a) = m(E) a = (a1, . . . , ak) ∈ Rk,
E − a = {x− a}x∈E.

f : Rk → C f−1(E) := {x ∈ Rk | f(x) ∈
E} E C.

fn n ≥ 1, f(x) = n→+∞fn(x) x f

E ⊂ Rk, χE(x) = 1 x ∈ E, χE(x) = 0 x += E.
f E1, . . . , Ep

c1, . . . , cp

f =
∑

1≤i≤p ciχEi .



∫
..

∫
Rk f(x1, . . . , xk)dx1 . . . dxk =

∑
1≤i≤p cimk(Ei).

f : Rk → [0, +∞[
(fn)n≥1 f(x) = limn→+∞fn(x)

x ∈ Rk.

∫
..

∫

Rk

f(x1, . . . , xk)dx1 . . . dxk = limn→+∞

∫

Rk

fn(x1, . . . , xk)dx1 . . . dxk ∈ [0, +∞].

f
∫

..
∫

Rk |f(x1, . . . , xk)|dx1 . . . dxk < +∞.

f : Rk → C f |f |

∫
..

∫

Rk

f(x1, . . . , xk)dx1 . . . dxk =

∫
..

∫

Rk

f+(x1, . . . , xk)dx1 . . . dxk−
∫

..

∫

R
f−(x1, . . . , xk)dx1 . . . dxk,

f+(x) = max(f(x), 0) f−(x) = max(−f(x), 0) x = (x1, . . . , xk) ∈ Rk.
f : Rk → C f |f |

∫
..

∫

Rk

f(x1, . . . , xk)dx1 . . . dxk =

∫

R
Ref(x1, . . . , xk)dx1 . . . dxk+i

∫
..

∫

Rk

Imf(x1, . . . , xk)dx1 . . . dxk.

E ⊂ Rk f : E → C
f̃ : Rk → C f Rk f̃(x) = f(x)

x ∈ E, f̃(x) = 0 x += E. f E f̃
f E f̃ R.
∫

..

∫

E

f(x1, . . . , xk)dx1 . . . dxk =

∫

Rk

f̃(x1, . . . , xk)dx1 . . . dxk

k = 1 f g
E, λf + µg E λ, µ ∈ C

∫
E(λf(x1, . . . , xk)+µg(x1, . . . , xk))dx1 . . . dxk = λ

∫
E f(x1, . . . , xk)dx1 . . . dxk+

µ
∫

E g(x1, . . . , xk)dx1 . . . dxk.



f : E −→ C E,

|
∫

E f(x1, . . . , xk)dx1 . . . dxk| ≤
∫

E |f(x1, . . . , xk)|dx1 . . . dxk.

f g
E, |f |2 |g|2 E, fg

E

∣∣∫ ..
∫

E f(x1, . . . , xk)g(x1, . . . , xk)x1...dxk

∣∣

≤
√∫

..
∫

E |f(x1, . . . , xk)|2dx1 . . . dxk

√∫
..

∫
E |g(x1, . . . , xk)|2dx1 . . . dxk.

f E.
g f E, g E

∫
..

∫

E

f(x1, . . . , xk)dx1 . . . dxk =

∫
..

∫

E

g(x1, . . . , xk)dx1 . . . dxk.

k = 1.

(fn)n≥1

E ⊂ Rk f
E.

n→+∞fn(x1, . . . , xk) = f(x1, . . . , xk) E.

g E |fn(x1, . . . , xk)| ≤ g(x1, . . . , xk)
n ≥ 1.

f E,
∫

E f(x1, . . . , xk)dx1 . . . dxk = limn→+∞
∫

E fn(x1, . . . , xk)dx1 . . . dxk.

(fn)n≥1

E f(x1, . . . , xk) :=
n→+∞fn(x1, . . . , xk) x ∈ E.



∫

E

f(x1, . . . , xk)dx1 . . . dxk = limn→+∞

∫

E

fn(x1, . . . , xk)dx1 . . . dxk ∈ [0, +∞].

n→+∞
∫

E fn(x1, . . . , xk)dx1 . . . dxk = +∞,
f E.

k = 1.

L1(Rk) Rk,
f ∈ L1(Rk)

‖f‖1 :=

∫ +∞

−∞
|f(x1, . . . , xk)|dx1 . . . dxk.

L2(Rk) Rk |f |2
Rk,

f ∈ L2(Rk)

‖f‖2 :=

√∫ +∞

−∞
|f(x1, . . . , xk)|2dx1 . . . dxk.

L∞(Rk) Rk

m ≥ 0 |f(x1, . . . , xk)| ≤ m
f ∈ L∞(Rk)

‖f‖∞ = inf{m ≥ 0 | |f(x1, . . . , xk)| ≤ m presque partout}.

x = x1, . . . , xk ∈ Rk, |x| =
√

x2
1 + . . . + x2

n.

C0(Rk) Rk

|x|→+∞f(x) = 0. f ∈ C0(Rk),

‖f‖∞ = supx∈R|f(x)|.

E(Rk) f
Rk



lim|x|→+∞|x|p|f(t)| = 0 ∀q ≥ 0 et lim|t|→+∞|x|p|
∂α1+...+αkf

∂α1x1 . . . ∂αkxk
(x1, . . . , xk)| = 0

∀α1 ≥ 0, .., ∀αk ≥ 0,∀q ≥ 0.

E(Rk)

f, g ∈ L1(Rk). t .−→ f(x − t)g(t)
Rk x ∈ Rk.

f ∗ g

(f ∗ g)(x1, . . . , xk) =

∫ +∞

−∞
f(x1 − t1, . . . , xk − tk)g(t1, . . . , tk)dt1 . . . dtk,

f ∗ g ∈ L1(Rk), ‖f ∗ g‖1 ≤ ‖f‖1‖g‖1.

f ∗ g = g ∗ f ∀f ∈ L1(Rk), ∀g ∈ L1(Rk).

f ∗ (g ∗ h) = (f ∗ g) ∗ h ∀f ∈ L1(Rk), ∀g ∈ L1(Rk), ∀h ∈ L1(Rk).

f ∈ 1(Rk). x = (x1, . . . , xk) ∈ R,

f̂(x) =

∫ +∞

−∞
f(t1, . . . , tk)e

−it1x1+...−itkxkdt1 . . . dtk

f̂ f, F : f .−→
f̂

f ∈ L1(Rk), f̂ ∈ C0(Rk), ‖f̂‖∞ ≤ ‖f‖1.



F(f ∗ g) = F(f)F(g) f ∈ L1(Rk), g ∈ L1(Rk).
f f̂ L1(Rk), t = (t1, . . . , tk) ∈

Rk,

f(t1, . . . , tk) =
1

(2π)k

∫
..

∫

Rk

f̂(x1, . . . , xk)e
it1x1+...+itkxkdx1 . . . dxk.

f ∈ E(Rk), f̂ ∈ E(Rk) F : E(Rk) −→
E(Rk)

F−1(f)(t1, . . . , tk) = 1
(2π)k

∫
..

∫
Rk f(x1, . . . , xk)eit1x1+...+itkxkdx f ∈

E(R), t ∈ R.

f ∈ E(Rk), x1, . . . , xk ∈ R, p1 ≥ 0, . . . , pk ≥ 0,

F(
∂p1+...+pkf

∂p1x1 . . . ∂pkxk
)(x1, . . . , xk) = (ix1)

p1 . . . (ixk)
pkF(f)(x1, . . . , xk)

f ∈ L1(Rk), f̂ = 0, f = 0,
f f

L1(Rk). F : L1(Rk) −→ C0(Rk)
k = 1, F : L1(Rk) −→ C0(Rk)

k = 1,

L2(Rk).
k = 1,

f ∈ L2(Rk) Rk.

f ∈ L2(Rk) R > 0 fR

fR(x) = f(x) |x| ≤ R, fR(x) = 0 |x| > R, fR ∈ L1(Rk).
f̂ ∈ L2(Rk) R→+∞‖f̂ − f̂R‖2 = 0.

f.

f ∈ L2(R), f̂ ∈ L2(R)

∫ +∞
−∞ |f(x1, . . . , xk)|2dx1 . . . dxk = 1

(2π)k

∫ +∞
−∞ |f̂(x1, . . . , xk)|2dx1 . . . dxk.

f ∈ L2(R), g ∈ L2(R),



∫ +∞
−∞ f(x1, . . . , xk)ḡ(x1, . . . , xk)dx1 . . . dxk = 1

(2π)k

∫ +∞
−∞ f̂(x1, . . . , xk)¯̂g(x1, . . . , xk)dx1 . . . dxk,

F : f .−→ f̂ L2(Rk)

F−1(f)(x) =
1

(2π)k
F(f)(−x).

k = 1,

p q π1 : (x, y) .−→ x Rp+q

Rp π2 : (x, y) .−→ y Rp+q Rq. dx := dx1 . . . dxp,
dy := dy1 . . . dyq.

E ⊂ Rp+q. x ∈ Rp,

Ex = {y ∈ Rq | (x, y) ∈ E}

y ∈ Rq,

Ey = {x ∈ Rp | (x, y) ∈ E}.
π1(E) = {x ∈ Rp | Ex += ∅} π2(E) = {y ∈ Rq | Ey += ∅}

p q E ⊂ Rp+q

Ex ⊂ Rq x ∈ π1(E),
Ey ⊂ Rp y ∈ π2(E).

f : E → [0, +∞[

∫
..

∫

E

f(x, y)dxdy =

∫
..

∫

π1(E)

[∫
..

∫

Ex

f(x, y)dy

]
dx =

∫
..

∫

π2(E)

[∫
..

∫

Ey

f(x, y)dx

]
dy ∈ [0, +∞].

g : E → C g Ex

x ∈ π1(E), g Ey

y ∈ π2(E),



∫
..

∫

E

g(x, y)dxdy =

∫
..

∫

π1(E)

[∫
..

∫

Ex

g(x, y)dy

]
dx =

∫
..

∫

π2(E)

[∫
..

∫

Ey

g(x, y)dx

]
dy.

∫
..

∫

E

f(x, y)dxdy =

∫
..

∫

π1(E)

[∫
..

∫

Ex

f(x, y)dy

]
dx =

∫
..

∫

π2(E)

[∫
..

∫

Ey

f(x, y)dx

]
dy = +∞.

g E g
f

∫
..

∫
E |g(x, y)|dxdy < +∞

∫
..

∫
π1(E)

[∫
..

∫
Ex

f(x, y)dy
]
dx

∫
..

∫
π2(E)

[∫
..

∫
Ey f(x, y)dx

]
dy.∫

..
∫

E f(x, y)dxdy
∫

..
∫

π1(E)

[∫
..

∫
Ex f(x, y)dy

]
dx∫

..
∫

π2(E)

[∫
..

∫
Ey f(x, y)dx

]
dy.

D = {(x, y) ∈ R2 | x2 +y2 ≤ R2} R
x ∈ R Dx = {y ∈ R | x2 + y2 ≤ R2} = {y ∈ R | y2 ≤ R2 − x2}.

|x| > R Dx = ∅, |x| ≤ R Dx = [−
√

R2 − x2,
√

R2 − x2].
π1(D) = [−R,R].

Aire(D) =

∫

D

dxdy =

∫

π1(D)

[∫

Dx

dy

]
dx =

∫ R

−R

[∫ √
R2−x2

−
√

R2−x2

dy

]
dx =

∫ R

−R

2
√

R2 − x2dx.

∫ R

−R 2
√

R2 − x2dx = 4
∫ R

0

√
R2 − x2dx.

x = Rsint, dx = Rcostdt, t ∈ [0, π
2 ],

∫ R

0

√
R2 − x2dx =

∫ π
2

0

√
R2 −R2sin2t Rcostdt = R2

∫ π
2

0

√
1− sin2t costdt =

∫ π
2

0

cos2tdt =
R2

2

∫ π
2

0

(1+cos2t)dt



=
πR2

4
+

[
sin2t

2

]π
2

0

=
πR2

4
.

D πR2

S = {(x, y, z) ∈ R3 |x2 + y2 + z2 ≤ R2} R

x ∈ R Dx = {(y, z) ∈ R2 | x2 + y2 + z2 ≤ R2} = {(y, z) ∈ R2 | y2 + z2 ≤
R2 − x2}. |x > R Sx = ∅, |x ≤ R Sx = D(0,

√
R2 − x2),

D(0,
√

R2 − x2)
√

R2 − x2

π1(S) = [−R,R].

V ol(S) =

∫
..

∫

S

dxdydz =

∫

π1(S)

[∫ ∫

Sx

dydz

]
dx =

∫ R

−R

[∫ ∫

D(0,
√

R2−x2)

dydz

]
dx =

∫ R

−R

π(R2−x2)dx

= 2

∫ R

−0

π(R2 − x2)dx2

[
R2x− x3

3

]R

0

.

(S) = 4πR3

3

f g R. φ : R2 → R
h : R → C f ◦ φ : R2 → C

(x, t) .−→ x − t (x, t) .−→ t
h : (x, t) .−→ f(x− t)g(t) R2.

∫ ∫

R2

|f(x−t)g(t)|dt =

∫

R

[∫

R
|f(x− t)g(t)|dx

]
dt =

∫

R
|g(t)|

[∫

R
|f(x− t)|dx

]
dt =

∫

R
|g(t)|

[∫

R
|f(s)|ds

]
dt

=

∫

R
|f(s)|ds

∫

R
|g(t)|dt = ‖f‖1‖g‖1 < +∞.



h R. t →
f(x− t)g(t) R x ∈ R,

f ∗ g R

(f ∗ g)(x) =
∫

R f(x− t)g(t)dt

∫

R
|(f ∗ g)(x)|dx =

∫

R

∣∣∣∣
∫

R
f(x− t)g(t)dt

∣∣∣∣ dx ≤
∫

R

[∫

R
|f(x− t)g(t)|dt

]
dx

=

∫ ∫

R2

|f(x− t)g(t)|dt = ‖f‖1‖g‖1.

f ∗ g ∈ L1(R), ‖f ∗ g‖1 ≤ ‖f‖1‖g‖1. ♣

f1, ..., fk ∈ L1(R). g(t1, ..., tk) = f1(t1)...fk(tk).
g ∈ L1(Rk) x = (x1, ..., xk) ∈ Rk,

ĝ(x) = f̂1(x1)...f̂k(xk).

g(t1, ..., tk) = e−|t1|...−|tk|.
ĝ(x1..., xk).

f Rk.
‖x‖2→+∞f(x) = 0, ∂f

∂xj
Rk.

F(
∂f

∂xj
)(t1, ..., tk) = itjF(f)(t1, ..., tk).

r > 0. ur(x) = 1 0 ≤ x ≤ r2, ur(x) = 1 − (x−r2)2

2r2

r2 ≤ x ≤ 2r2, ur(x) = (x−3r)2

2r2 2r2 < x ≤ 3r2, ur(x) = 0 x > 3r2

ur(x) = ur(−x) x < 0. ur ur

R.

f ≤ 2
U Rk, a = (a1, ..., ak) ∈ U r > 0 x ∈ Rk



‖x−a‖2 ≤ 3r U. g(x1, ..., xk) = f(x1, ..., xk)u((x1−a1)2 + ...+
(xk − ak)2) x = (x1, ..., xk) ∈ Rk.

∂f
∂xj

(x) = ∂g
∂xj

(x) ‖x‖2 < r, 1 ≤ j ≤ k.
∂2f

∂xj∂xl
= ∂2f

∂xl∂xj
1 ≤ j ≤ k, 1 ≤ l ≤ k

A = {(x, y) ∈ R2 | x2 + 2y2 ≤ 1, x ≥ 0}.
A.

A

V = {(x, y, z) ∈ R3 | x2 + y2 ≤ z2, 0 ≤ z ≤ 1}.
V ? V

∫ ∫
DR

e−x2−y2
dxdy, DR =

{(x, y) ∈ R2 | x2 + y2 ≤ R2}.
∫ +∞

0 e−x2
dx =

√
π

2 .



R3 4
3πR3.

R4 SR = {(x, y, z, t) ∈ R4 | x2 + y2 + z2 + t2 ≤ R2},
SR

V (SR) =

∫ ∫ ∫ ∫

SR

dxdydzdt

V (SR)

∫ +∞
0

dt
1+t2

∫ +∞
0 e−xtdt.

L→+∞
∫ +∞

0
(cosL+tsinL)e−tL

1+t2 dt = 0.
∫ A

0 sin(x)e−txdt
f(x, t) = sin(x)e−xt. f [0, L]× [0, +∞]

L > 0.
f, L→+∞

∫ L

0
sinx

x dx = π
2 .





f [0, +∞[, z ∈ C.∫ +∞
0 |f(t)||e−zt|dt < +∞,

L(f)(z) =

∫ +∞

0

f(t)e−ztdt.

L(f) f
z

∫ +∞
0 |f(t)||e−zt|dt < +∞

L(f) z

f g λ, µ ∈ C

L(λf + µg)(z) = λL(f)(z) + µL(g)(z).

a ∈ R Pa := {z ∈ C | Re(z) ≥ a} P̊a := {z ∈ C | Re(z) > a}.

f [0, +∞[, L(f)
L(f).

Dom(L(f)) = ∅,

Dom(L(f)) = C,

a ∈ R Dom(L(f)) Pa,



a ∈ R Dom(L(f)) P̊a.

z ∈ C, |ezt| = eRe(zt) = etRe(z). z ∈ (L(f)),
Re(z′) ≥ Re(z), e−tRe(z′) ≤ e−tRe(z)

∫ +∞
0 |f(t)||e−z′t|dt ≤

∫ +∞
0 |f(t)||e−zt|dt <

+∞, z′ ∈ (L(f)). (L(f)) C, a
(L(f))∩R. (L(f)) = Pa a ∈

(L(f)) (L(f)) = P̊a a /∈ (L(f)). ♣
∫ +∞

1
dx
x = +∞

∫ +∞
1

dx
xα < +∞ α > 1.

a ∈ R, f ≥ 0
[a, +∞[.

x→+∞xf(x) > 0 f [a, +∞[.

α > 1 x→+∞xαf(x) < +∞, f
[a, +∞[.

f1(x) = ex2
x > 0. L(f1)) = ∅.

f2(x) = e−x2
x > 0. L(f2)) = C.

f3(x) = 1 x > 0. L(f3)) = P̊0.

f4(x) = 1
1+x2 x > 0. L(f4)) = P0.

x→+∞x2ex2
e−ax = +∞ a ∈ R,

x→+∞xe−x2
e−ax = 0 a ∈ R, x→+∞xe−ax = +∞

a ≤ 0, x→+∞x2e−ax = 0 a > 0, x→+∞
x

1+x2 e−ax =

+∞ a < 0, x→+∞
x3/2

1+x2 e−ax = 0 a ≥ 0,

U C. F : U −→ C
u ∈ U F (u+h)−F (u)

h h



0 C. F ′(u)
z .−→ z̄

C

f C L(f))
a ∈ R.

L(f)(z) Re(z) > a, L(f)(z)
Re(z) > a, Re(z) > a

L(f)′(z) = −
∫ +∞

0

tf(t)e−ztdt

L(f)(z) Re(z) ≥ a, L(f)(z) Re(z) ≥
a.

f
[0, +∞[. L(f) a ∈ R,

∫ +∞

−∞
|L(f)(a + iy)|dy < +∞

t ≥ 0,

f(t) = eat 1

2π

∫ +∞

−∞
L(f)(a + iy)eitydy.

fa(t) = 0 t < 0, fa(t) = e−taf(t) t > 0.
f a, fa R,

y ∈ R

L(f)(a + iy) = F(fa)(y).

F(fa) ∈ L1(R).
t ∈ [0, +∞[

f(t)e−at =
1

2π

∫ +∞

−∞
f̂a(y)eitydy =

1

2π

∫ +∞

−∞
L(f)(a + iy)eitydy.♣



f, g ∈ L1(R), R
f ∗ g ∈ L1(R)

(f ∗ g)(x) =

∫ +∞

−∞
f(x− t)g(t)dt.

f g ]−∞, 0[,

(f ∗ g)(x) =

∫ x

0

f(x− t)g(t)dt.

L1
loc(R+) f : [0, +∞[−→ C

[0, L[ L > 0, f, g ∈ L1
loc(R+).

t .−→ f(x−t)g(t) [0, x] x > 0.
[0, +∞[ f ∗ g

(f ∗ g)(x) =

∫ x

0

f(x− t)g(t)dt,

f ∗ g ∈ L1
loc(R+).

L1(R)).
f f ∈ L1

loc(R+) f(t) = eat[e−atf(t)]
t ≥ 0 |f(t)| ≤ eaL[e−at|f(t)|] t ∈ [0, L], L > 0, a ∈ R

L(f)).

f ∗ g = g ∗ f ∀f ∈ L1
loc(R+), ∀g ∈ L1

loc(R+).

f ∗ (g ∗ h) = (f ∗ g) ∗ h ∀f ∈ L1
loc(R+), ∀g ∈ L1

loc(R+), ∀h ∈ L1
loc(R+).

f, g ∈ L1
loc(R+). Dom(L(f))∩Dom(L(g)) ⊂ Dom(L(f∗

g)), z ∈ Dom(L(f)) ∩Dom(L(g)),

L(f ∗ g)(z) = L(f)(z)L(g)(z).



h = f ∗ g, z = a + ib ∈ (L(f))∩ (L(g)).

fa(t) = ga(t) = 0 t < 0, fa(t) = e−taf(t), ga(t) = e−tag(t), ha(t) = e−tah(t)
t ≥ 0.

(fa ∗ ga)(x) = 0 = ha(x) x < 0, (fa ∗ ga)(x) =
∫ x

0 fa(x − t)ga(t)dt =∫ x

0 e−ax+atf(x − t)e−atg(t)dt = e−ax
∫ x

0 f(x − t)g(t)dt = ha(x) x ≥ 0.

ha = fa ∗ ga ∈ L1(R),
∫ +∞

0 |(f ∗ g)(t)||e−zt|dt

=
∫ +∞

0 |(f ∗ g)(t)|e−atdt = ‖ha‖1 < +∞, z ∈ L(f ∗ g)).

L(f∗g)(z) = L(f∗g)(a+ib) = F(ha)(b) = F(fa∗ga)(b) = F(fa)(b)F(ga)(b) = L(f)(z)L(g)(z).♣

f [0, +∞[, z ∈
Dom(L(f)) ∩Dom(L(f ′)).

L(f ′)(z) = zL(f)(z)− f(0).

L > 0,
u = e−zt, dv = f ′(t)dt, du = −ze−zt, v = f(t),

∫ L

0

e−ztf ′(t)dt =
[
f(t)e−zt

]L

0
+

∫ L

0

zf(t)e−ztdt = f(L)e−zL − f(0) + z

∫ L

0

f(t)e−ztdt.

z ∈ Dom(L(f)), (Ln)n≥1

n→+∞Ln = +∞ n→+∞|f(Ln)e−zLn| = 0.

L(f ′)(z) = limn→+∞

∫ Ln

0

e−ztf ′(t)dt = limn→+∞f(Ln)e−zLn−f(0)+z

∫ Ln

0

f(t)e−ztdt = L(f)(z)−f(0).♣

f [0, +∞[
L(f) C L(f ′)

z ∈ (L(f))∩ (L(f ′)).

z ∈ L(f)), L(f ′)(z)∫ +∞
0 f(t)e−ztdt, z ∈ (L(f)) t→+∞|f(t)|e−tRe(z) =

0 L(f ′)) ∩ P0 ⊂ L(f)).



f(t) L(f)(z) L(f)
1 1/z Rez > 0
eat 1/(z − a) Rez > a

cos(at) z/(z2 + a2) Rez > 0
sin(at) a/(z2 + a2) Rez > 0

tn n!/zn+1 Rez > 0
tneat n!/(z − a)n+1 Rez > a

g(t)eat L(g)(z − a) a+ L(g)
g(tα), α > 0 αL(g)(αz) 1

α L(g)
g(t− α), α > 0 e−αzL(g)(z) (calL(g))

g(n)(t) znL(g)(z)− zn−1g(0)− zn−2g′(0)− zg(n−2)(0)− g(n−1)(0)

f [0, +∞[
f(t) = 0 0 ≤ t < α, f(t) = g(t − α) t ≥ α, g

[0, +∞[
z ∈

∩1≤i≤n (L)(g(i)),
z ∈ (L)(g).

any
(n)(t) + ... + a1y

′(t) + a0y(t) = f(t)

Y = L(y), F = L(f)
L(yk) = zkY (z)− zk−1y(0)− ...− zyk−2(0)− yk−1(0).

p(z)Y (z) = q(z) + F (z)

p(z) := a0 + a1z + ... + anzn

q(z)
p(z) Y (z) p(z)



α1, ...,αn

z
Y = L(y) y





x′1(t)
.
.

x′n(t)



 = A





x1(t)
.
.

xn(t)



 + b(t),

A n n t .−→ b(t)
Rn.

Xi xi, B
b

L(x′i)(z) = zXi(z)− xi(0),





zX1(z)
.
.

zXn(z)



−





x1(0)
.
.

xn(0)



 = A





X1(z)
.
.

Xn(z)



 + B(z).

λ1, ...,λn A,
a = max1≤i≤nReλi Rez > a, I

(4.4)





X1(z)
.
.

Xn(z)



 = (zI − A)−1



B(z) +





X1(0)
.
.

Xn(0)







 .

X1 = L(x1), ..., Xn = L(xn) x1, ..., xn

y”−y′−2y = 0,
y(0) = 1, y′(0) = 0.

Y (z) = L(y)(z).

L(y′)(z) = zY (z)− y(0) = zY (z)− 1.

L(y”)(z) = z2Y (z)− zy(0)− y′(0) = z2Y (z)− z.



z2Y (z)−z−zY (z)+1−2Y (z) = 0 ⇐⇒ (z2−z−2)Y (z) = z−1 ⇐⇒ Y (z) =
z − 1

z2 − z − 2

z2 − z − 2 =
(z + 1)(z − 2),

z − 1

z2 − z − 2
=

z − 1

(z + 1)(z − 2)
=

a

z + 1
+

b

z + 2

a z + 1 z = −1.
a = 2

3 .
b z +1 z = 2.

b = 1
3 . Y (z) = 2

3(z+1) + 1
3(z−2) .

y(t) =
2

3
e−t +

1

3
e2t.

y”−y′−2y p(r) = r2−r−2,
−1 2

y(t) = ae−t + be2t, y′(t) = −ae−t + 2be2t.
y(0) = 1, y′(0) = 0,

{
a + b = 1
−a + 2b = 0

, a = 2
3 , b = 1

3 ,

y(t) = 2
3e
−t + 1

3e
2t.

X(t) =

[
y(t)
y′(t)

]
, X ′(t) =

[
y′(t)
y”(t)

]
.

y” − y′ − 2y = 0, y(0) =
1, y′(0) = 0,

X ′(t) =

[
y′(t)

2y(t) + y′(t)

]
=

[
0 1
2 1

] [
y(t)
y′(t)

]
= AX(t),



A :=

[
0 1
2 1

]
, X(0) =

[
1
0

]
.

X(t) = etAX(0),

etA =
∑+∞

n=0
An

n! , A0 = I =

[
1 0
0 1

]
.

A pA = x2 − Tr(A)x + Det(A) =
x2−x− 2,

−1 2. A
P

P−1AP =

[
−1 0
0 2

]
,

A = P

[
−1 0
0 2

]
P−1, etA = P

[
e−t 0
0 e2t

]
P−1.

P P = [V1, V2] ,
V1 ∈ R2 AV1 = −V1, V2 ∈ R2

AV2 = 2V2,



X(t) = etA

[
1
0

]
=

[
2e−t

3 + e2t

3 − e−t

3 + e2t

3

−2e−t

3 + 2e2t

3
e−t

3 + 2 e2t

3

]
=

[
2e−t

3 + e2t

3

−2e−t

3 + 2e2t

3

]
,

y(t) = 2e−t

3 + e2t

3 .

y” + y = sin2t,
y(0) = 0, y′(0) = 1.

Y = L(y). L(y′)(z) = zY (z)− y(0) = zY (z), L(y”)(z) = z2Y (z)−
zy(0)− y′(0) = z2Y (z)− 1.

f(t) = sin2t, L(f)(z) = 2
z2+4 .

z2Y (z)− 1 + Y (z) =
2

z2 + 4
.

(z2 + 1)Y (z) = 1 + 2
z2+4 = z2+6

z2+4 ,

Y (z) =
z2 + 6

(z2 + 1)(z2 + 4)
.

z2 + 6

(z2 + 1)(z2 + 4)
=

az + b

z2 + 1
+

cz + d

z2 + 4



z2 + 6

(z2 + 1)(z2 + 4)
=

(−z)2 + 6

(−z)2 + 4
=
−az + b

z2 + 1
+
−cz + d

z2 + 4

a = c = 0.
z2 + 1 z = i b = 5/3.

z2 + 4 z = 2i, d = −2/3.

L(y)(z) =
z2 + 6

(z2 + 1)(z2 + 4)
=

5

3(z2 + 1)
− 2

3(z2 + 4)
.

y(t) =
5

3
sint− 1

3
sin2t.

{
x′(t) = y(t)
y′(t) = 2x(t) + y(t)

,

x(0) = 1, y(0) = 0.

X = L(x), Y = L(y).
L(x′)(z) = zX(z)− x(0) = zX(z)− 1 L(y′)(z) = zY (z)− y(0) = zY (z).

{
zX(z) = Y (z) + 1

zY (z) = 2X(z) + Y (z)
⇐⇒ z

[
X(z)
Y (z)

]
= A

[
X(z)
Y (z)

]
+

[
1
0

]
,

A =

[
0 1
2 1

]
. A −1 2, z > 2,

[
X(z)
Y (z)

]
= (zI − A)−1

[
1
0

]
.

det(zI −A) =

∣∣∣∣
z −1
−2 z − 1

]
= z(z− 1)− 2 = z2− z− 2 = (z + 1)(z− 2).

[
a b
c d

]−1

= 1
ad−bc

[
d −b
−c a

]
, ad− bc += 0,

[
X(z)
Y (z)

]
=

1

(z + 1)(z − 2)

[
z − 1 1

2 z − 2

] [
1
0

]
=

[ z−1
(z+1)(z−2)

2
(z+1)(z−2)

]
.

z−1
(z+1)(z−2) = 2

3(z+1) + 1
3(z+2) .

2
(z+1)(z−2) = a

z−1 + b
z+2 . z + 1 z = −1,



a = −2
3 , z − 2 z = 2, b = 2

3 .

X(z) =
2

3(z + 1)
+

1

3(z − 2)
, Y (z) = − 2

3(z + 1)
+

2

3(z − 2)
,

x(t) =
2

3
e−t +

1

3
e2t, y(t) = −2

3
e−t +

2

3
e2t.

{
x′ = 3x + y + e−t

y′ = −x + y + 1
,

x(0) = 1, y(0) = 0.

X = L(x), Y = L(y).

A =

[
3 1
−1 1

]
,

[
X
Y

]
= (zI − A)−1

[
1

z+1 + 1
1
z

]
.

det(zI −A) =

∣∣∣∣
z − 3 −1

1 z − 1

∣∣∣∣ = (z − 3)(z − 1) + 1 = z2 − 4z + 4 = (z − 2)2.
[

a b
c d

]−1

= 1
ad−bc

[
d −b
−c a

]
ad− bc += 0,

[
X
Y

]
=

1

(z − 2)2

[
z − 1 1
−1 z − 3

] [
z+2
z+1
1
z

]
.

X(z) =
1

(z − 2)2

[
(z − 1)(z + 2)

z + 1
+

1

z

]
=

z(z − 1)(z + 2) + z + 1

z(z + 1)(z − 2)2

=
z3 + z2 − z + 1

z(z + 1)(z − 2)2

Y (z) =
1

(z − 2)2

[
−z + 2

z + 1
+

z − 3

z

]
=
−z(z + 2) + (z + 1)(z − 3)

z(z + 1)(z − 2)2

=
−4z − 3

z(z + 1)(z − 2)2

z3 + z2 − z + 1

z(z + 1)(z − 2)2
=

a1

z
+

b1

z + 1
+

c1

(z − 2)2
+

d1

z − 2
.



z z = 0 a1 = 1
4 .

z + 1 z = −1 b1 = −2
9 .

(z − 2)2 z = 2 c1 = 11
6 .

z = 1 2
2 = 1

4−
1
9 + 11

6 −d1, d1 = 1
4−

1
9 + 11

6 −1 = 9−4+66−36
36 = 35

36.

−4z − 3

z(z + 1)(z − 2)2
=

a2

z
+

b2

z + 1
+

c2

(z − 2)2
+

d2

z − 2
.

z z = 0 a2 = −3
4 .

z + 1 z = −1 b2 = −1
9 .

(z − 2)2 z = 2 c2 = −11
6 .

z = 1 −7
2 = −3

4 −
1
18 −

11
6 − d2, d2 = −3

4 −
1
18 −

11
6 + 7

2 =
−27−2−66+126

36 = 31
36 .

X(z) =
1

4z
− 2

9(z + 1)
+

11

6(z − 2)2
+

35

36(z − 2)
, Y (z) = − 3

4z
− 1

9(z + 1)
− 11

6(z − 2)2
+

31

36(z − 2)
.

x(t) =
1

4
− 2

9
e−t +

11

6
te2t +

35

36
e2t, y(t) = −3

4
− 1

9
e−t − 11

6
te2t +

31

36
e2t.

x ≥ 0

f(x) =

∫ x

0

(x− t)2cos(2t)dt,

g(x) =

∫ x

0

(x− t)6cos(4t)dt,

h(x) =

∫ x

0

(x− t)8sin(3t)dt.



h(x) = sin22x x ≥ 0. h.

f(x) =
∫ x

0 (x − t)5sin(2t)dt x ≥ 0.
f.

t ≥ 0, g(t) = sin2(6t) h(t) = t3et.

g h.

f(x) =
∫ x

0 sin2(6t)(x − t)3ex−tdt x ≥ 0.
f.

n ≥ 1, t ≥ 0, en(t) = tn−1e−t

(n−1)! .

en

em+n em ∗ en m ≥ 1, n ≥ 1.

f(t) = 1− 6t t ≥ 0. f.

a z3 − 7z2 + 36 = (z + 2)(z − 3)(z + a).

y”(t)− y′(t)− 6y(t) = 36t,

y(0) = 1, y′(0) = −6.

a b c z2−3z−3
(z+1)(z−1)(z−4) = a

z+1 + b
z−1 + c

z−4 .

y y(0) = y′(0) = 1 y”(x) − 5y′(x) + 4y(x) = e−x

x ≥ 0.
Y y Y (z) (z) > 4.

y(x).

f(t) = tet t ≥ 0. f.



y”(t)− 6y′(t) + 9y(t) = tet,

y(0) = 0, y′(0) = 1.

X(t) =

[
y(t)
y′(t)

]
,

{
x′(t) = x(t)− y(t) + et

y′(t) = x(t) + 3y(t)− 4

x(0) = y(0) = 0.

{
x′(t) = 4x(t) + y(t) + et

y′(t) = −x(t) + 2y(t) + 1
x(0) = y(0) = 0.





Z

Z

u : Z → C Z C.
Z u

Z(u)(z) =
+∞∑

n=−∞
u[n]z−n.

D(Z(u))
Dabs(Z(u))

D(Z(u)) = {z ∈ C \ {0} |
+∞∑

n=0

u[−n]zn
+∞∑

n=0

u[n]z−n },

Dabs(Z(u)) = {z ∈ C \ {0} |
+∞∑

n=−∞
|u[n]||z−n| < +∞}.

∑+∞
n=0 an∑+∞

n=0 |an| < +∞. Dabs(Z(u))
z

∑+∞
n=0 u[−n]zn

∑+∞
n=0 u[n]z−n

∑+∞
n=0 anzn z = u,

|z| < |u|,
R ∈ [0, +∞]

|z| < R
|z| > R. 1

0 = +∞ 1
+∞ = 0, R∑+∞

n=0 anzn



Z

R =
1

n→+∞|an|1/n
.

0 ≤ a ≤ b ≤ +∞, Ωa,b = {z ∈ C |a < |z| < b},
Ωa,b = ∅ a ≥ b, Ωa,b = {z ∈ C |a ≤ |z| ≤ b}, Ωa,b = ∅

a > b.

u : Z → C, r(u) = n→+∞|u[n]|1/n, R(u) =
1

n→+∞|u[−n]|1/n
.

Dabs(Z(u)) Z(u)
Ωr(u),R(u),

D(Z(u)) Z(u)
Ωr(u),R(u) ⊂ D(Z(u)) ⊂ Ωr(u),R(u).

1
r(u)∑+∞

n=0 u[n]zn,
∑+∞

n=0 u[n]z−n

|z| > r(u). R(u)∑+∞
n=0 u[−n]zn,

∑+∞
n=0 u[−n]zn,

|z| < R(u),
∑+∞

n=0 u[n]z−n

|z| > r(u),
∑+∞

n=0 u[−n]zn |z| < R(u).
D(Z(u)) ⊂ Ωr(u),R(u). Dabs(Z(u)) ⊂ D(Z(u)), ♣

Z
Z(u) Z(v)

z ∈ Dabs(Z(u))∩Dabs(Z(v)). n ∈ Z,

∑+∞
p=−∞ |u[p]||v[n− p]| = |z|n

[∑+∞
p=−∞ |u[p]||z|−p|v[n− p]||z|−n+p

]

= |z|n
[∑+∞

p=−∞ |u[p]||z|−p
] [∑+∞

q=−∞ |v[q]||z|−q
]

< +∞.

u ∗ v : Z → C

(u ∗ v)[n] =
+∞∑

p=−∞
u[p]v[n− p].

z ∈ Dabs(Z(u)) ∩Dabs(Z(v)),

+∞∑

n=−∞

[
+∞∑

p=−∞
|u[p]||v[n− p]|

]
|z|−n

=

[
∑

p,q∈Z
|u[p]||z|−p|v[q]||z|−q

]



Z

=

[
+∞∑

p=−∞
|u[p]||z|−p

] [
+∞∑

q=−∞
|v[q]||z|−q

]
< +∞.

Dabs(Z(u)) ∩ Dabs(Z(v)) ⊂ Dabs(Z(u ∗ v)), z ∈
Dabs(Z(u)) ∩Dabs(Z(v)),

Z(u ∗ v)(z) =
+∞∑

n=−∞

[
+∞∑

p=−∞
u[p]v[n− p]

]
z−n

=

[
∑

p,q∈Z
u[p]z−pv[q]z−q

]

=

[
+∞∑

p=−∞
u[p]z−p

] [
+∞∑

q=−∞
v[q]z−q

]

= Z(u)(z)Z(v)(z).

u : Z → C v : Z → C. Dabs(u)∩Dabs(v) += ∅, u∗v
Dabs(u) ∩Dabs(v) ⊂ Dabs(u ∗ v), z ∈ Dabs(u) ∩Dabs(v),

Z(u ∗ v)(z) = Z(u)(z)Z(v)(z).

u[n] = 1
n! n ≥ 0, u[n] = 0 n < 0, v[n] = 0

n > 0, v[n] = 1
|n|! n ≤ 0. u ∗ v Z(u ∗ v)(z) = e

z2+1
z .

∑+∞
n=0

zn

n!
+∞, ez. Dabs(u) = Dabs(v) =

C \ {0}, Z(u)(z) = e1/z,Z(u)(z) = ez, Z(u ∗ v)(z) = Z(u)(z)Z(v)(z) = e
z2+1

z .

R |z| < R,

D(u) = Ωa,b,
Z(u) Ωa,b,

a < |z| < b, n ≥ 0,

f (p)(z) =
+∞∑

n=−∞
(−n)(−n− 1)(−n− p + 1)u[n]z−n−p

=
−p∑

n=−∞
(−n)(−n− 1)(−n− p + 1)u[n]z−n−p +

+∞∑

n=1

u[n]z−n.



Z

U(r, θ) = Z(u)(reiθ), U
a < r < b, θ ∈ R, a < r < b,

U(r, θ) =
∑+∞

n=−∞ u[n]rne−inθ.∑+∞
n=−∞ |u[n]| < +∞,

∑+∞
n=−∞ u[n]rne−inθeipθ

[0, 2π],

1

2π

∫ 2π

0

+∞∑

n=−∞
u[n]rne−inθeipθdθ =

+∞∑

n=−∞

1

2π

∫ 2π

0

u[n]rne−inθeipθdθ.

∫ 2π

0 ei(p−n)θdθ =
[

ei(p−n)θ

i(p−n)

]2π

0
= 0 n += p,

∫ 2π

0 ei(n−n)θdθ = 1.

a < r < b, p ∈ Z, Z

u[p] =
r−p

2π

∫ 2π

0

Z(u)(reiθ)eipθdθ,

p θ .−→ Z(u)(reiθ) u[−p]rp.

Z
D(Z(u))

u[n] = an n ≥ 0, u[n] = bn n < 0.
Z(u)(z) = z

z−a + z
b−z .

|z| > |a|
∑+∞

n=0 u[n]z−n =
∑+∞

n=0 anz−n = 1
1−a/z = z

z−a

|z| < |b|
∑−1

n=−∞ u[n]z−n =
∑0

n=−∞ bnz−n − 1 =
∑+∞

n=0 b−nzn − 1 = 1
1−z/b −

1 = b
b−z − 1, Z(u)(z) =

∑+∞
n=−∞ u[n]z−n = z

z−a + b
b−z − 1 = z

z−a + z
b−z

z ∈ Ω|a|,|b| = Dabs(Z)(u). C \ {a, b},

Z(u) |a| ≥ |b|.
Z

Z(u).
Z

x .−→ y = x ∗ g, x =
(x[n])n∈Z , g = (g[n])n∈Z , y = (y[n])n∈Z .
x[n] g[n] |n| Z(x)(z) = Z(y)(z)

Z(g)(z) ,

Z(g)
Z(y) x = (x[n])n∈Z y = (y[n])n∈Z

z.



n ≥ 0.

u : N → C, N = Z+

u : N → C v : N → C. n ≥ 0,

(u ∗ v)[n] =
n∑

p=0

u[p]v[n− p].

CN N C,
(u[n])n≥0.

u → u ∗ v ∀v ∈ CN.

u ∗ v = v ∗ u ∀u ∈ CN, ∀v ∈ CN.

(u ∗ v) ∗ w = u ∗ (v ∗ w) ∀u ∈ CN, ∀v ∈ CN, ∀w ∈ CN.

e0 ∗ u = u ∀u ∈ CN, e0[0] = 1, e0[n] = 1 n ≥ 1

Z

u : N → C ∈ Cn. Z u

Z(u)(z) =
+∞∑

n=0

u[n]z−n.

D(Z(u))
Dabs(Z(u))

D(Z(u)) = {z ∈ C \ {0} |
+∞∑

n=0

u[n]z−n },

Dabs(Z(u)) = {z ∈ C \ {0} |
+∞∑

n=0

|u[n]||z|−n < +∞}.



Z

r(u) = n→+∞|u[n]|1/n,
r(u)−1

∑+∞
n=0 u[n]zn,

Dabs(Z(u)) = Ωr(u),+∞ = {z ∈ C | |z| > r(u)},

Ωr(u),+∞ ⊂ D(Z(u)) ⊂ Ωr(u),+∞ = {z ∈ C | |z| ≥ r(u)}.

u ∈ CN, r > r(u). p ≥ 0,

u[p] =
r−p

2π

∫ 2π

0

Z(u)(reiθ)eipθdθ,

Z(u)

∑+∞
n=0 an

∑+∞
n=0 bn∑+∞

n=0 cn cn =
∑n

p=0 apbn−p.∑+∞
n=0 an

∑+∞
n=0 bn∑+∞

n=0 cn

+∞∑

n=0

(
+∞∑

n=0

apbn−p

)
=

(
+∞∑

n=0

an

)(
+∞∑

n=0

bn

)
.

u, v ∈ CN. Dabs(Z)(u)) ∩ Dabs(Z))(v) ⊂ Dabs(Z)(u ∗
v)),Dabs(Z)(u))∩(D(Z)(v)) ⊂ D(Z)(u∗v)), z ∈ Dabs(Z)(u))∩D(Z)(v)),

Z(u ∗ v)(z) = Z(u)(z)Z(v)(z).

Z
δn,m = 0 n += m,

δn,n = 1 δn,m

p ≥ 0, u[n] = 0 n < 0 u ∈ CN.



u[n] Z(u)(z) D(Z(u))
δp,n z−p C \ {0}

z
z−1 |z| > 1

n z
(z−1)2 |z| > |1|

n2 z(z+1)
(z−1)3 |z| > |1|

n3 z(z2+4z+1)
(z−1)4 |z| > |1|

n(n− 1) 2z
(z−1)3 |z| > |1|

n(n− 1)...(n− k + 1) k!z
(z−1)k+1 |z| > |1|

an z
z−a |z| > |a|

an

n! ea/z C \ {0}
anu[n] Z(u)(z/a) aD(Z)(u)
nan az

(z−a)2 |z| > |1|
n(n− 1)an 2az

(z−a)2 |z| > ||a||
n(n− 1)...(n− p + 1)an k!akz

(z−a)k+1 |z| > |1|
nu[n] −z dZ(u)

dz (z) Dabs(Z(u))
u[n− p] z−pZ(u)(z) D(Z(u))
u[n + p] zpZ(u)(z)− u[0]zp...− u[p− 2]z2 − u[p− 1]z D(Z)(u))

Z.
x = (x[n])n≥0

y = (y[n])n≥0 n ≥ 0

y[n] = a0x[n] + a1x[n− 1] + ... + apx[n− p] + b1y[n− 1] + ... + bqy[n− q]

x[n] = y[n] = 0 n < 0.
X(z) = Z(x)(z), Y (z) = Z(y)(z).

(1−b1z
−1...−bqz

−q)Y (z) = (a0+a1z
−1+...+apz

−p)X(z), Y (z) =
a0 + a1z−1 + ... + apz−p

1− b1z−1...− bqz−q
X(z).

R = a0+a1z−1+...+apz−p

1−b1z−1...−bqz−q

Y = G ∗X

G ∈ CN Z(G) = R. G
R(z)

z ,
z R

R(z) = U(z) +
∑

j = 1k
(∑n(j)

i=1
bi,jz

(z−ai,j)i

)
.



Z

U U G
Z.

y[n] = x[n] − 2x[n − 1] − y[n − 1] n ≥ 0,
x[n] = y[n] = 0 n < 0.

X(z) = Z(x)(z), Y (z) = Z(y)(z). x(1)[n] = x[n − 1], y1[n] =
y[n− 1] n ≥ 0, Z(x1)(z) = z−1X(z), Z(y1)(z) = z−1Y (z),

Y (z) = X(z)−2z−1X(z)−z−1Y (z), (1+z−1)Y (z) = (1−2z−1)X(z), Y (z) =
(z − 2)X(z)

z + 1
.

z − 2

z(z + 1)
=

a

z
+

b

z + 1
.

z z = 0, z
z = −1,

z − 2

z(z + 1)
= −2

z
+

3

z + 1
,

z − 2

z + 1
= −2 +

3z

z + 1
.

e0[0] = 1, e0[n] = 0 n ≥ 1.
u[n] = (−1)n n ≥ 0, Z(−2e0 + 3u)(z) = (z−2)

z+1 ,

y = (−2e0 + 3u) ∗ x = −2x + 3u ∗ x,

y[n] = −2x[n] + 3(−1)n
n∑

p=0

(−1)px[p] ∀n ≥ 0.

x[n] = 1 n ≥ 0,
y[n] = −2 + 3(−1)n

∑n
p=0(−1)p.

∑n
p=0(−1)=1 n∑n

p=0(−1)p = 0 n y[n] = 1 n y[n] = −2 n
x = (x[n])n≥0

y = (y[n])n≥0,
Z

f : T, a, N f [n] = f(a + nT )
0 ≤ n ≤ N, f [n] = 0

f.



Z.

n ≥ 0

y[n] = x[n]− 2x[n− 1]− y[n− 1].

x = (x[n])n≥0 y =
(y[n])n≥0. y[n] = 1 n ≥ 0?

n ≥ 0

y[n] = x[n]− x[n− 1]− y[n− 1].

y = (y[n])n≥0 x =
(x[n])n≥0. x[n] = 1 n ≥ 0?

x = (x[n])n≥0 y =
(y[n])n≥0. y[n] = 2n n ≥ 0?



Z



Wk 2k 2k

W0 = [1]. Wk+1

Wk k ≥ 0

Wk+1 =

[
Wk Wk

Wk −Wk

]
.

W1 =

[
1 1
1 −1

]
, W2 =





1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1



 , W3 =





1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 1 1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 1 1 1 −1 −1 −1 −1
1 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 1
1 −1 −1 1 −1 1 1 −1





,

Wk = [wi,j]0≤i≤2k−1

0≤j≤2k−1

, wi,j ∈ {−1, 1}.

Wk : C2k → C2k
.

f = {f [0], f [1], ..., f [2k − 1]}
2k. Wk(f) 2k

0 ≤ i ≤ 2k − 1

Wk(f)[i] =
2k−1∑

j=0

wi,jf [j].



tWk(f) = Wk
tf,





Wk(f)[0]
.
.
.

Wk(f)[2k − 1]




= Wk





f [0]
.
.
.

f [2k − 1]





0 ≤ j ≤ 2k − 1, δj ∈ C2k

δj[i] = 0 0 ≤ i ≤ 2k − 1, i += j, δj[j] = 1 δj = {δi,j}1≤i≤2k−1,
δi,j B := {δ0, ..., δ2k−1}

C2k

Wk C2k

B C2k
Wk.

MWk,B,B = Wk.

k ≥ 0,

tWk+1 =

[
tWk

tWk
tWk −tWk

]
, W 2

k+1 =

[
Wk Wk

Wk −Wk

] [
Wk Wk

Wk −Wk

]
=

[
2W 2

k 0
0 2W 2

k

]
.

W1 W 2
1 = 2I2,

Wk W 2
k = 2kI2k k ≥ 1, I2k

2k 2k Wk

W−1
k = 1

2k Wk.

W−1
k =

1

2k
Wk.

Wk(f) = fWk,

[Wk(f)[0], ...,Wk(f)[2k − 1] ] = [ f [0], ..., f [2k − 1] ] Wk

k 22k

22k

k2k



k ≥ 1 f ∈ C2k
, 0 ≤ j ≤ 2k−1 − 1,

π0(f)[j] = f [j], π1(f)[j] = f [2k−1 + j]

0 ≤ j ≤ 2k−1 − 1

π0 (Wk(f)) = Wk−1(π0(f))+Wk−1(π1(f)), π1 (Wk(f)) = Wk−1(π0(f))−Wk−1(π1(f))

Wk =

[
Wk−1 Wk−1

Wk−1 −Wk−1

]
.

f0 := π0(f), f1 := π1(f), g := Wk(f), g0 := π0(g), g1 := π1(g).
g = fWk,

g0 = f0Wk−1 + f1Wk−1, g1 = f0Wk−1 − f1Wk−1.

g0 = Wk−1(f0) + Wk−1(f1), g1 = Wk−1(f0) −Wk−1(f1),
♣

P (k)
k P (k) = 2k +2P (k−1),

2×2k−1 = 2k π0(f) π1(f),
k− 1, 2P (k− 1)

0 P (0) = 0,
P (1) = 1. P (k) = k2k. k = 10

10 210 = 10240 1020 = 1048576

f = {f [0], f [1], ..., f [2k − 1]} f (1), f (1)[2p] = f [2p] + f [2p + 1], f (1)[2p + 1] =
f [2p] − f [2p + 1] 0 ≤ p ≤ 2k−1 − 1. ne 1 ≤ n ≤ k,

f (n−1) f (n), 0 ≤ p ≤ 2k−n − 1, 0 ≤ q ≤ 2n − 1,
f (n)[2np + q] = f (n−1)[2np + q] + f (n−1)[2np + q + 2n−1],
f (n)[2np + q + 2n−1] = f (n−1)[2np + q]− f (n−1)[2np + q + 2n−1].

f (k) = Wk(f).

f(k) = Wk(f))
1. k − 1

f ∈ C2k
π0(f (k−1)) = Wk−1(π0(f)) π1(f (k−1)) = Wk−1(π1(f)),

f (k) = Wk(f).



f = {1, 2,−1,−3, 6,−1, 2, 0}.

f
f (1)

f (2)

W3(f) = f (3)

k = 3





W3(f)[0]
W3(f)[1]
W3(f)[2]
W3(f)[3]
W3(f)[4]
W3(f)[5]
W3(f)[6]
W3(f)[7]





= W3





f [0]
f [1]
f [2]
f [3]
f [4]
f [5]
f [6]
f [7]





=





1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 1 1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 1 1 1 −1 −1 −1 −1
1 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 1
1 −1 −1 1 −1 1 1 −1









1
2
−1
−3
6
−1
2
0





=





6
10
10
2
−8
−8
4
−8





p ≥ 2 Fp (Z/pZ, +, .)
Z/pZ Z



m := m + pZ, m = n m ≡ n p
m − n p. Z/pZ m

n

m + n = m + n, m.n = mn

Z/pZ = {0, ..., p− 1}, m + n = rm+n, rm+n,
m + n p, m.n = rmn, rmn, mn

p. Fp := Z/pZ
p Fp

Fk
p Fp k ≥ 1.

F2. m, n ∈ Z, m−n
(−1)m = (−1)n. (−1)m = −1m

m ∈ Z, (−1)a+b = (−1)a(−1)b a, b ∈ F2.

k f : Fk
2 →

F2. k Bk. f, g ∈ Bk, u ∈
F2, uf, f + g fg

(uf)(x) = uf(x), (f + g)(x) = f(x) + g(x), (fg)(x) = f(x)g(x) ∀x ∈ Fk
2.

Xi(x) = xi, x = [x0, ..., xk−1] ∈ Fn
2 , 0 ≤ i ≤ k − 1.

XS := Πi∈SXi, S ⊂ {0, ..., k − 1}
X∅(x) = 1 u(x) = u

x ∈ Fk
2 u ∈ F2).

Bk X2
i = Xi

0 ≤ i ≤ k−1. F2.

Bk 2k, Mk

Bk.

Fk
2 2k Bk F2k

2

(Bk) = 2k Bk {δx}x∈Fk
2
,

δx(x) = 1 δx(y) = 0 x += y X∅ = 1
Mk = {XS}S⊂Fn

2

2k

{λS}S⊂Fk
2

F2, S0 ⊂ Fk
2

λS0 += 0. S0 S1 S0 λS1 += 0
λS = 0 S F2

k S1.
f(x) = 1 x ∈ S1 f(x) = 0 x /∈ S1 f = 0 S1 = ∅ f = 1

S1 = Fk
2 XS(f) = 0 S S1,
S1 XS(f) = 0 S S1. XS1(f) = 1



(
∑

S⊂Fk
2

λSXS

)
(f) = λS1 += 0,

∑

S⊂Fk
2

λSXS += 0. Mk

Mk Bk, Mk

Bk. ♣

f ∈ Bk k
a = (a0, ..., ak−1) ∈ Fk

2 b ∈ F2

f(x) =
k−1∑

j=0

ajxj + b ∀x = (x0, ..., xk−1) ∈ Bk,

f = fa,b.
g, h ∈ Bk,

d(g, h) = Card
[{

x ∈ Fk
2 | g(x) += h(x)

}]
.

g ∈ Bk,

d(g,Ak) = {d(f, g) | f ∈ Ak},

Ak k.

f ∈ C2k

2k−1∑

p=0

|Wk(f)(p)|2 = 2k
2k−1∑

p=0

|f(p)|2

k = 0. k − 1, k ≥ 1,
f ∈ C2k

. g = Wk(f), f0 = π0(f),
f1 = π1(f), g0 = π0(g), g1 = π1(g),

2k−1∑

p=0

|Wk(f)(p)|2 =
2k−1−1∑

p=0

|g0(p)|2 +
2k−1−1∑

p=0

|g1(p)|2



=
2k−1−1∑

p=0

|Wk−1(f0)(p) +Wk−1(f1)(p)|2 +
2k−1−1∑

p=0

|Wk−1(f0)(p)−Wk−1(f1)(p)|2

2
2k−1−1∑

k=0

|Wk−1(f0)(p)|2 + 2
2k−1−1∑

k=0

|Wk−1(f1)(p)|2

= 2k
2k−1−1∑

k=0

|f0(p)2|+ 2k
2k−1−1∑

k=0

|f1(p)2| = 2k
2k−1∑

p=0

|f(p)|2,

♣

x = (x0, ..., xk−1) ∈ Fk
2, y = (y0, ..., yk−1) ∈ Fk

2,

x.y :=
k−1∑

j=0

xjyj

0 ≤ p ≤ 2k − 1, p =
k−1∑
j=0

pj2j, pj ∈ {0, 1},

p, p∗ := (p0, ..., pk−1). Wk = (wp,q)0≤p≤k−1
0≤q≤k−1

k. 0 ≤ p, q ≤ k − 1,

wp,q = (−1)p∗.q∗ = (−1)
P

0≤j≤k−1 pjqj

p = 0.
w̃p,q = (−1)p∗q∗ , W̃k = (w̃p,q)0≤p≤k−1

0≤q≤k−1
. 0 ≤ p ≤ 2k−1 − 1, 0 ≤

q ≤ 2k−1 − 1, p′ = p + 2k−1, q′ = q + 2k−1. pk−1 = qk−1 = 0,
p′j = pj, q′j = qj 0 ≤ j ≤ k − 2, p′k−1 = q′k−1 = 1.

W̃k−1 = (w̃p,q)0≤p≤2k−1−1

0≤q≤2k−1−1

.

0 ≤ p ≤ 2k−1−1, 0 ≤ q ≤ 2k−1−1,

w̃p′,q = w̃p,q′ = w̃p,q, w̃p′,q′ = −w̃p,q,

W̃k =

[
W̃k−1 W̃k−1

W̃k−1 −W̃k−1

]
.

Wk = W̃k k ≥ 0. ♣



f ∈ Bk, 0 ≤ p ≤ 2k−1, f ∗(p) = (−1)f(p∗).
pj ∈ {0, 1} 0 ≤ j ≤ 2k − 1,

f ∗




2k−1∑

j=0

pj2
j



 = (−1)f(p0,...,pk−1).

f ∈ Bk, a = (a0, ..., ak−1) ∈ Fk
2, aj ∈ {0, 1}, ã =

k−1∑
j=0

aj2j ∈ {0, ..., 2k − 1} a fa := fa,0 : x → a.x

a

d(f, fa) = 2k−1 − 1

2
Wk(f

∗)(ã).

f ∗(ã) = f((ã)∗) = f(a).

Wk(f
∗)(ã) =

2k−1∑

q=0

wã,qf
∗(q) =

2k−1∑

q=0

(−1)a.q∗+f(q∗)

=
2k−1∑

q=0

(−1)fa(q∗)+f(q∗) =
∑

x∈Fk
2

(−1)fa(x)+f(x) =

({x ∈ Fk
2 |f(x)) = fa(x)})− ({x ∈ Fk

2 |f(x) += fa(x))}).
{x ∈ Fk

2 |f(x) = fa(x)})+ {x ∈ Fk
2 |f(x) += fa(x)}) =

(Fk
2) = 2k, d(f, fa) = {x ∈ Fk

2} |f(x) += fa(x)}),
♣

f ∈ Bk

d(f,Ak) = 2k−1 − 1

2 0≤p≤2k−1 |Wk(f
∗)(p)| ≤ 2k−1 − 2

k
2−1,

k

k f(k) =

k
2−1∑
j=0

X2jX2j+1.

d
(
f(k), Ak

)
= 2k−1 − 2

k
2−1.



d(f,Ak) = 2k−1 − 1
2 0≤p≤2k−1 |Wk(f ∗)(p)|

2k
0≤p≤2k−1 |Wk(f

∗)(p)|2 ≥
2k−1∑

p=0

|Wk(f
∗)|2 = 2k

2k−1∑

p=0

|f ∗(p)|2 = 22k.

0≤p≤2k−1 |Wk(f ∗)(p)| ≥ 2
k
2 . f ∗(p) ∈ {−1, 1} 0 ≤ p ≤ 2k−1,

f ∗ 0≤p≤2k−1 |Wk(f ∗)(p)| ,
k

m hm ∈ C22m
,

{−1, 1}, W2m(hm) = 2mhm,

0≤p≤22m−1 |W2m(hm)(p)| = 2m.

W2m x2 − 22m = (x− 2m)(x + 2m).
W2m

2m W2m − 2mI22m , I22m

2m.

W2 − 2I4 =





3 1 1 1
1 1 1 −1
1 1 1 −1
1 −1 −1 3



 .

h1 = [1, 1, 1,−1].
(hm)m≥1 m ≥ 2,

hm = [hm−1, hm−1, hm−1,−hm−1].
W2(m−1)(hm−1) = 2m−1hm−1.

hmW2m = [ hm−1, hm−1, hm−1, hm−1 ]





W2m−2 W2m−2 W2m−2 W2m−2

W2m−2 −W2m−2 W2m−2 −W2m−2

W2m−2 W2m−2 −W2m−2 −W2m−2

W2m−2 −W2m−2 −W2m−2 W2m−2





= [ 2hm−1W2m−2, 2hm−1W2m−2, 2hm−1W2m−2, 2hm−1W2m−2 ]

= [ 2mhm−1, 2mhm−1, 2mhm−1, 2mhm−1 ] = 2mhm,

W2m(hm) = 2mhm. W2m(hm) = 2mhm

m ≥ 1.
Hm = f ∗(2m) = (

∑m−1
j=0 X2jX2j+1)∗. p =

∑2m−1
j=0 pj2j,

pj ∈ {0, 1}, p ∈ {0, ..., 22m − 1}.

Hm(p) = (−1)
Pm−1

j=0 p2jp2j+1 .



p(1) = p, p(2) = p + 22m, p(3) = p + 22m+1, p(4) = p + 22m + 22m+1.
p(1)

j = p(2)
j = p(3)

j = p(4)
j = pj 0 ≤ j ≤ 2m− 1, p(1)

2m = p(1)
2m+1 = p(2)

2m+1 = p(3)
2m = 0,

p(2)
2m = p(3)

2m+1 = p(4)
2m = p(4)

2m+1 = 1.
m + 1 m ≥ 1,

Hm+1 = [Hm, Hm, Hm,−Hm].

H1(0) = H1(1) =
H2(1) = 1, H3(1) = −1, H1 = [1, 1, 1,−1] = h1.

hm = Hm = f ∗(2m) m ≥ 1. hm

{−1, 1}, W2m(hm) = 2mhm,
∣∣W2m(f(2m)(p))

∣∣ = 2m 0 ≤ p ≤
22m − 1, d(f(2m),A2m) = 22m−1 − 2m−1. ♣

f ∈ Ak

fk =
k/2−1∑
j=0

X2jX2j+1 k

k

k ≥ 1 Wk = (wi,j)1≤j≤2k−1

1≤j≤2k−1

k. 1 ≤ j ≤ 2k − 1,

csk(i) =
1

2

2k−1∑

j=1

|wi,j−1 − wi,j|.

Rk(i) {0, ..., 2k − 1}
{cs−1

k (0), ..., cs−1
k (2k − 1)}.

csk(i)
ie Wk, Rk(i) = {u0, ..., u2k−1} ⊂

{0, ..., 2k − 1}, cs(uj) > cs(uj−1) 1 ≤ j ≤ 2k − 1.
k = 1 k = 2

k.

W1 =

[
1 1
1 −1

]
, cs1(0) = 0, cs1(1) = 1, R1 = {0, 1},



W2 =





1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1



 , cs1(0) = 0, cs1(1) = 3, cs1(2) = 1, cs1(3) = 2,

R2 = {0, 2, 3, 1}.
j → cs1(j) 0 1

{0, 1}, j → cs1(j) 0, 1, 2 3
{0, 1, 2, 3}, Rk

{0, ..., 2k − 1}.

k ≥ 1, j → csk(j)
{0, ..., 2k − 1}

csk(j) 0 ≤ j ≤
k − 1,

0 ≤ csk(j) =
1

2

2k−1∑

j=1

|wk,j − wk,j−1| ≤ 2k − 1,

csk : {0, ..., 2k − 1} → {0, ..., 2k − 1}

k = 1.

Li,k = [w0,1, ..., w0,2k−1] ie Wk. Wk =

[
Wk Wk

Wk −Wk

]
,

0 ≤ i ≤ 2k − 1

Li,k+1 = [Li,k, Li,k] , Li+2k,k+1 = [Li,k,−Li,k] .

w0,i = 1, csk+1(i) = 2csk(i) csk+1(i + 2k) = 2csk(i) + 1
wi,2k = 1, csk+1(i) = 2csk(i) + 1 csk+1(i + 2k) = csk(i) wi,2k = −1.

p ∈ {0, ..., 2k − 1} i ∈ {0, ..., 2k − 1}
csk(i) = p, p ∈ {0, ..., 2k+1 − 1}. p p = 2q,

p p = 2q + 1, q 0 ≤ q ≤ 2k − 1.
csk+1(i) = p, csk+1(i + 2k) = p, i ∈ {0, ..., 2k − 1}

csk(i) = q. 0 ≤ i < i + 2k ≤ 2k+1 − 1,
i → csk(i)

{0, ..., 2k − 1} k ≥ 1. ♣

f = {f [0], f [1], ..., f [2k−1]} ∈ C2k
, p ∈ {0, 2k−1},

c = p
2k . Wc,k(f)[i] = Wk(f)[i] csk(i) ≤ c2k − 1, Wc,k(f)[i] = 0 c2k − 1 <

csk(i) ≤ 2k−1. c f Compc(f) ∈ C2k



Compc(f) = (W−1
k ◦Wc,k)(f).

Dc = (di,j)0≤i≤2k−1

0≤j≤2k−1

di,j = 0

i += j, di,i = 0 c2k − 1 < csk(i) ≤ 2k − 1, di,i = 1 csk(i) ≤ c2k − 1− 1.

t(Wc,k(f)) = Dt
c(Wk(f)) = DcW

t
kf, Compc(f) =

1

2k
WkDcW

t
kf.

f f (c),

f (c) =
1

2k
fWkDcWk.

k = 2, c = 50%,

W2 =





1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1



 , Dc =





1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0



 ,

1

4
W2DcW2 =

1

4





1 0 1 0
1 0 1 0
1 0 −1 0
1 0 −1 0









1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1





=





1/2 1/2 0 0
1/2 1/2 0 0
0 0 1/2 1/2
0 0 1/2 1/2



 .

f = {f [0], f [1], f [2], f [3]} , f (c) =
{

f [0]+f [1]
2 , f [0]+f [1]

2 , f [3]+f [4]
2 , f [3]+f [4]

2

}
.

f = {1, 2,−1,−3, 6,−1, 2, 0}, W3(f) = {6, 10, 10, 2,−8,−8, 4,−8}.

W3 =





1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 1 1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 1 1 1 −1 −1 −1 −1
1 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 1
1 −1 −1 1 −1 1 1 −1





.

c3(0) = 0, c3(1) = 7, c3(2) = 3, c3(3) = 4, c3(4) = 1, c3(5) = 6, c3(6) = 2, c3(7) = 5.



c = 37, 5%, W3,c(f) = {6, 0, 0, 0,−8, 0, 4, 0}.
f (c) 8

W3,c(f)

g = W3,c(f)
g(1)

g(2)

8f (c) = g(3)

f (c) 1
4

1
4 −3

4 −3
4

5
4

5
4

9
4

9
4

c f ∈ C2k Wk(f)[j] = 0
j ≥ c(2k − 1).
k c > 99, 99%,

1.

f : [a, b] → R.
k ≥ 1, 0 ≤ j ≤ 2k − 1,

f̃ [j] = f

(
a + j

b− a

2k − 1

)
.

f̃ , f̃ (c) ∈ C2k
,

f (c) f
[a+ j b−a

2k−1 , a+(j +1) b−a
2k−1 ], 0 ≤ j ≤ 2k−2 f (c)(a+ j b−a

2k−1) = f̃ (c)[j]

0 ≤ j ≤ 2k − 1. f f (c)



M:=Dom::Matrix();

Dom::Matrix()

W0:=M([[1]]);

 W1:=
linalg::stackMatrix(linalg::concatMatrix(W0,W0),linalg::concatMa
trix(W0,-W0));
W2:=
linalg::stackMatrix(linalg::concatMatrix(W1,W1),linalg::concatMa
trix(W1,-W1));
W3:=
linalg::stackMatrix(linalg::concatMatrix(W2,W2),linalg::concatMa
trix(W2,-W2));

(1)
!
1 1

1 ! 1

"

#

$$%

1 1 1 1

1 ! 1 1 ! 1

1 1 ! 1 ! 1

1 ! 1 ! 1 1

&

''(

#

$$$$$$$$$$$%

1 1 1 1 1 1 1 1

1 ! 1 1 ! 1 1 ! 1 1 ! 1

1 1 ! 1 ! 1 1 1 ! 1 ! 1

1 ! 1 ! 1 1 1 ! 1 ! 1 1

1 1 1 1 ! 1 ! 1 ! 1 ! 1

1 ! 1 1 ! 1 ! 1 1 ! 1 1

1 1 ! 1 ! 1 ! 1 ! 1 1 1

1 ! 1 ! 1 1 ! 1 1 1 ! 1

&

'''''''''''(

DC:=
M([[1,0,0,0,0,0,0,0],[0,0,0,0,0,0,0,0],[0,0,0,0,0,0,0,0],[0,0,0,
0,0,0,0,0],[0,0,0,0,1,0,0,0]
,[0,0,0,0,0,0,0,0],[0,0,0,0,0,0,1,0],[0,0,0,0,0,0,0,0]]);



!

"""""""""""#

1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0

$

%%%%%%%%%%%&

 f:=([[1,2,-1,-3,6,-1,2,0]]);g:=f*W3;gc:=g*DC;fc=(1/8)*gc*W3;

[[1, 2, ! 1, ! 3, 6, ! 1, 2, 0]]

(6 10 10 2 ! 8 ! 8 4 ! 8)

(6 0 0 0 ! 8 0 4 0)

fc = (1
4

' 1

4

' ! 3
4

' ! 3

4

' 5

4

' 5

4

' 9

4

' 9

4

')



0 n− 1, n



0 1020−1,

a = [12−1−36−120].



b
10−14,

x → sin(x)− 3 ∗ sin(x/27)+2sin(x/36),
10%, 30% 75%.





! !"# $ $"# %
!&

!'

!%

!

%

'

&
()*+,-./0,-*10-234!510-2%6347%10-25&34

! !"# $ $"# %
!'

!%

!

%

'

&
.,89:;110,-*<*%=#>

! !"# $ $"# %
!&

!'

!%

!

%

'

&
.,89:;110,-*<*6=#>

! !"# $ $"# %
!&

!'

!%

!

%

'

&
.,89:;110,-*<*$%>



Li(M) ie Cj(M) je

M = (mi,j)0≤i≤p−1
0≤j≤q−1

.

k ≥ 1. 22k

Ω = (Ωi,j)0≤j≤2k−1

0≤j≤2k−1

W(k,hor)(Ω) Ω 22k

Ω
Wk Ω, W(k,vert)(Ω) Ω

Wk

Ω, W(k) Ω

W(k)(Ω) = (W(k,vert) ◦W(k,hor))(Ω).

Li(W(k,hor)(Ω) = Li(ω)Wk

Cj(W(k,vert)(Ω) = WkCj(Ω),

W(k,hor)(Ω) = WkΩ, W(k,vert)(Ω) = ΩWk,

W(k)(Ω) = (W(k,vert) ◦W(k,hor))(Ω) = WkΩWk = (W(k,hor) ◦W(k,vert))(Ω).

(
W(k)

)−1
(Ω) =

1

22k
(W(k))(Ω) =

1

22k
WkΩWk.

4 Ω =

[
a b
c d

]
.

W1(Ω) =

[
1 1
1 −1

] [
a b
c d

] [
1 1
1 −1

]
=

[
1 1
1 −1

] [
a + b a− b
c + d c− d

]

=

[
a + b + c + d a− b + c− d
a + b− c− d a− b− c + d

]
.



k = 10, 1020 = 1048576,

(i, j) 0 ≤ i ≤ 2k− 1, 0 ≤ j ≤ 2k− 1. i → csk(i)
{0, ..., 2k − 1} (i, j) →

csk(i)+csk(j) {0, ..., 2k−1}×{0, ..., 2k−1}
{0, 2k+1−2}.

(i1, j1) (i2, j2) Ek := {0, ..., 2k−
1}×{0, ..., 2k−1}. (i1, j1) (i2, j2)

csk(i1) + csk(j1) < csk(i2) + csk(j2), csk(i1) + csk(j1) = csk(i2) + csk(j2)
csk(i1) < csk(i2).

(i1, j1) ≤ (i2, j2) (i1, j1) < (i2, j2),
(i1, j1) = (i2, j2), Ek. (i, j) ∈ Ek,

θk(i, j) = ({(α, β) ∈ Ek | (α, β) ≤ (i, j)}] .

Ω = (ωi,j)1≤i≤k
1≤j≤k

2k c ∈
[0, 1],

W(k,c)(Ω)[i, j] = W(k)(Ω)[i, j] θk(i, j) ≤ c22k, W(k,c)(Ω)[i, j] = 0 θk(i, j) > c22k,

c Ω

Ω(c) =
(
[W(k)]−1 ◦W(k,c)

)
(Ω) =

1

22k
W (k)(W(k)(Ω)W (k).

Ω =

[
a b
c d

]
0%

[
0 0
0 0

]
, Ω.

(0, 0) < (0, 1) < (1, 0) < (1, 1),

W(1,1/4)(Ω) =

[
a + b + c + d 0

0 0

]
, W(1,1/2)(Ω) =

[
a + b + c + d a− b + c− d

0 0

]
,



W(1,3/4)(Ω) =

[
a + b + c + d a− b + c− d
a + b− c− d 0

]
,

Ω(1/4) =
1

4

[
a + b + c + d a + b + c + d
a + b + c + d a + b + c + d

]
, Ω(1/2) =

1

2

[
a + c b + d
a + c b + d

]
,

Ω(3/4) =
1

4

[
3a + b + c− d 3b + a− c + d
3c + a− b + d 3d− a + b + c

]
.

W2, W4, W8 W16

[0, 1], [0, 1, 0, 0], [0, 1, 1, 1, 1, 1, 2, 3]
[1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1].

S T {0, ..., k − 1}.

(i)XS.XT = XS∩T .

(ii)XS∪T = XS + XT + XS.XT .

Wk (x2−2k)2k−1
.

P ∈M2k(R)

tPWkP = P−1WkP = 2
k
2

[
I2k−1 0

0 −I2k−1

]
,



I2k−1 2k−1 2k−1

F2

k = 2, k = 3 k = 4.

a ∈ Bk, δa(x) = 0 x += a, δa(x) = 1 x = a.

f =
∑

a∈Fk
2
f(a)δa f ∈ Bk.

a = [a1, ..., ak−1] ∈ Fk
2

δa = Πk−1
j=0(Xj + aj + 1).

Fk
2 a(p) = [p0, ..., pk−1] 0 ≤ p ≤ 2k−1,

p =
∑k−1

j=0 , pj ∈ {−1, 1}, p
S {0, ..., k−1} Sp := {j ∈ {0, ..., k−1} |pj =

1}.
{a(0), ..., a(2k−1)} {XS0 , ..., XS2k−1

}
{XS0 , ..., XS2k−1

} {a0, ..., a2k−1}.

f ∈ Bk

f ∗.

f ∈ B3 f ∗(xp) = 1 0 ≤ p ≤ 3, f ∗(xp) = −1
4 ≤ p ≤ 7.

f, f

f ∗



f
d(f,A3)?

g g∗(p) = 1 p g∗(p) = −1
p 0 ≤ p ≤ 7.

(i, j)0≤i≤3
0≤j≤3





CN .

N ≥ 1 ωN = e
2iπ
N .

f̂ f = (f [0], ..., f [N − 1])

f̂ [m] =
N−1∑

n=0

f [n]ω−nm
N , m ∈ {0, ..., N − 1}.

= FN(f) : f → f̂
CN .

AN

AN = (ω−mn
N )0≤m≤N−1

0≤n≤N−1
.

AN

FN(f) : CN → CN {δ0, ..., δN−1} CN .

f̂ = fAN , tf̂ = AN
tf.

B B = (bm,n)0≤i≤p
0≤j≤q

B := (bm,n)0≤i≤p
0≤j≤q

.

N−1∑

k=0

ωmk
N ω−nk

N =
N−1∑

k=0

(
ωm−n

N

)k
.



ωN
N = 1, 0 ≤ m ≤ N − 1, 0 ≤ m ≤ N − 1,

N−1∑

k=0

ωmk
N ω−nk

N = N m = n,

N−1∑

k=0

ωmk
N ω−nk

N =
1− ω(m−n)N

1− ωm−n
= 0 m += n.

IN N N
ANAN = 1

N IN , AN

A−1
N =

1

N
AN .

f ∈ CN

f [m] =
1

N

N−1∑

n=0

f̂ [n]ωmn
N , 0 ≤ m ≤ N − 1.

f, g ∈ CN

N−1∑

m=0

f [m]ĝ[m] =
1

N

N−1∑

m=0

f̂ [m]ĝ[m].

f ∈ CN

N−1∑

m=0

|f [m]|2 =
1

N

N−1∑

m=0

|f̂ [m]|2.

A−1
N = 1

N AN .

N−1∑

m=0

f̂ [m]ĝ[m] = f̂ tĝ = fANAN
tg = Nf tg = N

N−1∑

m=0

f [m]ĝ[m],

♣
N = 2,

ω2 = −1, A2 =

[
1 1
1 −1

]
= W2, F2

W1. N = 3, ω3 = e
2iπ
3 , j = e

2iπ
3 ,

j3 = 1 j−1 = j2,



A3 =




1 1 1
1 j2 j
1 j j2



 .

j = e
2iπ
3 ,

j
j

i
N = 4, ω4 = e

2iπ
4 = i,

A4 =





1 1 1 1
1 −i −1 i
1 −1 1 −1
1 i −1 −i



 .

f = (f [0], f [1], f [2]) := (1, 0, 1), g = (g[0], g[1], g[2], g[3]) := (1, 0, 0, i).

(f̂ [0], f̂ [1], f̂ [2]) = f̂ = fA2 = (1, 0, 1)




1 1 1
1 j2 j
1 j j2



 = (3, 0, 0),

(ĝ[0], ĝ[1], ĝ[2], ĝ[3]) = gA3 = (1, 0, 0, i)





1 1 1 1
1 −i −1 i
1 −1 1 −1
1 i −1 −i





= (1 + i, 0, 1− i, 2).

f̂ 1 + j + j2 = 1−j3

1−j = 0.

u = (u[n])n≥0 ∈ CN v = (v[n])n≥0 ∈ CN

u ∗ v = ((u ∗ v)[n])n≥0

(u ∗ v)[n] =
n∑

p=0

u[p]v[n− p].

f = (f [n])0≤n≤N−1 ∈ CN g = (g[n])0≤n≤N−1 ∈ CN .

f
(N)
∗ g f g



(f
(N)
∗ g)[n] =

n∑

p=0

f [p]g[n− p] +
N−1∑

p=n+1

f(p)g(n + N − p), 0 ≤ n ≤ N − 1,

∑N−1
p=n+1 f(p)g(n + N − p) = 0 n = N − 1.

CN ,

N ≥ 1. f = (f [n])0≤n≤N−1 ∈ CN , g = (g[n])0≤n≤N−1

∈ CN ,

FN

(
f

(N)
∗ g

)
= FN(f)FN(g).

n ∈ {0, ..., N − 1}, u[m] = f [m] 0 ≤ m ≤
N − 1, u[m] = 0 m ≥ N, v[m] = 0 0 ≤ m ≤ n − 1, v[m] = g[m]
n ≤ m ≤ N − 1, v[m] = g[m − N ] N ≤ m ≤ N + n − 1, v[m] = 0
m ≥ N + n, n = 0.

(u ∗ v)[m] = 0 0 ≤ m ≤ n− 1, (u ∗ v)[m] = (f
(N)
∗ g)[m] n ≤ m ≤ N − 1,

(u∗v)[m] = (f
(N)
∗ g)(m−N) N ≤ m ≤ n+N−1, (u∗v)[m] = 0 m ≥ n+N.

ω−nN = 1,

Z(u ∗ v)(ωn) =
+∞∑

m=0

(u ∗ v)[m]ω−nm =
N−1∑

m=n

(u ∗ v)[m]ω−nm +
n+N−1∑

m=N

(u ∗ v)[m]ω−(m−N)n

=
N−1∑

m=n

(f
(N)
∗ g)[m]ω−nm +

n−1∑

n=0

(f
(N)
∗ g)[m]ω−mn = FN

(
f

(N)
∗ g

)
[n].

Z(u)(ωn) = F(f)[n].

Z(v)(ωn) =
+∞∑

m=0

v[m]ω−mn =
N−1∑

m=n

g[m]ω−mn +
n+N−1∑

m=n

g(m−N)ω(m−N)n

N−1∑

m=n

g[m]ω−mn +
n−1∑

m=0

g[m]ω−mn = FN(g)[n].



FN

(
f

(N)
∗ g

)
[n] = Z(u ∗ v)(ωn) = Z(u)(ωn)Z(v)(ωn) = FN(f)[n]FN(g)[n].

♣

(f, g) → f
(N)
∗ g

CN .

δ0[0] = 1 δ0[n] = 0
1 ≤ n ≤ N − 1, f ∈ CN ,

f
(N)
∗ δ0 = δ0

(N)
∗ f = f,

δ0 CN
(N)
∗ .

f
(N)
∗ g = F−1

N (FN(f)FN(g)) .

Z/NZ
N = 2k, k ≥ 1.

f = (f [0], ..., f [p]) ∈ C(Z/pZ) f̃ ∈ C(Z/2kZ)
f̃ [j] = f [j] 0 ≤ j ≤ p − 1, f̃ [j] = 0 p ≤ j ≤ 2k − 1,

k ≥ 1 p ≤ 2k.

[Z/pZ] {0, ..., p − 1} j j,

ωp = e
2iπ
p .



N ≥ 1 f ∈ C2N . f (0)[j] = f [2j]
f (1)[j] = f [2j + 1] 0 ≤ j ≤ N − 1.

F2N(f)[j] = FN(f (0))[j] + ω−j
2NFN(f (1))[j] 0 ≤ j ≤ N − 1,

F2N(f)[j] = FN(f (0))[j −N ]− ω−j
2NFN(f (1))[j −N ] N ≤ j ≤ 2N − 1.

ωN = ω2
2N , 0 ≤

j ≤ N − 1,

F2N [j] =
N−1∑

m=0

f [2m]ω−2mj
2N +

N−1∑

m=0

f [2m + 1]ω−(2m+1)j
2N

=
N−1∑

m=0

f [2m]ω−m
N + ω−j

2N

N−1∑

m=0

f [2m + 1]ω−mj
N

= FN(f (0))[j] + ω−j
2NFN(f (1))[j].

ωN
2N = −1. N ≤ j ≤ 2N − 1,

F2N [j] = ω−2mN
2N

N−1∑

m=0

f [2m]ω−2m(j−N)
2N + ω−(2m+1)N

2N

N−1∑

m=0

f [2m + 1]ω−(2m+1)(j−N)
2N

=
N−1∑

m=0

f [2m]ω−2m(j−N)
2N −

N−1∑

m=0

f [2m + 1]ω−(2m+1)(j−N)
2N

=
N−1∑

m=0

f [2m]ω−2m(j−N)
2N − ω−(j−N)

2N

N−1∑

m=0

f [2m + 1]ω−2m(j−N)
2N

=
N−1∑

m=0

f [2m]ω−m(j−N)
N − ω−(j−N)

2N

N−1∑

m=0

f [2m + 1]ω−m(j−N)
N

= FN(f (0))[j −N ]− ω−(j−N)
2N FN(f (1))[j −N ].

♣

Fn N = 2k,

f ∈ C2m
f0 = (f [0], ..., f [2m−1 − 1]) ∈

C2m−1
f1 = (f [2m−1], ..., f [2m−1]) ∈ C2m−1



a ∈ {0, ..., 2k − 1} a = [ak−1...a0]
a, a =

∑k−1
j=0 aj2j, aj ∈ {0, 1} 0 ≤ j ≤ k − 1.

revk(a) = [a0...ak−1].

f ∈ C2k
,

σk(f) = f ◦ revk.

revk {0, ..., 2k−1}
(revk ◦ revk)(a) = a a ∈ {0, ..., 2k− 1}.

revk σk

revk k = 3.

rev3

j
j
rev3(j)
rev3(j)

k ≥ 1, f ∈ C2k
. (g0,0, ..., g0,2k−1) = g0 :=

σk(f) ∈ C2k
, 1 ≤ n ≤ k gn = (gn,0, ..., gn,2k−n−1) ∈ C2k

,
gn,m ∈ C2n

0 ≤ q ≤ 2n−1 − 1,

gn,m[q] = gn−1,2m[q] + ωq
2ngn−1,2m+1[q + 2n−1],

gn,2m+1[q + 2n−1] = gn−1,2m[q]− ωq
2ngn−1,2m+1[q + 2n−1].

gk = F2k(f).

k = 1
f ∈

C2k
, k ≥ 1, f ∈ C2k+1

. g = σk+1(f),
0 ≤ m ≤ 2k,

f (0)[m] = f [2m], f (1)[m] = f [2m + 1], g0[m] = g[m], g1[m] = g[2k + m].

a = 2m, 0 ≤ m ≤ 2k − 1,
a = [ak...a10]. m = [ak...a1], revk+1(a) = [0a1...ak] = revk(m).

b = 2m + 1, 0 ≤ m ≤ 2k − 1, b b = [bk...b11]. m = [bk...b1],
revk+1(1) = [0b1...bk] = 2k + revk(m). 0 ≤ m ≤ 2k − 1,



revk+1(2m) = revk(m), revk+1(2m + 1) = 2k + revk(m).

g0 = f (0) g1 = f (1).
g2k(m) = F2k(f (0))(m) g2k(2k + m) = F2k(f (1))(m) 0 ≤

m ≤ 2k − 1. g2k+1 = F2k+1(f),
♣

f = [1,−1,−1, 0, 0, 1, 1, 0].
f

ω2 = −1 ω4 = i.

m
f [m]
g0[m]
n = 1, 2n = 2, q = 0 g1,0[0] g1,0[1] g1,1[0] g1,1[1] g1,2[0] g1,2[1] g1,3[0] g1,3[1]

n = 2, 2n = 4, q = 0 1 g2,0[0] g2,0[1] g2,0[2] g2,0[3] g2,1[0] g2,1[1] g2,1[2] g2,1[3]

n = 3, 23 = 8, q = 0, 1, 2 3 f̂ [0] f̂ [1] f̂ [2] f̂ [3] f̂ [4] f̂ [5] f̂ [6] f̂ [7]
1 + 2i 1− 2i 1 + 2i 1− 2i
−2ω−1

8 2ω−3
8 +2ω−1

8 +2ω−3
8

ω8 = eiπ/4 = 1+i√
2
, ω−1

8 = 1−i√
2
, ω−3

8 = e−3iπ/4 = −1+i√
2
.

1 + 2i− 2ω−1
8 = 1 + 2i−

√
2 +

√
2i = 1−

√
2 + (2 +

√
2)i,

1− 2i− 2ω−3
8 = 1− 2i +

√
2 + i

√
2 = 1 +

√
2− (2−

√
2)i,

1 + 2i + 2ω−1
8 = 1 +

√
2 + (2−

√
2)i,

1− 2i + 2ω−3
8 = 1−

√
2− (2 +

√
2)i,

m
f [m]

f̂ [m] 1−
√

2 1 +
√

2 1 +
√

2 1−
√

2
+(2 +

√
2)i −(2−

√
2)i +(2−

√
2)i −(2 +

√
2)i

f0, f1, f (0) f (1)

f ∈ C2N , n ≥ 1. g ∈ CN , SN(g) ∈ CN

0 ≤ j ≤ N,

SN(g)[j] = ω−j
2Ng[j].



N ≥ 1 f ∈ C2N .

[F2N(f)](0) = FN(f0 + f1), [F2N(f)](1) = FN(SN(f0 − f1)).

0 ≤ j ≤ N,

[F2N(f)](0)[j] = F2N(2j) =
2N−1∑

m=0

ω−2mj
2N f [m] =

2N−1∑

m=0

ω−mj
N f [m]

=
N−1∑

m=0

ω−mj
N f [m] +

N−1∑

m=0

ω−mN
N ω−mj

N f [N + m]

=
N−1∑

m=0

ω−mj
N f [m] +

N−1∑

m=0

ω−mj
N f [N + m],

[F2N(f)](0) = FN(f0 + f1).
0 ≤ j ≤ N,

[F2N(f)](1)[j] = F2N(2j + 1) =
2N−1∑

m=0

ω−m(2j+1)
2N f [m] =

2N−1∑

m=0

ω−m
2N ω−mj

N f [m]

=
N−1∑

m=0

ω−mj
N ω−m

2N f [m] +
N−1∑

m=0

ω−mN
N ω−mj

N ω−m
2N ω−N

2N f [N + m]

=
N−1∑

m=0

ω−mj
N ω−m

2N f [m]−
N−1∑

m=0

ω−mj
N ω−m

2N f [N + m],

[F2N(f)](1) = FN(SN(f0 − f1)). ♣

k ≥ 1, f ∈ C2k
. h0 = h0,0 = f,

1 ≤ n ≤ k hn = (hn,0, ..., hn,2n−1) ∈ C2k
, hn,m ∈ C2k−n

0 ≤ q ≤ 2k−n−1 − 1,

hn,2m[q] = hn−1,m[q] + hn−1,m[q + 2k−n−1],

hn,2m+1[q] = ω−q
2k−n+1(hn−1,m[q]− hn−1,m+[q + 2k−n−1]).

σk(hk) = F2k(f).



k = 1, f ∈ C2, h1[0] = h1,0[0] = h0,0[0] + h0,0[1] =
f [0] + f [1], h1[1] = h1,1[1] = ω1(h0,0[0]−h0,0[1]) = f [0]− f [1], h1 = F2(f).

k = 1.
k ≥ 1, f ∈ C2k+1

.
0 ≤ m ≤ 2k − 1,

F2k([h1]0)[m] = hk+1[revk(m)] = hk+1[revk+1(2m)],

F2k([h1]1)[m] = hk+1[2
k + revk(m)] = hk+1[revk+1(2m + 1)].

[h1]0 = f0 + f1 [h1]1 = SN(f0 − f1).

[σk+1(hk+1)]
(0) = F2k(f0 − f1), [σk+1(hk+1)]

(1) = F2k(SN(f0 − f1)),

σk+1(hk+1) = F2k(f).
k ≥ 1. ♣

f = [1,−1,−1, 0, 0, 1, 1, 0].
f

ω2 = −1, ω4 = i ω8 =
1√
2

+ i√
2
.

h0 = f f [0] f [1] f [2] f [3] f [4] f [5] f [6] f [7]

N = 8, q = 0, 1, 2 3 h1,0[0] h1,0[1] h1,0[2] h1,0[3] h1,1[0] h1,1[1] h1,1[2] h1,1[3]

ω8 = 1√
2

+ i√
2

2ω−1
8

N = 4, q = 0 1 h2,0[0] h2,0[1] h2,1[0] h2,1[1] h2,2[0] h2,2[1] h2,3[0] h2,3[1]

ω4 = i 1 + 2i 2ω−1
8 1− 2i 2iω−1

8
N = 2, q = 0 h3,0[0] h3,1[0] h3,2[0] h3,3[0] h3,4[0] h3,5[0] h3,6[0] h3,7[0]
ω2 = −1 1 + 2i 1 + 2i 1− 2i 1− 2i

−2ω−1
8 +2ω−1

8 +2iω−1
8 −2iω−1

8
= 1−

√
2 = 1 +

√
2 = 1 +

√
2 = 1−

√
2

+(2 +
√

2)i +(2−
√

2)i −(2−
√

2)i −(2 +
√

2)i

revbits f̂ [0] f̂ [1] f̂ [2] f̂ [3] f̂ [4] f̂ [5] f̂ [6] f̂ [7]

f̂ = σ3(h3) 1−
√

2 1 +
√

2 1 +
√

2 1−
√

2
+(2 +

√
2)i −(2−

√
2)i +(2−

√
2)i −(2 +

√
2)i

C2k ωN ω−1
N

2k.

f = [1,−1,−1, 0]
f̂



g̃ g
f̂ .

m 0 1 2 3

g0[m] = f [m] 1 −1 −1 0
g[m] = σ2(f)[m] 1 −1 −1 0
N = 2, q = 0, ω2 = −1 g1,0[0] g1,0[1] g1,1[0] g1,1[1]

0 2 −1 −1
N = 4, q = 0 1, ω4 = i g2,0[0] g2,0[1] g2,0[2] g2,0[3]

f̂ [m] = g2[m] −1 2 + i 1 2− i

g̃[m] = σ2(f̂) −1 1 2 + i 2− i
N = 2, q = 0, ω2 = −1 g̃1,0[0] g̃1,0[1] g̃1,1[0] g̃1,1[1]

0 −2 4 2i
N = 4, q = 0 1, ω4 = i g̃2,0[0] g̃2,0[1] g̃2,0[2] g̃2,0[3]

4F−1
2 (f̂)[m] = g̃2[m] 4 −4 −4 0

F−1
2 (f̂)[m] 1 −1 −1 0

f = [1,−1,−1, 0]
f̂

h̃ h
f̂ .



m 0 1 2 3

f [m] = h0[m] 1 −1 −1 0
N = 4, q = 0 1, ω2 = −1 h1,0[0] h1,0[1] h1,1[0] h1,1[1]

0 −1 2 i
N = 2, q = 0, ω2 = −1 h2,0[0] h2,1[0] h2,2[0] h2,3[0]

−1 1 2 + i 2− i

f̂ = σ2(h2) −1 2 + i 1 2− i

h̃0[m] = f̂ [m]
N = 4, q = 0 1, ω2 = −1 h̃1,0[0] h̃1,0[1] h̃1,1[0] h̃1,1[1]

0 4 −2 2i× i = −2
N = 2, q = 0, ω2 = −1 h̃2,0[0] h̃2,1[0] h̃2,2[0] h̃2,3[0]
h̃2[m] 4 −4 −4 0

4F−1
2 (f̂)[m] = σ2(h̃2)[m] 4 −4 −4 0

F−1
2 (f̂)[m] 1 −1 −1 0

f̂ f.

p = a0 + a1x + ... + amxm q = b0 + b1x + ... + bnxn

ã = (ãj)j≥0 b̃ = (b̃j)j≥0

ãj = aj 0 ≤ j ≤ m, b̃j = bj 0 ≤ j ≤ n, ãj = 0 j ≥ m + 1
b̃j = 0 j ≥ n + 1.

(ã ∗ b̃)j =
j∑

s=0

ãsb̃j−s

pq =
+∞∑

r=0

(ã ∗ b̃)jx
j =

n+m∑

r=0

(ã ∗ b̃)jx
j.

Z/NZ N,
ã ∗ b̃ N ≥ m + n + 1, j j

m + n.
C2k

, 2k ≥ m + n + 1.
α d

α = p(d), p
{0, ..., d− 1}



x4 + x + 1 x3 − 2
C8.

10011× 998, 10

p = x4 +x+1 = 1+x+0.x2 +0.x3 +x4, q = x3−2 = −2+0.x+0.x2 +x3.

[1, 1, 0, 0, 1, 0, 0, 0] [−2, 0, 0, 1, 0, 0, 0, 0], C8.

f1 = [1, 1, 0, 0, 1, 0, 0, 0]

m
f1[m]
g0[m] =
σ3(f1)[m]
N = 2, q = 0 g1,0[0] g1,0[1] g1,1[0] g1,1[1] g1,2[0] g1,2[1] g1,3[0] g1,3[1]
ω2 = −1
g1[m]
N = 4, q = 0 g2,0[0] g2,0[1] g2,0[2] g2,0[3] g2,1[0] g2,1[1] g2,1[2] g2,1[3]

1, ω4 = i
g2[m]
N = 8, q = 0, 1 g3,0[0] g3,0[1] g3,0[2] g3,0[3] g3,0[4] g3,0[5] g3,0[6] g3,0[7]
2 3, ω8 = ei π

4

f̂1[m] = g3[m] e
−iπ
4 e

−3iπ
4 1 −e

−iπ
4 2 + i −e

−3iπ
4

f2 = [−2, 0, 0, 1, 0, 0, 0, 0]



m
f2[m]
g0[m] =
σ3(f)[m]
N = 2, q = 0 g1,0[0] g1,0[1] g1,1[0] g1,1[1] g1,2[0] g1,2[1] g1,3[0] g1,3[1]
ω2 = −1
g1[m]
N = 4, q = 0 g2,0[0] g2,0[1] g2,0[2] g2,0[3] g2,1[0] g2,1[1] g2,1[2] g2,1[3]

1, ω4 = i
g2[m] −2 −2 −2 −2 1 −i −1 i
N = 8, q = 0, 1 g3,0[0] g3,0[1] g3,0[2] g3,0[3] g3,0[4] g3,0[5] g3,0[6] g3,0[7]
2 3, ω8 = ei π

4

f̂2[m] = g3[m] −1 −2− e
iπ
4 −2 + i −2 + e−

iπ
4 −3 −2 + e

iπ
4 −2− i −2− e−

iπ
4

u = f̂1 ∗ f2 = f̂1f̂2.

m 0 1 2 3 4 5 6 7

u[m] −3 −1− 2e−
iπ
4 −3 + 4i −1− 2e−

3iπ
4 −3 −1 + 2e−

iπ
4 −3− 4i −1 + 2e−

3iπ
4

= −1−
√

2 + i
√

2 = −1 +
√

2 + i
√

2 = −1 +
√

2− i
√

2 = −1−
√

2− i
√

2

h
h0 = [h0,0] := u,

h̃n,j ∈ C8/N , N = 23−n, 0 ≤ n ≤ 2, 0 ≤ j ≤ 2n − 1,
h̃n+1,j ∈ C8/2N h̃n+1,j+N/2 ∈ C8/2N 0 ≤ j ≤ N/2− 1

{
h̃n+1,j[q] = h̃n,j[q] + h̃n,j[q + N/2]

h̃n,j[q] = ωq
N

(
h̃n,j[q]− h̃n,j[q + N/2]

)

n = 3, h̃3 = [h̃3,0...h̃3,7]
8F−1

3 (u)
8F−1

3 (u). u
8

m 0 1 2 3 4 5 6 7

h̃0[m] = u[m] −3 −1− 2e−
iπ
4 −3 + 4i −1− 2e−

3iπ
4 −3 −1 + 2e−

iπ
4 −3− 4i −1 + 2e−

3iπ
4

N = 8, q = 0, 1, 2 h̃1,0[0] h̃1,0[1] h̃1,0[2] h̃1,0[3] h̃1,1[0] h̃1,1[1] h̃1,1[2] h̃1,1[3]
3, ω8 = eiπ/4

h̃1[m] −6 −2 −6 −2 0 −4 −8 −4

N = 4, q = 0 h̃2,0[0] h̃2,0[1] h̃2,1[0] h̃2,1[1] h̃2,2[0] h̃2,2[1] h̃2,3[0] h̃2,3[1]
1, ω4 = i

h̃2[m] −8 −8 8 0

N = 2, q = 0, ω2 = −1 h̃3,0[0] h̃3,1[0] h̃3,2[0] h̃3,3[0] h̃3,4[0] h̃3,5[0] h̃3,6[0] h̃3,7[0]

h̃3[m] −16 −8 0 0 −16 0 8 8

σ3(h̃3)[m] = 8F−1
3 (u)[m] −16 −16

F−1
3 (u)[m] −2 −2 0 1 −1 0 0 1



(x4 + x + 1)(x3− 2) = −2− 2x + x3− x4 + x7,

x = 10,

10011×998 = p(10)q(10) = 103+107−2−20−10000 = 10 001 000−10 022 = 9 990 978.

t ∈ {0, ..., 2k−
1}

k = 4, 2k − 1 = 15, t = 3. 2
3 = 0011, 1100 = 8+4 = 12.



2n x = (xi)0≤i≤2n−1,
reclass(x) (xrenvbits(n,i))0≤i≤2n−1.



C220

A1, A2 A3.
f [0] = 1, f [1] = −1, f [2] = −1, f [3] = 0. f̂

A2.



g[0] = 1, g[1] = −1, g[2] = −1, g[3] = 0, g[4] = 0, g[5] = 1, g[6] =
1, g[7] = 0. ĝ

f ∗ f g ∗ g

f ∗ f g ∗ g

(1 + x)2

(1 + x)2.

p
Z/2pZ

f [0] = 1, f [1] = 1, f [2] = 0, f [3] = 0. f̂ f̂ 2.
f̂ 2,

x2 + 2x + 5 3x + 2
C4.

125 × 32,

f ∗ f = f, f : {0, ..., 2k−1} :−→ C.

k = 1, k = 2, k = 3.

N = pq, p q
πN : Z → Z/NZ, πp : Z → Z/pZ, πq : Z → Z/qZ

φ : Z/NZ → Z/pZ× Z/qZ
πN(n) .−→ (π̄p(n), π̄q(n))



Z/NZ Z/pZ× Z/qZ,
ψ.

f ∈ CN . 2D

∀k1 ∈ {0, ..., p− 1}, ∀k2 ∈ {0, ..., q − 1}, F (k1, k2) = f(ψ(k1, k2)).

s1 ∈ {0, ..., p− 1} s2 ∈ {0, ..., q − 1},

f̂ [r(s1p + s2q)] = F̂ (s1, s2),

r(s1p + s2q) s1p + s2q N.
s1 {0, ..., p − 1} s2 {0, ..., q − 1},

r(s1p + s2q) {0, ..., N − 1}.
f F,

p = 2 q = 3.

AN {0, ..., N}.
f ∈ CN f̃ ∈ CN f̃ [0] = f [0], f̃(p) = f(N − p)
1 ≤ p ≤ n− 1. f f̃ = f, f̃ = −f.

F(f) = f̂ .
f f = fs +fa fs fa

f F(f)2 = Nf f
F(f)2 = −Nf. A2

N = N2IN .
f ∈ CN U+(f) =

√
Nfs + f̂ , V +(f) =

√
Nfa + if̂a, U−(f) =√

Nfs − f̂s, V −(f) =
√

fa − if̂a. f = U+(f) + V +(f) + U−(f) + V −(f),
U+(f), V +(f), U−(f) V −(f) ΩN ,

S =





C0 1 0 ... ... 1
1 C1 1 0 ... 0
0 1 C2 1 0 ... 1
. . . . . .
. . . . . .
. . . . . .
1 0 0 ... 1 CN − 1





, Ck =

2
(
cos

(
2kπ
N

)
− 2

)
0|ek ≤ N − 1.

U U−1SU
SAN = ANS. S

AN .
f ∈ CN P (f)[0] = f [0], P (f)[n] = f [n]+f [N−n]√

2
1 ≤ n ≤ N−1

2 ,

P (f)[n] = f [n]−f [N−n]√
2

N+1
2 ≤ n ≤ N − 1, N P (f)[N/2] =



f [N/2]. P PSP−1

N = 2, 3, 4, 5 S
RN

AN .
N ≥ 2.

K
P, Q ∈ K[x] n. k n+1

2 .

P = xkP1 + P0, Q = xkQ1 + Q0, do(P0) < k, do(Q0) < k.

n P1 Q1 PQ

PQ = R0 + xkR1 + x2kR2,

do(R1) ≤ k − 2, R1

PQ

O(nlog3(2). n



E
τ E Uτ E

E ∈ Uτ ∅ ∈ Uτ .
Uτ Uτ .
Uτ Uτ .

(x, y) E U, V ∈ Uτ

x ∈ U, y ∈ V U ∩ V = ∅.
(E, τ)

U E U ∈ Uτ , F E

E1 E2 f : E1 → E2

A ⊂ E2,

f−1(A) = {x ∈ E1 | f(x) ∈ A}.

f−1(A) A f.

(E1, τ1) (E2, τ2)
f : E1 → E2 f−1(U) ∈

Uτ1 U ∈ Uτ2 .
Uτ1×τ2 E1 × E2

U × V U ∈ Uτ1

V ∈ Uτ2 .



τ1 × τ2 E1 × E2 τ1

τ2. (E1, τ1), (E2, τ2) (E3, τ3)
f : E1 → E2 g : E2 → E3

g ◦ f : E1 → E3

Rp Rp Rq,

A
(E, τ) τA A UτA = {U∩A}U∈Uτ .

A E. (E1, τ1)
(E2, τ2) A ⊂ E2, f : E1 → E2

f(E1) ⊂ A, f (E1, τ1) (E2, τ2)
f, E1 A,
(E1, τ1) A A τ2.

(E, τ) F
E. (Uλ)λ∈Λ F Uλ

λ ∈ Λ F ⊂ ∪λ∈ΛUλ. (Uλj)1≤j≤m

(Uλ)λ∈Λ F F = ∪1≤j≤mUλj , λj ∈ Λ
1 ≤ j ≤ m, m

(E, τ) F
E. F F

E,

(G, ◦) τ G.
(G, ◦, τ)

(x, y) → x◦y (G×G, τ × τ)
(G, τ).

x → x−1 (G, τ)
(G, ◦, τ)

U F (G, τ) e ∈ U ⊂ F, e
G.

(G, ◦) x ◦ y = y ◦ x
(x, y) G.



(G, ◦, τ) T =
{z ∈ C | |z| = 1} G
φ : G → T

φ(x ◦ y) = φ(x)φ(y)

(x, y) G.
Ĝ G φ,ψ ∈ Ĝ, φ.ψ : G → T

(φ.ψ)(x) = φ(x)ψ(x) ∀x ∈ G.

φ ∈ Ĝ, K ⊂ G ε > 0,

Uφ,K,ε = {ψ ∈ Ĝ | x∈K |φ(x)− ψ(x)| < ε},

Uτ̂ Ĝ
Uφ,K,ε

(G1, ◦, τ1) (G2, ◦, τ2)
θ : G1 → G2

θ G1 G2.
θ(x ◦ y) = θ(x)θ(y) (x, y) G1.

θ : G1 → G2 (G1, τ1)
(G2, τ2) θ−1 : G1 → G2 (G2, τ2)
(G1, τ1).

(G, ◦, τ) φ.ψ ∈ Ĝ
φ ∈ Ĝ, ψ ∈ Ĝ, Uτ̂ Ĝ

τ̂ Ĝ (Ĝ, ., τ̂)
x ∈ G, ψ ∈ Ĝ

x̃(ψ) = ψ(x)

x̃ ∈ ˆ̂G x ∈ G, x → x̃

(G, ◦, τ) ( ˆ̂G, ., ˆ̂τ).

(Ĝ, ., τ̂)

x → x̃

(G, ◦, τ) ( ˆ̂G, ., ˆ̂τ)



♣
Ĝ 1G 1G(x) = 1

x ∈ G. (G, +, τ)

φ(x ◦ y) = φ(x)φ(y) φ(x+ y) = φ(x)φ(y)
x, y ∈ G,

Z/NZ

N ≥ 1, ωN = e
2iπ
N . 0 ≤ p ≤ N − 1,

0 ≤ q ≤ N − 1,

φp(q) = ωpq.

p → φp {0, ..., N −1}
Z/NZ.

Fk
2 = (Z/2Z)k,

x.y =
k−1∑

j=0

xjyj

x = (x0, ..., xk−1) ∈ Fk
2, y = (y0, ..., yk−1) ∈ Fk

2. (−1)n̄ =
(−1)n n ∈ Z, n̄ = n + 2Z n F2 = Z/2Z,

x ∈ Fk
2, y ∈ Fk

2,

φy(x) = (−1)x.y.

Fk
2.

x → φy(x) Fk
2 y ∈ Fk

2,

y → φy (Fk
2, +) (F̂k

2, .).

(R, +).

φ : R → C \ {0}
(s, t) R,

φ(s + t) = φ(s)φ(t).

z ∈ C φ(s) = esz s ∈ R.



ψ(s) =
∫ t

0 φ(t)dt. ψ′ = φ, α > 0
ψ(α) += 0. h += 0,

ψ(α)φ(h) =

∫ α

0

φ(t)φ(h)dt =

∫ α

0

φ(t + h)dt =

∫ α+h

h

φ(t)dt

= ψ(α + h)− ψ(h).

ψ(α)
φ(h)− 1

h
=

ψ(α + h)− ψ(α)

h
− ψ(h)− ψ(0)

h
,

h→0ψ(α)
φ(h)− 1

h
= ψ′(α)− ψ′(0) = φ(α)− 1.

φ(0) = 1, ψ(α) += 0, φ 0.
s ∈ R. h += 0,

φ(s + h)− φ(s)

h
= φ(s)

φ(h)− 1

h
.

φ R, φ′(s) = φ′(0)φ(s) s ∈ R.
z := φ′(0) θ(s) = e−szφ(s). θ′(s) = −ze−szφ(s) + ze−szφ(s) = 0,

θ θ(s) = θ(0) = 1, φ(s) = esz s ∈ R. ♣

φt(s) = eist s ∈ R, t ∈ R, φt

(R, +). θ1 : t → φt

(R, +) (R̂, .).

φ′t(0) = it, θ1 R
R̂. φ R. z ∈ C φ(s) = esz

s ∈ R. 1 = |φ(s)| = esRe(z) s, Re(z) = 0 φ = φt

t = Im(z) = i−1z. φt1+t2 = φt1φt2 , tθ1

(R, +) (R̂, .) θ1 θ−1
1

♣
x = (x1, ..., xp), y = (y1, ..., yp) ∈ Rp, < x, y >= x1y1 + ... + xpyp

x y.

φy(x) = ei<x,y> x, y ∈ Rp. θp :
y → φy (Rp, +) (R̂p, .).

k ∈ {1, ..., p}, δk(k) = 1 δj(k) = 0 1 ≤ j ≤
p, j += k. φ ∈ R̂p. s → φ(δks) R,

y = (y1, ..., yp) ∈ Rp φ(δks) = eisyk s ∈ R, 1 ≤ k ≤ p.
x = (x1, ..., xk) ∈ Rp,



φ(x) = φ

(
p∑

k=1

δkxk

)
= Πp

k=1φ(δkxk) = Πp
k=1e

ixkyk = ei<x,y>.

θp Rp R̂p.
y = (y1, ..., yp) y′ = (y′1, ..., y

′
p) ∈ Rp. φy = φ′y, eisyk = φy(δks) = φy′(δks) =

eisy′k s ∈ R, yk = y′k 1 ≤ k ≤ p, y = y′. θp

Rp R̂p. θp

θ−1
p θ1 θ−1

1 . ♣

E
E

G

Z
T.

φz(n) = ψn(z) = zn n ∈ Z, z ∈ T.
z → φz (T, .) (Ẑ, .),
n → ψn (Z, +) (T̂, .).

φz Z z ∈ T.
φ ∈ T̂ z = φ(1). φ(n) = φ(1)n = zn φ(−n) = φ(n)−1 = z−n

n ≥ 0, φ = φz. p→+∞zp = z, p→∞φzp(n) = p→∞zn
p = zn

n ∈ Z. Z
(φzp)p≥1 φz Ẑ,

z → φz T Ẑ.
(φzp)p≥1 φz Ẑ, p→+∞zp = p→∞φzp(1) = φz(1) = z,

z → φz

(T, .) (Ẑ, .).
ψn T n ∈ Z. ψ

T. x → ψ(ix) R, y ∈ R
ψ(ix) = eixy x ∈ R. 1 = ψ(e2iπe2iπy), y ∈ Z

n → ψn ψn = ψm, n, m ∈ Z, m ≥ n, zm−n = ψm−n(z) = 1
z ∈ T, m = n zk = 1 k

k += 0.
ψn0 ∈ T̂. n += n0, z∈T|ψn(z)− ψn0(z)| = z∈T|1−

ψn0(z)| = 2. {ψn0} = {ψ ∈ T̂ | z∈T|ψn(z) − ψn0(z)| < 2
T̂, T̂ Z



n → ψn (Z, +)
(T̂, .). ♣

(G, o, τ)
G

G, xoA := {xoa}a∈A

A ⊂ G, x ∈ G. mG(U) > 0 U
G, mG(xoU) = mG(U)

U G x ∈ G, m(K) ∈ [0, +∞[ K G.
G mG

mG,
G,

G λmG, λ > 0.
R Rn,

A A = {eix}x∈Ã, Ã ⊂ [0, 2π[, Ã
mT(A) = 1

2π

∫
Ã dx, mT(T) = 1. G

mG(G) = 1.
Card(A) A,

Card(A) A A Card(A) = +∞
A

(G, o) Card(xoA) = Card(A)
A G, mG(A) = Card(A) A ⊂ G.

(G, o, τ)
mG.

∫
E f(x)dx E ⊂ G

f E,

L1(G) G L2(G)
G

C(G) G
C0(G) f G ε > 0

Kε G x∈G\K |f(x)| < ε.



f G G,
G, Cc(G).

f ∈ L1(G), ‖f‖1 =
∫

G |f(x)|dx. f ∈ L2(G),

‖f‖2 =
√∫

G |f(x)|2dx. f ∈ C0(G), ‖f‖∞ = x∈G|f(x)|.

R, G

G
G G

G G.
L1(G).

(G, o, τ) f ∈
L1(G), f̂ = F(f) : Ĝ → C

∀χ ∈ Ĝ, f̂(χ) =

∫

G

f(x)χ̄(x)dx.

L1(G)
L1(Rp).

f̂ ∈ C0(Ĝ) f ∈ L1(G).
f, g ∈ L1(G). s → f(s)g(t − s)

t ∈ G, f ∗ g G

(f ∗ g)(t) =

∫

G

f(s)g(t− s)ds,

f ∗ g ∈ L1(G) χ ∈ Ĝ,

F(f ∗ g)(χ) = F(f)(χ)F(g)(χ).

f ∈ L1(G)
(fn)n≥1 n→∞‖f − fn‖1 = 0.

♣



(G, o, τ)
m > 0 f ∈ Cc(G),

‖f‖2 = m‖f̂‖2.

(G, o, τ)
f ∈ L2(G) (fn)

G n→∞‖f − fn‖2 = 0, h ∈ L2(Ĝ)

n→∞‖h− f̂n‖2 = 0.

h (fn)n≥0.
n→∞‖f − gn‖2 = 0, gn ∈ Cc(G) n ≥ 1.

‖h− ĝn‖2 ≤ ‖h− f̂n‖2 + ‖f̂n − ĝn‖2 = ‖h− f̂n‖2 +
1

m
‖fn − gn‖2

≤ ‖h− f̂n‖2 +
1

m
‖fn − f‖2 +

1

m
‖f − gn‖2,

n→∞‖h − ĝn‖2 = 0.

f ∈ L2(G), f̂ = F(f) ∈ L2(Ĝ)

n→∞‖f − f̂n‖2 = 0,

(fn)n≥0 G
n→∞‖f − fn‖2 = 0.

F : f → f̂
L2(G) L2(Ĝ) f, g ∈ L2(G),

∫

G

f(x)ḡ(x)dx = m2

∫

Ĝ

f̂(χ)ˆ̄g(χ)dχ.

f ∈ 2(G)
∫

G

|f(x)|2dx = m2

∫

Ĝ

|f̂(χ)|2dχ.

f ∈ L1(G). f̂ ∈ L1(Ĝ), x ∈ G,

f(x) = m2

∫

Ĝ

f̂(χ)χ(x)dχ.



f ∈ L2(G), f̂ ∈ Cc(Ĝ),
x ∈ G,

f(x) = m2

∫

Ĝ

f̂(χ)χ(x)dχ.

F−1(g)(x) = m2
∫

Ĝ g(χ)χ(x)dχ g ∈ Cc(ĝ),

F−1 : L2(Ĝ) → L2(G) g ∈ L2(Ĝ)

n→∞‖F−1(h)− F−1(gn)‖2 = 0,

(gn)n≥1 Cc(Ĝ) n→∞‖g − gn‖2 = 0.

(gn)n≥1,
F : L2(G) → L2(Ĝ).

F−1(g)(x) =
n→∞F−1(gn)(x) = n→∞m2

∫
Ĝ gn(χ)χ̄(x)dχ G.

(gn)n≥1

m
G Ĝ,

G Ĝ
m

R f̂(x) = 1√
2π

∫ +∞
−∞ f(t)e−ixtdt,

1
2π

Rp

m = 1
(2π)p/2)

T > 0, f : R → C T. z =
eix ∈ T, f̃(z) = f(xT

2π ). f( (x+2kπ)T
2π ) = f(xT

2π + kT ) = f(xT
2π ),

x z. f̃
f̃ T f R, f̃

T f [0, T ].
n ∈ Z, z ∈ T, χn(z) = zn. f

R, T, [0, T ],
n f



f̂(n) = ˆ̃f(χn) =
1

2π

∫ 2π

0

f̃(eix)χ̄n(x)dx =
1

2π

∫ 2π

0

f̃

(
xT

2π

)
e−inxdx.

s = 2π
T ,

f̂(n) =
1

T

∫ T

0

f(s)e−
2inπs

T ds.

l1(Z) u : Z → C ‖u‖1 :=
∑

n∈Z |u(n)| <
+∞, L1 Z

c0(Z) u : Z → C |n|→+∞u(n) = 0,

‖u‖∞ = n∈Z|un|. g ∈ L1(T), ĝ ∈ C0(T̂),
|n|→∞ĝ(χn) = 0.

f T, [0, T ].

|n|→∞f̂(n) = 0.

m > 0 g ∈ L2(T)

1

2π

∫ 2π

0

|g(eis)|2ds = m2
∑

n∈Z
|ĝ(χn)|2.

g(eis) = 1 s ∈ R, ĝ(χ0) = 1, ĝ(χn) = 0 n += 0,
m = 1,

1

2π

∫ 2π

0

|g(eis)|2ds =
∑

n∈Z
|ĝ(χn)|2.

f R [0, T ].

1

2π

∫ 2π

0

|f̃(eis)|2ds =
1

2π

∫ 2π

0

∣∣∣∣f
(

sT

2π

)∣∣∣∣
2

ds =
1

T

∫ T

0

|f(x)|2dx.

L2(T).

f R, T,
[0, T ].

1

T

∫ T

0

|f(x)|2dx =
∑

n∈Z
|f̂(n)|2.



f g R, T,
[0, T ].

1

T

∫ T

0

f(x)ḡ(x)dx =
∑

n∈Z
f̂(n)¯̂g(n).

L1(T) g ∈ L1(T),
ĝ ∈ l1(Z), x ∈ [0, 2π],

g(eit) =

∫

T̂
ĝ(χ)χ(eit)dχ =

∑

n∈Z
ĝ(n)eint.

f T,
[0, T ],

∑
n∈Z |f(n)| < +∞, x ∈ R,

f(x) =
∑

n∈Z
f̂(n)e

2iπnx
T .

S(f)(s) =
∑

n∈Z

f̂(n)e
2inπs

T .

f
R, T M > 0 f̂(n) ≤ M

n2 n += 0,∑
n∈Z |f̂(n)|2 < +∞, f

x

f T, [0, T ].
N > 0,

SN(f)(x) =
N∑

−N

f̂(n)e
2iπnx

T , σN(f)(x) =
1

N + 1

N∑

n=0

sn(x).

f R, N→∞σN(f)(x) = f(x) x ∈ R,
R.

f C1 R N→∞SN(x) = 1
2(f

+(x) +
f−(x)) x ∈ R, f+(x) = h→0+f(x + h) f−(x) = h→0−f(x + h)

R N→∞ x∈R|f(x)−σN(f)(x)| = 0.
f C1 U

U.



T C1 R C1

R\ (F +TZ), F ⊂ [0, T ] F +TZ = {u+nT}u∈F,n∈Z ,
f x ∈ F +TZ.

SN(f)(x) f(x) [a, b]
[a, b] ∩ (F + TZ) = ∅.

einx =
cos(nx)+ isin(nx) n ∈ Z, f

S(f)(x) = f̂(0) +
+∞∑

n=0

(
an(f)cos

(
2πnx

T

)
+ bn(f)sin

(
2πnx

T

))
,

a0(f) = f̂(0), an(f) = f̂(−n) + f̂(n), bn(f) = i(f̂(n)− f̂(−n)) n ≥ 1.

a0 = 1
T

∫ T

0 f(x)dx, n ≥ 1,

an(f) =
2

T

∫ T

0

f(x)cos

(
2πnx

T

)
dx, bn(f) =

2

T

∫ T

0

f(x)sin

(
2πnx

T

)
dx.

SN(f)(x) = a0(f) +
N∑

n=1

(
an(f)cos

(
2πnx

T

)
+ bn(f)sin

(
2πnx

T

))
.

f̂(−n) =
an(f)+ibn(f)

2 f̂(n) = an(f)−ibn(f)
2 , |f̂(−n)|2 + |f̂(n)|2 = |an(f)|2+|bn(f)|2

2
n ≥ 1. f T, [0, T ],

1

T

∫ T

0

|f(x)|2dx = |a0(f)|2 +
+∞∑

n=1

|an(f)|2 + |bn(f)|2

2
.

A ⊂ G, |A| A, A.
mG mG(A) = |A|
G. L1(G, mG)

C(G) f : C → G. f ∈ C[G], A ∈ G,

∫

A

f(x)dx =
1

|G|
∑

x∈A

f(x).



C(G) G,
C(G) (δu)u∈G, δ(u)(x) = 0 x += u,

δu(u) = 1. f ∈ C(G) f =
∑

u∈G λuδu

λu = f(u) u ∈ G.
G f, g ∈

C(G), x ∈ G,

(f ∗ g)(x) =
∑

x∈G

f(t)g(x− t)dt.

C[G]

< f, g >=
1

|G|
∑

x∈G

f(x)ĝ(x).

Ĝ 1G, 1G(x) = 1 x ∈ G.
χ ∈ Ĝ\{1G}, u ∈ G χ(u) += 1.

x → ux G

∑

x∈G

χ(x) =
∑

x∈G

χ(ux) = χ(u)
∑

x∈G

χ(x).

χ(u) += 1,
∑

x∈G χ(x) = 0. φ ψ
G. φψ G χ0, < φ, ψ >=

|G|
∑

x∈G φ(x)ψ(x) = 0. φ,ψ ∈ Ĝ,

{
< φ,ψ >= 0 ψ += φ
< φ, ψ > 1 φ = ψ

φ ∈ Ĝ
φ(x)|G| = 1, Ĝ G

Un = {z ∈ C |zn = 1} ne n = |G|.
(λφ)φ∈Ĝ

∑
φ∈Ĝ λφφ =

0. 0 =<
∑

φ∈Ĝ λφφ,ψ >= λψ ψ ∈ Ĝ, Ĝ

C(G) |Ĝ| ≤ |G|. Ĝ
G, |Ĝ| = |G|,

G Ĝ C(G)
C(G)).

|Ĝ| = |G|
G



FG : C(G) → C(G) f ∈ C(G)
f̂ ∈ C(Ĝ) χ ∈ Ĝ

f̂(χ) =
∑

x∈G

f(x)χ̄(x).

G
f, g ∈ C(G),

ˆf ∗ g = f̂ ĝ,

∑

x∈G

f(x)ḡ(x) =
∑

χ∈Ĝ

f̂(χ)¯̂g(χ).

f ∈ C(G),

∀x ∈ G, f(x) =
1

|G|
∑

χ∈Ĝ

f(χ)χ(x).

∑

x∈G

|f̂(x)|2 =
1

|G|
∑

χ∈Ĝ

|f̂(χ)|2.

1
|G| e G

ê(χ) = 1 χ ∈ Ĝ).

G n
G Ĝ.

G = {x0, ..., xn−1} n
Ĝ = {χ0, ...,χn−1} AG := (ai, j)0≤i≤n−1

0≤j≤n−1

G 0 ≤ i ≤ n− 1, 0 ≤ j ≤ n− 1

ai,j = χi(xj).



f = (f [x0], ..., f [xn−1]) ∈ C(G),





f̂ [χ0]
.
.
.

f̂ [χn−1]




= AG





f [x0]
.
.
.

f [xn−1]





C(G) B := {δx0 ...δxn−1},
C(G) B̂ := {δχ0 ...δχn−1}. M := MFG,B,B̂

FG : C(G) → C(Ĝ) B B̂
j M

FG(δ̂xj) B̂. δ̂xj =
∑n−1

i=0 δ̂xj(χi)δχi ,

δ̂xj(χi) =
∑n−1

k=0 χi(xk)δxj(xk) = χi(xj), M
AG, ♣

Fk
2 = (Z/2Z)k.

x = (x̄0, ..., x̄k−1) Fk
2, xj ∈ {0, 1} 0 ≤ j ≤ k, n(x) =

∑k−1
j=0 xj2j.

Fk
2 : j ∈ {0, ..., 2k−1},

j = jk−1...j0 :=
∑2k−1

i=0 ji2i, xj = (j0, ..., jk−1) ∈ Fk
2.

x = (x0, ..., xk−1), y = (y0, ..., yk−1) ∈ Fk
2,

x.y =
k−1∑

j=0

xjyj, φy(x) = (−1)
Pk−1

j=0 xjyj .

φy Fk
2 y ∈ Fk

2, y → φy

Fk
2

0 ≤ i ≤ k − 1, 0 ≤ j ≤ k − 1,

χi(yj) = wi,j,

(wi,j)1≤i≤k−1
1≤j≤k−1

= Wk k.

Fk
2,

f ∈ C2k
, 0 ≤ j ≤ k,



Wk(f)[j] = FFk
2
(f̃)[xj],

f̃ [xi] = f [i] 0 ≤ i ≤ 2k − 1.

f ∈ C2k
,

2k−1∑

j=0

|f [j]|2 =
2k−1∑

j=0

|f̃ [xj]|2 =
1

2k

2k−1∑

j=0

|FFk
2
(f̃)[xj]|2 =

1

2k

2k−1∑

j=0

|Wk(f)[j]|2,

N ≥ 2. ωN = e2iπ/N .
φp : q → ωpq

N Z/NZ p ∈ Z,
Z/NZ {φ0, ...,φN−1}. C(Z/NZ)

B := {δ0̄, ..., ¯N − 1}, C( ˆZ/NZ) B̂ := {δφ0 , ..., δφN−1}.
j ∈ {0, ..., N − 1} M := MFZ/NZ,B,B̂

FZ/NZ : C(Z/NZ) → C( ˆZ/NZ) B
B̂ 0 ≤ n ≤ N − 1 δ̂n̄ B̂.

0 ≤ m ≤ N − 1,

δ̂n̄(χm) =
N−1∑

p=0

δn̄(p̄)χ̄m(p̄) = e
−2πimn

N = ω−mn
N .

AZ/NZ = M Z/NZ
AN

Z/NZ, 0 ≤ n ≤ N − 1

f̂ [m] = FZ/NZ(f̃)(χm),

f̃ [n̄] = f [n] 0 ≤ n ≤ N − 1.

T
R,

R, 1.
N ≥ 2, 0 ≤ m ≤ N − 1,



fN [m] = f
( n

N

)
.

f̂N fN . 0 ≤ p ≤ N − 1,

f̂N [p] =
N−1∑

n=0

fN [n]e−
2iπpn

N =
N−1∑

n=0

f
( n

N

)
e−

2iπpn
N .

f̂(p)
p ≥ 0,

f̂(p) =

∫ 1

0

f(x)e−2ipπxdx = N→∞
1

N

N−1∑

n=0

f
( n

N

)
e−

2iπpn
N .

p ≥ 0,

f̂(p) = N→∞
f̂N [p]

N
.

f f1 : x → f(−x),

g R.
A > 0, g(A)(x) = g(x) x ∈ [−A, A], g(A)(x) = 0

|x| > A.
u ∈ R,

∣∣ĝ(u)− ĝ(A)(u)
∣∣ =

∣∣∣∣
∫ −A

−∞
g(u)e−ixudx +

∫ +∞

A

g(u)e−ixudx

∣∣∣∣ ≤
∫ −A

−∞
|f(x)| dx+

∫ +∞

A

|f(x)|dx.

ĝ(A)(u) R ĝ(u) A → +∞.
ĝ(A)(u)

u N ≥ 1, 0 ≤ m ≤ 2N − 1,

g(A)
2N [m] = g(−A +

mA

N
).

g(A)
2N .

0 ≤ p ≤ 2N − 1,

ĝ(A)
2N [p] =

2N−1∑

m=0

g

(
−A +

mA

N

)
e−

ipmπ
N .



u ∈ R. ĝ(A)(u) =
∫ A

−A g(A)(x)e−ixudx. S2N(u)

S2N(u) =
2A

2N

2N−1∑

m=0

g

(
−A +

mA

N

)
e−i(−A+mA

N )u =
AeiuA

N

2N−1∑

m=0

g

(
−A +

mA

N

)
e−

imuA
N .

ĝ(A)
2N Z,

2N. up = pπ
A −N + 1 ≤ p ≤ N.

S2N(up) = S2N(
pπ

A
) =

Aeipπ

N
ĝ(A)
2N [p] = (−1)p A

N
ĝ(A)
2N [p].

ĝ(pπ
A ) −N +1 ≤ p ≤ N

(−1)p A
N ĝ(A)

2N [p]. A∣∣∣S2N(up)−
∫ A

−A g(x)e−ixupdx
∣∣∣ .

A N,
f̂

f f f̂

g = g(A) A > 0 ĝ
{ĝ

(
pπ
A

)
}p∈Z,

φp : q → ωpq
N Z/NZ p ∈ Z,

Z/NZ {φ0, ...,φN−1}.

Z/2Z, Z/3Z, Z/4Z Z/5Z.

x → φy(x) Fk
2 y ∈ Fk

2,

y → φy (F k, +) (F̂k
2, .).



E K1 K2

E. K1 ∪K2

E d : (x, y) → [0, +∞)
E

d(x, z) ≤ d(x, y) + d(y, z) ∀x, y, z ∈ E,
d(x, y) = 0 x = y.

d
Bd(x, ε) := {y ∈ E | d(x, y) = 0}. τd

d Uτd
d

(E, τ) d E
τ = τd.

(G1, o, τ1) (G2, o, τ2)
θ : G1 → G2 θ : G1 → G2

θ(xoy) = θ(x)oθ(y) (x, y) E. θ
1G2 = n→∞θ(xn) (xn)n≥1

E 1G1 = n→∞xn.

(G, o, τ)
(Kn)n≥1 G

G = ∪n≥1Kn. φ1, φ2 ∈ Ĝ,

d(φ1, φ2) =
+∞∑

n=1

(1, x∈∪1≤m≤nKm
|φ1(x)− φ2(x)|

2n
.

d Ĝ, τd

Ĝ
G

θ1 : t → φt, φt(s) = eist s ∈ R,
R R̂ θ−1

1 : R̂ → R

G H G. H
G. x ∈ G \H.

H(x) := {xny}n∈Z,y∈H G
H x.

m ≥ 2 xm ∈ H.



d ≥ 2 xd ∈ G. u
H(x) u = xny, 0 ≤ n ≤ d− 1, y ∈ H.

χ H, α1, ...,αd d
zd = χ(xd). 1 ≤ j ≤ d, u = xny ∈ H(x), 0 ≤ n ≤ d− 1,

χj(u) = αn
j χ(y).

χj H(x) H χ.

|Ĥ| = |H|, | ˆH(x)| = |H(x)|.
|Ĝ| = |G| G.

G n
C(G)

C(G), f ∗ g
f g f, g ∈ C(G).

Ĝ C(G)
C(G), C(G).

Ĝ C(G)
C(G), tAGAG = nIn, In

n n
C(G).

G
f ∈ C(G)

|Supp(f)|×
∣∣∣Supp(f̂)

∣∣∣ ≥ |G| .

G = Z/2Z.

G f ∈ C(G),
M = x∈G|f(x)|. ‖f‖ =

√
< f, f >, ‖f‖2 = 1

|G|
∑

x∈G |f(x)|2.

‖f‖2 ≤ M2

|G| |Supp(f)| M ≤ 1

|G|
∑

χ∈Ĝ

∣∣∣f̂(χ)
∣∣∣ .



M2 ≤ |Supp(f)|
|G| ‖f̂‖2, M2 ≤ ‖f̂‖2

∣∣∣Supp(f̂)
∣∣∣ .

H G, fH

fH(x) = 1 x ∈ H, fH(x) = 0

H⊥ = {χ ∈ Ĝ | χ(x) = 1 ∀x ∈ G}.

f̂ = |H| fH⊥ , |Supp(fH)|×
∣∣∣Supp(f̂H)

∣∣∣ = |G| .

f [0, 1].
f̃(x) = f(−x) x ∈ R.

p ≤ 0,

f̂(p) = N→∞
(f̃)N(−p)

N
.



z



L2(R)
L2(Rk)
L1(G)
L1(g)
L2(G)
L2(Ĝ)
L1(R)
L1(R)
L1(Rk)
L1

loc(R+)
L2(R)
L2(Rk)
L∞(R)
L∞(Rk)
Z/pZ
C0(G)
Cc(G)
C0(R)
C0(Rk)
E(R)
E(Rk)
L(f)
Fp

L1(R)
L1

loc(R+)
L(f))

N



(L(f))
L(f))

Z

Z

Z

Z

Z

Z

k

Z

R

j
j



Z

Z


