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In this paper, we address the 2-dimensional vector packing problem where an optimal layout for a set of
items with two independent dimensions has to be found within the boundaries of a rectangle. Many prac-
tical applications in areas such as the telecommunications, transportation and production planning lead
to this combinatorial problem. Here, we focus on the computation of fast lower bounds using original
approaches based on the concept of dual-feasible functions.

Until now, all the dual-feasible functions proposed in the literature were 1-dimensional functions. In
this paper, we extend the principles of dual-feasible functions to the m-dimensional case by introducing
the concept of vector packing dual-feasible function, and we propose and analyze different new families
of functions. All the proposed approaches were tested extensively using benchmark instances described
in the literature. Our computational results show that these functions can approximate very efficiently
the best known lower bounds for this problem and improve significantly the convergence of branch-
and-bound algorithms.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

The m-dimensional vector packing problem (mD-VPP, with
m 2 N n f0g) is a generalization of the well known 1-dimensional
bin packing problem (1D-BPP). In the latter, items with different
lengths have to be packed into a minimum number of larger ob-
jects, or bins. In the mD-VPP, there are m feasibility (capacity) con-
straints, one for each dimension of the problem, i.e. the sum of the
lengths of all packed items must not exceed the bin size in any of
the m directions. Unlike in m-dimensional bin packing problems,
the dimensions of the mD-VPP are independent. As an example,
for m = 2, these dimensions may represent the volume and the
weight of an object. When m = 1, the problem reduces to the
1D-BPP. Hence, the mD-VPP is NP-hard in the strong sense (Garey
and Johnson, 1978). In this paper, we focus on the 2D-VPP. How-
ever, whenever it is possible, we will generalize our results to
the m-dimensional case.

The mD-VPP was described first in Garey et al. (1976) to address
a special multiprocessor scheduling problem with resource con-
straints. In that paper, the authors analyzed the worst-case behav-
ior of a generalization of the well-known first fit heuristic used for
the 1D-BPP, and they explored two variants based on a preordering
of the items (the first fit decreasing and the level heuristic).

Other approximation schemes and worst-case performance re-
sults concerning the mD-VPP were reported in Yao (1980), de la
Vega and Lueker (1981), Woeginger (1997), Chekuri and Khanna
(1999), and Kellerer and Kotov (2003). In Yao (1980), Yao showed
that for any o(n logn)-time algorithm A, there is an instance where
A generates a solution that uses at least m times the number of bins
of the optimal solution. de la Vega and Lueker (1981) showed that
a solution with m + e times the optimal number of bins can be
found in linear time for the mD-VPP by applying an extension of
their algorithm for the 1D-BPP. In Chekuri and Khanna (1999), de-
scribed an approximation algorithm for the mD-VPP with a better
worst-case performance ratio of 1 + em + O(ln e�1).

For the 2D-VPP, Woeginger (1997) proved that there is no poly-
nomial time approximation scheme for this special case unless
P ¼ NP. Recently, Kellerer and Kotov (2003) proposed an
O(n logn)-time algorithm with an asymptotic worst-case perfor-
mance ratio of 2 for the 2D-VPP. In Chang et al. (2005), described
an O(n2)-time algorithm that extends the algorithm of Kellerer
and Kotov (2003), and that leads to solutions with no more than
1/(1 � .) times the number of bins of the optimal solution plus
one, with . representing the largest fraction between the sizes of
the items and the sizes of the bins. In Bansal et al. (2006), described
polynomial time randomized algorithms for the 2D-VPP with a
worst-case ratio of nearly 1.525.
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Spieksma was the first to propose an exact approach for the
2D-VPP in Spieksma (1994). The author described different lower
bounding procedures, and developed a branch-and-bound algo-
rithm that relies on these bounds. In this paper, the author de-
scribed also a heuristic based on the first fit decreasing rule.

The approaches of Spieksma (1994) were later improved by
Caprara and Toth in Caprara and Toth (2001). The authors dis-
cussed different lower bounding procedures based on bounds for
the 1D-BPP and on the linear relaxation of a column generation
model. They described algorithms for computing the bounds, they
explored the worst-case performance behavior of these bounds,
and they proposed heuristics and exact algorithms for the problem.
Extensive computational results were reported on instances with
up to 200 different items. These results show an improvement
compared to previous approaches.

The bounds obtained by column generation are of excellent
quality. However, they are obtained with a high computational
cost. For the 1-dimensional cutting-stock problem, fast lower
bounds can be obtained using the so-called dual-feasible functions
(DFFs) (Lueker, 1983). These functions are related to dual solutions
of the column generation model, and therefore there is always a
function leading to the optimal value yielded by this model.

One of the contributions of this paper is the extension of the
concept of DFFs to the m-dimensional case. Several difficulties
arise when one wants to generalize the results obtained for
1-dimensional DFFs. They are induced by the fact that the compar-
ison between item sizes have to be done componentwise, and
therefore, monotonicity and superadditivity take a different sense.
In this paper, we propose several new families of functions, and
we analyze those properties which are relevant to evaluate the
quality of the lower bounds that these functions can generate.
We describe different lower bounding procedures based on these
functions, and we report on the complexity of each one. Our ap-
proaches were tested on benchmark instances of the literature.
Our computational experiments show that high quality bounds
can be obtained for this problem using the vector packing dual-fea-
sible functions proposed in this paper. Furthermore, we tested our
lower bounding procedures within a branch-and-bound algorithm
to evaluate their potential impact on the convergence of this type
of algorithms. We analyzed the behavior of the algorithm with and
without our lower bounding schemes. The results obtained show
that significant improvements can be achieved with the former
approach.

The paper is organized as follows. In Section 2, we introduce the
notation that will be used throughout the paper, and we describe
two integer programming formulations for the mD-VPP. In Section
3, we briefly recall the basics of dual-feasible functions. In Section
4, we define formally the concept of vector packing dual-feasible
functions, and we explore some general properties of these func-
tions. The quality of the lower bounds obtained with vector pack-
ing dual-feasible functions is discussed in Section 5. In Section 6,
we propose and analyze new classes of vector packing dual-feasi-
ble functions. The lower bounding procedures that can be derived
from these functions and their corresponding complexity are de-
scribed in Section 7. Extensive computational experiments are re-
ported and discussed in Section 8. Some final conclusions are
drawn in Section 9.

2. The vector packing problem

2.1. Definition and notation

An instance E :¼ (n;L;b) of the mD-VPP consists in a set
{1, 2, . . . , n} of n items, whose sizes are given in the matrix L =
(l11, l12, . . . , l1m; . . . ; ln1, ln2, . . . , lnm) 2 [0,1]n�m (with li being the
ith row-vector of L) and with order demands b ¼ ðb1; . . . ; bnÞ>
2 ðN n f0gÞn. In order to simplify the presentation, we will assume
that all the sizes are normalized, such that the bins become m-
dimensional unit cubes.

The m D-VPP consists in finding a partition of the set of items
into a minimum number of subsets such that the items in each
subset fit into a bin, i.e. the sum of the sizes in each dimension does
not exceed 1 for any subset. Hence, a pattern a 2 Nn is feasible, if
the following capacity constraints on all the m dimensions hold:

Xn

i¼1

ai � ‘id 6 1; d ¼ 1; . . . ;m: ð1Þ

Let w :¼ ð1;1; . . . ;1Þ> 2 Rm. The capacity constraints (1) can be sta-
ted as follows: L>a 6w.

For given vectors s; t 2 Rm the relation signs 6, P, <, and > will
be used if the relation is componentwise true. For example, s 6 t
will stand for si 6 ti, i = 1, . . . , m. Furthermore, an interval [s,t] will
consist of all z 2 Rm with s 6 z 6 t.

From this point forward, the null vector will be denoted by
o :¼ ð0;0; . . . ;0Þ> 2 Rm.

2.2. Integer programming models

2.2.1. A compact formulation
Let K be an upper bound for the number of bins that are neces-

sary to pack all the items. The mD-VPP can be formulated using an
assignment model similar to the Kantorovich model proposed in
Kantorovich (1960):

min
XK

j¼1

yj ð2Þ

s:t:
XK

j¼1

xij P bi; i ¼ 1; . . . ;n; ð3Þ

Xn

i¼1

lidxij 6 yj; d ¼ 1; . . . ;m; j ¼ 1; . . . ;K; ð4Þ

yj 2 f0;1g; j ¼ 1; . . . ;K; ð5Þ
xij 2 f0;1g; i ¼ 1; . . . ;n; j ¼ 1; . . . ;K: ð6Þ

The binary variables yj, j = 1, . . . , K, indicate if the bin j is used
(yj = 1) or not (yj = 0), while the xij variables, i = 1, . . . ,n,
j = 1, . . . , K, determine the inclusion of an item i in the bin j. The
objective function (2) consists in minimizing the number of bins re-
quired to pack the items. Constraints (3) ensure that the demands of
the items are fulfilled. The capacity constraints are represented by
(4). There is a capacity constraint for each bin and dimension of
the problem.

This model was presented and discussed also in Caprara and
Toth (2001) for m = 2. It suffers from the same typical weaknesses
of the assignment models for cutting and packing problems: a
weak continuous lower bound and symmetry. As shown in Caprara
(1998), the lower bound provided by the linear programming (LP)
relaxation of (2)–(6), rounded up to the next integer, equals the
bound LC given by Spieksma in Spieksma (1994). For the general
m-dimensional problem, this bound is equal to:

max
d¼1;...;m

Xn

i¼1

lid

& ’( )
: ð7Þ
2.2.2. A column generation model
In Caprara and Toth (2001), the authors described a column

generation model for the mD-VPP which is obtained from (2)–(6)
by dualizing the demand constraints (3). The resulting model has
an exponential number of columns that represent the feasible
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patterns satisfying the capacity constraints (1). Let P denote this
set of patterns. The model states as follows.

min
X
p2P

kp ð8Þ

s:t:
X
p2P

aipkp P bi; i ¼ 1; . . . ;n; ð9Þ

kp P 0; and integer; p 2 P: ð10Þ

The coefficients aip represent the number of times an item i is used
in pattern p. The integer variables kp represent the number of times
a pattern p is used. The objective function (8) consists in minimizing
the total number of patterns (and hence, bins) used to fulfill the
item demands (9).

This reformulation leads to a pricing subproblem that is a mul-
tidimensional knapsack problem. Since this problem does not have
the integrality property, the lower bound given by the LP relaxa-
tion of (8)–(10) will be at least equal to the bound provided by
the LP relaxation of (2)–(6). In practice, this bound is quite strong,
but its computation is time consuming for any large scale instances
as shown in Caprara and Toth (2001).

3. Dual-feasible functions

Dual-feasible functions were first proposed by Johnson in
Johnson (1973). These functions can be used to compute lower
bounds for different combinatorial optimization problems, and
also to derive valid inequalities for integer programming problems
(Clautiaux et al., 2010; Fekete and Schepers, 2001). A function
f:[0,1] ? [0,1] is a dual-feasible function (DFF), if for any finite set
fxi 2 Rþ : i 2 Jg of nonnegative real numbers, the following holds:X
i2J

xi 6 1)
X
i2J

f ðxiÞ 6 1:

A DFF f is a maximal dual-feasible function (MDFF), if there is no
other DFF g:[0,1] ? [0,1] such that g(x) P f(x), for all x 2 [0,1]. For
f:[0,1] ? [0,1] to be a MDFF, it is necessary and sufficient (Clauti-
aux et al., 2010; Rietz et al., 2010) that f is symmetric, i.e.

f ðxÞ þ f ð1� xÞ ¼ 1 for all x 2 ½0;1=2�;

f(0) = 0, and f verifies the following superadditivity condition:

f ðx1 þ x2ÞP f ðx1Þ þ f ðx2Þ for all x1; x2 with
0 < x1 6 x2 < 1=2 and x1 þ x2 6 2=3:

All the DFFs described in the literature are 1-dimensional func-
tions. One of the contributions of this paper is to extend for the first
time the concept of DFF to the m-dimensional case. A comprehen-
sive survey and comparative study of the 1-dimensional DFFs pro-
posed in the literature is provided in Clautiaux et al. (2010). This
study allowed to identify the following DFFs as some of the best
functions proposed so far. From this point forward, we will use
the abbreviation frac(x) :¼ x � bxc, for any x 2 R, to denote the
non-integer part of the real expression x.

� fFS,1, proposed in Fekete and Schepers (2001), with k 2 N n f0g:
fFS;1ðx; kÞ ¼
x; if ðkþ 1Þ � x 2 N;

bðkþ 1Þxc=k; otherwise;

�

� fCCM,1, proposed in Carlier et al. (2007), for any C 2 R and C P 1:
fCCM;1ðx; CÞ ¼
bCxc=bCc; if 0 6 x < 1=2;
1
2 ; if x ¼ 1

2 ;

1� fCCM;1ð1� xÞ; if 1
2 < x 6 1;

8><
>:
� fBJ,1 proposed in Burdett and Johnson (1977), with C 2 R and
C P 1:
fBJ;1ðx; CÞ ¼ 1
bCc � bCxc þmax 0;

fracðCxÞ � fracðCÞ
1� fracðCÞ

� �� �
:

4. Vector packing dual-feasible functions

Dual-feasible functions (DFFs) have been used essentially to
compute bounds and inequalities for cutting and packing, routing
and scheduling problems (Clautiaux et al., 2010). The functions de-
scribed in the literature are defined exclusively for 1-dimensional
domains. Computing lower bounds for the mD-VPP by separating
the problem into m instances of the 1D-BPP, and by applying these
functions independently to each one of these instances may lead to
arbitrarily bad results. In this paper, we introduce the concept of
vector packing dual-feasible functions, where the 1-dimensional
domain is now replaced by an m-dimensional one. These functions
can be applied directly to mD-VPP instances without separating
the m dimensions, and hence, they may lead to much stronger low-
er bounds for the mD-VPP. Our objective is to approximate the
lower bounds provided by the LP relaxation of (8)–(10) through
efficient (polynomial-time) lower bounding procedures that rely
on these m-dimensional dual-feasible functions.

In this section, we introduce formally the definitions of vector
packing dual-feasible function and maximal vector packing dual-
feasible function. We show that some general properties for the
1-dimensional case can be generalized to the multidimensional
case, and we give a complete characterization of maximal functions
for the m-dimensional case. Finally, we show how to build such
maximal functions from non-maximal ones by forcing symmetry.

4.1. Definitions

A formal definition of a vector packing dual-feasible function is
given next.

Definition 1. A function f:[0,1]m ? [0,1] is a vector packing dual-
feasible function (VP-DFF), if for all instances of the mD-VPP and all
feasiblepatternsa 2 Nn satisfying(1), thefollowinginequalityholds:

Xn

i¼1

ai � f l>i
� �

6 1:

A VP-DFF is said to be maximal if there is no other VP-DFF that
dominates it in the sense stated in the following definition.
Definition 2. A VP-DFF f is maximal (VP-MDFF), if there is no other
VP-DFF g with g(x) P f(x) for all x 2 [0,1]m.

Some simple VP-DFFs are, for example, the projections to the jth
coordinate of the argument-vector (j = 1, . . . , m), i.e. fj(x) = xj. These
functions lead to lower bounds for the mD-VPP which are already
known from the 1D-BPP.

4.2. General properties of VP-MDFFs

The necessary conditions from the 1-dimensional case stated in
Carlier and Néron (2007) for a function to be maximal are still valid
for the higher-dimensional case. However, it remains to be checked
how the higher-dimensional case can be described and if stronger
sufficient conditions are needed. These ideas are explored in the
following theorems.

Theorem 1. Any VP-MDFF f:[0,1]m ? [0,1] has necessarily the
following properties:

1. f is superadditive, i.e. for all x,y 2 [0,1]m with x + y 6w, it holds
that
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f ðxþ yÞP f ðxÞ þ f ðyÞ; ð11Þ
2. f is non-decreasing:
f ðxÞ 6 f ðyÞ; if o 6 x 6 y 6 w; ð12Þ
3. f is symmetric, i.e. for all x 2 [0,1]m, it holds that
f ðxÞ þ f ðw� xÞ ¼ 1; ð13Þ
and especially f(w) = 1 and f 1
2 w
� 	

¼ 1=2.
Proof. To prove (11), we define first the function g : ½0;1�m ! R as

gðxÞ :¼ sup
y2½o;x�

ff ðyÞ þ f ðx� yÞg:

We will show that g is a VP-DFF dominating f, and hence g � f. Since

gðxÞP f ðoÞ þ f ðxÞ and f ðoÞP 0;

one has g(x) P f(x) for all x 2 [0,1]m. Let J be any finite index set,
and xi 2 [0,1]m such that

P
i2Jxi 6 w. Due to the construction of g,

for all e > 0, there are yi 2 [o,xi] with i 2 J, such thatX
i2J

gðxiÞ 6 eþ
X
i2J

ðf ðyiÞ þ f ðxi � yiÞÞ 6 eþ 1;

because f is a VP-DFF. Since the inequality
P

i2JgðxiÞ 6 eþ 1 holds
for all e > 0, it follows that

P
i2JgðxiÞ 6 1, and hence g is a VP-DFF

too. That implies g � f, because f is a VP-MDFF. Since
f(x) P f(y) + f(x � y) for all x, y 2 [0,1]m with x P y, the assertion
(11) follows by replacing x by x + y.

The property (12) follows, because y P x implies y � x 2 [0,1]m,
and since f(y) P f(x) + f(y � x) and f(y � x) P 0, we have that
f(y) P f(x).

Now, we prove the validity of the property (13) by addressing
first the case where x 2 ½0;1�m n 1

2 w

 �

. Let r 2 {1, . . . , m}, with
xr – 1/2, and let h:[0,1]m ? [0,1] be the function defined as follows:

hðxÞ :¼
f ðxÞ; if xr 6 1=2;
1� f ðw� xÞ; otherwise:

�

We want to show that h � f. Clearly, we have h(x) P f(x) for all
x 2 [0,1]m, because f(x) 6 1 � f(w � x). Otherwise, f would not be
a VP-DFF. To see that h is a VP-DFF too, we choose again a finite
index set J and xi 2 [0,1]m with

P
i2Jxi 6 w. Suppose that 1 2 J and

x1r > 1/2. Then, xir < 1/2 for all i 2 Jn{1}, and henceX
i2J

hðxiÞ ¼ 1� f ðw� x1Þ þ
X

i2Jnf1g
f ðxiÞ

6 1� f ðw� x1Þ

þ f
X

i2Jnf1g
xi

 !
; due to ð11Þ and because

X
i2Jnf1g

xi

6 w� x1;6 1; by the monotonicity ð12Þ:

Since f is maximal, we have f � h. If xr > 1/2, then
f(x) = h(x) = 1 � f(w � x) due to the definition of h. If xr < 1/2, then
f(w � x) = h(w � x) = 1 � f(w � (w � x)) = 1 � f(x). Therefore, Prop-
erty (13) follows except for x ¼ 1

2 w.
Since f is a VP-DFF, it follows that f(o) = 0 and f 1

2 w
� 	

6 1=2.
Analogously to the previous paragraph, we define the function
h0:[0,1]m ? [0,1] as follows:

h0ðxÞ :¼ f ðxÞ; for all x 2 ½0;1�m n 1
2

w
� �

; and h0
1
2

w
� �

:¼ 1=2:

Similar arguments (with x1 :¼ 1
2 w) show that h0 is a VP-DFF, and

hence, since f is maximal, it follows that f � h0. h

The properties (11)–(13) of Theorem 1 are also sufficient condi-
tions for a function f:[0,1]m ? [0,1] to be a VP-MDFF. However, it is
possible to derive sufficient conditions that are more restricted.
These sufficient conditions are stated in Theorem 2. This theorem
will help to simplify the proofs of maximality that will be de-
scribed in the next sections. Before introducing these new suffi-
cient conditions, we describe first in Lemma 1 an additional
assertion that will be needed to prove the maximality of a VP-DFF.

Lemma 1. If a VP-DFF f:[0,1]m ? [0,1] satisfies the symmetry
condition (13), then f is a VP-MDFF.

Proof. Suppose that there is a VP-DFF g:[0,1]m ? [0,1], with
g(x) > f(x) for a given x 2 [0,1]m. The symmetry of f implies

f ðw� xÞ ¼ 1� f ðxÞ > 1� gðxÞP gðw� xÞ;

otherwise the contradiction g(x) + g(w � x) > 1 would arise. Since
f(w � x) > g(w � x), the VP-DFF f is not dominated by any another
one, and hence it is a VP-MDFF. h
Theorem 2. Given two constants r, s 2 {1, . . . , m} and a function
f:[0,1]m ? [0,1], the following conditions are sufficient for f to be a
VP-MDFF:

1. Eq. (13) is true for all x 2 [0,1]m with xr 6 1/2;
2. Inequality (11) holds for all x, y 2 [0,1]m with x + y 6w, and

xs 6 ys 6 1/2 and xs + ys 6 2/3.
Proof. First, we prove that the conditions 1 and 2 imply respec-
tively that (13) and (11) hold for all x, y 2 [0,1]m with x + y 6w.
Then, we will show that f is a VP-DFF and that it is maximal by
resorting to Lemma 1.

Suppose that y 2 [0,1]m with yr > 1/2. Let x:¼w � y. That yields
x 2 [0,1]m with xr < 1/2 such that the condition 1. implies that (13)
holds for this x. That gives 1 = f(x) + f(w � x) = f(w � y) + f(y), and
hence (13) holds also for y and therefore for all x 2 [0,1]m.

Let x,y 2 [0,1]m be given, with x + y 6w. Now, we show that
(11) holds:
� if xs > ys, then we can exchange x and y. That does not change
the validity of (11), i.e. the inequality (11) holds now if and only
if it was true before. Therefore, we may assume xs 6 ys in the
following, and replace the inequality chain xs 6 ys 6 1/2 in con-
dition 2 by xs, ys 6 1/2 without any influence on the validity of
the theorem;
� if ys > 1/2, then (13) implies f(x + y) = 1 � f(w � y � x). Since

xs + (1 � xs � ys) < 1/2 and 0 6 xs < 1/2, the condition 2. implies
(11) for the arguments x and w � x � y, because if xs > 1 �
xs � ys then the same exchange can be done as in the previous
paragraph. That yields f(w � y � x) + f(x) 6 f(w � y). Hence, we
have
f ðxþ yÞP 1� ðf ðw� yÞ � f ðxÞÞ ¼ 1� 1þ f ðyÞ þ f ðxÞ;
by the symmetry condition (13). Since for ys > 1/2, the superad-
ditivity condition (11) holds, we may assume that ys 6 1/2 in the
following;
� if xs 6 ys 6 1/2 and xs + ys > 2/3, then 1 � xs � ys < 1/3 and

1 � ys < 2/3 (because of xs 6 ys and xs + ys > 2/3). Hence, the con-
dition 2 allows to apply the inequality (11) with the arguments
x and w � x � y, leading to f(w � y � x) + f(x) 6 f(w � y), and,
by symmetry, we have
f ðxþ yÞ ¼ 1� f ðw� y � xÞP 1� ðf ðw� yÞ � f ðxÞÞ
¼ f ðxÞ þ f ðyÞ:
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Hence, the conditions 1 and 2 imply the superadditivity (11) for
all x, y 2 [0,1]m with x + y 6w.

The superadditivity and the range imply the monotonicity (12).
For any x, y 2 [0,1]m with x 6 y, one has f(y) P f(x) + f(y � x)
P f(x). Additionally, one gets f(2o) P 2f(o). Hence f(o) 6 0 and
therefore f(o) = 0 and f(w) = 1 due to the symmetry.

These results are used to show that f is a VP-DFF. For any finite
index set J and vectors xi 2 [0,1]m with

P
i2Jxi 6 w, it follows from

the superadditivity condition (11) by induction thatP
i2J f ðxiÞ 6 f

P
i2Jxi

� �
6 f ðwÞ ¼ 1. Hence, f is a VP-DFF. Further-

more, the function f is maximal because of the symmetry condition
(13) and Lemma 1. h

In the following propositions, we show that the functions
resulting from the convex combination of VP-MDFFs or from the
composition of a VP-MDFF with a MDFF remain maximal.

Proposition 1. Any convex combination of VP-MDFFs is a VP-MDFF.
Proof. Let be given n0 VP-MDFFs fi, i = 1, . . . , n0, and a set of n0 posi-
tive real numbers ki, i = 1, . . . , n0, such that

Pn0

i¼1ki ¼ 1. We will
denote by f the function obtained through the convex combination
of the VP-MDFFs fi with coefficients ki, i.e. f :¼

Pn0

i¼1ki � fi. For any
finite set J and vectors xi 2 [0,1]m with

P
i2Jxi 6 w, we have

X
i2J

f ðxiÞ ¼
X
i2J

Xn0

j¼1

kj � fjðxiÞ

¼
Xn0

j¼1

kj �
X
i2J

fjðxiÞ

6

Xn0

j¼1

kj � 1 ¼ 1:

Hence, f is a VP-DFF according to Definition 1.
Now, we will prove that f is symmetric in the sense of (13). That

will imply that f is maximal due to Lemma 1. By definition, all the
functions fi, i = 1, . . . , n0 are maximal, and hence they must be
symmetric according to Theorem 1. As a consequence, one gets for
any x 2 [0,1]m that

f ðxÞ þ f ðw� xÞ ¼
Xn0

i¼1

ki � fiðxÞ þ
Xn0

i¼1

ki � fiðw� xÞ

¼
Xn0

i¼1

ki � ðfiðxÞ þ fiðw� xÞÞ

¼
Xn0

i¼1

ki ¼ 1;

and hence the symmetry condition holds also for the function f.
Therefore, f is maximal. h
Proposition 2. The composition of a VP-MDFF f with a MDFF g, i.e.
g(f(�)), is a VP-MDFF.
Proof. Let g: [0,1] ? [0,1] be a maximal DFF, and let f: [0,1]m ?
[0,1] be a VP-MDFF. For any finite set J and vectors xi 2 [0,1]m such
that

P
i2Jxi 6 w, we haveX

i2J

gðf ðxiÞÞ 6 1;

since
P

i2J f ðxiÞ 6 1. Hence, g(f(�)) is a VP-DFF according to Definition 1.
By definition, the functions f and g are maximal, and hence they

are both symmetric according to Theorem 1. For every x 2 [0,1]m, it
follows that
gðf ðxÞÞ þ gðf ðw� xÞÞ ¼ gðf ðxÞÞ þ gð1� f ðxÞÞ ¼ 1;

such that g(f(�)) is symmetric too and therefore maximal according
to Lemma 1. h

In Nemhauser and Wolsey (1998), Nemhauser and Wolsey de-
scribed valid inequalities for independence systems obtained from
superadditive functions. A set S 2 Zn

þ is an independence system, if
(0, . . . , 0)> 2 S, and y 6 x) y 2 S holds, for x 2 S and y 2 Zn

þ. An
additional requirement on S :¼ x 2 Zn

þ : Ax 6 b

 �

is that all the
coefficients should be nonnegative integers, and bi P maxjaij, for
all i and aij 2 A. Hence, one obtains an equivalent inequality by
division by bi, such that a system of the kind L>x 6w, with
x 2 Zn

þ and L 2 ð½0;1� \QÞn�m, arises like in our vector packing
problem. On the contrary, we did not require integrality con-
straints or that the data should be rational.

Analogously to Proposition 2 of Clautiaux et al. (2010), the
definition of VP-DFFs immediately yields valid inequalties for the
system L>x 6w, with 0 6 ‘ij 6 1 and xj 2 Zn

þ, for i = 1, . . . , m and

j = 1, . . . , n, namely
Pn

j¼1f ðljÞxj 6 1, where lj is the jth column of
the matrix L. The proof is straightforward, becausePn

j¼1f ðljÞxj ¼
Pn

j¼1

Pxj

k¼1f ðljÞ 6 1, since
Pn

j¼1

Pxj

k¼1lj
6 w.

The similarities between Nemhauser and Wolsey and our
superadditive, non-decreasing functions are the following. The do-
main DðbÞ :¼ d 2 Zm

þ : d 6 b

 �

is replaced by [0,1]m, and the func-
tion F is normalized to F(w) = 1 and the range [0,1]. Then F has to
be non-decreasing and superadditive. F is maximal if and only if it
is symmetric in the sense (13).

4.3. Creating VP-MDFFs by forcing symmetry

In this section, we show how a VP-MDFF can be built from a
superadditive m-dimensional superadditive vector function by forc-
ing symmetry. This result is a generalization of a scheme developed
for the 1-dimensional case and described in Clautiaux et al. (2010).

Proposition 3. Let f:[0,1]m ? [0,1] be a superadditive function, and
M be any subset of ½0;1�m n 1

2 w

 �

such that:

1. for all x 2 ½0;1�m n 1
2 w

 �

, the following equivalence holds:
x 2 M () w� x R M; ð14Þ
2. for any x, y 2M, it holds that
xþ yiw: ð15Þ
m
The following function g:[0,1] ? [0,1] which is built from f is a
VP-MDFF:

gðxÞ :¼
1=2; if 2x ¼ w;
1� f ðw� xÞ; if x 2 M;

f ðxÞ; otherwise:

8><
>:
Proof. For this proof, we resort to Theorem 2. That requires to ver-
ify that g is both symmetric and superadditive.

First, we show that the range of g belongs to [0,1]. Because of
the superadditivity and the range of the function f, this function f is
also non-decreasing, and hence, we have that

f ðwÞ 6 1 and f
1
2

w
� �

6
1
2
:

Therefore, the range of g belongs to [0,1] too.
Let A :¼ ½0;1�m n M [ 1

2 w

 �� 	

. Because of (14), one gets for any
x 2M that

gðxÞ þ gðw� xÞ ¼ 1� f ðw� xÞ þ f ðw� xÞ ¼ 1;
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and, analogously, for any x 2 A that

gðxÞ þ gðw� xÞ ¼ f ðxÞ þ 1� f ðw� ðw� xÞÞ ¼ 1:

Furthermore, we have also g 1
2 w
� 	

¼ 1=2, and hence, the function g
is symmetric.

It remains to be proved that g is also superadditive. For that
purpose, let x, y 2 [0,1]m, with x + y 6w. Because of (15), one has
o 2 A, and hence w 2M. The superadditivity of f implies
f(2o) P 2f(o) and f(o) 6 0, and hence we have that f(o) = 0 due to
the range of f.

To show that g is superadditive, we have to resort to the
following case distinction that covers all the possibilities concern-
ing which case of the definition of g has to be used, i.e. to which of
the sets A; 1

2 w

 �

or M each of the arguments x, y and x + y belongs.

1. If x, y, x + y 2 A, then g(x + y) � g(x) � g(y) = f(x + y)
� f(x) � f(y) P 0 due to the superadditivity of f.

2. If x, y 2 A and xþ y ¼ 1
2 w, then gðxÞ þ gðyÞ ¼ f ðxÞ þ f ðyÞ

6 f ðxþ yÞ 6 1
2 ¼ gðxþ yÞ.

3. If x, y 2 A and x + y 2M, then g(x + y) � g(x) � g(y) = 1
� f(w � x � y) � f(x) � f(y) P 1 � f(w) P 0.

4. It is impossible that y ¼ 1
2 w and x + y 2 A, because in that

case, we would have w � x � y 2M and w� x� y 6 1
2 w in

contradiction to (15).
5. If y = x + y, then x = o, implying g(x) = 0, because f(o) = 0 and

o 2 A. Therefore, the superadditivity of g becomes obvious.
6. If x 2 A; y ¼ 1

2 w and x + y 2M, then gðxþ yÞ � gðxÞ � gðyÞ
¼ 1

2� f ðw� x� yÞ � f ðxÞP 1
2� f ðw� yÞP 0.

7. It cannot occur that y 2M and x + y 2 A, because
w � x � y 2M and w � x � y + y = w � x contradicts (15).

8. It can also not happen that y 2M and xþ y ¼ 1
2 w, because

of the contradiction 2y 6w.
9. If x 2 A and y,x + y 2M, then g(x + y) � g(x) � g(y) = 1
� f(w � x � y) � f(x) � 1
+ f(w � y) = f(w � y) � f(w � y � x) � f(x) P 0.

10. If x ¼ y ¼ 1
2 w, then g(x + y) = g(w) = 1 � f(o) = 1 = g(x) +

g(y), because w 2M and f(o) = 0.
11. It cannot happen that x ¼ 1

2 w and y 2M, because that
would imply y ¼ xþ y � x 6 1

2 w in contradiction to (15).
12. Because of (15), it is also impossible that x, y 2M.

All the remaining cases are obtained by exchanging x and y, and
hence, they are similar to the previous cases. Hence, all conditions
of Theorem 2 are satisfied, such that g is a VP-MDFF. h

The set M in Proposition 3 can be chosen in various ways. For
instance, we may have

M :¼ ½0;1� � ½0;1� � . . .� ½0;1� � 1
2
;1

� �
[ ½0;1� � . . .� ½0;1�

� 1
2
;1

� �
� 1

2

� �
[ . . . [ 1

2
;1

� �
� 1

2

� �
� . . .� 1

2

� �

(as the union of m parts). For m = 2, this set becomes
½0;1� � 1

2 ;1
� 

[ 1
2 ;1
� 

� 1
2


 �
, i.e. the upper half of the unit square,

where only a part of the border belongs to M. Additionally, M could
be chosen for example as follows

M :¼ fx 2 ½0;1�2 : x1 þ x2 > 1g[ x 2 1
2
;1

� �
� ½0;1� : x1 þ x2 ¼ 1

� �
:

5. Lower bounds based on VP-DFFs

Let E :¼ (n; l;b) be an instance of the mD-VPP, and f a VP-DFF. A
valid lower bound for the number of bins that are necessary to
pack the items of E can be computed from f as follows:
z½f � :¼
Xn

i¼1

bi � f ðliÞ: ð16Þ

Let zCG denote the optimal value of the LP relaxation of the col-
umn generation model (8)–(10). The following proposition shows
the relation between zCG and the value given by any VP-DFF.

Proposition 4. For any VP-DFF f: [0,1]m ? [0,1], the bound z[f] is
never above zCG. Moreover, there is at least one VP-DFF f̂ with
z½f̂ � ¼ zCG.
Proof. Even if the number of feasible patterns can be huge, it
remains finite. Therefore, the theory about linear optimization
problems, especially the duality theory, can be applied. Without
loss of generality assume that

li – lj; for all i; j 2 f1; . . . ;ng with i – j: ð17Þ

The dual of the LP relaxation of (8)–(10) states as follows:

max b>p ð18Þ

s:t:
Xn

i¼1

aippi 6 1; p 2 P; ð19Þ

pi P 0; i ¼ 1; . . . ;n: ð20Þ

Because li 2 [0,1]m, every item fits alone into one bin. Therefore,
there is a feasible solution to (8)–(10). Because of the non-negativity
constraints on the kp variables of (8)–(10), the objective function (8)
is bounded in the direction of the optimization by e.g. zero. Hence,
optimal solutions of the LP relaxation of (8)–(10) and the dual prob-
lem (18)–(20) exist, and the optimal objective function values of
both problems are the same (by the strong duality theorem).

For every feasible pattern a, it holds that
Pn

i¼1ai � f ðliÞ 6 1 by
definition of VP-DFFs. Therefore, pi :¼ f(li) for i :¼ 1, . . . , n, fulfills
the demand (19). Condition (20) is clearly met due to the range of f.
Hence, the chosen p is feasible for the problem (18)–(20), such that
z[f] 6 zCG follows.

Let p̂ be an optimal solution of the problem (18)–(20). A VP-DFF
f̂ : ½0;1�m ! ½0;1� can be defined by

f̂ ðxÞ :¼
p̂i; if x ¼ li; i 2 f1; . . . ;ng;
0; if x – li; for all i 2 f1; . . . ;ng

�

because of the constraints (19) and (20), even if f̂ is in general not
maximal. This function f̂ is well defined due to the assumption (17)
and yields z½f̂ � ¼ zCG according to the strong duality theorem. h
6. New classes of VP-MDFFs

In this section, we propose new classes of VP-MDFFs. When
general schemes for generating VP-MDFFs are proposed, we de-
scribe and analyze some specific functions that can be obtained
from these schemes. To simplify the notation, the parameters of
the functions will be omitted whenever it is possible.

6.1. Class I: functions based on projections into 1-dimensional domains

Our first set of VP-MDFFs is based on the projection of the m-
dimensional data into 1-dimensional domains. The following prop-
osition gives a formal definition of these VP-MDFFs.

Proposition 5. Let g:[0,1] ? [0,1] be a MDFF and u 2 Rm
þ with

u>w = 1. The function f:[0,1]m ? [0,1] with

f ðxÞ :¼ gðu>xÞ

is a VP-MDFF.
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Proof. Each of the projections gj:[0,1]m ? [0,1] with gj(x) = xj is a
VP-MDFF. To prove that, we resort to Theorem 2. First, the domain
and range of these projections are in accordance with Theorem 2.
The symmetry is given due to

gjðxÞ þ gjðw� xÞ ¼ xj þ ð1� xjÞ ¼ 1;

for any x 2 [0,1]m. The superadditivity also holds since

gjðxþ yÞ ¼ xj þ yj ¼ gjðxÞ þ gjðyÞ;

for all x, y 2 [0,1]m with x + y 6w.
According to Proposition 1, any convex combination of VP-

MDFFs is a VP-MDFF, and therefore x ´ u>x is also a VP-MDFF.
Furthermore, as shown in Proposition 2, the composition of a VP-
MDFF and a MDFF yields again a VP-MDFF, and hence f is a VP-
MDFF. h

The function described in Corollary 1 is obtained from Proposi-
tion 5 using the MDFF fFS,1 proposed in Fekete and Schepers (2001)
as the function g.

Corollary 1. Let v 2 Rm
þ such that v>w 2 N n f0;1g. The following

function f : ½0;1�m ! Rþ is a VP-MDFF:

f ðxÞ :¼
v>x
v>w ; if v>x 2 N;

bv>xc
v>w�1 ; otherwise:

(

Proof. Let u :¼ 1
v>w� v (and hence, u 2 Rm

þ with u>w = 1), and let
k:¼v>w � 1. If we set g:¼fFS,1 in Proposition 5 and apply the defini-
tion of the function fFS,1, we get

fFS;1ðu>x; kÞ ¼
u>x; ifðkþ 1Þ � u>x 2 N;

bðkþ 1Þ � u>xc=k; otherwise;

(

¼
v>x
v>w ; if v>w� v>x

v>w 2 N;

bv>w� v>x
v>wc=ðv>w� 1Þ; otherwise;

8<
:

which leads to the definition of the function f(x) of the corollary. h

The next function is obtained from Proposition 5 and the MDFF
fBJ,1 described in Burdett and Johnson (1977).

Corollary 2. Let v 2 Rm
þ be any vector with v>w P 1. Then, the

function f : ½0;1�m ! Rþ with

f ðxÞ :¼ bv>xc þmax 0;
fracðv>xÞ � fracðv>wÞ

1� fracðv>wÞ

� �� ��
bv>wc

is a VP-MDFF.
Proof. Let u :¼ 1
v>w� v (and hence, u 2 Rm

þ with u>w = 1), and let
C:¼v>w. If we set g:¼fBJ,1 in Proposition 5 and apply the definition
of the function fBJ,1, we obtain

fBJ;1ðu>x;CÞ¼ bC�u>xcþmax 0;
fracðC�u>xÞ� fracðCÞ

1� fracðCÞ

� �� ��
bCc

¼ bv>w�v>x=v>wcþmax 0;
fracðv>w�v>x=v>wÞ� fracðv>wÞ

1� fracðv>wÞ

� �� ��
bv>wc: �

Note that if v>w 2 N, then the function f of Corollary 2 is only a
convex combination of the projections f1, . . . , fm.

6.2. Class II

Some of the ideas of the 1-dimensional MDFFs discussed in
Clautiaux et al. (2010) can be adapted for the m-dimensional
VPP. For instance, the function due to Martello and Toth, which
maps small items to zero and large ones to 1, while the other items
remain unchanged, can be generalized as follows. Note that the dif-
ficulty in this generalization is to find a suitable definition of small
and large items when vectors are involved.

Proposition 6. Let h : ½0;1�m ! R be non-decreasing with h(x) +
h(w � x) > 0 for all x 2 [0,1]m, and let g:[0,1]m ? [0,1] be a VP-MDFF.
The following functions f1,f2:[0,1]m ? [0,1] are VP-MDFFs:

f1ðxÞ :¼
0; if hðxÞ60
1; if hðw�xÞ60
gðxÞ; otherwise

8><
>: ; f 2ðxÞ :¼

0; if hðxÞ<0
1; if hðw�xÞ<0
gðxÞ; otherwise

8><
>: :
Proof. For this proof, we resort to Lemma 1. We will show that f1 is
a VP-DFF, i.e. that for any x,y 2 [0,1]m with x + y 6w, it follows that
f1(x + y) 6 1. Then, the symmetry will be verified.

To start the proof that f1 is a VP-DFF, several situations with
respect to x, y 2 [0,1]m have to be analyzed. First, observe that
x + y 6w implies x 6w � y and h(x) 6 h(w � y), due to the
monotonicity of h. We distinguish the following cases:

1. If h(w � y) 6 0, then f1(x) = 0. Since f1(y) = 1, one has f1(x) +
f1(y) = 1;

2. The case h(w � x) 6 0 is similar to the previous one;
3. Assume that h(w � x) > 0 and h(w � y) > 0. Then,

f1(x) + f1(y) 6 g(x) + g(y) 6 1, because g is a VP-DFF.

In all cases, it follows that f1(x) + f1(y) 6 1. Using induction, that
implies

P
i2J f1ðxiÞ 6 1, for any finite index set J of vectors xi 2 [0,1]m

with
P

i2Jxi 6 w. Hence, f1 is a VP-DFF.
To prove that f1 is maximal, according to Lemma 1, it remains to

show that f1 is symmetric. For this purpose, recall that g is by
definition a VP-MDFF. According to Theorem 1, g must be
symmetric. To prove that f1 is symmetric, we distinguish the
following cases with regard to x 2 [0,1]m:

1. if h(x) > 0 and h(w � x) > 0, then f1(x) = g(x) and f1(w � x)
= g(w � x). The symmetry of g yields f1(x) + f1(w � x) = g(x)
+ g(w � x) = 1;

2. if h(x) 6 0, then f1(x) = 0 and f1(w � x) = 1, and hence f1(x)
+ f1(w � x) = 1;

3. if h(w � x) 6 0, then f1(x) = 1 and f1(w � x) = 0, and hence
f1(x) + f1(w � x) = 1.

Therefore, f1 is a VP-MDFF. The proof for f2 is similar. h
Corollary 3. Let u 2 ½0; 1
2�

m, and let g: [0,1]m ? [0,1] be a VP-MDFF.
The following functions f1,f2: [0,1]m ? [0,1] are also VP-MDFFs:

f1ðxÞ :¼
0; if x6u and x– 1

2w
1; if xPw�u and x– 1

2w
gðxÞ; otherwise

8><
>: ; f 2ðxÞ :¼

0; if x<u
1; if x>w�u
gðxÞ; otherwise

8><
>: :
Proof. In that case, we can use in Proposition 6 for example

hðxÞ :¼ 0; if x 6 u 9=x – 1
2 w;

1; otherwise;

(

or

hðxÞ :¼
0; if x < u;

1; otherwise;

(
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because h(x) = 0 for an x 2 [0,1]m implies x – 1
2 w and x 6 u, hence

w � x P w � u and finally h(w � x) = 1. h
Corollary 4. Let k � kp be an Lp-norm in Rm with 1 6 p 61, i.e.

kxk1 ¼ max
r¼1;...;m

jxrj and kxkp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm

r¼1
jxrjpp

q
for p <1:

Let g:[0,1] ? [0,1] be a VP-MDFF and e 2 (0,kwkp/2). The following
function f:[0,1]m ? [0,1] is a VP-MDFF:

f ðxÞ :¼

0; if kxkp 6 e;

1; if kw� xkp 6 e;

gðxÞ; otherwise:

8>><
>>:
Proof. The function h(x) :¼ kxkp � e is non-decreasing in [0,1]m.
Because of

hðxÞ þ hðw� xÞ ¼ kxkp þ kw� xkp � 2e P kwkp � 2e > 0

for any x 2 ½0;1�m;

both the prerequisites of h in Proposition 6 are satisfied. Using this
function h within f1 in Proposition 6 leads to the function f. h
Corollary 5. Let g0 : ½0;1�m ! R be any non-decreasing function, and
let r 2 {1, . . . , m}. The following function f:[0,1]m ? [0,1] is a
VP-MDFF:

f ðxÞ :¼

0; if 2w>x < m and g0ðxÞ < 0;

1; if 2w>x > m and g0ðw� xÞ < 0;

xr; otherwise:

8>><
>>: ð21Þ
Proof. Here, the function f2(x) of Proposition 6 is used with

hðxÞ :¼
maxfg0ðxÞ;�1g; if 2w>x < m and g0ðxÞ < 0;

2; otherwise:

(

This function h is non-decreasing. If one has for an x 2 [0,1]m

that h(x) < 2 then 2w>x < m, hence 2w>(w � x) > m, because
w>w = m. That implies h(w � x) + h(x) P 2 � 1 > 0. Of course,
g0(x) < 0,max{g0(x),�1} < 0. Furthermore, the projections x ´ xr

are used as the function g in the definition of f2 in Proposition 6s,
with r = 1, . . . , m. These projections are VP-MDFFs as shown in
Proposition 5, and hence, our proof is complete. h
6.3. Class III

In the following proposition, we introduce a new VP-MDFF. We
describe first the general function for the m-dimensional case. For
the sake of clarity, the function for the 2-dimensional case is given
next in Corollary 6. The idea consists in assigning the value zero to
very small items and the value 1 to large ones, while another
VP-MDFF is applied to the remaining items.

Proposition 7. Let g:[0,1]m ? [0,1] be a VP-MDFF and u 2 [0,1/2]m.
The following function f:[0,1]m ? [0,1]
f ðx;uÞ :¼

0; if 9i2f1; . . . ;mgwith xi <ui and 9= j2f1; . . . ; igwith xj >1�uj;

1; if 9i2f1; . . . ;mgwith xi >1�ui and 9= j2f1; . . . ; igwith xj <uj;

gðxÞ; otherwise;

8>><
>>:

is a VP-MDFF.
Proof. The proof relies on Theorem 2. First, we will show that f is
symmetric, and then that it is non-decreasing. The latter will be
used to prove the superadditivity of f.

Recall that since g is a VP-MDFF, it is symmetric due to Theorem
1. To show that f is symmetric, we distinguish the following three
cases for a given x 2 [0,1]m:
1. if u 6 x 6w � u, then f(x) = g(x) and also
f(w � x) = g(w � x), because w � u P w � x P u. Hence,
f(x) + f(w � x) = g(x) + g(w � x) = 1;

2. if there is an i 2 {1, . . . , m} with xi < ui but no j 2 {1, . . . , i}
with xj > 1 � uj, then f(x) = 0. In that case, one has
f(w � x) = 1 according to the second line in the definition
of f. Hence, f(x) + f(w � x) = 1;

3. if there is an i 2 {1, . . . , m} with xi > 1 � ui and no
j 2 {1, . . . , i} with xj < uj, then f(x) = 1, and the first line in
the definition of f applies to f(w � x). Hence,
f(x) + f(w � x) = 1.

To show that f is non-decreasing, let x, y 2 [0,1]m with x 6 y. We
distinguish the following three cases with respect to f(x):
1. the monotonicity is obvious for f(x) = 0, because 0 6 g(y) 6 1
for all y 2 [0,1]m, and hence f(y) P 0;

2. if there is an i 2 {1, . . . , m} with xi > 1 � ui but no
j 2 {1, . . . , i} with xj < uj, then f(x) = 1. It follows that
yi P xi > 1 � ui and yj P xj P uj, for all j 2 {1, . . . , i}, and
hence f(y) = 1. As a consequence, it holds that f(y) P f(x);

3. if the last line in the definition of f applies, then f(x) = g(x)
and u 6 x 6 y. Hence, f(y) 2 {1,g(y)}, and f(y) P g(y) because
g(y) 6 1. According to Theorem 1, it holds that g(y) P g(x). It
follows that f(x) = g(x) 6 g(y) 6 f(y).

It remains to show that f is superadditive. For this purpose, let
x,y 2 [0,1]m with x + y 6w. Because of the monotonicity of f, the
superadditivity is obvious for the case where f(x) = 0 or f(y) = 0.
Therefore, we will assume that f(x) > 0 and f(y) > 0. Suppose that
there is an i 2 {1, . . . , m} with xi > 1 � ui and xj P uj, for all j 2
{1, . . . , i}. Because of y 6w � x, it follows that yi < ui and yj 6 1 � uj,
for all j 2 {1, . . . , i}, and hence, f(y) = 0 in contradiction to the
assumption f(y) > 0. Exchanging x and y would yield a similar
result. Therefore, f(x) = g(x) and f(y) = g(y). Since f is non-decreas-
ing and f(x) > 0, it follows that f(x + y) > 0. Hence, f(x + y) P g(x + y)
according to the definition of f, because g(x + y) 6 1. Since g is a
VP-MDFF, it is also superadditive due to Theorem 1. Therefore,
g(x + y) P g(x) + g(y) = f(x) + f(y), such that f is superadditive. h
Corollary 6. The function f:[0,1]2 ? [0,1] with 0 6 u1, u2 6 1/2 and
r, q 2 {1,2}, which is defined as

f ðx;u1;u2;r;qÞ :¼
1; if xq >1�u1 or ðxq P u1 and x3�q >1�u2Þ;
xr; if 1�u1 P xq P u1 and 1�u2 P x3�q P u2;

0; otherwise;

8><
>:

ð22Þ

is a VP-MDFF.
Proof. For q = 1, this function is a special case of the generalization
described in Proposition 7 with m = 2, u = (u1,u2)> and g being the
projection x ´ xr. If q = 2, then x1 and x2 are tested in reverse order,
i.e. first x2 is compared with u1 and 1 � u1, and only if that does not
immediately lead to the function value 0 or 1 then x1 is examined.
That yields f(x;u1,u2,r,2) = f(x2,x1;u1,u2,3 � r,1). That case leads
again to a VP-MDFF. h
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6.4. Class IV

In this subsection, we introduce a new VP-MDFF in its general
form, and a similar function for the 2-dimensional case. This VP-
MDFF depends on a non-decreasing function whose properties
are stated below. At the end of the subsection, we describe how
this non-decreasing function should be chosen so as to obtain
the best lower bounds with the corresponding VP-MDFFs.

Proposition 8. Let m 2 N n f0g, k 2 (1/3,1/2], g:[0,1]m ? [0,1] be a
non-decreasing function with

x; y 2 ½0;1�m;xþ y P w) gðxÞ þ gðyÞP 1; ð23Þ

and let M be a subset of ½0;1�m n 1
2 w

 �

such that x 2M,w � x R M
for all x 2 ½0;1�m n 1

2 w

 �

.
The function f:[0,1]m+1 ? [0,1] defined as

f ðx;xmþ1;kÞ :¼

0; if xmþ1 < k;

1; if xmþ1 >1�k;

1=2; if x1 ¼ x2 ¼ . . .¼ xmþ1 ¼1=2;

gðxÞ; if 1=2< xmþ1 61�k or ðxmþ1 ¼1=2 and x2MÞ;

1�gðw�xÞ; if k6 xmþ1 <1=2 or ðxmþ1 ¼1=2 and w�x2MÞ;

8>>>>>>>>>><
>>>>>>>>>>:

ð24Þ
is a VP-MDFF.
Proof. The proof relies on Theorem 2. First, we verify that the
function f is well defined, i.e. for any argument there is exactly
one value assigned. Then, we show that f is symmetric, non-
decreasing and finally superadditive.

If xm+1 – 1/2 then depending only on xm+1, exactly one of the
first, second, fourth or fifth line of the definition of f is assigned to
an argument. The 1st line applies namely for xm+1 < k, the 5th line
for k 6 xm+1 < 1/2, the 4th line for 1/2 < xm+1 6 1 � k and the 2nd line
for xm+1 > 1 � k.

If xm+1 = 1/2 then the third, fourth or fifth line is selected
depending on x, namely the 3rd line for x ¼ 1

2 w, the 4th line for
x 2M and the 5th line otherwise. This is so because for any
x 2 [0,1]m it holds either x ¼ 1

2 w or x 2M or w � x 2M due to the
definition of M.

To prove the symmetry of f, we distinguish the following cases
with regard to the value of xm+1:

1. if x1 = � � � = xm+1 = 1/2, then f ðx; xmþ1Þ ¼ f 1
2 w;1=2
� 	

¼ 1=2
¼ 1� f ðw� x;1� xmþ1Þ;

2. if xm+1 < k, then f(x,xm+1) = 0 and 1 � xm+1 > 1 � k. Hence,
f(w � x,1 � xm+1) = 1;

3. if xm+1 > 1 � k, then f(x,xm+1) = 1 and 1 � xm+1 < k. Hence,
f(w � x,1 � xm+1) = 0;

4. if 1/2 < xm+1 6 1 � k, then k 6 1 � xm+1 < 1/2. Hence,
f(x,xm+1) = g(x) and f(w � x,1 � xm+1) = 1 � g(x);

5. if k 6 xm+1 < 1/2, 1 � k P 1 � xm+1 > 1/2. Hence, f(x,xm+1) =
1 � g(w � x) and f(w � x,1 � xm+1) = g(w � x);

6. if xm+1 = 1/2 and x 2M, f(x,xm+1) = g(x), and hence
f(w � x) = 1 � g(w � (w � x));

7. if xm+1 = 1/2 and w � x 2M, f(x,xm+1) = 1 � g(w � x) and
w � (w � x) 2M. Hence, f(w � x,xm+1) = g(w � x), such that
the symmetry is valid in this case too.

To prove that f is non-decreasing, let x, y 2 [0,1]m and xm+1,
ym+1 2 [0,1], with x 6 y and xm+1 6 ym+1. We have to show that
f(x,xm+1) 6 f(y,ym+1). This is obvious for xm+1 < k or ym+1 > 1 � k,
since for these cases we have respectively f(x,xm+1) = 0 and
f(y,ym+1) = 1. Therefore, we assume that k 6 xm+1 6 ym+1 6 1 � k.
To complete our proof concerning the monotonicity of f, we
distinguish the following cases with regard to (x,xm+1) and
(y,ym+1):

1. if for (x,xm+1) and (y,ym+1), the same line in the definition of f has to
be applied. Then, x 6 y and the monotonicity of g imply g(x) 6 g(y)
and g(w� x) P g(w� y), and hence f(x,xm+1)6 f(y,ym+1);

2. if
ðk 6 xmþ1 < 1=2Þ or ðxmþ1 ¼ 1=2 and w� x 2 MÞ
and
ð1=2 < ymþ1 6 1� kÞ or ðymþ1 ¼ 1=2 and y 2 MÞ;
then f(x,xm+1) = 1 � g(w � x), f(y,ym+1) = g(y) and x 6 y lead to
f(x,xm+1) 6 f(y,ym+1), because g(w � x) + g(y) P 1 due to (23),
since w � x + y P w;

3. if (k 6 xm+1 < 1/2) or (xm+1 = 1/2 and w � x 2M), and
y1 = � � � = ym+1 = 1/2, then gðw� xÞP g 1

2 w
� 	

P 1=2, since
x 6 y ¼ 1

2 w, and hence
f ðx; xmþ1Þ ¼ 1� gðw� xÞ 6 1=2 ¼ f ðy; ymþ1Þ;
4. The remaining case
x1 ¼ � � � ¼ xmþ1 ¼ 1=2 and ðð1=2 < ymþ1 6 1� kÞ or
ðymþ1 ¼ 1=2 and y 2 MÞÞ
can easily be handled by the symmetry of f, namely k 6 1 � ym+1

< 1/2 or (1 � ym+1 = 1/2 and w � (w � y) 2M), yielding f(w � y,1
� ym+1) 6 1/2 due to the previous case. That gives 1/2 P
1 � f(y,ym+1) by symmetry, and hence f(y,ym+1) P 1/2 = f(x,xm+1).

The superadditivity of f is proved as follows. Let x, y 2 [0,1]m

and xm+1, ym+1 2 [0,1], with x + y 6w and xm+1 + ym+1 6 1. Assume
that f(x,xm+1) > 0 and f(y,ym+1) > 0, otherwise the superadditivity is
obvious. Therefore, xm+1 P k and ym+1 P k, and hence xm+1 + ym+1

P 2k > 1 � k, implying f(x + y,xm+1 + ym+1) = 1. The monotonicity
and symmetry of f yield also

f ðx; xmþ1Þ 6 f ðw� y;1� ymþ1Þ ¼ 1� f ðy; ymþ1Þ;

and hence

f ðx; xmþ1Þ þ f ðy; ymþ1Þ 6 f ðxþ y; xmþ1 þ ymþ1Þ ¼ 1: �

Note, here it is not necessary to demand the condition (15) to M.
For m = 1 and M ¼ 1

2 ;1
� 

, the function (24) becomes

f ðx1;x2;kÞ¼

0; if x2 < k;

1; if x2 >1�k;

1=2; if x1 ¼ x2 ¼1=2;
gðx1Þ; if 1=2< x2 61�k or ðx2 ¼1=2 and x1 >1=2Þ;
1�gð1�x1Þ; if k6 x2 <1=2 or ðx2 ¼1=2 and x1 <1=2Þ:

8>>>>>><
>>>>>>:

The following VP-MDFF is similar, but it differs for x1 2 {0,1}, i.e.
it may get other function values in these cases.

Proposition 9. Let g be a non-decreasing function defined from [0,1]
to [0,1], such that

gðyÞ þ gð1� yÞP 1; for all y 2 ½0;1�: ð25Þ

The function f:[0,1]2 ? [0,1] with k 2 (1/3,1/2] and defined as

f ðx;kÞ :¼

0; if x1 ¼0 or ðx1 <1 and x2 < kÞ;
1; if x1 ¼1 or ðx1 > 0 and x2 >1�kÞ;
1=2; if x1 ¼ x2 ¼1=2;
gðx1Þ; if ð1=2< x2 61�k and 0< x1 <1Þ or ðx2 ¼1=2 and 1=2< x1 <1Þ;
1�gð1�x1Þ; if ðk6 x2 <1=2 and 0< x1 <1Þ or ðx2 ¼1=2 and 0< x1 <1=2Þ;

8>>>>>><
>>>>>>:

is a VP-MDFF.
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Proof. The proof relies on Theorem 2, and it is organized as the one
for Proposition 8. First, we verify that f is well defined, i.e. we
assign to any argument exactly one value. Then, we show that f
is symmetric, non-decreasing and superadditive. The analysis can
be restricted to the cases with x1 2 {0,1}, because for 0 < x1 < 1 it
is the same as the above given special case of Proposition 8 for
m = 1 and M ¼ 1

2 ;1
� 

.
The function f is defined with the required domain and range. If

x1 2 {0,1}, then the first or second line in the definition of f applies,
while the fourth and fifth line explicitly exclude the case x1 2 {0,1}.

The symmetry becomes obvious for x1 2 {0,1}. If x1 = 0, then
f(x) = 0 and 1 � x1 = 1, and hence f(w � x) = 1. If x1 = 1, then f(x) = 1
and 1 � x1 = 0, and hence f(w � x) = 0.

To show that f is non-decreasing, choose any x, y 2 [0,1]2 with
x 6 y and (x1 2 {0,1} or y1 2 {0,1}).

If x1 = 0, then f(x) = 0 6 f(y). If x1 = 1, then y1 = 1, and hence
f(y) = 1 = f(x). The proof for y1 2 {0,1} is similar. It remains to show
that f is superadditive. Let x, y 2 [0,1]2 with x + y 6w. If f(x) = 0 or
f(y) = 0, then the monotonicity of f implies that f is superadditive.
Therefore, we assume that f(x) > 0 and f(y) > 0. We have x1, y1 > 0
and x2, y2 P k, which yields x2 + y2 P 2k > 1 � k and x1 + y1 > 0, and
hence f(x + y) = 1. Since f is non-decreasing and symmetric, it
follows that f(y) 6 f(w � x) = 1 � f(x). Hence, we have f(x) + f(y) 6
f(x + y) such that f is superadditive. h

In the following proposition, we show how the g function in
Proposition 9 should be defined so as to get the best lower bound
that can be obtained from the corresponding VP-DFF f(x;k) for the
2D-VPP.

Proposition 10. Given an instance of the 2D-VPP, the best lower
bound based on the function f of Proposition 9 can be found with the
following function g:[0,1] ? {0,1/2,1} that depends on the parameters
s; t 2 R with 0 6 s 6 1/2 and s 6 t 6 1 � s:

gðxÞ :¼
0; if x < s;

1=2; if s 6 x 6 t;

1; if x > t:

8><
>:
Proof. Assume that we are given a function g:[0,1] ? [0,1] that
satisfies the prerequisites of Proposition 9, i.e. g is non-decreasing
and obeys the condition (25). First, we analyze the structure of
the resulting bound (16), then we simplify the function g without
decreasing the obtained bound z[f]. We will show that an optimal
function g can be found, which has only function values in {0,1/2,1}.

If the function f of Proposition 9 is applied to an item of size
(y1,y2) and with order demand b, then one of the values 0, b, b/2,
b � g(y1) or b � b � g(1 � y1) is added in the bound z[f], because
f(y) 2 {0,1/2,1,g(y1),1 � g(1 � y1)}. Therefore, applying the func-
tion f of Proposition 9 to an instance with n items and a bin size
(1,1) yields the lower bound (16) in the form

z½f � ¼ c þ
Xn0

i¼1

aigðxiÞ; ð26Þ

with n0 2 N; n0 6 n; 2c 2 N and ai 2 Z n f0g, while either xi or 1 � xi

are item sizes.
Assume without loss of generality that 0 < x1 < � � � < xn0 < 1.

Now we begin to simplify g without affecting the bound (26). Let
xn0þ1 :¼ 1. Especially, g(x) :¼ g(x1) for all x 2 [0,x1) and g(x) :¼ g(xi)
for x 2 (xi�1,xi), i = 2, . . . , n0 + 1, preserves the monotonicity of g and
the property (25). In this way, g becomes a staircase function. The
xi and the coefficients c and ai are given; the g(xi) have to be
selected to maximize the expression (26) under the restrictions of
g described in Proposition 9, i.e. 0 6 gðx1Þ 6 . . . 6 gðxn0 Þ 6 1 and
xi þ xj P 1) gðxiÞ þ gðxjÞP 1 for all i; j 2 f1; . . . ;n0g. Calculating
an optimal function g can be done by considering the following
arguments based on dominance:

1. if there is an i 2 {1, . . . , n0 � 1} with ai P 0, then set g(xi) -
:¼ g(xi+1), because this is the largest value that is allowed
for g(xi) due to the monotonicity condition. Smaller values
for g(xi) cannot increase the expression (26). Moreover, if
the condition (25) is fulfilled for a given value of g(xi), then
it is clearly obeyed for larger values of g(xi) too. Because of
g(xi) = g(xi+1), the expression (26) remains unchanged, if
one sets ai+1:¼ai+1 + ai and after that ai:¼0. Such terms with
ai = 0 can be cut out immediately;

2. if an0 P 0, then gðxn0 Þ :¼ 1 is analogously an optimal choice
because of the restriction gðxn0 Þ 6 1. To simplify the expres-
sion (26), set c :¼ c þ an0 and after that n0:¼n0 � 1, such that
the last summand disappears without changing the value of
the bound (26);

3. after eliminating the nonnegative coefficients ai according
to the former points 1 and 2, only negative coefficients ai

may remain in the bound (26). If some negative coefficients
(and no positive ones) remained, then the further simplifica-
tions depend on the xi itself, as stated in the following;

4. if x1 þ xn0 < 1 (a1 6 0 and an0 6 0), then g(x1) :¼ 0 is an opti-
mal choice, because it has no influence on condition (25) or
on the monotonicity of g;

5. if only one term aig(xi) with ai < 0 and 1/2 6 xi < 1 remained
in the sum (26), then set g(xi) :¼ 1/2 according to the condi-
tion (25);

6. If n0 P 2 and x1 þ xn0�1 P 1, then set gðxn0 Þ :¼ gðxn0�1Þ or
equivalently an0�1 :¼ an0�1 þ an0 and then n0:¼n0 � 1. The
monotonicity of g and the condition (25) are not affected
by these changes;

7. If a1 > an0 and xn0�1 < 1� x1 6 xn0 , then set
gðx1Þ :¼ 1� gðxn0 Þ, because a smaller value of g(x1) is not
allowed due to condition (25). Larger values of g(x1) are nei-
ther useful for the bound (26) nor necessary. Since
gðx1Þ ¼ 1� gðxn0 Þ, one gets a1gðx1Þþ
an0gðxn0 Þ ¼ a1 þ ðan0 � a1Þgðxn0 Þ, and hence this case can be
simplified by c :¼ c þ a1; an0 :¼ an0 � a1 and then a1:¼0.

8. Otherwise, i.e. a1 6 an0 6 0 and xn0�1 < 1� x1 6 xn0 , an opti-
mal choice is g(x1):¼0, and gðxn0 Þ :¼ 1 to maximize the
expression (26) under the given conditions.

The simplifications of the bound (26) can be done in a loop,
which leads always to g(x) 2 {0,1/2,1} for the considered argu-
ments and an optimal staircase function g. Since that holds for all
values k, which have to be explored (and that are not more than
n + 1 ones), the assertion follows. h

6.5. Class V

Let s, t 2 (0,1]m, and let u1, u2 be feasible (not necessarily opti-
mal) dual values for an instance of the mD-VPP with two items of
sizes s and t, each demanded at least once. The following proposi-
tion describes a new family of VP-DFFs. Recall that these functions
can be transformed into VP-MDFFs by enforcing symmetry through
Proposition 3.

Proposition 11. The function f:[0,1]m ? [0,1] is a superadditive
VP-DFF:

f ðxÞ :¼maxfa1u1 þ a2u2ja1; a2 2 N; a1sþ a2t 6 xg:
Proof. First, we show that the range of f belongs to [0,1]. Then, we
prove that f is superadditive and finally that f is a VP-DFF.
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Since u1, u2 are feasible values for the dual problem, it follows
that u1, u2 P 0. Because of

f ðxÞP 0u1 þ 0u2 ¼ 0 and a1u1 þ a2u2 6 1;

for all a1; a2 2 N with a1s + a2t 6w, the range of f is a subset of [0,1].
To show the superadditivity of f, let x, y 2 [0,1]m with x + y 6w.
Then, we have

f ðxþ yÞ ¼maxfa1u1 þ a2u2ja1; a2 2 N; a1sþ a2t 6 xþ yg

P maxfa1
1u1 þ a1

2u2ja1
1; a

1
2 2 N; a1

1sþ a1
2t 6 xgþ

maxfa2
1u1 þ a2

2u2ja2
1; a

2
2 2 N; a2

1sþ a2
2t 6 yg

¼ f ðxÞ þ f ðyÞ:

To show that f is a VP-DFF, choose any finite index-set J and vec-
tors xj 2 [0,1]m (j 2 J), with

P
j2Jx

j
6 w. The superadditivity yieldsP

j2J f ðxjÞ 6 f ð
P

j2Jx
jÞ 6 1 due to the range of f. h

Calculating the function requires to solve an integer optimization
problem for every argument x, but the complexity remains low, if
the possible values a1; a2 2 N are bounded by a small constant.
Without loss of generality, assume that maxi2{1,. . .,m}si

6maxi2{1,. . .,m}ti. Since there are only two items s,t > o, the function
value can be easily calculated by trying all possible numbers a2, i.e.
a2 2 N and a2 6min{xi/ti:i 2 {1, . . . , m}}, and setting a1 :¼
bmini2{1,. . ., m}(xi � a2 � ti)/sic. The effort for these calculations is the
same as for dynamic optimization with exactly two different items.
Therefore, the complexity to calculate a1 and a2 is pseudo-
polynomial.

7. Implementation details and complexity results

In this section, we discuss the implementation details of the
lower bounding procedures related to the VP-MDFFs proposed
above, and we report on the complexity of these procedures. We
focus on the specific procedures that were implemented and
tested, and whose results are reported in Section 8.

First, we recall the complexity of computing lower bounds for
the mD-VPP using the column generation approach applied to for-
mulation (8)–(10). The generation of a new column for (8)–(10)
requires to solve an m-dimensional knapsack problem, which is
well-known to be NP-complete. At each iteration of the column
generation algorithm, the corresponding m-dimensional knapsack
problem can be solved in pseudo-polynomial time using dynamic
programming. Furthermore, the number of columns of (8)–(10)
grows exponentially with the number n of items in the problem.
Below, we will show that our VP-MDFF based lower bounding pro-
cedures for the mD-VPP are much more efficient than the column
generation approach. Indeed, all these procedures except the last
one are algorithms of polynomial complexity.

Below, we identify the specific VP-MDFFs that were considered.
A lower bounding procedure for the mD-VPP is defined from each
function. These procedures rely essentially on (16). The details of
the implementation of each one of these VP-MDFF based lower
bounding procedures and their corresponding complexity are dis-
cussed next.

(a) : VP-MDFF of Proposition 5 with g = fCCM,1;
(b) : VP-MDFF of Corollary 1 (Proposition 5 with g = fFS,1);
(c) : VP-MDFF of Corollary 2 (Proposition 5 with g = fBJ,1);
(d) : VP-MDFF of Corollary 3 (using f2 and g obtained from Prop-

osition 5 and fCCM,1);
(e) : VP-MDFF of Corollary 4 (with g obtained from Proposition

5 and fCCM,1);
(f) : VP-MDFF of Corollary 5 (with g(x):¼kxkp � c with constants

p; c 2 R, p P 1);
(g) : VP-MDFF of Corollary 6;
(h) : VP-MDFF of Proposition 9 with the function g described in

Proposition 10.
(i) : VP-DFF of Proposition 11 by forcing symmetry as discussed

in Proposition 3.

Cases (a)–(e)
The lower bounding procedures related to (a)–(c) correspond to

the lower bounding scheme (16) applied with the VP-MDFFs ob-
tained from Proposition 5 with g 2 {fCCM,1, fFS,1, fBJ,1}. The last two
functions lead respectively to the functions of Corollaries 1 and
2. The cases (d) and (e) are associated to VP-MDFFs constructed
from Corollaries 3 and 4 with g based on Proposition 5 with fCCM,1.

In each one of these cases, the use of the corresponding function
causes the complexity OðnÞ in the evaluation of the bound (16).
These functions are used with pseudo-random parameters. The
number of parameter sets that are tried is a constant for each func-
tion, i.e. it is independent from the number n of items.

Case (f)
The lower bounding procedure related to (f) relies on (16) and

on the VP-MDFF of Corollary 5 with g0(x) :¼ kxkp � c and constants
p; c 2 R, p P 1. Let I1 :¼ {i 2 {1, . . . , n}:w>li > m/2 and g0(w � li) < 0}
and

I2 :¼ fi 2 f1; . . . ;ng n I1 : w>li P m=2 or g0ðliÞP 0g: ð27Þ

Then, the bound (16) can be rewritten as follows

z½f � ¼
X
i2I1

bi þ max
r2f1;...;mg

sr ; with s :¼
X
i2I2

bi � li: ð28Þ

Using (28) simplifies the search for the best parameter values
with low complexity. Computing z[f] from (16) requires OðnÞ eval-
uations of the VP-DFF f for each chosen parameter set. In the form
(28), the effort OðnÞ is needed only once for an initial parameter
set. After that, if each change of the parameters modifies the sets
I1 and I2 by at most one element, recomputing z[f] requires only
the complexity Oð1Þ instead of OðnÞ. Therefore, if the parameter
sets are adapted according to the input data, the total complexity
can be reduced by a factor up to n in the evaluation of z[f].

Since choosing p optimally is not obvious, an exponential se-
quence p 2 {1, 1.1, 1.12, . . . , 1.129} is tried. For each of these 30 dif-
ferent values, the remaining parameters c and r in Corollary 5 can
be chosen optimally by trying all

c 2 fm; klikp : i 2 f1; . . . ;ng ^ w>li < m=2g:

For given parameters p and c, the set I2 is determined by (27), such
that the index r can be found according to (28). The choice c:¼m is
sufficiently large to assign all items the value 0 or 1, except to items
li with w>li = m/2, because kwkp ¼

ffiffiffiffiffi
mp
p
6 m. To achieve a small

complexity, we sort the items first, and then a loop with complexity
OðmnÞ is executed. Without sorting the items, it would be necessary
to try up to n + 1 values of c, and to evaluate each of the n items
according to the function f for the given c with complexity OðmÞ,
such that the total complexity would rise toOðmn2Þ. Hence, for each
p, the computation of the lower bound can be done with complexity
Oðmn ln nÞ.

The details of this procedure are described in Algorithm 1. Items li

with w>li = m/2 never get the value 0 or 1 in the first or second line of
the definition of the function f in Corollary 5. Therefore, they are sep-
arated from the other items and they are always considered in the set
I2 in the bound (28). Other items of sizes x and y might be put into
one container if w>x < m/2 < w>y and kxkp = kw � ykp. Therefore,
such items are either considered simultaneously in the set I2 in the
bound (28), or none of them. To handle these situations efficiently,
including the ordering of the items and the comparisons between
them, the following auxiliary function h : ½0;1�m ! Rþ is used:
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hðxÞ :¼
m; if w>x ¼ m=2;
kxkp; if w>x < m=2;
kw� xkp; otherwise:

8><
>:

Since kwkp ¼
ffiffiffiffiffi
mp
p

, it follows that h(x) < m, for all x for which
w>x – m/2. Therefore, items li with w>li = m/2 will always be
placed in the last positions after the sorting that is done at the
beginning of the algorithm.

Algorithm 1 (Lower bounding procedure for the mD-VPP based on
the VP-MDFF of case (f)).
In Algorithm 1, the variable k counts the items which are as-
signed the value 1 according to Corollary 5, with g0(x) = kxkp � c
for enough large c, i.e. items li with w>li > m/2 ^ c > kw � likp. If
c 6 0, then g0(x) P 0 for all x, such that f(x) = xr for all x 2 [0,1]m.
In that case, only the material bound is calculated, i.e.
s ¼

Pn
i¼1bi � li and z = maxr2{1,. . .,m}sr.

When the statement t :¼ h(li) is reached for a given i, then using
c :¼ t implies h(lj) 6 c for all j 2 {1, . . . , i}, due to the sorting that is
done at the beginning. Items lj, with h(lj) = c, will still be counted
for s, but all later processed items are assigned values 0 or 1 in
the VP-MDFF f of Corollary 5. Therefore, the set I2 does not contain
any of the remaining items for this value c, such that it is only nec-
essary to count the number of remaining items, which will get the
value 1 due to the function f of Corollary 5. If in the last repeat-
until-loop, the counter k is increased, then these items must be
put into new containers, but the residual space in these containers
can be used for small items. Therefore, it is necessary to subtract k
before comparing t with the former bound z.
Since the index i is decremented in every passage of the loops,
the complexity without the sorting would be OðmnÞ. Sorting n
items requiresOðn ln nÞ comparisons and possible exchanges. Since
we have also to consider the dimension m of the items, the com-
plexity becomes Oðmn ln nÞ.

Case (g)
A lower bounding procedure based on (16) and on the VP-MDFF

of Corollary 6 is described in Algorithm 2. Since the functions (21)
and (22) share some similarities (f(x) = xr for some x with the
parameter r 2 {1, . . . , m}, and f(x) 2 {0,1} otherwise), it is again
advantageous to rewrite the bound (16) in the form (28), but with
other sets I1, I2, namely I1 :¼ {i 2 {1, . . . , n}:‘iq > 1 � u1 _ (‘iq P
u1 9= ‘i,3�q > 1 � u2)} and I2 :¼ {i 2 {1, . . . , n}:u1 6 ‘iq 6 1 � u1 9=u2

6 ‘i,3�q 	 1 � u2}, with q 2 {1,2}. An optimal choice of u1, u2 for a
given q is possible with u1 2 {1/2,‘iq:i 2 {1, . . . , n}9= ‘iq < 1/2} and
u2 2 {1/2,‘i, 3�q:i 2 {1, . . . , n} 9= ‘i,3�q < 1/2}. Since up to (n + 1)2

pairs (u1,u2) have to be tested, and the computation of the bound
(28) for one pair (u1,u2) requires a complexity OðnÞ, a naive imple-
mentation would have the total complexity Oðn3Þ. However, by
using a suitable sorting, the complexity decreases to Oðn2Þ as it
happens in Algorithm 2. The goal of the sorting is that for fixed
variables q and u1, the change of the sets I1 and I2 in every step
where u2 is modified applies to at most one element. This objective
is achieved by the sorting in Algorithm 2. When u2 :¼ ‘i,3�q 6 1/2 is
set for a given i 2 {1, . . . , n}, it follows for all j 2 {1, . . . , i} that either
‘j,3�q 6 u2 or ‘j,3�q > 1 � u2. Therefore, except for ‘j,3�q = u2, no more
items j 2 {1, . . . , i} can belong to I2. Algorithm 2 is used with q = 1
and q = 2, and the better of the two bounds is chosen.
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Algorithm 2 (Lower bounding procedure for the mD-VPP based on
the VP-MDFF of case (g)).
The worst case is reached when all the values ‘iq are different
and less than 1/2. In this case, the outer loop is passed n + 1 times
with u1 2 {1/2 � e,‘iq � e} and i 2 {1, . . . , n}. Therefore, the com-
plexity of the algorithm is Oðn2Þ.

The variables k1 and k2 count the number of items that (may)
get the value 1 in the comparison with u1,u2 in the VP-MDFF of
Corollary 6. If the statement t :¼max{s1,s2} � k2 is reached for a
given i, then the sorting at the beginning implies ‘j,3�q > 1 � ‘i,3�q

or ‘j,3�q 6 ‘i,3�q, for all j 2 {1, . . . , i}. Therefore, trying u2 :¼ ‘i,3�q

causes f(lj) 2 {0,1}, for all j 2 {1, . . . , ij‘j,3�q – u2}, i.e. the set I2

cannot contain later processed items, such that the bound (28)
can be computed as in case (f).

Case (h)
The lower bounding procedure related to (h) relies on the bound

(26), which was derived from (16), and on the VP-MDFF of Proposi-
tion 9. In our implementation, its complexity isOðn3Þ. The details of
our implementation are given in Algorithm 3. The function g used in
this VP-MDFF is the one described in Proposition 10. After sorting
the items, we choose OðnÞ times values of the variable k, namely
all k 2 {1/2,‘iq � e:i 2 {1, . . . , n}9= 1/3 < ‘iq < 1/2}, with q 2 {1,2}
and e > 0 being an enough small constant. If q = 2 then the function
f of Proposition 9 is taken literally, while for q = 1 the first and sec-
ond dimension are exchanged. For each value of k, the function g is
obtained optimally according to Proposition 10. For this purpose,
we use a vector of lengthOðnÞ to represent the function g. This vec-
tor is initialized each time with complexity Oðn2Þ in the loop for

i2 :¼ n downto 1 do . . . in Algorithm 3. For given values k 2 (1/
3,1/2] and q 2 {1,2}, we check first if an item li2 is assigned a value
0, 1 or 1/2 in the function f of Proposition 9. If that is not the case, i.e.
the function g plays a role in the evaluation of f ðli2 Þ, then the re-
quired data with respect to that item in (26) are collected in a vec-
tor, which is sorted in non-decreasing order of the arguments of g.
The sorting by insertion requires the complexity Oðn2Þ, and since it
is executed up to n + 1 times, the total complexity of our implemen-
tation isOðn3Þ. The simplifications according to the case distinction
in the proof of Proposition 10 need only the effortOðnÞ. That is done
in Algorithm 3 in the conditional block if (i3 > 1) then . . . in the
same sequence as in the proof of Proposition 10. At the end, only
the number c in the expression (26) remains as bound. Hence, the
total complexity of computing the bound through this procedure
is Oðn3Þ. Finally, the lower procedure described in Algorithm 3 is
applied for q = 1 and q = 2, and the best bound is chosen.
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Algorithm 3 (Lower bounding procedure for the mD-VPP based on
the VP-MDFF of case (h)).
Case (i)
A lower bounding procedure based on (16) and on the VP-DFF of

Proposition 11 with forced symmetry according to Proposition 3
requires first to choose two items as vectors s and t. Since there
are Oðn2Þ possibilities, we have to make Oðn2Þ calls to a subroutine
to obtain the optimal values for a1, a2, u1, u2 on which this VP-DFF
relies. In this subroutine, we compute first the optimal dual values
u1, u2 for the two items of sizes s and t. For this step, we need to
solve a linear optimization problem. After that, we compute the
values a1 and a2. The complexity of this embedded subroutine is
comparable with the one of dynamic optimization and can there-
fore be high. Without additional restrictions, this complexity will
not be simply a polynomial in n, because a2 could be as large as
maxi2{1,. . .,n}{1/maxd2{1,. . ., m}‘id}. If all input data are integer with
the maximum M, i.e. the container is not normalized to the unit
cube, then this ratio can reach M, and hence the total complexity
becomes OðMn2Þ, which is pseudo-polynomial. Nevertheless, since
we have to consider only two items to evaluate this bound, the
complexity may be lower than if n pieces would have been
considered.



Table 1
Computational results for the lower bounding procedures: instance set I (part 1).

Inst. n zC zCG Average lower bound Best bound Equals zCG

(a) (b) (c) (d) (e) (f) (g) (h) (i) (a) (b) (c) (d) (e) (f) (g) (h) (i) (a) (b) (c) (d) (e) (f) (g) (h) (i)

1 25 6.9 6.9 6.9 6.9 6.9 6.9 6.9 6.9 6.9 6.9 6.9 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
50 13.5 13.5 13.5 13.5 13.5 13.5 13.5 13.5 13.5 13.5 13.5 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10

100 25.5 25.5 25.5 25.5 25.5 25.5 25.5 25.5 25.5 25.5 25.5 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
200 50.3 50.3 50.3 50.3 50.3 50.3 50.3 50.3 50.3 50.3 50.3 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10

2 25 11.9 14.2 13.8 12.9 13.6 14.0 14.0 13.0 14.0 14.0 14.2 6 3 5 8 8 0 8 8 10 6 3 5 8 8 0 8 8 10
50 26.9 31.5 31.3 28.1 30.3 31.0 31.5 28.4 31.4 31.4 31.1 8 0 0 6 10 0 9 9 6 8 0 0 6 10 0 9 9 6

100 51.3 57.4 53.9 52.2 53.2 54.5 54.8 54.2 56.0 55.9 55.5 0 0 0 0 1 0 10 9 5 0 0 0 0 0 0 0 0 0
200 99.8 113.5 104.5 102.1 104.0 105.2 104.8 105.1 108.7 107.6 108.6 0 0 0 0 0 0 8 5 7 0 0 0 0 0 0 0 0 0

3 25 12.3 14.2 13.8 13.3 13.6 13.8 13.8 12.9 14.0 14.0 14.2 6 3 4 6 6 0 8 8 10 6 3 4 6 6 0 8 8 10
50 26.5 31.5 31.3 27.9 29.8 30.8 31.3 27.2 31.4 31.4 31.1 8 0 0 3 8 0 9 9 6 8 0 0 3 8 0 9 9 6

100 50.5 56.9 52.9 51.7 52.1 53.4 53.6 53.2 55.4 55.9 55.3 0 0 0 0 0 0 5 10 4 0 0 0 0 0 0 0 4 0
200 100.3 113.5 104.4 101.5 103.5 104.7 105.3 104.6 108.2 108.2 108.6 0 0 0 0 0 0 5 5 7 0 0 0 0 0 0 0 0 0

4 25 3.3 3.3 3.3 3.3 3.3 3.3 3.3 3.3 3.3 3.3 3.3 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
50 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10

100 13.0 13.0 13.0 13.0 13.0 13.0 13.0 13.0 13.0 13.0 13.0 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
200 25.3 25.3 25.3 25.3 25.3 25.3 25.3 25.3 25.3 25.3 25.3 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10

5 25 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
50 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10

100 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0 7.0 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
200 13.0 13.0 13.0 13.0 13.0 13.0 13.0 13.0 13.0 13.0 13.0 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
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Table 2
Computational results for the lower bounding procedures: instance set I (part 2).

Inst. n zC zCG Average lower bound Best bound Equals zCG

(a) (b) (c) (d) (e) (f) (g) (h) (i) (a) (b) (c) (d) (e) (f) (g) (h) (i) (a) (b) (c) (d) (e) (f) (g) (h) (i)

6 25 9.9 10.1 9.7 9.8 9.9 9.8 9.7 9.9 9.9 7.8 9.5 8 9 10 9 8 10 10 0 6 6 7 8 7 6 8 8 0 5
50 21.3 21.5 21.0 20.9 21.3 20.9 20.9 21.3 21.3 18.5 20.1 7 6 10 6 6 10 10 0 1 5 4 8 4 4 8 8 0 0

100 40.5 41.0 40.0 40.5 40.5 40.1 40.2 40.5 40.5 33.5 38.0 5 10 10 6 7 10 10 0 0 0 5 5 1 2 5 5 0 0
200 80.3 81.1 78.8 80.1 80.3 79.6 79.5 80.3 80.3 68.2 75.5 1 8 10 3 3 10 10 0 0 0 1 2 0 0 2 2 0 0

7 25 9.5 9.6 9.5 9.5 9.5 9.4 9.5 9.5 9.5 7.6 9.3 10 10 10 9 10 10 10 0 8 9 9 9 8 9 9 9 0 7
50 19.6 19.7 19.5 19.6 19.6 19.5 19.5 19.6 19.6 16.6 19.3 9 10 10 9 9 10 10 0 7 8 9 9 8 8 9 9 0 6

100 39.8 40.2 39.5 39.8 39.8 39.7 39.4 39.8 39.8 33.5 38.7 7 10 10 9 6 10 10 0 1 3 6 6 5 3 6 6 0 0
200 79.9 80.1 79.2 79.8 79.9 79.3 79.1 79.9 79.9 67.3 78.0 4 9 10 4 4 10 10 0 0 3 7 8 2 3 8 8 0 0

8 25 10.5 13.0 12.8 13.0 13.0 13.0 13.0 10.5 10.5 9.1 9.0 9 10 10 10 10 0 0 0 0 9 10 10 10 10 0 0 0 0
50 21.1 25.0 25.0 24.8 25.0 24.6 24.5 21.1 21.1 18.7 17.7 10 8 10 9 8 0 0 0 0 10 8 10 9 8 0 0 0 0

100 39.8 50.0 48.5 50.0 49.9 49.0 50.0 39.8 39.8 33.3 31.3 8 10 9 9 10 0 0 0 0 8 10 9 9 10 0 0 0 0
200 79.9 100.0 93.3 95.5 99.9 97.8 100.0 79.9 79.9 65.2 63.0 6 4 9 8 10 0 0 0 0 6 4 9 8 10 0 0 0 0

9 25 6.3 7.3 6.3 6.3 6.3 6.3 6.3 6.3 6.3 3.6 5.6 10 10 10 10 10 10 10 0 3 0 0 0 0 0 0 0 0 0
50 13.5 14.5 13.5 13.5 13.5 13.3 13.4 13.5 13.5 7.7 11.7 10 10 10 8 9 10 10 0 0 0 0 0 0 0 0 0 0 0

100 25.7 26.7 25.2 25.7 25.7 25.6 25.5 25.7 25.7 15.1 21.7 5 10 10 9 8 10 10 0 0 0 0 0 0 0 0 0 0 0
200 50.3 50.3 48.6 50.3 50.3 49.1 49.5 50.3 50.3 25.9 41.9 5 10 10 5 5 10 10 0 0 5 10 10 5 5 10 10 0 0

10 24 8.0 8.0 8.0 8.0 8.0 8.0 8.0 8.0 8.0 8.0 8.0 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
51 17.0 17.0 17.0 17.0 17.0 17.0 17.0 17.0 17.0 17.0 17.0 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
99 33.0 33.0 33.0 33.0 33.0 33.0 33.0 33.0 33.0 33.0 33.0 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10

201 67.0 67.0 67.0 67.0 67.0 67.0 67.0 67.0 67.0 67.0 67.0 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10

Total 302 310 327 306 316 280 342 223 241 260 256 272 259 270 225 259 198 210
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Table 3
Computational results for the lower bounding procedures: instance set II (part 1).

Inst. n zC zCG Average lower bound Best bound Equals zCG

(a) (b) (c) (d) (e) (f) (g) (h) (i) (a) (b) (c) (d) (e) (f) (g) (h) (i) (a) (b) (c) (d) (e) (f) (g) (h) (i)

1 20 11.9 14.4 13.6 12.6 13.6 13.6 13.4 13.5 14.0 14.0 14.3 4 2 4 4 3 4 7 7 10 3 1 3 3 2 3 6 6 9
40 23.2 27.1 25.6 24.5 25.4 25.6 25.4 25.9 26.5 26.5 26.9 1 0 0 0 0 4 6 7 10 0 0 0 0 0 3 5 7 8
60 34.6 40.2 38.6 36.5 38.1 38.8 38.3 38.7 39.2 39.3 40.1 2 0 1 2 1 1 4 4 10 1 0 0 1 1 0 3 4 9
80 46.9 55.0 52.8 50.8 52.4 53.0 52.3 52.7 53.3 54.2 54.9 1 1 1 2 1 0 2 6 10 1 1 1 2 1 0 1 5 9

100 56.7 64.3 61.6 59.0 61.2 62.1 61.5 62.2 63.0 63.1 64.1 0 0 0 0 0 1 4 6 10 0 0 0 0 0 1 2 4 8

2 20 9.7 11.5 10.9 10.0 10.8 11.0 11.0 10.6 11.2 10.8 11.3 6 3 6 7 7 5 9 5 10 4 3 5 5 5 3 7 4 8
40 19.2 21.4 20.5 19.7 20.5 20.5 20.6 20.2 20.7 20.6 21.1 5 2 5 5 6 4 7 5 10 2 0 2 2 3 1 4 3 7
60 28.5 30.7 30.3 29.6 29.9 30.4 30.2 29.5 30.3 30.1 30.5 8 3 5 9 7 3 8 6 10 6 2 4 7 6 2 7 5 8
80 38.8 42.4 41.1 40.0 40.7 41.2 41.2 39.9 41.4 41.1 41.5 6 2 3 6 7 0 8 6 9 3 0 0 3 3 0 4 3 4

100 46.6 49.6 48.4 47.6 47.9 48.5 48.6 47.3 48.6 48.7 49.0 3 0 1 3 4 1 5 5 8 2 0 1 2 2 0 2 3 5

3 20 11.2 13.6 12.4 11.5 12.3 12.3 12.4 12.2 13.2 12.6 13.4 3 1 2 2 3 2 8 5 10 2 1 2 2 2 2 6 4 8
40 21.5 25.5 23.2 22.5 23.2 23.3 23.1 23.2 24.6 23.7 24.6 1 0 2 1 1 1 9 3 9 0 0 0 0 0 1 4 2 3
60 32.0 37.3 34.9 33.7 34.7 35.0 35.0 35.0 36.1 35.0 36.6 1 1 1 2 2 3 6 3 9 0 0 0 0 0 1 2 2 4
80 43.4 51.3 48.1 46.7 48.0 48.3 47.9 47.5 50.0 49.5 50.2 1 1 1 1 1 0 7 7 9 0 0 0 0 0 0 3 2 3

100 52.3 59.7 55.7 53.9 54.9 55.7 55.3 55.6 58.0 56.5 58.3 0 0 0 0 0 0 6 3 9 0 0 0 0 0 0 0 0 0

4 20 14.8 17.1 16.7 16.4 16.7 16.6 16.7 15.7 17.0 16.7 17.0 7 5 7 7 7 1 9 6 9 7 5 7 7 7 1 9 6 9
40 29.2 34.6 34.1 33.4 34.0 34.1 33.9 31.9 34.4 34.3 34.4 6 2 5 6 5 1 9 8 9 6 2 5 6 5 1 8 7 8
60 43.0 52.6 50.7 49.9 50.5 50.6 50.5 46.5 51.9 51.7 51.7 1 1 0 1 1 0 8 7 7 1 1 0 1 1 0 3 4 4
80 57.4 68.7 67.1 66.4 67.0 67.3 67.0 63.2 68.3 68.3 68.0 2 1 2 2 1 0 9 9 7 1 1 1 2 1 0 7 7 5

100 72.1 85.1 83.5 82.7 83.0 83.5 83.6 77.5 85.0 85.0 84.4 2 1 1 1 2 0 10 10 5 2 1 1 1 2 0 9 9 5

5 20 14.7 17.9 17.3 14.1 17.3 17.2 17.3 15.9 17.6 17.3 17.9 5 0 5 5 5 0 8 6 10 5 0 5 5 5 0 8 6 10
40 28.4 34.6 33.8 28.0 33.6 33.7 33.6 31.4 34.5 34.0 34.3 4 0 2 3 2 0 9 6 7 4 0 2 3 2 0 9 6 7
60 43.6 52.4 51.2 42.3 50.9 51.2 51.2 47.3 52.2 52.0 51.9 3 0 2 3 3 0 8 6 5 3 0 2 3 3 0 8 6 5
80 57.4 68.2 67.0 56.4 66.5 67.1 67.0 62.9 67.9 67.6 67.8 2 0 2 3 2 0 8 5 8 2 0 2 2 2 0 7 4 7

100 71.5 85.5 83.9 69.8 82.8 84.1 83.9 76.7 85.1 85.0 84.6 3 0 0 3 3 0 9 8 5 1 0 0 1 1 0 6 5 2
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Except for the last function, the complexity of these lower
bounding procedures is polynomial. This allows to compute lower
bounds much faster than by column generation. As a comparison,
four of the five lower bounding procedures discussed in Caprara
and Toth (2001) have a complexity that ranges from OðnÞ to
Oðn4ln nÞ (their fifth bound relies on column generation), while
the complexity of eight of our nine procedures (the ninth is the last
one that is pseudopolynomial) ranges from OðnÞ to Oðn3Þ. In the
next section, we report on computational experiments that illus-
trate the efficiency of our procedures.
8. Computational experiments

In this section, we report on two sets of computational experi-
ments that we conducted to evaluate both the quality of the
bounds and the performance of the lower bounding procedures re-
lated to the VP-DFFs described above. As shown in Section 5, the
best bound that a VP-DFF can generate is at most equal to the
bound zCG of the LP relaxation of (8)–(10). While this bound is
well-known to be strong, computing it by solving (8)–(10) through
column generation can be very time consuming. Our first set of
computational experiments shows that the VP-DFFs can approxi-
mate the bound zCG very efficiently. In practice, it takes usually a
fraction of seconds to compute the bounds using VP-DFFs. In our
second set of experiments, we focus on the impact that the lower
bounding procedures described above may have on the conver-
gence of a branch-and-bound based algorithm for the 2D-VPP.

We conducted our experiments on two sets of instances of the
2D-VPP. The first set (instance set I) was proposed in Caprara and
Toth (2001) for the vector-packing problem, the second (instance
set II) was proposed in Berkey and Wang (1987) and Martello
and Vigo (1998) for the two-dimensional bin-packing problem.
Within each group of the first set, the instances are further divided
into 4 sets of 10 instances each according to the number of items
which belongs to {25,50,100,200}. In the second set of instances,
each set contains 50 instances divided in 5 sets of 10 instances
with a number of items per instance in the set
{20,40,60,80,100}. This set originally contains 10 groups of in-
stances. However, for this set, we only kept the groups where the
bound of Spieksma is strictly smaller than the column generation
lower bound. Therefore, we only report our results for sets 1, 3,
5, 7, 8, 9, 10 of Berkey and Wang (1987) and Martello and Vigo
(1998). The indices of these groups of instances have been updated
accordingly. All the experiments were conducted on a PC with an
Intel Core i3 CPU with 2.27 gigahertz and 4 gigabytes of RAM.

For some of our VP-DFFs, we used the 1-dimensional DFF fCCM,1

proposed in Carlier et al. (2007) and described in Section 3. The re-
sults for our first set of experiments are reported in Tables 1–4. The
entries in these tables have the following meaning: Inst. stands for
the group of instances, n for the number of items, zC represents the
lower bound given by the LP relaxation of (2)–(6) (equivalent to
the bound of Spieksma (1994)) and zCG the lower bound given by
the LP relaxation of (8)–(10). The columns (a)–(i) are associated
respectively to the cases (a)–(i) introduced in Section 7.

In Tables 1–4, we report on the quality of the lower bounds pro-
vided by our VP-DFFs. In these tables, the results related to the VP-
DFFs are divided in three parts. In the first part, we give the average
lower bound obtained with the corresponding VP-DFF. The second
part (Best bound) indicates the number of times the VP-DFFs give
the best bound among all the VP-DFFs from cases (a)–(i). The last
part of these tables (Equals zCG) shows the number of times the
bound given by the VP-DFF is equal to the column generation
bound zCG.

From Tables 1 and 2, we can observe that the average lower
bounds provided by the VP-DFFs are very near from the average



Table 5
Computational results for the branch-and-price algorithm: instance set I.

Inst. n BP (a) (b) (c) (d) (e) (f) (g) (h) (i)

opt. t opt. t opt. t opt. t opt. t opt. t opt. t opt. t opt. t opt. t

1 25 10 33.9 10 0.5 10 0.5 10 0.6 10 0.6 10 0.7 10 0.6 10 0.6 10 0.6 10 0.6
50 8 343.0 10 19.2 10 19.5 10 19.2 10 20.7 10 24.8 10 19.1 10 19.1 10 19.2 10 19.8

2 25 10 0.4 10 0.3 10 0.4 10 0.4 10 0.4 10 0.6 10 0.4 10 0.3 10 0.3 10 0.2
50 10 2.5 10 1.4 10 2.6 10 2.4 10 1.7 10 3.6 10 2.5 10 1.3 10 1.4 10 1.8

100 10 12.3 10 11.3 10 11.4 10 11.3 10 11.9 10 12.9 10 11.4 10 11.5 10 11.2 10 11.7
200 10 422.2 10 394.4 10 394.7 10 393.3 10 399.5 10 403.2 10 393.4 10 390.3 10 393.8 10 402.2

3 25 10 0.5 10 0.3 10 0.5 10 0.4 10 0.4 10 0.6 10 0.4 10 0.3 10 0.4 10 0.2
50 10 1.8 10 1.3 10 1.7 10 1.7 10 1.5 10 2.2 10 1.7 10 0.9 10 0.9 10 1.3

100 10 3.7 10 3.5 10 3.5 10 3.5 10 3.7 10 4.1 10 3.4 10 3.4 10 3.5 10 3.6
200 10 70.1 10 61.4 10 62.3 10 61.9 10 64.6 10 66.5 10 62.5 10 63.5 10 62.2 10 66.9

4 25 7 75.3 9 2.7 9 2.4 9 2.7 9 2.6 9 3.1 9 2.6 9 2.3 9 2.4 9 2.6
50 6 371.5 10 0.7 10 0.7 10 0.7 10 0.8 10 0.9 10 0.7 10 0.7 10 0.7 10 0.8

5 25 0 � 10 0.1 10 0.0 10 0.0 10 0.0 10 0.1 10 0.0 10 0.1 10 0.0 10 0.1
50 0 � 10 0.1 10 0.1 10 0.0 10 0.1 10 0.2 10 0.1 10 0.1 10 0.1 10 0.1

100 0 � 5 0.3 5 0.2 5 0.3 5 0.2 5 0.6 5 0.3 5 0.3 5 0.2 5 0.4

6 25 9 6.1 9 3.4 9 3.0 9 3.1 9 3.8 9 4.4 9 3.2 9 3.4 9 3.5 9 3.5
50 9 68.1 10 22.9 9 15.2 10 20.2 10 23.0 10 30.6 10 22.7 10 20.8 9 17.5 9 18.4

100 8 552.2 9 313.0 8 279.0 7 208.1 7 232.0 7 235.7 7 209.8 7 214.2 6 166.3 6 166.2

7 25 10 8.1 10 1.7 10 2.0 10 1.6 10 2.1 10 2.5 10 2.0 10 2.0 10 1.9 10 1.8
50 10 87.2 10 31.1 10 30.9 10 29.9 10 32.9 10 38.2 10 32.3 10 30.7 10 33.4 10 30.3

100 6 607.9 8 356.8 9 370.8 8 357.6 8 360.5 7 325.9 7 319.7 6 269.8 6 271.4 7 326.1

8 25 10 3.2 10 0.5 10 0.3 10 0.3 10 0.6 10 2.7 10 3.2 10 3.1 10 3.4 10 3.2
50 10 5.7 10 3.2 10 3.3 10 3.0 10 3.6 10 6.2 10 5.5 10 5.5 10 5.7 10 5.5

100 10 21.8 10 12.8 10 13.5 10 12.1 10 14.4 10 23.9 10 22.5 10 21.9 10 21.8 10 23.2
200 10 140.0 10 80.0 10 87.8 10 74.9 10 81.7 10 146.4 10 139.5 10 139.3 10 140.9 10 145.6

9 25 8 24.5 10 23.9 10 19.9 10 19.4 10 21.8 10 25.4 10 22.4 10 21.0 9 23.3 9 22.3
50 9 416.6 10 379.2 10 355.2 8 371.5 10 360.3 10 393.6 10 330.6 10 330.2 10 388.8 9 394.3

10 24 10 1.5 10 1.1 10 1.5 10 0.7 10 1.3 10 1.2 10 1.0 10 0.7 10 1.1 10 1.0
51 10 5.5 10 5.0 10 10.9 10 17.0 10 4.9 10 4.9 10 12.9 10 4.8 10 4.8 10 4.8
99 9 30.1 9 30.9 9 36.4 9 28.6 9 30.0 9 29.4 9 31.4 9 34.5 9 29.2 9 30.3
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column generation bound. The worst case is for the group 9 of in-
stances with n = 25. For this case, the relative gap between the
bounds based on VP-DFFs is at least 14%. Note that, for these in-
stances, zC and zCG are small values. Furthermore, the difference be-
tween zC and zCG for all the instances of this group is always equal
to 1. For all the other instances of this set, one of our VP-DFFs gives
always a lower bound whose relative gap compared to the column
generation bound is at most 7%. For the instance sets 1, 4, 5, and 10,
the lower bounds provided by the VP-DFFs are always equal to the
column generation bound zCG, which is in turn always equal to zC.

The performance of our VP-DFFs is better illustrated in the final
part of Table 1, where we report on the number of times the
bounds obtained with the VP-DFFs are as good as the bounds given
by the LP relaxation of the column generation model. Almost all
the VP-DFFs provide a bound equal to zCG for a significant number
of cases. In fact, for 309 of the 400 instances of set I, one of our VP-
DFFs always gives a lower bound that is equal to zCG. For the other
instances, the average value of the differences between zCG and the
best bounds obtained with a VP-DFF is equal to only 1.87. Note that
the bounds obtained with VP-DFFs are computed usually in a few
milliseconds, i.e. much more efficiently than using column genera-
tion. Furthermore, it is interesting to note that the only group of in-
stances (apart from the sets 1, 4, 5, and 10) where the bound zCG

was reached for all the instances with at least one of our VP-DFFs
is the group 8, for which the difference between zC and zCG is large.
The best results are obtained for groups 2, 3, and 8. For the two
first, the instances were generated uniformly on both dimensions:
functions denoted (g), (h) and (i) lead to the best results for them.
For group 8, where many items are large on exactly one dimension,
functions (a) to (e) perform better.

Tables 3 and 4 illustrate the results obtained with the instance
set II. For each group, there is always one VP-DFF that provides a
lower bound with a relative gap of at most 5% compared to zCG.
For this set of instances, the best results are achieved with the
VP-DFF of Proposition 11 (and the corresponding lower bounding
procedure related to the case (i) introduced in Section 7). In 273
of 350 instances, the best bound is given by this VP-DFF, while
for 200 of these instances, this bound is equal to zCG. The VP-DFF
of case (i) returns the best results for all instances of groups 1, 2,
3, and 6. For groups 4, 5, and 7, the best results on average are ob-
tained by VP-DFF (g). In the three groups where (g) performs bet-
ter, the number of items that are large on both dimensions is
small (10% on average). For groups 1, 2, 3, and 6, this ratio is much
larger, which hints that (i) is well suited to such instances.

For 255 of the 350 instances in set II, there is always one VP-DFF
that yields a bound equal to zCG. For the remaining instances, the
average value of the differences between the bounds provided by
the VP-DFFs and zCG is equal to only 1.2. These results confirm
the previous ones obtained for the instance set I. For the majority
of the cases, the VP-DFFs presented in this paper lead to lower
bounds that are as good as the column generation bound. The
advantage is that they require only a very small fraction of the
computing time that is needed to compute the column generation
bound. For the other instances, the lower bounds achieved with



Table 6
Computational results for the branch-and-price algorithm: instance set II (part 1).

Inst. n BP (a) (b) (c) (d) (e) (f) (g) (h) (i)

opt. t opt. t opt. t opt. t opt. t opt. t opt. t opt. t opt. t opt. t

1 20 10 0.3 10 0.3 10 0.3 10 0.3 10 0.4 10 0.3 10 0.3 10 0.3 10 0.3 10 0.3
40 10 0.9 10 0.7 10 0.8 10 0.7 10 0.9 10 0.9 10 0.8 10 0.7 10 0.7 10 0.7
60 10 4.9 10 3.7 10 4.2 10 4.3 10 4.1 10 4.9 10 4.6 10 2.4 10 4.2 10 2.8
80 10 3.0 10 1.7 10 2.8 10 2.8 10 1.8 10 3.1 10 3.0 10 1.6 10 1.5 10 1.4

100 10 22.8 10 21.2 10 20.4 10 20.0 10 22.3 10 23.0 10 20.8 10 17.8 10 14.2 10 11.2

2 20 10 0.2 10 0.2 10 0.2 10 0.2 10 0.2 10 0.3 10 0.2 10 0.2 10 0.2 10 0.2
40 10 4.2 10 3.6 10 3.7 10 3.5 10 4.0 10 4.4 10 3.5 10 3.2 10 3.4 10 2.9
60 10 14.7 10 8.7 10 10.5 10 9.9 10 9.5 10 12.9 10 11.3 10 10.7 10 10.1 10 5.5
80 10 23.5 10 19.8 10 23.5 10 23.0 10 21.2 10 24.5 10 23.6 10 19.8 10 20.1 10 17.2

100 10 29.4 10 27.9 10 28.2 10 28.0 10 28.4 10 29.8 10 29.6 10 29.8 10 28.0 10 24.9

3 20 10 0.2 10 0.2 10 0.2 10 0.2 10 0.2 10 0.3 10 0.2 10 0.2 10 0.2 10 0.2
40 10 1.8 10 1.6 10 1.6 10 1.7 10 1.9 10 2.1 10 1.7 10 1.7 10 1.7 10 1.5
60 10 8.2 10 7.9 10 8.1 10 7.8 10 8.6 10 9.3 10 8.1 10 7.9 10 7.8 10 7.5
80 10 7.2 10 7.3 10 8.0 10 7.9 10 8.3 10 9.0 10 7.5 10 7.7 10 7.4 10 6.6

100 10 39.6 10 35.5 10 37.0 10 36.1 10 38.2 10 38.9 10 36.8 10 37.5 10 36.3 10 34.7

4 20 10 0.1 10 0.1 10 0.1 10 0.1 10 0.2 10 0.2 10 0.1 10 0.1 10 0.1 10 0.1
40 10 0.2 10 0.2 10 0.2 10 0.2 10 0.3 10 0.4 10 0.2 10 0.2 10 0.2 10 0.2
60 10 0.7 10 0.6 10 0.6 10 0.6 10 0.8 10 1.0 10 0.7 10 0.7 10 0.7 10 0.6
80 10 1.6 10 1.2 10 1.3 10 1.2 10 1.5 10 1.6 10 1.3 10 1.1 10 1.0 10 1.2

100 10 2.4 10 2.3 10 2.2 10 2.2 10 2.6 10 2.6 10 2.3 10 1.3 10 1.3 10 2.3

5 20 10 0.2 10 0.1 10 0.1 10 0.2 10 0.2 10 0.2 10 0.1 10 0.1 10 0.1 10 0.1
40 10 0.3 10 0.2 10 0.3 10 0.3 10 0.3 10 0.5 10 0.4 10 0.3 10 0.3 10 0.3
60 10 0.6 10 0.6 10 0.5 10 0.5 10 0.8 10 0.7 10 0.6 10 0.5 10 0.5 10 0.5
80 10 0.7 10 0.7 10 0.7 10 0.7 10 0.9 10 0.9 10 0.7 10 0.7 10 0.7 10 0.7

100 10 2.2 10 2.2 10 2.2 10 2.2 10 2.6 10 2.5 10 2.2 10 1.9 10 1.9 10 2.4
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these VP-DFFs remain very near from these column generation
bounds.

The objective of our second set of experiments is to evaluate the
impact of our lower bounding procedures on the convergence of a
branch-and-bound based algorithm for the 2D-VPP. We consider
again the cases (a)–(i) described in the previous section. We com-
pare in particular the impact of our procedures with an alternative
approach that relies essentially on column generation. For this pur-
pose, we implemented a branch-and-price algorithm for the 2D-
VPP, and we tested two versions of this algorithm: one without
the lower bounding procedures related to the cases (a)–(i) and an-
other that resorts to these procedures. In the latter, we tested each
one of the cases (a)–(i) separately. The results of these experiments
are reported in Tables 5–7.

At each node of the branching tree, the LP relaxation of (8)–(10)
is solved exactly using column generation. The corresponding re-
stricted master problems are solved using CPLEX 12.2. The pricing
subproblems are multidimensional knapsack problems, which are
solved also up to optimality using CPLEX 12.2. At each iteration
of the column generation procedure, the most attractive column
is added to the restricted master problem, which is solved again
until there are no more attractive columns. If the solution of the re-
stricted master problem at a given node is not integer, and the
node cannot be pruned by bound, two nodes are created using
the following branching rule. Let dij denote the sum of all the vari-
ables kp in (8)–(10) that include both the item i and the item j, with
i,j 2 {1, . . . , n} and i – j. Among all the fractional dij at a given
branching node, we choose the one that is closer to 0.5. Assume
that a and b are the items related to the variable dij that is selected,
and let P0 be the subset of patterns that include both the items a
and b. The branching constraints that are enforced stand respec-
tively as follows:

P
p2P0kp ¼ 0 and

P
p2P0kp ¼ 1. Note that this

branching scheme works for instances whose items have unit
demands bi = 1, i = 1, . . . , n. The branching tree is explored using
a depth-first search strategy. This pure branch-and-price algorithm
is denoted by BP in Tables 5–7.

As an alternative, we implemented and tested a version of this
algorithm that resorts to the lower bounding procedures related to
the cases (a)–(i) described above. At each node of the branching
tree, we first apply one of these lower bounding procedures. Let
zVPDFF denote the resulting bound. If the node cannot be pruned
immediately using zVPDFF, then we enforce the constraintP

p2Pkp P zVPDFF in the master problem and we solve it using col-
umn generation. All the other features of the branch-and-price
algorithm remain unchanged. We tested this version of the
branch-and-price algorithm with each one of the cases (a)–(i) indi-
vidually. In Tables 5–7, the results related to each case are given in
the columns identified with the corresponding index (a)–(i) of the
case.

Column opt. in Tables 5–7 represents the number of instances
solved up to optimality and t is the corresponding average comput-
ing time (in seconds) required to solve these instances. All the
experiments were conducted with a time limit of 600 seconds. In
these tables, we removed the lines of the instance sets for which
none of the approaches were able to find an optimal solution for
at least one instance within the time limit.

The results for the instance set I reported in Table 5 shows that
the branch-and-price algorithm with our lower bounding proce-
dures clearly outperforms the pure column generation based ver-
sion of this algorithm. The reduction in the total computing time
required to find an optimal solution goes up to nearly 99%. These
results are even more impressive for the group 5 of instances. In
this case, the pure branch-and-price algorithm failed in finding
the optimal solution within the time limit for all the instances,
while the branch-and-price algorithm with our lower bounding
procedures could find these optimal solutions in much less than



Table 7
Computational results for the branch-and-price algorithm: instance set II (part 2).

Inst. n BP (a) (b) (c) (d) (e) (f) (g) (h) (i)

opt. t opt. t opt. t opt. t opt. t opt. t opt. t opt. t opt. t opt. t

6 20 10 0.1 10 0.1 10 0.1 10 0.1 10 0.2 10 0.2 10 0.1 10 0.1 10 0.1 10 0.1
40 10 0.2 10 0.2 10 0.2 10 0.2 10 0.2 10 0.4 10 0.2 10 0.2 10 0.2 10 0.2
60 10 0.3 10 0.3 10 0.3 10 0.3 10 0.4 10 0.5 10 0.3 10 0.3 10 0.3 10 0.3
80 10 0.6 10 0.5 10 0.6 10 0.5 10 0.7 10 0.7 10 0.6 10 0.6 10 0.6 10 0.5

100 10 1.3 10 1.1 10 1.1 10 1.1 10 1.3 10 1.5 10 1.2 10 1.1 10 1.1 10 1.3

7 20 10 2.2 10 1.6 10 1.7 10 1.6 10 1.9 10 2.2 10 1.6 10 1.1 10 1.6 10 0.9
40 10 11.9 10 9.6 10 9.2 10 10.4 10 10.5 10 10.9 10 9.9 10 5.9 10 10.2 10 7.6
60 9 80.7 9 69.9 9 75.0 9 73.3 9 79.8 9 76.7 9 74.0 9 61.0 9 73.9 9 72.9
80 10 346.7 10 279.8 10 292.3 10 299.6 10 307.6 10 305.4 10 287.7 9 300.1 10 296.0 10 291.9

100 5 493.2 5 432.8 5 428.2 5 443.0 5 451.4 5 446.5 5 441.3 6 351.8 5 443.8 5 376.5
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1 second for the majority of the instances. As shown in Tables 6
and 7, most of the instances of the set II are solved efficiently with
the pure branch-and-price algorithm. Nevertheless, our lower
bounding procedures still improve the convergence of the algo-
rithm and reduces the total computing time to reach an optimal
solution by up to nearly 63%. Note that the branching constraintsP

p2P0kp ¼ 1 are used to eventually strengthen the lower bounds
provided by the VPDFFs. These constraints force the items i and
j to appear in the same pattern. These items are replaced by a sin-
gle one with the sum of the sizes in both dimensions, which may
impact positively in the quality of the lower bound. Indeed, from
this node downward the lower bounds computed with the VPDFFs
are obtained from the resulting instance with these aggregated
items.

9. Conclusions

In this paper, we extended the concept of DFF to the multidi-
mensional case. The functions that were proposed apply directly
to the vector packing problem and, as a consequence, we called
them vector packing dual-feasible functions. We explored the
properties of these functions, and we described different families
of such functions. We analyzed also the complexity of the related
lower bounding procedures that can be defined from these func-
tions. To evaluate the quality and performance of our approaches,
we conducted a set of computational experiments on benchmark
instances. Our results show that our functions are able to generate
strong lower bounds. The utility of multidimensional dual-feasible
functions goes far beyond the computation of lower bounds for
vector packing problems. Indeed, these functions can be used to
obtain valid inequalities for general mixed integer programs, i.e.
any integer programming problem with multidimensional knap-
sack constraints.
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