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1. Introduction

The two-dimensional discrete bin-packing
problem (2BP ) consists in minimizing the num-
ber of identical rectangles used to pack a set of
smaller rectangles. This problem is NP-hard.
It occurs in industry if pieces of steel, wood,
or paper have to be cut from larger rectangles.
It belongs to the family of cutting and packing
problems, more precisely to the class of Two-
Dimensional Single Bin Size Bin Packing Prob-
lems (2SBSBPP) [17].

A 2BP instance D is a pair (A,B). A is the set
of items ai to pack. An item ai is of width wi and
height hi (wi, hi ∈ N). We consider the version of
the problem in which the items cannot be rotated.
The bin B = (W,H) is of width W and height H

(W,H ∈ N). For a given set of items A, OPT (A)
is the value of an optimal solution.

Polynomial time computable lower bounds
have been investigated by [2, 9, 14]. We intro-
duced [4] new lower bounds for 2BP following
the general framework proposed by [9]: they
strictly improve the computational results. We
also described reduction procedures which remove
a large number of items in several cases. In [8], we
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propose methods for improving our lower bounds.
They need a larger computational time, but al-
low us to close additional instances. Caprara et
al. [3] propose an exact method to find the best
pair of so-called dual-feasible functions. It leads
to interesting lower bounds. A main issue in 2BP

is the orthogonal packing problem (2OPP). This
problem consists in determining whether or not a
set of items can be packed into a single bin. In
a recent paper [7] a new exact approach for this
problem was proposed. It is competitive com-
pared to [14] and [10], and allows to close ad-
ditional instances. In [14], a general scheme to
solve the two-dimensional bin packing problem is
described. The best method known so far [16]
is based on decomposition techniques and con-
straint programming

In this paper we introduce a new exact method
for 2BP , which is based on an iterative decom-
position of the set of items into two separate sub-
sets. It makes use of the fact that the bounds
are usually tight. When a decomposition is com-
puted, two sub-problems have to be solved. In
many cases, lower and upper bounds are suffi-
cient to solve these problems. Using this scheme,
the number of 2OPP to be solved is reduced.
The decomposition method is a general frame-
work: four initializations are discussed, each is
related to properties of the set of items. We also
propose a method to improve the quality of the
lower bounds within the branch&bound method.
It lies on the fact that a partial partition is known
for the set of items, and allows us to use bounds
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on the two subsets separately. The interest of
our method is that it takes into account items
that are not yet assigned to any subset. Our
method finds the optimal solution for 468 out of
500 instances of well-known benchmarks [1, 14],
and outperforms [14] in several cases. Instances
with up to 100 items are solved, even when the
lower and upper bounds are not equal at the root
node. Our method is also competitive with [16].

In Section 2 we describe our new exact method,
while Section 3 deals with lower bounds. Section
4 is devoted to computational experiments.

2. A new exact method for 2BP

Martello and Vigo [14] proposed an exact
method based on the following scheme. First, an
upper bound z for the number of bins needed to
pack the items is computed. At the beginning of
the algorithm, z bins are created, but not initial-
ized. When a bin Bp is initialized, it is deemed
active until no more items can be assigned to Bp.
The items are sorted by decreasing order of areas.
At each level k, the algorithm tries to assign item
ak to each active bin and possibly to a new bin.
When item ak is assigned to bin Bp, the feasi-
bility of the obtained packing has to be checked.
The checking is first performed heuristically, and
exactly if necessary. The possibility of closing a
bin is tested by allocating each remaining item in
turn and evaluating the feasibility of the obtained
configuration. The lower bounds for the problem
are updated each time a bin is closed.

2.1. Decomposition of the problem
We present a new exact method for 2BP that

determines if there is a solution for the instance
using z bins. z is initialized thanks to a heuristic
solution. In the following, z will always refer to
this value. The idea is to compute several bi-
partitions of the set A of items, and then to solve
the two smaller problems obtained. The validity
of our method derives from Proposition 2.1.

Proposition 2.1. If for two integers z1 and z2

such that z1 + z2 = z, there are no two sets A1

and A2 such that A1∪A2 = A and OPT (A1) = z1

and OPT (A2) = z2, there are no solutions for A

using z bins.

At any step of the enumeration process, there
are two current subsets A1 and A2, and a set A3

of non-assigned items. A1 is the set of items to
be packed in the z1 first bins, and A2, the set of
items to be packed in the z2 remaining bins. The
method consists in determining if each item of A3

is assigned to A1, or A2.
When a bi-partition is obtained, a solution to

each sub-problem is sought heuristically and ex-
actly, if needed. If z1 = 1 or z2 = 1, a method [7]
for the orthogonal packing problem is used. Oth-
erwise, the decomposition algorithm is run recur-
sively on the items of A1 and on the items of A2.
Of course the problems related to A1 and A2 re-
main NP-complete.

At each node of the search tree, lower bounds
are applied to each current subset. In order to de-
tect if an item of A3 can only be assigned to one
set, we use a method, that we call arc-consistency,
similarly to a method used in constraint program-
ming. It consists in testing if each remaining item
ai can still be assigned to both subsets. If the as-
signment of ai in A1 (resp. A2) leads to a non
feasible solution, ai is assigned to A2 (resp. A1).

2.2. Initialization of the method
The algorithm behaves differently, depending

on the choice of z1 and z2, and on the initializa-
tion of A1 and A2. We describe below how the
value z1 is computed depending on the instance.
The method tests each initialization in turn and
stops as soon as an initialization is valid. For each
condition, we report its algorithmic cost, assum-
ing that items are sorted by decreasing areas.

2.2.1. Each bin contains a large item
Let Alarge = {ai ∈ A : wi > W

2 , hi > H
2 } be

the set of large items. If |Alarge| = z, each bin
contains exactly one large item. The set of large
items is decomposed into two subsets according

to their index. The first d
|Alarge|

2 e are assigned
to the set A1, whereas the other large items are
assigned to A2. The cost of this step is O(n).

2.2.2. Large items
The second initialization for our method is ap-

plied when 0 < |Alarge| < z. The bins are de-
composed into two sets: those that contain items
of Alarge and the others. A1 is initialized with
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the items in Alarge, and A2 with the items that
cannot be packed with any item in Alarge. So
z1 = |Alarge| and z2 = z − z1. Whereas in the
previous case, we try to balance the two subsets,
we now generate two subsets whose size may not
be equal. During the process, many items will
directly be added to A2. The cost of this initial-
ization is O(n2).

2.2.3. Wide and tall items
We now consider a case where A does not con-

tain any large item. Let (k, l) be a pair of integers
such that 1 ≤ k ≤ W

2 and 1 ≤ l ≤ H
2 . We de-

fine Atall = {ai ∈ A : hi > H − l, wi ≥ k} and
Awide = {ai ∈ A : hi ≥ l, wi > W − k}. As there
are no large items, Atall ∩ Awide = ∅. Clearly,
no item of Atall can be packed with an item of
Awide. So if LB() is a valid lower bounding pro-
cedure for 2BP , LB(Atall)+LB(Awide) is a valid
lower bound for A. If LB(Atall)+LB(Awide) = z,
we can compute two values for z1 and z2. A1 is
initialized with Atall (z1 = LB(Atall)), and A2

with Awide (z2 = LB(Awide)). This initialization
is in O(n4) when the bounds of [4] are used.

2.2.4. When the previous cases do not hold
When no sets which respect the three previous

conditions are found, the decomposition method
is the following: A1 is initialized with an item
ai of A, and A2 with the empty set. We set z1

to 1 and z2 to z − 1. The first item ai assigned
to A1 is the item with the largest area. When
our decomposition method is applied with this
initialization, it is equivalent to choosing for each
item aj whether to assign aj to the first bin or to
an undetermined subsequent bin. The additional
cost of this step is O(1).

2.3. Heuristic methods
When a partition of the set A of items is de-

termined, lower bounds and heuristics are run to
evaluate the number of bins needed for the two re-
lated sub-problems. The lower bounds are those
described in the next section. The heuristic used
is a variant of the well-known First Fit Decreas-
ing method , using the bottom-left rule [6] to pack
the items in the bins. Several orders for the items
are tested.

The drawback of our method is that it has

to deal with possibly non-useful small items,
i.e. items that do not change the value of an op-
timal solution. So we first consider the problem
related to a subset of items. If there are no solu-
tions for the problem, the method stops. If there
is a solution, a simple heuristic is used to deter-
mine whether a solution for the initial problem
can be deduced from it. If no solutions for the ini-
tial problem can be found, small items are added
and the method is run again. The issue is to
determine an interesting set of items. For this
purpose, we use a fast heuristic based on the first
fit decreasing rule.

2.4. No-good recording
During the enumeration, we record all non-

feasible sets of items that have not been detected
by the lower bounds. Before running the exact
method for a given set, we test if there is not an
easier subproblem recorded. In order to deter-
mine if a set is easier to pack than another, we use
a limited form of the general dominance proposed
by [13]. When two sets At and As are compared,
items are sorted in a lexicographic order in both
sets. If |At| ≥ |As| and wt

i ≥ ws
i and ht

i ≥ hs
i for

i = 1, . . . , |As|, the set As is easier than At. If As

cannot be packed in z bins, neither can At.
Comparing two sets is in O(n). The sets are

maintained in a hashtable, whose key is a pair
(z, v), where z is the number of bins, and v the
total area of the items. When there are too many
sets in the table, the oldest are removed. Practi-
cally speaking, we obtained the best results with
400 sets kept for each pair (z, v).

3. Lower bounds

A well known bound is the continuous bound

L0. For 2BP , L0 =
⌈P

ai∈A wi×hi

WH

⌉
. One way of

improving L0 is to modify the size of the items
so that the obtained instance is feasible if the ini-
tial one is. This can be done using Dual Feasible
Functions (DFF) introduced by Johnson [11], or
their discrete version [5], following the framework
of [9] for 2BP .

In this section, we recall the bounds of [4] and
we propose a way of using these lower bounds
within our exact method.
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3.1. A lower bound for 2BP [4]
Definition 3.1. A Discrete Dual Feasible Func-
tion (DFF) f is a discrete application from [0,X]
to [0,X ′] (X and X ′ integers) such that x1 +x2 +
. . . + xk ≤ X ⇒ f (x1) + f (x2) + . . . + f (xk) ≤
f(X) = X ′.

DFF are defined independently of the instance.
Another class of functions, called data-dependent
DFF, is defined in [4]. It depends on the sizes of
the items in the instance. For a given instance
D, a DDFF dependent on D can be used as if it
were a DFF.

We use [4] a classical family of DFF fk
0 used

by [9,13], a new function fk
2 , which is an improve-

ment on a function used by [2], and one family of
DDFF fk

1 . See [4] for a definition of these func-
tions.

In [4], we introduce several bounds for 1BP

and 2BP . For two given (D)DFF f and g, we

define L(f) and L(f,g): L(f) =
⌈P

ai∈A f(ci)

f(C)

⌉
and

L(f,g) =
⌈P

ai∈A f(wi)g(hi)

f(W )g(H)

⌉
. The bounds LDFF

and LDFF
1BP are respectively obtained using L(f,g)

and L(f) with the three functions described in [4].
Boschetti and Mingozzi [2] propose a lower

bound Lnew
2 , which can be split into two bounds.

The first is based on a transformation of the prob-
lem into a 1BP . The second uses the fact that
tall items cannot be packed in the same bin as
wide items (see [2] for more details). L2CM

2 is the
name we give to the bound Lnew

2 when the inner
lower bound used is LDFF

1BP . We obtain a valid
lower bound [4]. L2CM = max{LDFF , L2CM

2 }.

3.2. Updating the lower bounds
When a partial decomposition of the set of

items is known, the lower bounds can be updated.
We keep the same notation for A1, A2 and A3. A
first approach consists in computing and adding
the two lower bounds related to A1 and A2. It can
be improved by taking into account the items of
A3. In the following, we consider the case where
LB(A1) ≤ z1 and LB(A2) ≤ z2.

3.2.1. A new lower bound for 1BP

Let C be the size of a bin and A be the set of
items. A partial decomposition is known for A

(i.e. we know that each item of A1 is not packed

with any item of A2). Let A3 = A \ (A1 ∪ A2)
be the set of remaining items. For the sake

of comprehension, we denote f̂(ci) = f(ci)
f(C) and

ĝ(ci) = g(ci)
g(C) . For two DFF f and g, let LPT (f, g)

be the bound defined as follows:
LPT (f, g) = d

∑
ai∈A1

f̂(ci) +
∑

ai∈A2

ĝ(ci) +

∑
ai∈A3

min
{

f̂(ci), ĝ(ci)
}
e.

Theorem 3.1. LPT (f, g) is a valid lower bound
for the number of one-dimensional bins needed in
any configuration where no item of A1 is packed
with any item of A2.

Proof. As we have stated in Proposition 2.1, the
optimal value of the problem can be computed by
generating all possible decompositions and then
determining the optimal values for the two sub-
sets obtained. Let LOPT (A1, A2) be the optimal
value of a solution when no items of A1 are packed
with any item of A2.

LOPT (A1, A2) ≥ min
A′

3
∪A′′

3
=A3

{d
∑

ai∈A1

f̂(ci)

+
∑

ai∈A2

ĝ(ci) +
∑

ai∈A′

3
∪A′′

3

min
{

f̂(ci), ĝ(ci)
}
e}

The above expression does not depend on the
decomposition of A3. It can be rewritten to ob-
tain the expression of LPT (f, g).

Function fk
1 (see [4]) depends on the set of

items considered. Thus if function fk
1 takes the

place of function f (resp. g), the items to consider
are those of A1 ∪ A3 (resp. A2 ∪ A3).

3.2.2. Computing the new lower bound
The cost of this bound is large. For 2BP , O(n2)

combinations of functions f and g for both A1

and A2 lead to an overall complexity of O(n5).
One way of improving the computation time of
this bound is to avoid testing combinations which
cannot lead to improved bounds. To this end we
use the two properties below.

Proposition 3.1. If L(f)(A1 ∪ A3) ≤ z1, there
is no DFF g such that LPT (f, g) leads to an im-
proved bound.
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Proof. Let F be a set of DFF. Recall that we are
in the case where the bounds applied to A1 and
A2 are less than z. We have maxg∈F {L(g)(A2)} ≤
z2. If L(f)(A1 ∪ A3) ≤ z1, L(f)(A1 ∪ A3) +
maxg∈F {L(g)(A2)} ≤ z1 + z2 = z. As L(f)(A1 ∪
A3) + L(g)(A2) is an upper bound for LPT (f, g)
for all (DD)FF g, the property directly holds.

Proposition 3.2. If L(f)(A1 ∪A3)+L(g)(A2) ≤
z, LPT (f, g) cannot lead to a bound greater than
z.

Proof. The value L(f)(A1 ∪ A3) + L(g)(A2) is an
upper bound for LPT (f, g). The result follows.

3.2.3. Applying the lower bound to 2BP

By applying function LPT (f, g) to both dimen-
sions, the obtained bound can be used for 2BP .
We denote this bound by L2CM

subs . The following
result holds.

Theorem 3.2. L2CM
subs is a valid bound for the

number of two-dimensional bins needed in any
configuration where no item of A1 is packed with
any item of A2.

Better results can be obtained if the two di-
mensions are considered simultaneously.

4. Computational experiments

We have tested our method against the bench-
marks of [1,14]. We use the reduction procedures
and the internal lower bounds of [4]. We only
report results where lower bounds of [8] and up-
per bounds of [15] are not equal and at least one
method finds the optimal solution.

4.1. A comparison with previous methods
In Table 1, we compare the results obtained

with different methods. Among the four meth-
ods tested, only two are exact methods, the two
others are lower bounds. For columns CLM and
PS, the results were sent by Alberto Caprara. In
column CLM, we report the results of [3]. We
report the number of times this lower bound is
equal to the value of the best heuristic solution
known. Column PS is related to the results of

the lower bound of [16]. Column MV is related
to the method of [12] described for the three-
dimensional problem. In the last column (2CM),
we report the results obtained using our method.
Results of columns MV and 2CM were obtained
using a Pentium IV 2.6 GHz. Results of columns
PS and CLM were obtained using a Pentium M
1.6 GHz. Computing times are reported in sec-
onds. The maximum amount of time allowed in
our experiments was 900 seconds. We also added
the column -900, which indicates if the method
of [16] solved the problem in 900 seconds.

Our method finds the optimal solution for 25
instances that were not closed using the lower and
upper bounds, but for 37 instances, it fails to find
a solution in 900 seconds. The method of [14] is
better than ours only once. For the other test
cases our method always returns similar or better
results. We tried to use a weaker internal bound,
which uses function fk

2 only. The results obtained
were only weaker for two instances and, surpris-
ingly, better for one instance. It would indicate
that the better results are obtained thanks to the
branching scheme.

The comparison with the lower bounds of [3]
and [16] is different. They may stop without
finding the optimal value, even if the maximum
amount of time allowed is not reached. First
CLM [3] only returns a better result than 2CM
for one test case. Our method is better than CLM
for 19 instances. Otherwise, the computing times
are similar. It transpires that the lower bound
provided by [16] is equal to the optimal value in
many cases. It finds the optimal solution for 40
instances. This number decreases to 28 when only
900 seconds are allowed. When both 2CM and
PS succeed in finding a solution, our method is
clearly faster for 8 instances, when only a few
seconds are needed while the other method may
need many hours. For the other instances, the
difference is weaker. It seems that our method is
a good way of finding the optimal solution within
a small amount of time. When more time is al-
lowed, [16] may lead to improved results.

4.2. Improved internal lower bounds
In Table 2, we report the results obtained with

bound LPT, the arc-consistency method (AC),
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Instance Lower bounds methods Exact methods

CLM PS MV 2CM

Class n Num CPU Res CPU Res -900 CPU Res CPU -900

I 20 3 0 0 0 0 0 0 1 0 1

40 2 0 1 0 1 1 5 1 2 1

40 3 0 0 0 1 1 0 1 0 1

60 1 0 1 0 1 1 901 0 2 1

III 20 3 0 0 0 1 1 0 1 0 1

40 10 0 0 6 1 1 84 1 2 1

60 3 1 0 7 1 1 731 1 901 0

80 5 4 0 112 1 1 901 0 4 1

V 40 4 0 0 7 1 1 1 1 1 1

40 5 0 0 2 1 1 0 1 1 1

40 9 0 0 16 1 1 1 1 3 1

60 6 1 0 54 1 1 901 0 901 0

60 10 1 0 2 1 1 0 1 3 1

80 2 5 1 563 1 1 901 0 5 1

80 3 4 0 12 1 1 901 0 4 1

80 5 4 0 9 1 1 901 0 8 1

80 6 4 0 8 1 1 4 1 5 1

80 9 3 0 46 1 1 901 0 6 1

100 1 10 1 1656 1 0 901 0 901 0

100 2 9 0 334 1 1 901 0 901 0

VII 40 3 0 0 25 1 1 901 0 3 1

60 10 2 0 36 0 0 901 0 5 1

80 1 3 0 3185 1 0 901 0 901 0

80 3 5 0 517 1 1 901 0 901 0

80 9 5 0 379 1 1 901 0 901 0

VIII 40 1 0 0 7 1 1 901 0 901 0

80 3 5 0 12 1 1 901 0 901 0

100 1 9 0 68 1 1 901 0 29 1

100 4 9 0 220 1 1 901 0 901 0

100 6 7 0 19 1 1 901 0 901 0

100 7 8 0 188 1 1 901 0 13 1

X 20 10 0 1 22728 1 0 4 1 1 1

40 2 0 0 101 1 1 0 1 1 1

40 6 0 1 15352 1 0 0 1 2 1

60 4 3 0 33229 1 0 901 0 901 0

60 9 4 0 48789 1 0 901 0 901 0

80 1 8 0 22241 1 0 901 0 901 0

80 4 5 1 46559 1 0 901 0 14 1

80 10 7 0 14580 1 0 901 0 901 0

100 3 17 0 12627 1 0 901 0 901 0

100 5 16 0 12522 1 0 901 0 21 1

100 7 18 0 19778 1 0 901 0 901 0

Table 1
Difficult instances

both methods (AC-LPT) and none of these two
method (N).

Method AC reduces the number of nodes vis-
ited for many instances, and always reduces the
computing time. Concerning LPT, the comput-
ing time obtained may be increased or decreased.
Compared to the initial method, it always reduce
dramatically the number of enumerated nodes,
but may increase the computing time. Two new
instances are solved, but two instances that were
solved are not solved any more. Compared to the
version of the algorithm using the arc-consistency
method only, the number of nodes can even be
larger. Two more instances are solved, but nine
instances are not solved anymore. As expected,
the number of nodes in the last column is less
than the minimum of column C and column LPT.
It is strictly better than the number of nodes in
column AC for twelve instances, and three addi-
tional instances are solved. The computing time

Instance N AC LPT AC-LPT

Class n Num Nodes CPU Nodes CPU Nodes CPU Nodes CPU

I 20 3 2 0 2 0 2 0 2 0

40 2 11948 7 133 2 7038 175 133 7

40 3 1 0 1 0 1 0 1 0

60 1 11270 9 83 2 9337 269 83 4

III 20 3 131 0 3 0 112 13 3 1

40 10 64075 83 5 2 - 901 5 8

80 5 - 901 47 4 - 901 47 25

V 40 4 611 1 5 1 258 35 5 2

40 5 3 1 2 1 2 1 2 1

40 9 35144 58 93 3 - 901 87 35

60 10 14 3 12 3 14 3 12 3

80 2 - 901 28 5 - 901 11 36

80 3 902 2 505 4 728 7 487 6

80 5 3400 10 13 8 2068 537 11 14

80 6 13 5 3 5 11 5 3 5

80 9 - 901 17 6 - 901 12 122

VII 80 4 - 901 - 901 2 20 2 20

VIII 40 1 - 901 - 901 - 901 12314 588

100 1 - 901 15 29 - 901 15 714

100 7 - 901 11 13 - 901 - 901

X 20 10 171 1 11 1 2 1 2 1

40 2 2334 5 4 1 1522 75 4 3

40 6 407 2 31 2 332 183 31 4

60 9 - 901 - 901 2 3 2 3

80 4 - 901 1136 14 - 901 1128 191

80 10 - 901 - 901 - 901 12 126

100 5 - 901 69 21 - 901 - 901

Table 2
Lower bounds

is increased for several test cases, two are not
solved any more.

5. Concluding remarks

Our exact method can also be used to solve the
problem where rotation of the items is allowed,
the three-dimensional case, and the case where
only guillotine cuts are allowed. Only the two
subroutines that compute lower bounds and solve
orthogonal packing problems have to be replaced.
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