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1. Introduction

The two-dimensional discrete bin-packing
problem (2BP ) consists in minimizing the num-
ber of identical rectangles used to pack a set of
smaller rectangles. This problem is NP-complete.
It occurs in industry if pieces of steel, wood, or
paper have to be cut from larger rectangles. It be-
longs to the family of cutting and packing (C & P)
problems, more precisely Two-Dimensional Sin-
gle Bin Size Bin-Packing Problems (2SBSBPP),
following the typology of Wäscher et al. [10].

A 2BP instance D is a pair (I,B). It is com-
posed of the set I = {1, . . . , n} of items i to pack,
and a bin B = (W,H) of width W and height H
(W,H ∈ N). For the oriented case (2BP |O), an
item i is of width wi and height hi (wi, hi ∈ N).
We consider the non-oriented version of the prob-
lem (2BP |R), i.e. where the items can be ro-
tated. So we consider the two possible orienta-
tions: w1

i = h2
i and w2

i = h1
i . Before rotation,

an item is of size (w1
i , h1

i ), otherwise it is of size
(w2

i , h2
i ). An orientation of the set of items is an

application r from I to {1, 2} that associates an
orientation r(i) to each item i in I.

Many methods [2,4,5,7,9] have been proposed
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for computing lower bounds for 2BP |O. Most
of them can be computed by means of so-called
dual-feasible functions. These functions cannot
be directly applied if the orientation of the items
is not known. Fewer results exist for 2BP |R [3,
6]. Two schemes were proposed for computing
such bounds: cutting the items into squares [3,6],
or explicitly using dual-feasible functions [3]. It
would appear that the difference between upper
and lower bounds is larger than for the oriented
case.

In this paper we propose a new general scheme
for computing lower bounds for 2BP |R when the
bin is a square. It is based on the construction
of a 2BP |O instance composed of 2n items: each
item appears once for each orientation. We show
that if the original instance needs z bins, the 2n-
items instance needs at most 2z bins. When this
instance is computed, bounds designed for the ori-
ented case can be applied. We show that when
the bin is a square, the bounds of Carlier et al. [5]
used in this general framework dominate those of
Dell’ Amico et al. [6], as well as those of Boschetti
and Mingozzi [3]. When the bin is not a square,
the above method can be used, if a suitable pre-
processing is performed.

We tested our method against well-known
benchmarks proposed by [1, 9]. Computational
results show that the dominance is not only the-
oretical, as the bounds are improved for several
instances.

In Section 2 we describe several results from the
literature for the oriented case, which are used in
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our new bounds. We also recall previous results
for the non-oriented case. Section 3 deals with
the new lower bounds. We present several dom-
inance results in Section 4. Section 5 is devoted
to computational experiments.

2. Literature Review

In this section, we recall the lower bounds that
are useful in this paper. First we describe the
bounds of [5] for the oriented case. These bounds
are used in our new lower bounds described in
Section 3. Next we describe the bounds of [2]
for the oriented case. Finally we describe the
frameworks used to compute bounds for the non-
oriented case [3,6]. In Section 4, these frameworks
are compared to our new method.

2.1. Lower bounds for 2BP |O
2.1.1. The bound LCCM of [5]

A classical lower bound for 2BP is the contin-
uous bound L0. L0 = d

P

i∈I
wihi

WH e. One way of
improving this method is to apply Dual-Feasible
Functions (DFF) [8] on both dimensions of the in-
stance [7]. The bounds of [5] use the framework
of [7], using a discretization of DFF.

Definition 2.1. A Discrete DFF f is a discrete
application from [0,X] to [0,X ′] (X and X ′ in-
tegers), such that x1 + x2 + . . . + xk ≤ X ⇒
f(x1) + f(x2) + . . . + f(xk) ≤ f(X) = X ′.

We only consider DFF that are increasing and
superadditive, i.e. for a given DFF f , x + y ≤ z
implies f(x) + f(y) ≤ f(z).

In [5] the authors also introduced the concept of
Data-Dependent DFF (DDFF). These functions
behave like DFF for the specific instance consid-
ered. The authors used a classical family of DFF
(fk

0 ), an improvement on a DFF used by [3] (fk
2 ),

and a new family of DDFF (fk
1 ). We now give the

definitions of fk
0 , fk

1 , and fk
2 , which are required

below. In what follows, C is an integer value, and
k = 1, . . . , C/2.

• fk
0 (x) = 0 if x < k, fk

0 (x) = x if k ≤ x ≤
C − k, and fk

0 (x) = C if C − k < x ≤ C.

• The DDFF fk
1 is defined for C and a list of

integer values c1, c2, . . . , cn. We introduce

the set J = {i ∈ I : C
2 ≥ ci ≥ k} and for a

given integer Y , MC(Y, J) is the maximum
number of items ci such that i ∈ J , which
can be packed together in a bin of size Y .
fk
1 (x) = 0 if x < k, fk

1 (x) = 1 if k ≤ x ≤ C
2 ,

and fk
1 (x) = MC(C − x, J) if C

2 < x.

• fk
2 (x) = 2bx

k c if x < C
2 , fk

2 (x) = bC
k c if x =

C
2 , and fk

2 (x) = 2bC
k c − 2bC−x

k c if x > C
2 .

LDDFF
CCM = max

1≤k≤W
2

,1≤l≤H
2

,
u∈{0,1,2},v∈{0,1,2}

{⌈
∑

i∈I

fk
u (wi)f

l
v(hi)

fk
u (W )f l

v(H)

⌉}

It is strengthened by using the bounds of [5]

with the framework of LF,2
BM [2] described below.

The obtained bound is termed LF
CCM [5].

2.1.2. The bound LF
BM of [2]

The bound LF
BM of [2] is composed of four

bounds LF,2a
BM , LF,2b

BM , LF,3
BM , and LF,4

BM . The first,

LF,2a
BM , consists in creating a 1BP instance by mul-

tiplying the width and the height of each item.
The second, LF,2b

BM , consists in considering large,
tall and wide items separately (see [2] or [5] for

more details). The bound LF,3
BM can be computed

by means of two functions fk
1 (see [5]). Similarly,

the bound LF,4
BM is the continuous bound of the

instance obtained by applying a weaker version of
fk
2 to each dimension of the instance. The bound

LF
CCM dominates LF

BM [5].

2.1.3. The bounds of [4]
Caprara et al. [4] propose an exact method to

find the best pair of DFF to be applied to a given
instance of 2BP |O. This problem is a relaxation
of the two-dimensional bin-packing problem. The
results obtained are good, which means that for
many instances in the literature, the relaxation
yields the same result as the original problem,
i.e. there is a pair of DFF giving a bound equal
to the optimal result. No clue is given for a gen-
eralization of this method for 2BP |R.

2.2. Lower bounds for 2BP |R
We now describe lower bounds from the liter-

ature for 2BP |R. Two main schemes are used.
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The first consists in cutting the items into squares
[3, 6]. The second explicitly takes into account
both dimensions of the items and the possibility
of rotating them by 90 degrees [3].

2.2.1. The bound LBR
DA of [6]

The first step of the bound LBR
DA consists in

replacing each item i ∈ I by several squares.
These square items are obtained by applying a
pseudo-polynomial algorithm called CUTSQ [6].
Initially each rectangle is considered in the orien-

tation r where w
r(i)
i ≥ h

r(i)
i . At each iteration,

CUTSQ cuts from each current rectangle (wj , hj)
the maximum number of (hj , hj) squares, and
rotates the residual rectangles by 90 degrees to
conserve horizontal orientation. A lower bound
for packing squares is then applied to the set
of resulting squares denoted IS . Let lj be the
resulting edge sizes of square j ∈ IS . IS is
then divided into four subsets as follows. Given
an integer 0 ≤ k ≤ 1

2H, five sets are defined:
I1 = {j ∈ IS : lj > W − k}, I2 = {j ∈ IS :
W − k ≥ lj > 1

2W}, I3 = {j ∈ IS : 1
2W ≥

lj > 1
2H}, I4 = {j ∈ IS : 1

2H ≥ lj ≥ k}, and
I23 = {j ∈ I2 ∪ I3 : lj > H − k}

LBR
DA = max

0≤k≤ 1

2
H

{
|I1| + L̃ + max

{
0,





∑
j∈I2∪I3∪I4

l2j − (WHL̃ −
∑

j∈I23

lj(H − lj))

WH





}}

LBR
DA is a valid lower bound for 2BP |R, where

L̃ is the following valid lower bound on the num-
ber of bins needed for packing items of I2 ∪ I3:

L̃ = |I2|+max






⌈∑
j∈I3\I3

lj

W

⌉
,




|I3 \ I3|⌊

W
bH/2+1c

⌋










In this formulation, I3 is the set of the largest
items of I3 that can be packed into the bins that
pack the items of I2.

For a given value of k, when the bin is a square
(W,W ), the bound LBR

DA can be written as fol-
lows:

L′R
DA(k) = |I1∪I2|+max{0, d

∑
j∈I2∪I4

(lj)
2

W 2
−|I2|e}

2.2.2. Lower bound LR
BM of [3]

The lower bound LR
BM [3] is computed as the

maximum of two lower bounds LR,1
BM and LR,2

BM .

Lower bound LR,1
BM consists in transforming the

items into items with fixed orientation. Thus,
given the initial instance D = (I,B), the items of
size (wj , hj) are resized as follows: (wj , hj), where
wj = min(wj , hj) if (wj ≤ H and hj ≤ W ), and
wj = wj otherwise. hj = min(wj , hj) if (hj ≤ H
and wj ≤ W ), and hj = hj otherwise.

This means that if an item cannot be rotated,
it is left unchanged. Otherwise, only the largest
square included in this item is considered. LR,1

BM

is obtained by applying the lower bound LF
BM [2]

for 2BP |O.

Lower bound LR,2
BM takes into account both di-

mensions of the items and the possibility of ro-
tating them by 90 degrees. Two different subsets
of items are considered: I ′ = {i ∈ I : wi 6= wi}
and I ′′ = I \ I ′. Given two integers k and l such
that 1 ≤ k ≤ 1

2H and 1 ≤ l ≤ 1
2W , and using

our notation, a valid lower bound LR,2
BM can be

written as follows

LR,2
BM = max

k,l

{⌈∑n
i=1 µk,l(i)⌊
H
k

⌋ ⌊
W
l

⌋
⌉}

where

µk,l(i) =






min
{
ηl,W (wi) × ηk,H(hi),

ηl,W (hi) × ηk,H(wi)
}

if i ∈ I ′

ηl,W (wi) × ηk,H(hi) if i ∈ I ′′

and

ηk,X(x) =

{⌊
X
k

⌋ ⌊
X−x

k

⌋
if x > X

2⌊
x
k

⌋
if x ≤ X

2

Note that ηk,X is a version of fk
2 , where an item

of size X
2 may have a smaller image.

The final bound proposed by [3] is

max(LR,1
BM , LR,2

BM ). We denote this bound LR
BM .

3. A new lower bound for 2BP |R

In this section we propose a new scheme for
computing lower bounds for the non-oriented case
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when the bin is a square. It is based on the cre-
ation of a new 2BP |O instance. We also show
how this instance can be additionally constrained
for obtaining better results. At the end of the
section, we discuss how our method can be gen-
eralized to rectangular bins.

Let DR = (I,B) be an instance of 2BP |R. I =
{1, . . . , n} is the set of items i and B = (W,W ) a
bin. Now consider the following 2BP |O problem.

D̂F = (ÎF , B), with ÎF = {1, . . . , 2n}, such that

1. wi = w1
i and hi = h1

i for i ∈ {1, . . . , n}

2. wi = w2
i−n and hi = h2

i−n for i ∈ {n +
1, . . . , 2n}

Theorem 3.1 states that D̂F needs at most twice
the number of bins needed for DR.

Theorem 3.1. If z bins are needed to pack items
of DR, there is a solution for D̂F with 2z bins.

Proof. Consider the solution for DR that needs
z bins. In this solution, each i is used once in
one of its two possible orientations. A solution
with 2z bins can be found for D̂F by using the
same configuration for the items that are in the
solution of DR, and packing the remaining items
by rotating the z first bins by 90 degrees (see
Figure 1).
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Figure 1. Obtaining a solution for D̂F

In Figure 1, we show how a solution for D̂F

with four bins (the four lower bins) can be ob-
tained from a solution for DR using two bins (the
two upper bins). The first two bins use the same
configuration as the initial problem. The config-
uration of bin three (resp. four) is obtained by
rotating the configuration of bin one (resp. two)
by 90 degrees.

Corollary 3.1. If LBF is a valid lower bound
for 2BP |O, then dLBF (D̂F )/2e is a valid lower
bound for the optimal solution of DR.

From Corollary 3.1, any lower bound for 2BP
with fixed orientation can be used for finding a
bound for a non-oriented problem. We use the
bound LF

CCM of [5], with a slight modification.
In the bound we propose, we allow the two items
related to the same original item i to be packed
in the same bin. If this is not allowed, the bound
remains valid. So the data-dependent set consid-
ered in fk

1 will only consider one item per couple
(the one for which the considered dimension is
smaller). We denote the obtained lower bound
LR

CJE . Its complexity is the same as the internal
lower bound used (O(n3)).

When the bin is not a square, the method can
be used anyway. We suppose without loss of gen-
erality that W > H. In this case, we trans-
form the bin (W,H) into a bin (W,W ). To avoid
over-relaxing the problem, dummy items of size
(W,W − H) are added (one for each bin) to fit
the created area. The method is embedded in
the following lifting procedure: assume the opti-
mal solution needs z bins. In this case, z dummy
items are added when the new instance is com-
puted. If the lower bound is greater than z, the
method is rerun with the value z + 1. The initial
value z may be 1, or any valid lower bound for
the problem. When fk

1 is used, we may ensure
that only one dummy item at a time can pertain
to the solution of a knapsack problem.

4. Dominance results

In this section, we show that when the bin is
a square, the lower bound LR

CJE proposed above
dominates the methods of [6], and [3]. For this

purpose, we introduce a new bound LR,t
CJE , which
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dominates several previous bounds, and is domi-
nated by our new method.

Let F be the set of valid functions fk
0 and fk

2

for an instance D. The bound LR,t
CJE generalizes

the bound LR,2
BM of [3].

LR,t
CJE = max

f,g∈F

⌈
∑

i∈I

min
{
f(w1

i )g(h1
i ), f(w2

i )g(h2
i )

}

f(W )g(W )

⌉

Proposition 4.1. LR,t
CJE is a valid lower bound

for 2BP |R.

Proof. If one computes all possible orientations
for the set of items, and calculates a lower bound
for 2BP |O, the minimum value obtained is a
lower bound. Let β be the set of all possible ori-
entations r of the set of items.

OPT (I) ≥ min
r∈β

{
max
f,g∈F

⌈
∑

i∈I

f(w
r(i)
i )g(h

r(i)
i )

f(W )g(W )

⌉}

The expression above is greater than or equal
to:

min
r∈β

{
max
f,g∈F

⌈
∑

i∈I

min{f(w
r(i)
i )g(h

r(i)
i ), f(h

r(i)
i )g(w

r(i)
i )}

f(W )g(W )

⌉ }

The orientation chosen for the items does not
change the expression above. The following is
therefore a lower bound for OPT (I).

max
f,g∈F

⌈
∑

i∈I

min{f(w1
i )g(h1

i ), f(w2
i )g(h2

i )}

f(W )g(W )

⌉

We now show that LR,t
CJE is dominated by

LR
CJE . This result will help us to show that LR

CJE

dominates previous lower bounds.

Proposition 4.2. If the bin is a square, the
bound LR,t

CJE is dominated by LR
CJE.

Proof. Consider a weaker version of LR
CJE , where

only f2 and f0 are used. The obtained bound is
the following:

LB =

⌈
1

2
max
f,g∈F

{ n∑

i=1

f(w1
i )g(h1

i )

f(W )g(W )

+
2n∑

i=n+1

f(w1
i )g(h1

i )

f(W )g(W )

}⌉

By definition of ÎF , we have for i = 1, . . . , n,
w1

i = h2
i+n and h1

i = w2
i+n. Thus, the equation

above can be rewritten:

LB =

⌈
max
f,g∈F

{
n∑

i=1

1

2

f(w1
i )g(h1

i ) + f(w2
i )f(h2

i )

f(W )g(W )

}⌉

As (f(w1
i )g(h1

i )+f(w2
i )g(h2

i ))/2 is greater than
or equal to min{f(w1

i )g(h1
i ), f(w2

i )g(h2
i )}, the

weaker bound proposed dominates LR,t
CJE . So

does LR
CJE .

We now show that LR,t
CJE dominates the bound

of [6]. For the sake of comprehension, we first
show a result concerning the DFF. Lemma 4.1
means that cutting items cannot lead to improved
bounds when method LR,t

CJE is used. The lemma
holds for both horizontal and vertical cuts.

Lemma 4.1. For two DFF f and g, and four
values wa, wb, w and h such that wa + wb = w,
we have

min{f(wa)g(h),g(wa)f(h)}

+min{f(wb)g(h),g(wb)f(h)}

≤ min{f(w)g(h), g(w)f(h)}

Proof. Recall that we only consider superaddi-
tive DFF. As f is superadditive, we have f(wa)+
f(wb) ≤ f(w). Thus f(wa)g(h) + f(wb)g(h) ≤
f(w)g(h). Then min{f(wa)g(h), g(wa)f(h)} +
min{f(wb)g(h), g(wb)f(h)} ≤ f(w)g(h).
Using the same property for g, we
have g(wa)f(h) + g(wb)f(h) ≤ g(w)f(h).
Thus min{f(wa)g(h), g(wa)f(h)} +
min{f(wb)g(h), g(wb)f(h)} ≤ g(w)f(h).
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Note that the result applies also when wa = h,
like in the method LR

DA of [6].

Proposition 4.3. When the bin is a square,
LR

CJE dominates the bound L′R
DA of [6].

Proof. The bound L′R
DA [6] recursively cuts the

set of rectangles of I into smaller rectangles. In
both possible cases, L′R

DA(k) can be obtained by

applying fk
0 or f

C/2
0 on both dimensions.

Now we prove that any method that cuts items
and computes a lower bound using DFF on the
residual instance cannot improve the results that
consist in applying DFF to the original instance.
Let i be an item in I, and Ji the set of items
obtained by recursively cutting i into two rectan-
gles. Using Lemma 4.1, we know that the area
of i using LR,t

CJE is greater than the sum of the
areas of the first two cut items. Using this result
recursively, we obtain that the area of i modified
by two DFF is greater than the total area of the
items of Ji modified by two DFF. So by summing
the obtained inequalities, we obtain that LR,t

CJE

is greater than LR
DA. As LR

CJE dominates LR,t
CJE

when the bin is a square, it also dominates LR
DA.

We now show that our bound dominates the
bound LR

BM of [3].

Proposition 4.4. When the bin is a square,
LR

CJE dominates the bound LR
BM of [3].

Proof. We have to show that LR
CJE dominates the

two bounds contained in LR
BM .

When the bin is a square, the bound LR,1
BM (see

Section 2) consists in considering the instance ob-
tained by only keeping the largest square included
in each item, and applying the three bounds
LF,2

BM , LF,3
BM and LF,4

BM described in [2] (see Sec-
tion 2).

For 2BP |R, when the bin is a square, the

bound LF,2a
BM is equivalent to creating a 1BP in-

stance where each item i has a size (min{wi, hi})
2

and the bin is of size W 2. Then DFF are applied
(see Section 2). In the bound LR

CJE , the instance
considered is composed of items larger than those
of LF,2

BM . As the inner lower bound LF
CCM uses the

same technique as LF,2a
BM , along with DFF that

dominate those of [2], it dominates this bound
(recall that the DFF we consider are superaddi-
tive).

When the smaller of the two dimensions is kept,
only items with both large width and height are
considered in the bound LF,2b

BM . So the obtained
bound cannot be larger than the bound obtained

by applying f
W
2

0 to each dimension.

Carlier et al. [5] have shown that LF,3
BM can be

computed by means of two functions fk
1 . Obvi-

ously, the total area of the items considered is
larger when LR

CJE is applied. Although the DFF
we consider are superadditive, DDFF are not, so
we need to recall that the set of data-dependent
values J considered in LR

CJE is the same as the

set considered in LR,1
BM . Indeed using the improve-

ment on the bound LF
CCM proposed in Section 3,

only the value min{w1
i , h1

i } is considered, which

is the same as the value considered in LR,1
BM . So

the area obtained for each item is greater than or
equal to the total area obtained using the method
of [2, 3]. By summing the inequalities obtained,
the dominance result holds.

Carlier et al. [5] have also shown that LF,4
BM can

be computed by means of two DFF, which are
dominated by fk

2 . Using Lemma 4.1 and Proposi-
tion 4.2 we directly deduce that LR

CJE dominates

the bound LF,4
BM .

Finally the bound LR,2
BM [3] is obtained from the

framework of bound LR,t
CJE using a weaker version

of fk
2 , and thus it is directly dominated by LR,t

CJE .

Using Proposition 4.2, the bound LR,2
BM is domi-

nated by LR
CJE .

When the bin is not a square, the dominance
relations do not hold any more. The following
example illustrates this fact. Let us consider the
following instance: A = {(4, 1), (4, 1), (3, 3)} and
B = (6, 3). The method of [3] first determines
a set of items that cannot be rotated: (4, 1) and
(4, 1). So when f3

0 is applied to the width and f1
0

to the height, the lower bound obtained is equal
to the following expression: d(6 × 1 + 6 × 1 +
3 × 3)/(6 × 3)e = d21/18e = 2. If our method
is used, the following instance is created: A =
{(6, 3), (3, 6), (4, 1), (4, 1), (3, 3), (3, 3), (1, 4), (1, 4)}
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and B = (6, 6). The value computed by our lower
bound is one, whereas the lower bound computed
by the method of [3] is two.

Lemma 4.1 does not apply when DDFF are
used, since DDFF may not be superadditive.
This means that the bounds obtained by using
fk
1 in the framework of [6] can lead to results that

are not dominated by LR
CJE . However computa-

tional experiments we performed did not lead to
any improvement compared to our method.

5. Computational experiments

We tested our method against well-known
benchmarks derived from the literature [1, 9].
There are 10 classes of randomly generated test
problems. Each class contains five groups of ten
instances each.

In Table 1 we compare our results to those
of [3], which are the best results known so far.
For this purpose we report the number of times
each bound is equal to the upper bound of [3]
(columns Opt). To allow further comparisons, we
also report the average value of each lower bound
(column Avg). Columns BM refer to the results
of [3], while columns CJE are related to the re-
sults of our new bound when the modified version
of LF

CCM [5] is used (see Section 3). In column
CPU we report the computing time needed for
one test case using our method.

The theoretical results are confirmed by exper-
imentation. Moreover, 19 values of lower bounds
are strictly improved compared to the results of
[3]. They allow us to solve 15 additional instances
when LF

CCM is used.

6. Concluding remarks

Our bounds are tight when the bin is a square.
However the drawback of our method is that it
does not take into account the fact that some
items may not be rotated. This may lead to
weaker results when the bin is not a square, or
when it is used within an enumerative method.

The framework we propose can be adapted to
the three-dimensional bin-packing problem. In
this case, the instance to construct would have
6n items.
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Problem Opt Avg CPU
Class H × W n BM CJE BM CJE CJE
I 10 × 10 20 10 10 6.6 6.6 0.00

40 8 9 12.7 12.8 0.00
60 10 10 19.5 19.5 0.00
80 9 10 26.9 27.0 0.00
100 7 10 31.0 31.3 0.00
Avg. 8.8 9.8 19.34 19.44 0.000

II 30 × 30 20 10 10 1.0 1.0 0.00
40 10 10 1.9 1.9 0.00
60 10 10 2.5 2.5 0.00
80 10 10 3.1 3.1 0.00
100 10 10 3.9 3.9 0.00
Avg. 10.0 10.0 2.48 2.48 0.000

III 40 × 40 20 10 10 4.7 4.7 0.00
40 6 7 9.0 9.1 0.00
60 7 7 13.2 13.2 0.00
80 7 8 18.1 18.2 0.01
100 4 4 21.5 21.5 0.02
Avg. 6.8 7.2 13.30 13.34 0.006

IV 100 × 100 20 10 10 1.0 1.0 0.00
40 10 10 1.9 1.9 0.00
60 8 8 2.3 2.3 0.00
80 8 8 3.0 3.0 0.00
100 9 9 3.7 3.7 0.01
Avg. 9.0 9.0 2.38 2.38 0.002

V 100 × 100 20 10 10 5.9 5.9 0.00
40 8 8 11.3 11.3 0.00
60 4 6 16.9 17.1 0.02
80 6 6 23.5 23.6 0.04
100 3 3 27.2 27.2 0.09
Avg. 6.2 6.6 16.96 17.02 0.030

VI 300 × 300 20 10 10 1.0 1.0 0.00
40 8 8 1.5 1.5 0.00
60 10 10 2.1 2.1 0.00
80 10 10 3.0 3.0 0.03
100 8 8 3.2 3.2 0.04
Avg. 9.2 9.2 2.16 2.16 0.014

VII 100 × 100 20 5 5 4.7 4.7 0.00
40 2 4 9.7 9.9 0.01
60 1 1 14.0 14.0 0.03
80 0 0 19.8 20.0 0.06
100 0 0 23.9 23.9 0.11
Avg. 1.6 2.0 14.42 14.50 0.042

VIII 100 × 100 20 6 7 4.9 5.0 0.00
40 1 2 9.6 9.7 0.01
60 0 0 14.1 14.2 0.03
80 0 0 19.7 19.7 0.06
100 0 0 24.2 24.2 0.11
Avg. 1.4 1.8 14.50 14.56 0.042

IX 100 × 100 20 10 10 14.3 14.3 0.00
40 10 10 27.5 27.5 0.00
60 10 10 43.5 43.5 0.01
80 10 10 57.3 57.3 0.02
100 10 10 69.3 69.3 0.03
Avg. 10.0 10.0 42.38 42.38 0.012

X 100 × 100 20 8 8 3.9 3.9 0.00
40 6 7 6.9 7.0 0.00
60 4 5 9.4 9.5 0.02
80 4 4 12.2 12.2 0.04
100 3 3 15.3 15.3 0.07
Avg. 5.0 5.4 9.54 9.58 0.026

Table 1
Comparison with the bound of [3]


