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1 The Cauchy problem

1.1 Introduction

Consider a constant coefficient system
d

(1.1) L(0;,0:) = Agd¢ + Y _ AjO; + B
j=1

and the Cauchy problem

12) {Lu =f  t>0,

U|t:0 = Uup.

We assume that Ag is invertible, and multiplying the equation by A b we
assume that Ag = Id.
Objectives :

e Introduce the notion of hyperbolicity
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e Symmetrizers
e Well posed-ness of the Cauchy problem

e Finite speed of propagation

1.2 Analysis by Fourier synthesis

We look for solutions of the Cauchy problem in the class of temperate dis-
tributions in z, using the spatial Fourier transform

(1.3) w(§) = Fu(&) = /eg'xu(az)dac

the equation to solve is

14) { (?tzl + iAA(§)1l =f  t>0,
u‘tZO = Uo,
where
d
(1.5) A() =) &A; —iB.
j=1

Thus, assuming integrability in time for f ,

t
(1.6) a(t, &) = e @ag(€) + / e =04 f(s, €)ds.
0
In particular, for f = 0 this means that
(1.7) a(t, &) = e a(¢).

This method is successful if one can perform the inverse Fourier transform,
that is if the mutliplicator e=#4() acts in .o/ (R%).
A favorable case is when there are constant C', m and ~ such that

(1.8) Wt >0, VEERY, [ tAO| < ceym ot
in which case one can solve the Cauchy problem in .7’

Lemma 1.1. The estimate (1.8) for t = 1 implies that there is a constant
y1 such that for all € € R? the eigenvalues of A(€) satisfy Im A < ;.



Proof. The estimate implies that the eigenvalues satisfy (with a new con-
stant C)

(1‘9) etIm)\ — |e—it)\‘ < C<£>m

Let (o) = sup (Im \) where the supremum is taken for the (A, &) € C x R?
such that det(A(£) — AId = 0, Im A > 0 and |A|? + |£> = . The estimate
above implies that (o) grows at most logarithmically as ¢ — oco. By a
lemma on sub-algebraic functions (see e.g. Corollary A.2.6 in [Hor]), this
implies that p is bounded and the lemma follows. O

This is one way to motivate the following definition.

Definition 1.2. The system is said to be hyperbolic in the time direction,
if there is a constant ~1 such that

(1.10) det(t7+ A(£)) =0 = Im 7| < 1.

Remark 1.3. The natural condition from the previous lemma is that the
roots are located in Im7 > —~;. But, a consequence of Proposition 1.14
is that this property is preserved by reversing the time, and therefore the
roots also satisfy Im 7 < 9. This is why we go directly to condition (1.10).

Proposition 1.4. The system is hyperbolic in time if and only if he estimate
(1.8) is satisfied.

Proof. We have already said that the condition is necessary. We prove that
it is sufficient. We use the representation

. 1 . _
(1.11) e A = / e " (Ald — A) " 'dA
C

T 2ir

where C is a contour in C surrounding the spectrum of A. We choose C to
be the union of the segment C; = {|ReA\| < R, Im A = —2v;} and of the
half circle Co = {|A + 2iy1| = R,Im A > —2v;}, and we choose R = C(£)
with C' large enough so that

ANEC; = |(Md—A)7'<Ci/R
We claim that there is another constant C5 such that

(1.12) el = (A=A < Co(m + ()N Y.



This implies the estimates (1.8) with m = N. Indeed, on C;, because the co-
factors of the matrix A\Id— A are O(((\,£))N~1) = O((¢)N 1), it is sufficient
to prove

| det(AId — A)| > 1"

But this is clear since
det(Md — A) = [J(A = Ay)
and |A — Aj| > [ImA —Im Aj| > v on C;. O

The estimate (1.8) allows us to apply the inverse Fourier transform to
(1.6) when the data are temperate in z. For instance, in the scale of Sobolev
spaces, one can state:

Theorem 1.5. If the system is hyperbolic in time, then the Cauchy problem
1s well posed in Sobolev spaces in the sense that there is a constant C' such
that for allT > 0, 0 € R, for allug € H° and f € L*([0,T], H?) the Cauchy
problem (1.2) has a unique solution u € C°([0,T); H°~™) and

t
(1.13) ) || jyo—m < C||uol| 4o + 0/9 | £(5)|) 170 ds-

We have show that one can solve the Cauchy problem in Sobolev spaces.
The formula above contains another information.

Proposition 1.6. If the system is hyperbolic, there is a unique fundamental
solution E € CO(R; H°) where ¢ > N + 3d, of LE = §1d with E = 0 when
t<O0.

Proof. Let U (t,€) be the matrix valued function defined by (1.11). It is
smooth in ¢ and satisfies

U +iAU =0,  U(0,&) =1d.
Let
(1.14) E(t,€) = 1450, U(t,€).
Then
WE +iA(E)E =diold, E=0 fort<0, [|E(t¢)]<CE)N.

The inverse spatial Fourier transform of E has the desired property.



Conversely, if LE; = §;—0z—0 and E = 0 for ¢ < 0, Holmgren’s unique-
ness theorem implies that for ¢ > 0, E; has compact support in x. Hence
its spatial Fourier transform F; satisifes

6tE1 + ZA(f)El = 01—old, El =0 fort<O.

Thus we are reduced to uniqueness for o.d.e.’s and E, =F. ]

1.3 A particular case: strongly hyperbolic systems

The best estimate one can expect by the method above is when m = 0 in
(1.8). In this case, for Im7 < —v

(1.15) (71d + A() " = i / ¢TI A©) gy
0

the integral being absolutely convergent, and
(1.16) (fy—ImT)}(TId—i—A(f))*l’ < C.

Applying this estimate for (A7, \{) and letting A tend to +oo implies, first
for Im7 < 0, then by symmetry for Im 7 # 0, that

(1.17) Im 7| (v1d + 4,(£)) | < C.

where A,(§) = > §;A; is the principal part of A. Conversely, (1.17) implies
(1.16) (with another constant C') for all A = A, + B for v = 2C|B|.
There are several equivalent formulations of this condition.

Theorem 1.7. Consider the homogeneous case A(§) = Y& A; and L(7,§) =
7Id + A(€). The following conditions are equivalent.

i) For all matriz B, L(7,&) + B is hyperbolic.

i) supyg ‘eiA@)‘ < +o0

iit) for all &, the matriz A(§) has only real eigenvalues and is diagonal-
izable; moreover the eigen-projectors are uniformly bounded for € € R,

i) for all &, the matriz A(€) has only real eigenvalues and

(1.18) sup  sup [Im7||L(r, 5)_1‘ < ~00.
£eRd Im7<0

v) for all € € RY, there is a matriz S(&) such that
(1.19) S() =9578),  SEAE) = A"(E)S*(8);

Moreover S is definite positive and S(&) and S(€)~! are uniformly bounded
for € € RY,



Proof. See [Mel]. O

Definition 1.8. The system L(9) is strongly hyperbolic if its principal part
satisfies one of the equivalent condition above.

In particular, strong hyperbolicity depends only on the principal part of
L, which is not the case for general hyperbolicity.

Theorem 1.9. If L is strongly hyperbolic, then the Cauchy problem is well
posed in L? in the sense that there are constants C' and v such that for all
T >0, for all ug € L? and f € L'([0,T], L?) the Cauchy problem (1.2) has
a unique solution u € C°([0,T); L?) and

t
(1.20) Hu(t)HL2 < C’e“/tHuoHL2 + C’/O eV(t_S)Hf(s)HLgds.
Conwversely, if the Cauchy problem is well posed in L? in the sense above,
the system s strongly hyperbolic.

Proof. The sufficiency is a particular case with m = 0 of Theorem 1.5.
Conversely, the estimate (1.20) with ug = 0, implies that for u € C§°(R'*?)
and A > 1.

(1.21) (A= '7)He_)‘tu“L2 < C’He_)‘tLuHL2
Using this estimate for

ip(tTer-{)X(p%l,)a

u(t,x) =e
with A = —plm 7 and letting p tend to 4+oc implies that for Im7 < 0
|Im7’|‘a‘ < C’LP(T, f)a’

where L, denotes the principal part of L. This is condition iv) of Theo-
rem 1.7. O]

Introduce the ”energy ”

(1.22) E(u) = / (S(©)ale) , a(€))de.

where S is the symmetrizer in condition v) of Theorem (1.7). Then &(u) ~
|ull?,. In the homogenous case, the solutions of Lu = 0 satisfy

(1.23) %S(u(t)) = 0.



More generally, if u is smooth enough,

(1.24) %5@@)) = 9Re &(Lu(t), u(t))

where &€ is the hermitian symmetric form associated to €. This form is
definite positive, hence using Cauchy Schwarz inequality, one has

t
(1.25) Sw®)? < E®)t + [ 7o)y
0
which is more precise than and implies (1.20). Estimates for zero-th order
perturbations L(0) + B follow from Gronwall’s lemma.

Example 1.10. Symmetric hyperbolic systems in the sense of Friedrichs.
An important class of strongly hyperbolic systems has been introduced by
Friedrichs [Fr1, Fr2]. The condition is that the symmetrizer S can be cho-

sen independent of £&. In this case, S is a constant matrix, which satisfies:

(126) SAg = (SAU)* > 0, SAJ = (SAJ)*, j=1,...,d.

In this case, the energy can be defined on the x side :

(1.27) E(u) = / (Su(z), u(z))dz.

Note also that for symmetric systems as above, the cone of hyperbolic direc-
tions is the set of v € R such that SLo(v) is definite positive.

1.4 Necessary conditions for the well posedness

Hyperbolicity is necessary, not only for the global (in space) well posed-ness
but also in a local theory. Set

(1.28) L(1,€) =TAo+ Y _&A;—iB,  p(r,€) = det L(r,£).

Recall that we assume that Ag is invertible. The principal symbol is Lo =
TAo + > &A; and we set

(1.29) po(7, &) = det Lo(T,£).

Let H denote the half space {¢ > 0}. A minimal form for the well
posed-ness of the Cauchy problem is the condition that

for all f € C3°(H), the equation Lu = f has a unique

(WP) {

solution u € Z'(RY*?) with support contained in H.



Lemma 1.11. If the condition W P is satisfied, then for all f € C* with
support in H the equation Lu = f has a unique solution u € C°° with
support in H. Moreover, if Z is a point in H, there are constants C, R and
s such that for all uw € C'°° with support in H:

(1.30) [u(@)| < C sup [0 Lu(@)].
la|<s, |Z|<R

Proof. See Lemma 12.3.2 in Hérmander [Hor| and the estimate (12.3.3)
which follows. O

Theorem 1.12. Suppose that the estimate (1.30) is satisfied. Then, p is
hyperbolic in the time direction, i.e. there is a number vy such that

(1.31) p(1,&) #0 if £€eR, 7€C and Im7 < —7.

Proof. Choose a function x € C°°(R) supported in ¢ > 0 and such that
x =1 fort > %; := tg. Consider

u(t,z) = x(1)ei T+

with (1,€) € C x R? such that Im7 < 0 and p(7,£) = 0 and r satisfying
L(7,§)r = 0 and |r| = 1. In particular, Lu = 0 when ¢ > to and (1.30)
implies that, with a new constant C,

(1.32) e7ImT < C(1 4|72 + |€7)*/2.

Let 11(0) = sup (—Im7) where the supremum is taken for the & = (7,£) €
C x R? such that p(€) = 0 and , Im7 < 0 and |{| = . The estimate above
implies that p(o) grows at most logarithmically as ¢ — oo. By a lemma on
sub-algebraic functions (see e.g. Corollary A.2.6 in [Hor]), this implies that
p is bounded and (1.31) follows. O

1.5 Properties of hyperbolic polynomials

A very important feature of hyperbolic equations is the finite speed of prop-
agation. It is closely related to the property that the direction of time
can be perturbed. This leads to give definitions independent of coordi-
nates. So we change slightly the notations and we denote by & € R!*¢
the time-space variables and by §~ the dual variables. We consider N x N
first order system systems Z?:o AjOz; + B. Their characteristic deter-

minant is p(§) = det (Z?:o ingj + B), the principal part of which is
po(§) = det (37_gi€;A;)



Definition 1.13. A polynomial p(§) with principal part py is said to be
hyperbolic in the direction v if po(v) # 0 and there is o such that p(iTv+€) #
0 for all € € R"™ and all real 7 < —7p.

A first order system L = Z;‘l:o A;jOz; + B is said to be hyperbolic in the
direction v € R if the characteristic determinant is.

Theorem 1.14. i ) If p is hyperbolic in the direction v, then it is also
hyperbolic in the direction — v. In particular, there is v, such that the roots
in 7 of p(€ +1v) =0 are located in [Im7| < 1.

ii) If p is hyperbolic in the direction v then pg is also hyperbolic in this
direction. This is equivalent to the conditions that for all €, the roots in T
of p(tv +€) = 0 are real.

iit) If f p is hyperbolic in the direction v and if T' denotes the component
of v in the open set {p(g) # 0}, then T is an open convex cone in R'T? and
p s hyperbolic in any direction ¥ € T'.

Proof. See Garding [Gar| or Hormander [Hor|. O

In coordinates (¢,z) where v = dt = (1,0,...,0), we just recover the
Definition 1.2.

There is also a similar definition of strong hyperbolicity:

Definition 1.15. L = 2?20 A0z, + B s strongly hyperbolic in the direction
v if and only if for all matrix By, L + By is hyperbolic in the direction v.

This definition depends only on the principal part Lo of L. Theorem 1.7
can be reformulated as follows

Theorem 1.16. L = E;‘l:() A;Oz; is strongly hyperbolic in the direction v if
and only if one of the following condition is satisfied
i) there is a constant C' such that for all (,&,u) € R x R4 x CN:

(1.33) |yu| < C’}L(g—i— i)l
ii) There is a real Cy such that

(1.34) Vi eRVEERTE . [ < ).

ii1) All the the eigenvalues A of A(§) are real and semi-simple and there
is a real Co such that all the eigen-projectors I1)(§) satisfy

(1.35) Vi )| < G



w) There are definite positive matrices S(§) and there are constants Cy
and ¢4 > 0 such that for all £, S(§)A(E) is symmetric, and

(1.36) 1S(€)| < Cy, S(&) > cald.

Another important property is that the strong form of hyperbolicity is
preserved for all ¥ € T.

Theorem 1.17. If L is strongly hyperbolic in the direction v, then it is
strongly hyperbolic in any direction 9 € I'. Moreover, for all compact cone
I'y € T" with compact bases, there is a constant C' such that

(1.37) Imé e Ty = [Tm €||u| < C|Lo(€)ul

Proof. This is a consequence of the fact that the cone of hyperbolicity I’
depends only the principal part Lg. Thus if L + B is hyperbolic in the
direction v for all B, then L + B is hyperbolic in the direction ¢ for all B if
Yel. O

1.6 Finite speed of propagation

Theorem 1.18. If L is hyperbolic in directions v € I, then L has a unique
fundamental solution E supported in the polar cone of I' .

(1.38) P={zecRt Vel : £.2>0}

Proof. By Proposition 1.6, for all v € I, there is a fundamental solution E,
supported in {€ - & > 0}. By deformation, using the definition of |Gamma
Holmgren’ uniqueness theorem implies that they all coincide and therefore
FE is supported in the intersection of the half spaces {é -z > 0}.

One can also give a more constructive proof. Fix v € I and use coordi-
nates such that v = dt. The fundamental solution constructed in Proposi-
tion 1.6 can be written

1 i&adr -1 48
(2m)d+1 /{Img-i:'y}ef L(§)™d¢,

where the integral is understood as an inverse Fourier transform. The matrix
L(€)~" is defined and holomorphic for £ € R4 — il'f, if 'y is a subcone
with compact base in T' and T'f = {fj € T'!;|n| > R}, provided that R is
large enough. By Paley-Wiener theorem, E' is supported in {Z - ¢ > 0} for
all 9 € Ty }. 0

(1.39) E(%) =

10



Let us come back to coordinates (t,z) such that dt € I'. As a corollary
we obtain :

Theorem 1.19. If ug € D'(RY) [resp C®(RY)], the Cauchy problem Lu =
0, uj—p = uo has a unique solution u continuous in times with values in 174
[resp. C® (R )] and

(1.40) supp(u) C supp(ug) + I'°.

Proof. The construction above shows that E is continuous with values in &’
the space of distributions with compact support so the following definition
makes sense:

The theorem follows. O

There are similar results for equations with source terms f # 0.

2 Boundary value problems

2.1 Introduction

Consider

(2.1) {Lu =f, x, >0,

Muz,—0 = g.

Here x,, = n- ¥ and A, = L(n) is invertible. L is assumed to be hyperbolic.

The matrices A; and L(§) act from spaces E to F and M from E to G. We
assume in this lecture that the boundary is not characteristic, that is that

(2.2) det Lo(n) # 0,

where Lyg is the principal part of L.

At the end, we want to solve the problem (2.1) for positive time (a direc-
tion of hyperbolicity) with an initial datum at ¢ = 0 (the initial boundary
value problem, in short IBVP). An intermediate step is to solve the equation
for ¢ running from —oo to +oo (that is in Rfd = {x, > 0}), in spaces of
functions or distributions which are allowed to have an exponential growth
in time at +oo, but still decaying (temperate) at infinity in space. More
precisely, given a direction of hyperbolicity v, supposed to be independent

11



of n, we set t = v -7 and we fix coordinates & = (¢,2/,x,). We look for
solutions of the form

(2.3) ey (t, )

with u, tempered. The equations for u, reads

(2.4) { Lo =J >0,
Muy)z,—0 = 9,
where
(25)  Ly@) = L@) +7LW),  Ly(r,€) = L(r — i7,€).

So the first goal is to solve (2.4) when ~ is large enough, say v > 79, and
next to draw conclusions for (2.1) and for the IBVP.

Objectives:

e Introduce the stability condition for (2.4), the Lopatinski condition;
e Introduce the method of symmetrizers ;

e Discuss the causality principle;

e Discuss the finite speed propagation property in relation to the choice
of the time direction.

2.2 The basic bvp for o.d.e

Apply the tangential Fourier Laplace transform to (2.1), that is the Fourier
transform with respect to (¢,2z') to (2.4). To simplify notations, we call u
the resulting function. The equations are

(2.6) { Op,u+i1G(Qu = f, Ty > 0,

Mu\xn:(] =g
Here ¢ = (1,6) € Cx R4 Im7 = —y < 0 and

(2.7) G(¢) = Lo(n)"'L(¢,0).

Lemma 2.1. Hyperbolicity implies that there is vy such that for Im T < —~q,
G(¢) has no real eigenvalue.

12



Proof. If G has a real eigenvalue A, then &, = —\ satisfies det L(7, £, &,) =0,
which requires that [Im 7| < 5 for some ~. O

Definition 2.2. For Im7 < 0, the incoming space E™(C) [resp. outgoing
space E°U(C) ] is the invariant space of G() associated to the eigenvalues in
{Im\ < 0} [resp. {Im A\ > 0}]. We denote by II'" [resp. T1°“!] the spectral
projectors on these spaces.

Lemma 2.3. The dimension of E™ is equal to N, the number of positive
eigenvalues of Lo(n) " 1Lo(v).

Proof. This number is independent of (. We compute it for { = (—iv,0)
with v — +o00. Indeed,

G(—iv,0) = —ivG,, Gy := Lo(n) 'Lo(v) +7 'B.

Thus By hyperbolicity and (2.2), the eigenvalues of Lo(n) 'Lo(v) are real
and # 0. Thus, for v large, the eigenvalues of G, split into two groups. N
of them are in ReA > 0 and N — N are in ReX < 0. Hence G, has Ny
eigenvalues in Impy < 0 and N — Ni in Im p < 0. O

We now consider the o.d.e. (0., + iG)u = f in spaces of temperate
(or decaying) functions on [0,+oc[. By Lemma 2.1 the solutions of the
homogeneous equations u = e~*nCq, split into groups, those which decay
exponentially at +0o when a € E” and those which decay exponentially at
—o00 when a € E°“. One has the following representation:

i ; 1 ; -1
2.8 G = — [ et (G 1d + G) T dé,
(28) ¢ 2ir /c+ et (Gald +G) e

where CT is a contour in {Im¢, > 0} surrounding the spectrum of —G
located in this half space. Similarly

. 1 . _
(2.9) erimonet = o | 6,104 G)

with €~ C {Im¢&, < 0}.

Lemma 2.4. e @G [resp. e~ @nGIIU s exponentially decaying when
Tp — +00 [resp. x, — —oof. If f is temperate at +o00, the temperate
solutions of (O, +1G)u = f on Ry are

_ —ixnG n
. n) — nj
(2.10) u(zy) =e a+ If(zy) ackE

13



where

) = [ O
(2.11) 0 o
_/ ei(yn_m")GHOUtfdyn.

Therefore, to solve (2.6) is remains to check the boundary condition,
that is to solve for a = II""ug

(2.12) a€EMQ),  Ma=g—MI(f)p.

Proposition 2.5. For Im7 < —v, the boundary value problem (2.6) has a
unique (temperate) [resp. in the Schwartz class] [resp. in L?] solution for all
[ in the same space and all g € G, if and only if Mg is an isomorphism
from E" to G.

This leads to the natural condition which we assume to be satisfied from
Nnow on.

Assumption 2.6. The number of boundary conditions is Ny, i.e. the
boundary operator acts from E to G where dimG = N, .

The analysis above also legitimates the following condition:

Definition 2.7. We say that the (2.1) satisfies Lopatinski condition (in the
time direction dt) if there is vy such that for all { = (7,&") with Im 7 < —~,
E™(¢) Nker M = {0}.

2.3 Fourier synthesis

To get solutions for (2.4), we must be able to perform the inverse Fourier
transform, that is we need estimates. For simplicity, we give details in L?

spaces.
We use the representation (2.10) of the solution
(2.13) W, 7€) = e COa(Q) + (G f(, 7€)

where (¢, f) is given by (2.15) and ¢ = (7,¢') with Im 7 < —vo for some .

Lemma 2.8. There are mg > 1, 79 > 0 and C such that for all real &, and
all ¢ with Im T < —g

(2.14) 7" (Eld + GO T < (™M

14



Proof. When |&,| < C(¢) this is the resolvent estimate, and when |,]| is
large, there is a bound in O(|&,|71). O

Lemma 2.9. f € L*(Ry) then I(f) is the restriction to Ry of the solution
in L? of (0, +iG)@ = f where f is the estension of f by 0 on the negative
azxis.

Proof. w is given by the formula

—00

Corollary 2.10. There are C' and -y such that when Im 7 < —~q
(2.16) VNI 2 < CEO™ £ 2
(2.17) Y I(f)janmo] < CLO™ 2 £ 2

Proof. @ can be computed using a Fourier transform in x,,: its Fourier trans-
form is

(&) = —i(6n + Q)71 f

where f is the Fourier transform of f. The L? estimate of @ follows from
(2.14). The second estimate follows using the equation and the inequality

218) (@O < 2l 2] 0enl] 2 < 2l[all 2]l ]] 2 + OUH a7

For the first term in (2.13), we use the following estimate.

Lemma 2.11. There is C such that for InT < —yy and a € E"((), u =
e Gy satisfies

(2.19) 7l oy < (O™ al.
Proof. Introduce L* = —0, — iG* the adjoint of L = 9, + iG. Then
(2.20) (Luv) o,y = (0 L70) oy = = ((0),0(0)).

—wnGo with a € E™, one has

(2.21) (4, L70) 1oy = (a,0(0)).

In particular, if u = e

15



For f € L2(£R{+), extend it by 0 for negative x, and consider the solution
v of L*v = f. L* satisfies the same estimate (2.14) as L and repeating the
proof of the Corollary above, we obtain the estimate

_1
(2.22) ()] < CO™ 2 || £ L2
With (2.20), this implies (2.19). O

Next we need estimates for the solutions of the equation (2.12). The
Lopatinski condition says that there is an inverse mapping R{) : G —
E™(¢) such that M R({) = Idg.

Lemma 2.12. If the Lopatinski condition is satisfied, there are 1, m and
C such that for Imm < —v;

(2.23) a€E™(¢) = [Im7|"|u| < C)™ |Mal.
Equivalently, this means that
(2.24) [R(Q)| < Clmr|™/(¢)™.

Proof. Again, the polynomial bound depends on properties of semi-algebraic
functions. See Appendix 2. O

Summing up, we have proved the following:

Theorem 2.13. Suppose that the system is hyperbolic in the time direction
and the Lopatinski condition is satisfied. Then, there are C, m and ~yy such
that, when ImT < —v, for all f € L*(R,) and all g € CN+, the problem
(2.6) has a unique solution uw € H*(R..) wich satisfies,

(225)  Afull7. + [ < (/)" (Il + Lal)-
where v = —Im .
By Fourier inversion, we obtain the following corollary.

Theorem 2.14. If the Lopatinski condition is satisfied, then there are g
such that for v > vy, 0 > 0 f € H"+m(]R}F+d), g € HTT™(RY), then the
problem (2.4) has a unique solution u € H"(R}fd).

Equivalently, for f € e”tH”J“m(Rfd), g € "HOT™(RY), the problem
(2.1) has a unique solution u € e'YtH"(R}fd).
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2.4 The method of symmetrizers

Estimates for symmetric hyperbolic BVP are easily obtained by integrations
by part. The method of symmetrizers is also a key ingredient in the analysis
of systems with variable coefficients. What we introduce can be seen as the
symbolic part of the analysis, see e.g. [Kr].

Definition 2.15. A symmetrizer is S(¢) such that
(2.26) S5 =517  ImS(OG(C) =z c(Qld,  [S(Q<C

with ¢(¢) > 0. The boundary condition M s dissipative [resp. strictly
dissipative] for S if

(2.27) S()>0 [resp. S(¢) > e1(¢)Id ] on ker M.

Proposition 2.16. If S is a symmetrizer and M 1is strictly dissipative, then
the Lopatinsky condition is satisfied. The equation (2.6) is well posed in L?
and the solutions satisfy

1 1
(2:28) cllullz: + w5 CI7 17+ ol
Proof. For decaying solutions, one has the energy balance
(2.29) 2Re (Sf, u)L2 = —(Su(0),u(0)) — 2Im (SGu, u)L2
and
2 1 Ly 2
(2.30) cllul| 7 + 5 (Su(0),u(0)) 5 E\f\\m.

In particular, if f = 0, this implies that
(2.31) S<0 on E™

Hence, strict dissipativity implies that E” Nker M = {0} and the Lopatinski
condition is satisfied.
Let H; be a fixed space such that E = ker M @ H;. Let C be such that

(2.32) u € Hy = ]u\ < C’llMu]
Decompose u € E into u = ug + u1 € ker M @ H;. Then
(Su,u) = (Sug, uo) — O([ur[*) — O(Jua [[uo|)

(2.33) 1 C 1 '
> Saluol = —uf* > Z|uf® = —|Mul?
2 c1 4 c1
since Mu; = Mu. This proves (2.28) and the proposition follows. O
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If the boundary condition is only dissipative, then the conclusion is that
B 2 L2
(2.34) Mu) =0 = culll S 2 |f
Given an inhomogeneous boundary term g, we can choose a € E such that

Ma = g and |a| < |g|. We apply the estimate above to u —a %" and obtain
that

1 52+ 2
(2.35) el 5 2 + (6 + T gp
Choosing § = ({), we get that
1
(2.36) el £ 1713+ 55 + Eia

An estimate of u(0) and be deduced from the inequality

(2.37) [w(O)* < 2|, ul o |l o (17| allull g2 + (]l
In particular, if f =0 and g = 0, then w = 0. Hence we have proved

Proposition 2.17. If S is a symmetrizer and M 1is dissipative, then the
Lopatinsky condition is satisfied. The equation (2.6) is well posed in L* and
the solutions satisfy (2.36) and (2.37).

2.5 Dissipative symmetric hyperbolic BVP

Important examples are dissipative BVP for symmetric hyperbolic systems
in the sense of Friedrichs (see the definition at Example 1.10). If S is a
Friedrichs’ symmetrizer, then —S is a symmetrizer for the o.d.e in the sense
of definition 2.15. Accordingly,

Definition 2.18. If L is symmetric hyperbolic in the sense of Friedrichs
with symmetrizer S, the boundary condition M is said to be dissipative [resp.
strictly dissipative] when SLo(n) <0 [resp. SLo(n) < 0] on ker M.

It is mazimal, dissipative or strictly dissipative, if in addition dimker M =
N — Ny.

If the condition is dissipative, then dimker M < N — N, since the sig-
nature of SLo(n) is (N4, N — N ). This explains the terminology ”maximal
dissipative”.
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We recall briefly the mains results of this theory. They are based on the
following the energy balance, where we use coordinates (¢, z):

/ (SAOU(T),U(T))dx—/ (SAnuo, up)dtda’
(2.38) R4 [0,T]xRd—1
:/ (SAOU(O),U(O))dx—i—ZRe/ (SLu,u)dtdz.
R% [0,T] xR

Proposition 2.19. Consider a symmetric hyperbolic system.
i ) If the boundary conditions are dissipative and if u satisfies the homo-
geneous boundary conditions Mu = 0 on the boundary,

(2.39) u®)] . < Ce||u(0)]] . + C/O "= Lu(s)]| .. ds.

If the boundary condition is mazimal dissipative, then for all f € L'([0,T), L?)
and uy € L?, the initial boundary value problem Lu = f, Ujg=0 = Uo,
Muy,, o =0 has a unique solution u € C°([0,T]; L?) which satisfies (2.39).

i) If the boundary conditions are strictly dissipative then uy = e 'u
satisfies

Huv(t)HH + H“V\wn=0HL2([0,t]de—1 < CH“(O)HL2

(2.40) t
+ C/O le™* Lu(s)|| 2ds + CHuﬂxn:OHLQ([O,t]XRd—l

If the boundary condition is mazimal dissipative, then for all f € L'([0,T], L?),
g € L?[0,T] x R and ug € L?, the initial boundary value problem Lu = f,
Uy = o, Muy,,—g = 0 has a unique solution u € C°([0,T]; L*) which
satisfies (2.40).

In the maximal dissipative cases one can also solve the inhomogeneous
boundary value problem, but, in general, not for general g € L? if one want a
L? solution (g € H 2 is sufficient), and one does not recover the L? estimate
of the trace u;,—g, only and H =3 estimate which is only a consequence of
the fact that v € L2, Lu € L? and the boundary is not characteristic.

Note that the "semi group” estimates above (meaning in C°([0,T7]; L?))
imply estimates in L2([0, T]; L?). For instance, (2.40) implies that for v > 7o

and u € €. (@fd) :

1
@) ol + ool S S1E0l3, + 0,0l
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where L% = e L2, Equivalently, v = e~ u satisfies
1
242) ol + fuea=ollze S S+ A0)ullp + [ Moge, o]l

2.6 Maximal estimates and the uniform Lopatinski condition

In the constant coeflicient case, by tangential Fourier transform, the estimate
(2.42) is equivalent to the a similar estimate for the o.d.e (2.6) : for v > o,
(= (r—iy,€) and u e #(R,)

(243) Wellg, + [OF < Oz, + o)

with f = 0y, u+ iG(¢)u and g = Mwu(0). The important point is that C' is
independent of ¢ when Im 7 < —~y.
Applied to solutions of 9, u + iG({)u = 0, this implies that

(2.44) Yue ™),  |u| < C|Mul.

Definition 2.20. The uniform Lopatinski condition is said to be satisfied
when the condition dim G = Ny and there are constants G and g such that
the estimate (2.44) is satisfied.

The improvement with respect to the weak form of the condition is that
the constant in C' (2.44) can be taken independent of (.

Remark 2.21. The discussion before the definition shows that the uniform
Lopatinski condition is necessary for the validity of the maximal estimates.

Proposition 2.22. The uniform Lopatinski condition is satisfied for M if
and only if there is € > 0 such that the Lopatinski condition is satisfied for
all M’ such that |M — M'| < e.

Proof. If (2.44) is satisfied then it holds for M’ with C replaced by 2C' if
C|M — M'| < %. Conversely, the condition implies that

u€E™ |Mu|<elul = wu=0
and hence (2.44) holds with C' = =1, O

Theorem 2.23. If the mazimal estimates are satisfied for some bound-
ary conditions My, in particular if the system is symmetric in the sense of
Friedrichs, then the uniform Lopatinski condition is necessary and sufficient
for the validity of the mazimal estimates.
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2.7 Kreiss symmetrizers

A major contribution to the theory has been given by O.Kreiss [Kr] who
constructed tangential symmetrizers to prove that, for a class o the uniform
Lopatinski condition is sufficient for the validity of the maximal estimates.
Because zero-th order term are irrelevant, we assume here that L = Lg is
homogeneous. He proved the following.

Theorem 2.24. [l the system L is striclty hyperbolic and the boundary
conditions satisfy the uniform Lopatinski condition, then there are constants
C and ¢ > 0 and symmetrizers S(C) for ¢ = (1 —iv,&'), v > 0, such that

(2.45) S =517, IS@QI<C
(2.46) Im S(¢)G(¢) > eyld
(2.47) S(C) > c1(¢Q)Id ] on ker M.

Strictly hyperbolic means that the eigenvalues of A(&) are real and sim-
ple. Note that in any case, strong hyperbolicity is necessary to have maximal
estimates, as is it already necessary in the interior (see Theorem 1.7). The
result is still true when the multiplicities of the eigenvalues are constant,
and in some cases of variable multiplicities. See [Maj, Me3, MZ].

2.8 The causality principle

A weak form of the causality principle is that is u is a solution of the BVP
(2.1) with data f and g which vanish in ¢ < ¢g, then v = 0 for ¢t < ¢y. This
means that the values of a solution u at time tg only depend on the data for
times ¢t < tg.

There is no loss of generality in assuming that tg = 0. For the solutions
constructed by Fourier synthesis, the statement is clear because if the data
vanish in the past, the Laplace Fourier transform has an holomorphic exten-
sion to a half space Im 7 < —~g. This property is inherited by the solution,
and together with the estimates we can conclude that v = 0 (see Appendix
2). For instance, we can state

Theorem 2.25. With notations as in Theorem 2.14, if v is larger than soem
Y , if [ € e”tH‘”m(R}ﬁd), and g € et HOT™(RY) vanish for t < 0, then
the problem (2.1) has a unique solution u € >, eptHU(Rfd). Moreover,

u vanishes for t < 0 and belongs to e“/tH"(R}fd).
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2.9 Invariant definitions. The incoming spaces

Recall the notations.The symbol L(§) = ) &jA; — iB acts from E to F
with dimE = dimF = N. We denote by p(é) = det L(g) The principal
symbol is Lo(€) = > ngj. L is assumed to be hyperbolic in some direction
v and I' € R denotes the open convex cone of hyperbolic directions. We
consider the domain Q = {z, > 0} where z, = n -z, and n € Rt is
the inner conormal to the boundary. The boundary matrix is A, = Lo(n),
supposed to be invertible, and we denotes by G(€) = A, ' L(£).

There is 79 > 0 such that

(2.48) EeRT 9eT = p—iyv—i)#0

(see [Gar| or Theorem 12.4.4 in [Hor]). We can normalize v so that vo = 1
so that, denoting by I', = v+ T C T,

(2.49) IméeT, = pé)#0.

This implies that for &€ € R4 —iT,, G(£) has no real eigenvalue and hence
the definition of incoming spaces has the following extension:

Definition 2.26. For ¢ € R — T, the incoming space Ezn(é) is the

invariant space of G(&) associated to the eigenvalues in {Im A < 0}.
The dimension of E™ is constant, and was computed above.

Lemma 2.27. Em(é) is an holomorphic vector bundle over R1*® — T, of
dimension N, the number of positive eigenvalues of A;1L(v).
In particular, ifn €T [resp. n € —T], then E"™ = CV [resp. E"™ = {0} ]

From now on, we assume that +n ¢ I otherwise E = CV or E™ = {0}
and all what follows is trivial.
Because

G(€ + sn) = G(€) + sId
the incoming spaces have the property that
(2.50) E™(€ + sn) = E"(§)

if the segment [¢,€ 4 sn] is contained in R4 —4I',. (This is trivial if
s € R; if s is complex, the assumption is that for ¢ € [0, 1] the eigenvalues
of G (é + tsn) do not cross the real axis, implying that the invariant space
associated to the eigenvalues in {Im A < 0} is constant).
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Consider the projection w : R1*¢ s R+ /Rn ~ T*0N and its complex
extension C'*? — C*/Cn ~ C @ T*99. Let I'” denote the projection of
I

(2.51) I’={¢: 3el,(=wl cTIN{0}.

It is an open convex cone in T*9. Let I, = 1° + I” = wl,. It is convex
and for € I”, w1(¢) is a segment in I'. Thus the invariance (2.50) implies
that E depends only on w¢ and legitimates the following definition:

Definition 2.28. For ¢ € T*0Q — il we set

(2.52) E"(¢) =E"(E), €EeRY™W T, wé=(

In coordinates (t, ', x,) with dual variables (7,¢,&,) € R? x R, one can
identify T*0Q with the first factor R%. This is what we did in the previous
sections, and this is why we use the notation ¢ for element of T*92. More
importantly, we have extended the definition of E™ to the complex domain

{Im¢ €T}

When L = Lg is homogeneous, then E?” is clearly homogeneous of degree
0 and defined in R'*¢ — iT". In general, because Lg is hyperbolic with the
same cone of hyperbolic directions I', we can introduce the incoming spaces
associated to Ly, which we denote by. EB"(E) For £ e RM? _ 4T and e > 0
small, we have

0(E)2) =5z [ Gol@) —ieAy B s

— II(€) as € — 0.

(2.53)

This property is still true in the quotient §~ — (. Note that these conver-
gences hold for Im¢ € I, which means in particular that Imf # 0. No
uniformity in Im( is claimed as Im ¢ — 0.

In the homogeneous case the domain of definition of E”* can be extended,
using the following remark:

Lemma 2.29. For all complex number a,
(2.54) Im¢ € I, Im (al) € —T” = Ei'(a¢) = E&(Q).
Proof. Because I is an open convex cone, one has a # 0 and a # —1. With

ar = ta + (1 — t) # 0, we prove that Ei*(a:() is constant.
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The assumptions are that ¢ = wg and a{ = wn with Imé € —I' and
Im7 € —I'. Thus 77 = aé + sn, for some complex number s. For ¢t € [0, 1],
aiC = w(&) with & = t7+ (1 — t)€ = a,€ + tsn. Because

Go (&) = aGo(§) + tsld,

the invariant spaces of Go(&;) are those of G(£). Moreover, since T is convex,

Im¢; € —I' and the eigenvalues of G(&) do not cross the real axis. Hence

Eg' (&) = Eq" (). D
Introduce the open set

(255) G ={a¢, Im¢ € —I°,a € C\{0}} Cc C® T*90 ~ C'*+/Cn.

This set is conic and stable by multiplication by complex numbers a # 0,
but is not convex. If a{ = b¢’, with Im¢ and Im ¢’ in —I'b, then ¢/ = o
with o = a/b and (2.64) implies that E{*(¢) = EF*(¢’). Therefore, it makes
sense to extend the definition of EJ" to the domain G in such a way that

(2.56) V¢ € G, Ya € C\{0}: EZ(al) = ES(C).

In particular, the incoming space E({) is defined when Cel” We
show that we can also extend the definition of E™" to this region.

Lemma 2.30. When ¢ = @ and € € T, the eigenvalues of Go(g) are real
and exactly N are positive. The associated invariant space is Ei*(¢) and
has a holomorphic extension to a neighborhood of C.

Moreover, there are eg > 0 and a complex neighborhood ¥ of ¢ such that
E™ extends holomorphical to the cone {e71(' e < €o,(’ € ¥} and

(2.57) v ey I (e=1¢) — 1 (¢)

One has similar results when 0 € —~°, with E&*(—6) associated to the
negative eigenvalues of Go(—0), so that E&*(—0) = E™ () in accordance with
(2.56).

Proof. The eigenvalues of Go(€) = A'L(€) are the inverse of those of
Lg(g) 1 A,, which are real since we assumed that £ is in the cone I'. And
they do not vanish since the matrices are invertible. Moreover the invariant
space of Go() = ZGo(—Zf) associated to positive eigenvalues is the invariant
space of Go(—i€) associated to eigenvalues in {Im A < 0}, that is Ej*. Thus
the invariant space can be continued analytical for all small perturbatlons
of Go(g ) and the remaining part of the lemma follows. O
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2.10 The Lopatinski determinant(s)

We consider boundary conditions M : E — G, with with dimG = N, as
above. The question under discussion is to know wether E™(¢) Nker M is
trivial or not. There are several ways to express this condition. First, given
an arbitrary scalar product in [E, one can measure the angle between ker M
and E™(¢') through the quantity

(2.58) D(¢) = | det(H,E™(())]

where the determinant is computed by taking orthonormal bases in each
space. This quantity does not depend on the choice of the bases, but it
depends only on the choice of a scalar product on E. One has

(2.59) E™(¢) Nker M = {0} & D(¢) #0.

However, this choice ignores an important feature of the problem, which
is the analytic dependence of E. Locally in T*9 — iI‘bV, one can choose

a holomorphic basis €{"(¢) of E™(¢), and form the (local) Lopatinski deter-
minant

(2.60) UC) = det g1, gn-nys 1(C); - €, (€)

where the g; form a basis of ker M. This function has the advantage of being
holomorphic in ¢, and locally there are constants 0 < ¢ < C such that

(2.61) clt(Q)] < D(¢) < Cle(Q)]-

The function ¢ can be globalized using analytic continuation and the prop-
erty that 70 — iI" is simply connected, but the global properties of the
extended function do not seem obvious.

There is an alternate way to preserve analyticity. Fix a basis e of E and
for all subset J = {j1,...,jn,} C{1,..., N} of N} elements consider

(262) EJ(C) = det [917 s 7gN—N+>Hin(C)ej17 s aHin(C)eN+-]
These functions are clearly defined and holomorphic in T*0§2 — z'l“,b/ and
(2.63) E™(¢) Nker M # {0} & vJ, £;(¢) = 0.

Considering the principal part Ly which is hyperbolic with the same cone
of hyperbolic directions I', one can form the quantities Dy and £ associ-
ated to Ly and M. The following properties are immediate consequences of
(2.56), (2.53) and Lemma 2.30.
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Proposition 2.31. i) Dy and L5 are defined on the set G and

(2.64) VCeg, Vae C\{0}:  Do(aC) = Do(¢), Lyo(ag) = Ls0(C)-
i) For all ¢ € T*0Q — 17,

(2.65) D(¢/e) = Do(C), £5(¢/e) = £10(¢) ase—0.

iit) if 6 € I, there are g and a complex neighborhood ¥ of 6 such that
D and the £; are defined for (/e if ( € ¥ and € < €9 and the convergence
above is true on V.

2.11 The Lopatinski condition

First remark that if ¥ € I, then there is 7o such that y9 € F,b, when v > 7.
This legitimates the following definition:

Definition 2.32. The (weak) Lopatinski condition is satisfied in the direc-
tion 9 € I” if and only if there is ~o such that D(C — iy9) # 0 for all
CeT*00 and v > .

Lemma 2.33. If L satisfies the Lopatinski condition in the direction 9 € I?,
then Lg also satisfies the Lopatinski condition.

Proof. Suppose that Dy(¢) = 0 at some ¢ € T*9Q—ivv. For € small enough,
the function g.(z) = D(¢ + 2v/¢) is defined for z in a disc centered at the
origin and g. — Dy(¢ + z0). Moreover, Dy is not identically 0. Hence,
by Lemma 3.5 (Hurwitz lemma if we replace D by an holomorphic local
version), g. vanishes in a neighborhood of the origin. O

Theorem 2.34. Suppose that the Lopatinski condition is satisfied in the
direction 9 € I”. Let & denote the component of ¥ in {¢ € T°, Do(—iC) #
0}. Then ¥ is an open convex subcone of I° in T*0Q and the Lopatinski
condition is satisfied in all direction 6 € 3.

Proof. a) For ( € T*0NQ, we look at the function of the complex variable
z, Fe(2) = Do(C + 219). It is defined when ¢ + 29 € G, in particular when
Im z < 0 since then ¢ + 29 € T*9Q — iI” and, by assumption, F¢ does not
vanish there. Moreover, —( — 29 € T*0Q — iI” when Imz > 0, and thus
(+20 € G. By (2.64), F¢(2) = Do(—(—2v) wich is # 0 by assumption. This
shows that for ( € T*0€, F¢ is defined and does not vanish when Im z # 0.
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b) When 6 € ¥, Im (—i(6+29)) = —0—Re 200 € —I” when Re z > 0 thus
—i(0+209) € T*0N —iT” and @+ zv € G. Thus, Fy is defined for Rez > 0. Tt
does not vanish when Im z # 0 by step a), and it does not vanish when z = 0
since Fy(0) = Do(0) = Do(—i6) which is # 0 by assumption. Therefore,
Fy(z) # 0 when Rez = 0.

Moreover, for |z| large in Rez > 0, one has ¥ + z7'¢ € I” C G and
Fe(2) = Do(9 + 271¢) = Do(—i(9 + 271¢)) # 0 since Dy( # 0).

This shows that Fy does not vanish when Rez = 0 or when Rez > 0
and [z| is large. Since Fy(z) = Do((1 + 2)9 = Dy(9) # 0 for all z such that
Re z > 0, Lemma 3.6 by deformation that Fy does not vanish either on the
domain {Re z > 0}:

(2.66) Ve X, Vz, Rez>0 = Dy(0+ 209)#0.

Because Rel/z > 0 when Rez > 0, the homogeneity of Dy, implies that
Do(9 4 20) # 0 when Rez > 0 and z # 0. This property is also true at
z =0, and hence

(2.67) VO e, Vz, Rez>0 = Dy(d+ 20) #0.

In particular, this applies to z real nonnegative, and by homogeneity, one
has Dy (t0' + sv’) # 0 when t > 0 and s > 0. This extends to ¢t = 0. Thus
the segment [v, §'] is contained in ¥ and ¥ is star shaped with respect to v.

c) Let ¢ € T*0Q2 and § € X. For v > vy, we look at the function
of z, Gy(2) = D(¢ — iyY — iz0), which is defined for Rez > 0 since then
Im (¢ —iv0” — i20) = 70" —Re 20 € —T% —T” C —T%. Tt does not vanish
when Re z = 0, since the Lopatinski condition is satisfied in the direction 9.

Moreover, when z is large, setting Z = z/|z|, one has

Go(2) = D(—i20 + ||~ (¢ — ir9))

By iii) of Proposition 2.31, since # € I’ this converges to Do(—i26) =
Dy(—i0) # 0 if Re2 > 0 . This implies that G, does not vanish in the half
space Rez > 0, either when Re z = 0 or when |z| > Ry(1 + ), for some Ry
large enough.

Therefore, applying Lemma 3.6, to prove that

(2.68) V(€T o0, Vy >~0,Vz, Rez>0 = D((—iyd—iz0) #0.
it is sufficient to show that for ; large

(2.69) Y=, |2 S Ro(1+7):  D((—iyd —izb) #0.
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Here we factor out « and use again the Proposition 2.31 which implies that
G~ (2) = D(y(—i9 — i20 + y1¢) — Do(—i(9 + 26)),

where Z = z/v is bounded. By step (2.67) the limit does not vanish and
is bounded from below since |Z| is bounded. Therefore, (2.69) and (2.68)
follow.

d) Because ¥ is open, one can replace 6 by 6 — 61 for some 6 > 0 small,
and (2.68) implies that

(2.70) V¢ e T 0Q, ,Vz, Rez >3 = D((—1iz0)#0.

This shows that the Lopatinski condition is satisfied in the direction €'.
Applying step a), this implies that ¥ is star shaped with respect to 6’
and the proof of the theorem is complete. O

Theorem 2.35. If M satisfies the uniform Lopatinski condition in a direc-
tion ¥ € I, then ¥ = I and the uniform Lopatinski condition is satisfied
in all directions 6 € T°.

Proof. We have seen that I'” —iI"* € C and that A is continuous there. The
uniform Lopatinski condition implies that |A(af)| > ¢ when # € I’ Ima < 0.
Hence by continuity |A(6)| > ¢, implying that 6 € X.

By Proposition 2.22, there is € > 0 such that M’ satisfies the Lopatinski
condition in the direction ¢ if |[M — M’'| < e, and thus in all direction
6 € ¥ = I by Theorem 2.34 and the remark above. By Proposition 2.22,
this ir;aplies that the uniform Lopatinski condition is satisfied in all directions
0clI”. O

3 Appendix

3.1 Laplace Fourier Transform
If u € 2'(R%), let M denote the set of n € R? such that e”%u € .7/(R%).
Lemma 3.1 ([Hor| Lemma 7.4.1 ). M is convex.

Proof. Note that if 1y € C*°(R?) is bounded as well as its derivatives at all
order, then the mapping ¢ — 1y is continuous in ., and therefore u — Yu
is a continuous map in §'.

It m € M and ny € M, for t € [0,1] and n = tm + (1 — t)n2, one has
et = ih(eM® 4 e™7) where 1 is bounded and has bounded derivatives,
implying that n € M. O
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Lemma 3.2. If the interior M° of M is not empty, then there is an holo-
morphic function U on R? 4+ iM° such that for n € M°®, let U(- +in) is the
Fourier transform of e"*u in .7’ (RY).

Proof. Let €M°. For € > 0 small enough, the points 1 & ee; belong to M,
where {e;} denote a basis of R%. Denote by 7, the set of such points. Then,
for |n — n| small enough, the function

by = (Z e(’?k*n)'ff)_l

in in the Schwartz class ., and is bounded in this space. This implies that
the Fourier transform 4, of u, = €7*u is C* in § and in 7, for n close to 7.
Let U(€ + in) = i (€).

Moreover, both 0,4, and Oy;i, are the Fourier transform of xju,.
Hence there are equal, implying that the Cauchy Riemann equations (J¢; +
i0y,;)U = 0 are satisfied and U is holomorphic in £ + in. O

Theorem 3.3. Let T be a convex open cone in R%. IfU () is an holomorphic
function on % := {£ € RT +4T, |Im&| > o} and satisfies there

(3.1) U@l <+ gnm
then U is the Fourier Laplace transform of a distribution supported in
(3.2) D= {z:V¢ € 2<0}

Proof. For n € T' with |n| > 79, the function U(- 4 in) is slowly growing
at infinity and is the Fourier transform of u, € .#/(R%). Moreover, the
Cauchy Riemann equation implies that 0, u, = z;i,, hence that u = 7w,
is independent of 7.

The estimates imply that the u, are O(|n|™) in .#”, hence . O

3.2 Proof of Lemma 2.12

Proposition 3.4. The set P = {({,I"™(¢));Im(¢ < 0} is (real) semi-
algebraic, that is a finite union of finite intersections of sets defined by
polynomial equations or inequalities.

Proof. The characteristic polynomial p(z,() = det(zId — G(¢{) can be fac-
tored as p = pyp_ where p1 (-, () [resp. p—(+, ()] has all its roots in Imz > 0
[resp. Imz < 0]. There are polynomials in z, with analytic coefficients
in ¢, denoted by uy(z,() such that pyuy + p_u_ = 1, wich are uniquely
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determined if one adds the condition deguy < degp— := N_
degp, := N,. Note that Ny are fixed. The projector II"*(¢) is

(3.3) " (¢) = (u-p-)(A(), )

We consider the set P of ¢ = (1,¢) € C x R, (ay,...,an_) € CN-,
(b1,...,bn,) € CM (uq,...,uy_) € CN-, (v1,...,uN,) € CN- and matri-
ces II satisfying the conditions:

, degu_ <

(3.4) Im7 < =7, Ima; <0, Imb; >0,

(3.5) O v N [GE=a)+ (O uwz H][z—b) =1
(3.6) [1G = ap) [Tz = b)) = det(z = G(0)),

(3.7) = () vGY )]G —ald)

The second and third conditions are polynomial conditions on the (aj,bj, uj, vj)
and (. Thus P is semi-algebraic. Now, P is just the projection of P in
the space of (¢, II), therefore is semi-algebraic by Tarski-Seidenberg Theo-
rem. O

Proof of Lemma 2.12. Consider a basis {ej} of E. If IT is a N x N matrix,
for I c {1,...,N} with |I| = dimE, we can form the matrix [MII]; with
columns MTle;, for k € I and define

(3.8) ((IT) = > | det([MTI])[*.
I

The Lopatinski condition is that

(3.9) (IT™(¢)) > 0 when Im 7 < —~p.
Consider the set Q of (¢,0,n,II) such that

(3.10) Im7 < —y—1, [(] <t ((,II) e P, § =¢(II).
This set is semi-algebraic and therefore the function

(3.11) f(t) =inf{0;3(¢, 1) : (¢,6,¢, 1) € O}

is semi-algebraic by Corollary A.2.4 in [Hor]. The Lopatinski condition
implies that f(¢) > 0 for all ¢. Hence, by Theorem A.2.5 in [Hor], there are
a rational number « and ¢ > 0 such that

(3.12) f(t) =ct*(1+o(t)), t — 4o00.
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This implies that for || large enough and Im7 < —v — 1, one has
, 1
(3.13) () 2 LelO)”

The Lopatinski condition implies that this estimate is also valid (possibly
with another constant ¢ > 0) on any compact domain in |(|. Hence is is
satisfied for all ¢ such that Im7 < —y — 1.

In particular, there is another constant ¢ > 0 such that for all ¢ there is
1 satisfying

(3.14) (IO > ¢(6)*.

Let u € E™(¢). The Lopatinski condition implies that u is uniquely deter-
mined by Mwu and

(3.15) u=>Y_a;lT"(()e;
JeI

where a = (a;);jer solves [MII"];a = g. Because II"* has polynomial bounds
in |¢], the estimate (3.14) implies that for some C' and m:

la] < C(O)™ gl
The estimate (2.23) follows. O

3.3 The analogue of Rouché’s theorem

Lemma 3.5. Suppose that D,, is a sequence of functions on H = {Rez >},
which converge uniformly to D on compact subsets of H. Suppose that for all
z € H there is a neighborhood w of z, a sequence of holomorphic functions
L, on w for n > ng, which converge to £, and a constant C' > 1 such that

(3.16) Vz € w,Vn > ny, %\En(zﬂ < D, (z) < Clln(2)]

and Uy, — £ Suppose that D is not identically zero. Then, if D vanishes at
20 € H, there is a sequence z, — z such that D,(z,) = 0.

Proof. a) From the lemma above, we know that D(-) cannot vanish iden-

tically on any open set since it does not vanish at infinity H.

b ) If D(z) = 0, then by assumption there are holomorphic functions
¢, — £ on a neighborhood w such that the zeros of D,, [resp. D] in w are
the zeros of the £,,. Since £ is not identically zero, z is a zero of finite order
m and on a possibly smaller neighborhood of z, for n large enough, ¢, has
the m zeros, counted with their multiplicities. O
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Lemma 3.6. Suppose that D is a continuous function on H :=[0,1] x H
where H = {z € C,Rez > 0}. Suppose that for all (to,z0) € H, there is a
neighborhood of (tg, z0), a function ¢ on this neighborhood, continuous in t
and holomorphic in z, and a constant C > 1 such that

(3.17) é\ﬁ(t, 2| < Dit, ) < Cli(t, 2).

Suppose that there is R > 0 such that for all t € [0,1], D(t, z) # 0 when
Rez = 0 and when |z| > R. Suppose that D(0,z) # 0 for all z € H. Then
if D(1,-) does not vanish on H.

Proof. a) We show that D(t,-) cannot vanish identically on any open set. If
it would, let Z denote the non empty set of points z € H such that D(t,-)
vanishes identically on a neighborhood of z. It is open by definition. If z, is
a sequence of points in Z which converge to z € H, the assumption implies
that on a neighborhood w of z, the zeros of D are zeros of an holomorphic
function ¢. In particular, for n large z, € w and #(z,) = 0. Therefore, the
zeros of £ have an accumulation at point, implying that ¢ and therefore D
must vanish identically on w. Therefore Z is open and closed and Z = H,
which contradicts the assumption that D(¢,-) does not vanish at infinity. .

b) The set N of (t,z) such that D(t,z) = 0 is compact in ]0,1] x H
where H = {Rez > 0} is the interior of H. If it is not empty, let tg =
min{t, (t,z) € N} and let zp € H such that D(tg,zp) = 0. Then ty > 0.

Let ¢ be a function satisfying (3.17) on a neighborhood of (to, z0). By a),
{(to, ) it is not identically 0, and therefore it is has a zero of finite order at
zp and therefore does not vanish on the boundary of a small disc containing
z0. Hence, by Rouché’s theorem, £(t, -) has a root in this disc for ¢ — ¢y small,
which contradicts the definition of ¢g. O
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