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Chapter 1

Introduction

One of the fundamental problems of theoretical physics consists of describing the behavior of
a material field which evolves in an electromagnetic field which evolves itself in a gravitational
field. This is done by studying the following system of equations :

1
Gap = 8W(TC;III) + Tg)el)v Gap = Rap + §Rgab + Agap, (1.0.1)
vaFc% = _471-‘]1;1}7 v[a Fbei] =0, (102)
F(gav, V*, F, ) = 0. (1.0.3)

Equation (1.0.1) is the Einstein equation, where A, R, Rup, Jab; Gab, T;Il’), T£€l are the cos-
mological constant, the scalar curvature, the Ricci tensor, the metric tensor, the Einstein
tensor, the energy momentum tensor associated to the field ¥ and the energy momentum
tensor associated to the electromagnetic field. (1.0.2) is the Maxwell equation, where J;' is
the current and F| ;é is the electromagnetic tensor. Eventually (1.0.3) is an equation for a
material field. To the equations (1.0.1)-(1.0.3) have to be added initial data. For the Einstein
equations the initial data must fulfil the constraint equations. The system (1.0.1)-(1.0.3) is
extremely complicated and we do not see how to analyze this system directly without doing
any simplifications. In addition there is today no satisfying quantum theory of gravitation.
Nevertheless quantum effects play an important role in particular near the event horizons of
black holes. The most efficient way to analyze the above system is the following : First we
look for explicit solutions of (1.0.1), (1.0.2) with Tf{) =0, Jgp = 0. Once gq and Faell) are fixed,
one solves and quantizes (1.0.3). In order to assure that this procedure makes sense one has
to prove that the explicit solution of (1.0.1) and (1.0.2) is stable under small perturbations.

The Cauchy problem for the Einstein equations was solved by Choquet-Bruhat in 1952
(see [49]). Global nonlinear stability for Minkowski space-time was shown in the work of
Christodoulou and Klainerman [28]. We also refer to the work of Rodnianski and Linblad
[77] whose result is less precise than that of Christodoulou and Klainerman, but their proof
is simpler. For black hole type space-times the question of nonlinear stability remains open.

Spectacular asymptotic properties of material fields have been observed in black hole type
space-times. The most general solution of (1.0.1), (1.0.2) (with cosmological constant A = 0)
describing a black hole is the Kerr-Newman space-time which describes a rotating charged

13



14 CHAPTER 1. INTRODUCTION

black-hole. It is characterized by its mass M, its charge () and its angular momentum per
unit mass a. The particular solutions with Q = 0,a =0,Q =a=0,Q =a =M = 0 are
called resp. Kerr, Reissner-Nordstrom, Schwarzschild and Minkowski solutions. The most
interesting effects for the material fields evolving in this kind of geometries are the following :

e The Hawking effect

In his paper [64], S. W. Hawking considers the collapse of a star forming a black-hole.
An observer far away from the black hole observes at the last moments of the collapse in
his proper time the emergence of a thermal state coming from the future event horizon.

e Superradiance

The exterior of the Kerr black hole is not stationary in the sense that there is no global
timelike Killing vector field. One of the consequences of this is that the field equations
of entire spin do not have a conserved positive quantity. Therefore the energy of a
material field can increase during a scattering process.

Although both effects have been known for more than thirty years, mathematically rigorous
studies about them are relatively rare. Their understanding demands a precise analysis of
the asymptotic behavior of material fields in black hole type space-times. On the one hand
this analysis is the key to a mathematically precise description of these effects. On the other
hand it contributes to an understanding of the stability of the space-times itself. Indeed
linearization of gravity around a certain fixed background leads to linear equations on this
fixed background which are similar to the wave equation. That is why the study of local
energy and related properties of the wave equation on a fixed background is believed to be a
prerequisite for the study of the nonlinear stability problem.

The biggest part of the present work concerns classical and quantum scattering in the
Kerr(-Newman) space-time. The scattering properties of classical and quantum fields outside
a Schwarzschild black hole have been thoroughly studied. The first results on the subject were
obtained by J. Dimock in 1985 [39] and by J. Dimock and B. Kay in 1986 and 1987 [41], [40],
[42] for classical and quantum scalar fields. This work was pushed further by A. Bachelot in
the 1990’s ; his series of papers starts with scattering theories for classical fields, Maxwell in
1991 [6] and Klein-Gordon in 1994 [7], then tackles quantum fields in 1997 [8] and culminates
with a rigorous mathematical description of the Hawking effect for a spherical symmetric
gravitational collapse in 1999 [10] and 2000 [11]. Meanwhile, other authors contributed to the
subject, such as J.-P. Nicolas in 1995 with a scattering theory for classical massless Dirac fields
[86], W.M. Jin in 1998 with a construction of wave operators in the massive case [66] and F.
Melnyk in 2003 who obtained a complete scattering for massive charged Dirac fields [80] and
the Hawking effect for charged, massive spin 1/2 fields [81]. Note that in [80], [81] and [86],
the cases of Reissner-Nordstrgm (charged) and de Sitter (with a cosmological horizon) black
holes are also treated ; these geometries do not fundamentally change the analytic difficulties
in the construction of classical or quantum scattering theories. All these works use trace class
perturbation methods and therefore cannot be extended to the Kerr case because of the lack
of symmetry of the geometry (see below). One paper using different techniques appeared in
1992, due to S. De Bieévre, P. Hislop and I.M. Sigal [34] : by means of a Mourre estimate,
they study the wave equation on non compact Riemannian manifolds ; possible applications
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are therefore static situations, such as the Schwarzschild case, which they treat, but the Kerr
geometry is not even stationary and the results cannot be applied. Scattering theory in a
superradiant situation has been studied in the one dimensional case by Bachelot (see [12]).
In the Kerr case superradiance has been studied by Finster, Kamran, Smoller and Yau (see

[47)).

In the framework of Kerr black holes, the analysis of the scattering properties of fields

is faced with several fundamental difficulties not present in the Schwarzschild framework.

i)

iif)

Lack of symmetry. The Kerr solutions possess only two commuting Killing vector fields.
In the Boyer-Lindquist coordinate system (¢, r, 6, @), based on these Killing vector fields,
they are interpreted as the time coordinate vector field 9/9t and the longitude coordi-
nate vector field 9/0p. Kerr space-time therefore has cylindrical, but not spherical, spa-
tial symmetry. This prevents a straightforward decomposition in spin-weighted spheri-
cal harmonics, that reduces the problem to the study of a 1 + 1-dimensional evolution
system with potential. The trace-class perturbation methods used in the Schwarzschild
case are in consequence not applicable. Another effect of the lack of spherical symmetry
is the presence of artificial long-range terms at infinity in the field equations. To get rid
of these terms it is necessary to have a deeper understanding of the geometry, and of
the dynamics, than what is required in the Schwarzschild case.

The point of view of scattering theory is that of an observer static at infinity. Such an
observer perceives the propagation of a field outside the black hole as an evolution on a
cylindrical manifold ¥ ~ R xS?, with one asymptotically euclidean end corresponding to
infinity and one asymptotically hyperbolic end representing the horizon. In the absence
of spherical symmetry, the asymptotically hyperbolic end is awkward for scattering
theory, more particularly for the choice of a conjugate operator in the framework of
Mourre theory. The generator of dilations, that is the usual conjugate operator, cannot
be used here.

Kerr space-time is not stationary ; there exists no globally defined timelike Killing vector
field outside the black hole. In particular, the vector 9/0t is spacelike in a toroidal
region, called the ergosphere, surrounding the horizon. As already mentioned for field
equations of integral spin, such as the wave equation, Klein-Gordon or Maxwell, this
means that no positive definite conserved energy exists, which allows fields to extract
energy from the ergosphere. For field equations of half integral spin (Weyl, Dirac or
Rarita-Schwinger), we have a conserved L? norm, there is no superradiance and the
lack of stationarity is not in itself a serious difficulty. This conserved L? norm is usually
interpreted as a conserved charge. It is the good conserved quantity to work with.

The Hawking effect is characterized by a regime which obliges us to consider large times
and high frequencies simultaneously. As no decomposition into spherical harmonics is
possible in the Kerr case, the difference between the full operator and a comparison
operator with constant coefficients is always a differential operator of order at least one.
As a consequence these operators are in general not close to each other in the high
energy regime we are interested in.

In the Schwarzschild case perturbation arguments very often work out quite well. As
in the Kerr case the perturbation is itself a differential operator of maximal order, this
procedure is in this case quite limited.
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My contribution is the following. I first considered the wave equation in a class of stationary
asymptotically flat space-times (see [60]). This model can be considered as an intermediate
step between the Schwarzschild and the Kerr case. I then showed asymptotic completeness
for the non superradiant modes of the Klein-Gordon field in the Kerr geometry (see [61]). A
complete scattering theory for massless Dirac fields in the Kerr geometry was subsequently
obtained in collaboration with Jean-Philippe Nicolas (see [63]). This result was later gen-
eralized by T. Daudé to the massive charged case in the Kerr-Newman geometry (see [33]).
Eventually I was able to give a mathematically precise description of the Hawking effect for
fermions in the setting of the collapse of a rotating charged star (see [58]). The study of
scattering properties for linear fields was largely motivated by the Hawking effect and the
proof in [58] uses the scattering results obtained in [63], [33].

We now turn to the question of stability of black hole type space-times. As explained above
one of the prerequisites of a possible proof of a global nonlinear stability result is believed
to be decay estimates for the solution of the wave equation. This question has been treated
using different methods. Dafermos and Rodnianski use vector field methods to first give a
mathematically rigorous treatment of Price’s law and then to give a precise description of the
red shift effect (see [30], [29]). They also succeed in showing that the solution of the wave
equation in slowly rotating Kerr backgrounds is uniformly bounded (see [32]). Blue, Soffer
and Blue Sterbenz mix this vector field approach with a spectral approach based on positive
commutator estimates (see [18], [19]). Finster, Kamran, Smoller and Yau obtain pointwise
decay for the Dirac equation (with a rate) and for the wave equation (without a rate) on the
Kerr metric (see [45], [46]) using spectral methods. Note that the point of view of Finster,
Kamran, Smoller, Yau is slightly different from the point of view of Dafermos, Rodnianski,
in particular their result on the wave equation does not imply [32].

In collaboration with Jean-Francois Bony we have used our knowledge about the local-
ization of resonances for the wave equation in the De Sitter-Schwarzschild case to analyze
the behavior of the local energy in this case (see [22]). Resonances have been studied by
Bachelot, Motet-Bachelot in the Schwarzschild case and by S& Barreto-Zworski in the De
Sitter-Schwarzschild case (see [13], [93]). The study of S& Barreto-Zworski is essentially a
high energy analysis. In [22] we have found in addition a zero resonance which prevents
decay of the local energy. For initial data in the complement of a one dimensional space we
obtain exponential decay of the local energy. Resonances are also important because they
correspond to the frequencies and rates of dumping of signals emitted by the black hole in
the presence of perturbations. Today it is theoretically possible to measure the corresponding
gravitational waves and to detect in this way the presence of a black hole. For the wave
equation on the De Sitter-Schwarzschild case, see also the work of Dafermos, Rodnianski (see
[31]), who obtain weaker decay but can permit that the support of the solution contains the
sphere of bifurcation.

Another interesting problem in this context is the study of the semilinear wave equation
on a given space-time. The semilinear wave equation in Minkowski space has been thoroughly
studied. Global existence is known in dimension d > 4 for small initial data (see the article of
S. Klainerman and G. Ponce [75]). Almost global existence in dimension d = 3 for small data
was shown by F. John and S. Klainerman in [68]. Almost global means that the life time of
a solution is at least e1/9, where 8 is the size of the initial data in some Sobolev space. Note
that, in dimension d = 3, T. Sideris [94] has proved that global existence does not hold in
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general (see also F. John [67]).

In [71], M. Keel, H. Smith and C. Sogge give a new proof of the almost global existence
result for quadratic nonlinearities in dimension 3 using estimates of the form

T
(In(2 + 7)) ~2[(2) 20| 2o ryms) S /(0 )l p2as) + /0 1G5, lgaeoyds,  (10.4)

and a certain Sobolev type estimate due to S. Klainerman (see [74]). Here v solves the
wave equation Ov = G in Ry x R? and v/ = (v, 0,v). They also treat the non trapping
obstacle case. In [72] similar results are obtained for the corresponding quasilinear equation.
The obstacle case, in which the trapped trajectories are of hyperbolic type, is treated in the
article of J. Metcalfe and C. Sogge [82].

S. Alinhac shows an estimate similar to (1.0.4) on a curved background. The metric is
depending on and decaying in time (see [2], [3]). The results of J. Metcalfe and D. Tataru [84]
imply estimates similar to (1.0.4) for a variable coefficients wave equation outside a star shaped
obstacle (see also [83]). Outside the obstacle, their wave operator is a small perturbation of
the wave operator in Minkowski space.

In collaboration with J.-F. Bony we consider the quadratically semilinear wave equation
on asymptotically euclidean riemannian manifolds (see [23]). If the metric is non trapping we
show for small data global existence in dimension d > 4 and long time existence in dimension
d = 3. More precisely if the data is of size § in some appropriate Sobolev norm, then we
obtain existence on [0, 7] with T5 = §~" for all n > 0.

In contrast to the papers cited above which all use vector field methods, in this paper
we use a somewhat different approach. We will show how estimates of type (1.0.4) follow
from a Mourre estimate and the Kato theory of H-smoothness. This method will permit
us to consider non trapping riemannian metrics which are asymptotically euclidean without
requiring that they are everywhere a small perturbation of the euclidean metric. We will
suppose for simplicity that the metric is C, but a C* approach should in principle be possible.
Spectral methods for proving dispersive estimates were previously used by N. Burq. In [25]
he obtains global Strichartz estimates for compactly supported non trapping perturbations of
the euclidean case. In complicated geometries, conjugate operators are probably not vector
fields and we think it is worth trying to mix the classical vector field approach with this
Mourre theory approach. In particular we will see in the following chapters that the conjugate
operators for the Kerr metric are not vector fields.

This document is organized in the following way :

e Chapter 2 collects some preliminaries for what follows. We give a description of the
Kerr-Newman metric and the classical Dirac equation. This chapter also contains a
very brief overview of Mourre theory.

e Chapter 3 treats the wave equation on stationary asymptotically flat space-times. We
introduce the notion of an asymptotic velocity. Under a long range condition we can
show its existence and compute its spectrum. Asymptotic completeness is shown under
a short range condition.



CHAPTER 1. INTRODUCTION

e In Chapter 4 we consider the Klein-Gordon equation on the Kerr metric. We start with
a general Hilbert space setting. It is shown that a Mourre estimate for an operator A > 0
entails a Mourre estimate for v/h. We also show that it entails a Mourre estimate for
a matrix problem. It is then shown that the Klein-Gordon field on the Kerr geometry
possesses a large number of modes for which we have a conserved quantity. For these
modes we obtain an asymptotic completeness result.

e For the massless Dirac equation outside a slow Kerr black hole, we prove asymptotic
completeness in Chapter 5. We introduce a new Newman-Penrose tetrad in which the
expression of the equation contains no artificial long-range perturbations. The main
technique used is then a Mourre estimate. The geometry near the horizon requires
us to apply a unitary transformation before we find ourselves in a situation where
the generator of dilations is a good conjugate operator. The results are eventually re-
interpreted geometrically as providing the solution to a Goursat problem on the Penrose
compactified exterior.

e Chapter 6 is devoted to the mathematical study of the Hawking effect for fermions in the
setting of the collapse of a rotating charged star. We show that an observer who is lo-
cated far away from the star and at rest with respect to the Boyer Lindquist coordinates
observes the emergence of a thermal state when his proper time goes to infinity. We first
introduce a model of the collapse of the star. The assumptions on the asymptotic behav-
ior of the surface of the star are inspired by the asymptotic behavior of certain timelike
geodesics in the Kerr-Newman metric. The Dirac equation is then written using coordi-
nates and a Newman-Penrose tetrad which are adapted to the collapse. This coordinate
system and tetrad are based on the so called simple null geodesics. The quantization of
Dirac fields in a globally hyperbolic space-time is described. We formulate and prove a
theorem about the Hawking effect in this setting. The proof of the theorem contains a
minimal velocity estimate for Dirac fields that is slightly stronger than the usual ones
and an existence and uniqueness result for solutions of a characteristic Cauchy problem
for Dirac fields in the Kerr-Newman space-time. The simple null geodesics can be used
to construct a Penrose compactification of block I of the Kerr-Newman space-time.

e In Chapter 7 we describe an expansion of the solution of the wave equation on the De
Sitter-Schwarzschild metric in terms of resonances. The principal term in the expansion
is due to a resonance at 0. The error term decays polynomially if we permit a logarithmic
derivative loss in the angular directions and exponentially if we permit an € derivative
loss in the angular directions.

e In Chapter 8 we study the quadratically semilinear wave equation on an asymptotically
euclidean riemannian manifold. The metric is supposed to approach the euclidean metric
like (z)~” and to be non trapping. If p > 1 we obtain long time existence for small data
in all dimensions d > 3. If p > 1 and d > 4 we obtain global existence for small data.

e In Chapter 9 we discuss the results presented in the previous chapters and state some
open problems for future work.
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Notations

Let (M, g) be a smooth 4-manifold equipped with a lorentzian metric g with signature
(+,—,—,—). We denote by V, the Levi-Civita connection on (M, g).

Many of our equations will be expressed using the two-component spinor notations and
abstract index formalism of R. Penrose and W. Rindler [91].

Abstract indices are denoted by light face latin letters, capital for spinor indices and lower
case for tensor indices. Abstract indices are a notational device for keeping track of the nature
of objects in the course of calculations, they do not imply any reference to a coordinate basis,
all expressions and calculations involving them are perfectly intrinsic. For example, g, will
g , l.e. a
section of T* M®T* M and ¢g® will refer to the inverse metric as an intrinsic symmetric tensor

field of valence [ 2

refer to the space-time metric as an intrinsic symmetric tensor field of valence

0
product, TM the tangent bundle to our space-time manifold M and T*M its cotangent
bundle).

}, i.e. a section of TM ® TM (where ® denotes the symmetric tensor

Concrete indices defining components in reference to a basis are represented by bold face
latin letters. Concrete spinor indices, denoted by bold face capital latin letters, take their
values in {0,1} while concrete tensor indices, denoted by bold face lower case latin letters,
take their values in {0, 1,2,3}. Consider for example a basis of TM, that is a family of four
smooth vector fields on M : B = {eg, €1, e2,e3} such that at each point p of M the four
vectors eg(p), e1(p), ea(p), es(p) are linearly independent, and the corresponding dual basis of
™M : B* = {eo, el,e?, 63} such that e® (ep) = 6, 0f denoting the Kronecker symbol ; gan
will refer to the components of the metric gq;, in the basis B : gap = g(ea, ep) and ¢g2P will
denote the components of the inverse metric g in the dual basis B*, i.e. the 4 x 4 real
symmetric matrices (gap) and (gab) are the inverse of one another. In the abstract index
formalism, the basis vectors e5, a = 0,1,2, 3, are denoted e,® or g,®. In a coordinate basis,
the basis vectors e, are coordinate vector fields and will also be denoted by J, or a% ; the
dual basis covectors e* are coordinate 1-forms and will be denoted by dz?.

We adopt Einstein’s convention for the same index appearing twice, once up, once down,
in the same term. For concrete indices, the sum is taken over all the values of the index. In
the case of abstract indices, this signifies the contraction of the index, i.e. f,V® denotes the
action of the 1-form f, on the vector field V.

For a manifold Y we denote by Cp°(Y") the set of all C* functions on Y, that are bounded
together with all their derivatives. We denote by Co(Y') the set of all continuous functions
tending to zero at infinity.

We will use the pseudodifferential calculus and in particular the Weyl quantization. We
will note :

deSH™ iff Va, peN"|9¢dld(x,€)| < Co p ()10 (rym =181,
d¥ ¢ v™k iff de sk,
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CHAPTER 1.

INTRODUCTION



Chapter 2

Preliminaries

2.1 The Kerr-Newman metric

We give a brief description of the Kerr-Newman metric, which describes an eternal rotating
charged black-hole. A detailed description can be found e.g. in [99].

Boyer-Lindquist coordinates

In Boyer-Lindquist coordinates, a Kerr-Newman black-hole is described by a smooth 4-
dimensional lorentzian manifold Mgy = R; x R, x S2, whose space-time metric g and
electromagnetic vector potential ®, are given by :

2 —2M 2asin® §(2Mr — Q? 2
g = (1—|—er>dt2+ asin” 6( — @) qrap— L ar? - Rag?
p p A
02 : 29d 2 2.1.1
- ?sm v, (2.1.1)
p° = r?+a’cos?0, A=r?—2Mr+a®+ Q>
02 = (7 +a%) 0" + (2Mr - QV)a’sin0 = (1? + a®) — a®Asin® 6,
Oydz® = —Q—;(dt — asin®0dy).
p

Here M is the mass of the black hole, a its angular momentum per unit mass and Q
the charge of the black-hole. If ) = 0, g reduces to the Kerr metric, and if @ = a = 0 we
recover the Schwarzschild metric. The expression (2.1.1) of the Kerr metric has two types of
singularities. While the set of points {p? = 0} (the equatorial ring {r = 0, § = m/2} of the
{r = 0} sphere) is a true curvature singularity, the spheres where A vanishes, called horizons,
are mere coordinate singularities. We will consider in this work subextremal Kerr-Newman
space-times, that is we suppose Q? + a?> < M?. In this case A has two real roots:

re =M+ /M2 — (a2 + Q2). (2.1.2)

21
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The spheres {r = r_} and {r = r, } are called event horizons. The two horizons separate
Mpp into three connected components called Boyer-Lindquist blocks : By, Brr, Brrr(r+ <
r,r— < r < ry,r < r_). No Boyer-Lindquist block is stationary, that is, there exists no
globally defined timelike Killing vector field on any given block. In particular, block I contains
a toroidal region, called the ergosphere, surrounding the horizon,

&= {(t,r,@,cp); Ty <T<M+\/M2—Q2—a200s20}, (2.1.3)

where the vector 9/0t is spacelike.

An important feature of the Kerr-Newman space-time is that it has Petrov type D (see
e.g. [88]). This means that the Weyl tensor has two double roots at each point. These roots,
referred to as the principal null directions of the Weyl tensor, are given by the two vector
fields

7"2—|—a2
A

vE= O+, + 30,

Since V* and V'~ are twice repeated null directions of the Weyl tensor, by the Goldberg-
Sachs theorem (see for example [88, Theorem 5.10.1]) their integral curves define shear-free
null geodesic congruences. We shall refer to the integral curves of VT (respectively V™) as
the outgoing (respectively incoming) principal null geodesics and from this point on we shall
write PNG for principal null geodesic. The plane determined at each point by the two prinipal
null directions is called the principal plane.

Instead of r, we will often use a Regge-Wheeler type coordinate 7, in By (see e.g. [27]),

which is given by

1 1
r*zr—i—Tmr ln]r—r+\—2’£—_ln|T—T—|+RO, (2.1.4)

where Ry is any constant of integration and

Ty —T—
=— 2.1.5
et 2(r% + a?) ( )
are the surface gravities at the outer and inner horizons. The variable r, satisfies :
P
= 2.1.6
dr A ( )
When r varies from ry to oo, r, varies from —oo to co. We put:
Y =R, xS (2.1.7)

2.2 The Dirac equation

This section contains a discussion about spin structures and Dirac fields which is valid in
general globally hyperbolic space-times.
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2.2.1 Spin structures

Let (M,g) be a smooth 4-manifold with a lorentzian metric g with signature (4, —,—, —)
which is assumed to be oriented, time oriented and globally hyperbolic. Global hyperbolicity
implies :

i

(M, g) admits a spin structure (see R.P. Geroch [55, 56, 57] and E. Stiefel [96]). We will
choose one of them. We denote by S (or S in the abstract index formalism) the spin
bundle over M and by S (or S) the same bundle with the complex structure replaced
by its opposite. The dual bundles S* and S* will be denoted respectively S4 and S 4.
The complexified tangent bundle to M is recovered as the tensor product of S and S,
ie.

TMRC=S®Sor T°M®C =S* oS

and similarly

T"MRC=S"@S*  or uMRC=S4®Syu .

An abstract tensor index a is thus understood as an unprimed spinor index A and a
primed spinor index A’ clumped together : a = AA’. The symplectic forms on S and S
are denoted €p, €4/p and are referred to as the Levi-Civita symbols. €4p can be seen
as an isomorphism from S to S* which to x? associates k4 = kPepa. Similarly, s g
and the corresponding e2'5’ can be regarded as lowering and raising devices for primed
indices. The metric g is expressed in terms of the Levi-Civita symbols as g.; = €ap€arp:.

There exists a global time function ¢ on M. The level surfaces 3;, t € R, of the
function ¢ define a foliation of M, all ¥; being Cauchy surfaces and homemorphic to a
given smooth 3—manifold ¥ (see Geroch [56]). Geroch’s theorem does not say anything
about the regularity of the leaves 3;; the time function is only proved to be continuous
and they are thus simply understood as topological submanifolds of M. A regularization
procedure for the time function can be found in [16], [17]. In the concrete cases which
we will consider the time function is smooth and all the leaves are diffeomorphic to 3.
The function t is then a smooth time coordinate on M and it is increasing along any non
space-like future oriented curve. Its gradient V%t is everywhere orthogonal to the level
surfaces 3, of ¢ and it is therefore everywhere timelike; it is also future oriented. We
identify M with the smooth manifold R x 3 and consider g as a tensor valued function
on R x 3.

Let T be the future-pointing timelike vector field normal to ¥;, normalized for later conve-
nience to satisfy :

i.e.

T°T, = 2,

T = W\/Zvat, where |Vt = (g VitVP1)1/2,
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2.2.2 The Dirac equation and the Newman-Penrose formalism

In terms of two component spinors (sections of the bundles SA Sa, S or S A7), the charged
Dirac equation takes the form (see [90], page 418):

{ (Vi — ia®4)a = pxa, (2.2.1)

(VA —ia®d ) = noa, p= "2,

where m > 0 is the mass of the field. In the massless case, equation (2.2.1) reduces to the
Weyl anti-neutrino equation
VA gu =0, (2.2.2)

since the equation on x (the Weyl neutrino equation),

VA xu =0,

is the complex conjugate of the anti-neutrino equation
VAAI)Z 4=0.

We shall refer to equation (2.2.2) as the Weyl equation. The Dirac equation (2.2.1) possesses
a conserved current (see for example [87]) on general curved space-times, defined by the future
oriented non-spacelike vector field, sum of two future oriented null vector fields :

Vo — ¢Ah 4 A

The vector field V' is divergence free, i.e. V¢V, = 0. Consequently the 3-form w = *V,dxz®
is closed. Let ¥ be a spacelike or characteristic hypersurface, d2 the volume form on M
induced by the metric (dQ2 = p?dt A dr A dw for the Kerr-Newman metric), N the (future
pointing) normal to ¥ and £ transverse to 3 with N*L, = 1. Then

/2 #(padarda™ + X axardzt)
= /ZNBB’[’BB/ s (padade™ + xaxadz™)
= /ZECC/(?CC/J (N dzPB A x(dadpads™ + xaxadz™))
= [N G+ xaa) (PP D) 2

If ¥ is spacelike we can take £44" = N44" and the integral defines a norm and by this norm
the space L?(%;Sa @ SY) as completion of C§(X;Sa @ SA). Note that if ¥ is characteristic
fz *gbAgzﬁA/dmAA/ = 0 does not entail ¢4 = 0 on X (see Remark 2.2.1). If ¥; are the level

surfaces of , then we see by Stokes’ theorem that the total charge
1

C(t) = 7 ). V,T%dos, (2.2.3)
t
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is constant throughout time. Here doy, = %T‘U ds.

Using the Newman-Penrose formalism, equation (2.2.1) can be expressed as a system of
partial differential equations with respect to a coordinate basis. This formalism is based on
the choice of a null tetrad, i.e. a set of four vector fields (%, n%, m® and m?, the first two being
real and future oriented, m® being the complex conjugate of m®, such that all four vector
fields are null and m? is orthogonal to [* and n®, that is to say

LI =nmn*=mem® =1l,m*=n,m*=0. (2.2.4)

The tetrad is said to be normalized if in addition

lgn® =1, mym® = —1. (2.2.5)

The vectors [* and n® usually describe "dynamic” or scattering directions, i.e. directions
along which light rays may escape towards infinity (or more generally asymptotic regions cor-
responding to scattering channels). The vector m® tends to have, at least spatially, bounded
integral curves, typically m® and m® generate rotations. The principle of the Newman-Penrose
formalism is to decompose the covariant derivative into directional covariant derivatives along
the frame vectors. We introduce a spin-frame {0, 14}, defined uniquely up to an overall sign
factor by the requirements that

/ / ! !
A =10 A =n oA =m®, AN =m®, ot =1. (2.2.6)

We will also denote the spin frame by {e;,e;4}. The dual basis of Sa is {e,),¢,}, where
eAO = —1l4, eAl = 04. Let ¢g and ¢1 be the components of ¢4 in {OA, LA}, and o and x1- the
components of x 4 in (8,74) :
¢o = a0’ . dr=oat, xo=xa0", xv=xa".
Dirac’s equation then takes the form (see for example [27])

n?(0a — iqPa) o — M*(0a — 1qPa) 1 + (1 — ¥)bo + (T — B)d1 = %Xl’ )

la(aa - Z.qq)a) o1 — ma(aa - Z.qq)a) o + (a - 7T)¢0 + (5 - ﬁ)¢1 = _%XO/ s

(2.2.7)
n%(0a — iq®a) xor — M*(0a — iq®a) X1/ + (i — V)Xo + (T = B)xv = J501,
12(0a — 1q®a) x17 — M*(Ja — iq®a) Xor + (@ — T)Xx0r + (£ — p)x1 = _%¢0 J
The u,y ete. are the so called spin coefficients, for example = —m%dng,d = m*V,. For

the formulas of the spin coefficients and details about the Newman-Penrose formalism see e.g.
[90].

It is often useful to allow simultaneous consideration of bases of T%M and S#, which are
completely unrelated to one another. Let {eg, €1, e2, 3} be such a basis of T M, which is not
related to the Newman-Penrose tetrad.
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We define the Infeld-Van der Waerden symbols as the spinor components of the frame
vectors in the spin frame {ef?, €4}

AA/ AA/ a A A’ Na  —Ma
9a = €5 =0a €A €pr = < l
—Ma a

(recall that g2 = e2 denotes the vector field e,). We use these quantities to express (2.2.1)
in terms of spinor components :

—ie g (VAN —iq@2%)gs = —ig* N g (Va —iq®a)pa = —imx™', } (2.28)
—ieg(Van —iqgPaa)x™ = —ig’yacpr (Va—ig®a)x’ = iuga,
where V, denotes V,,. For a =0, 1, 2,3, we introduce the 2 x 2 matrices
A2 — tgaAA/’ B2 — gaAA/’
and the 4 x 4 matrices
0 iv/2B2
= . 2.2.
Y ( —Z'\/éAa 0 > ( 9)
We find :
0 0 = m2
0 0 m* n?
a
v =iV2 A A 0 0 (2.2.10)
m2 —=* 0 0

Putting ¥ = ¢4 @ x*', the components of ¥ in the spin frame are ¥ =t (¢, ¢1, x*, x!') and
(2.2.8) becomes

3
> VP(Ve, — iqPa)¥ + im¥ =0, (2.2.11)

a=0

where P is the mapping that to a Dirac spinor associates its components in the spin frame :
V=¢4@x" = =g

Remark 2.2.1. For a vector field X* we have :

X2 (padar + Xaxa) = (XU, W), (2.2.12)
neX?® —myX® 0 0
x — | —meXe lxe 0 0
0 0 [LX maX®
0 0 M X® 1y X

If 33 is a characteristic hypersurface with conormal ng, then
/ s((padar + Xaxa)dz??) = / n(¢ada + Xaxa)dos = /(|‘I’2’2 + (3% do,
b b pX

where doy, = (1*0,) - dSQ.
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2.3 Mourre Theory

In this section we recall some elements of Mourre theory. We consider the commutator [H, i A]
between the Hamiltonian H and another selfadjoint operator A, called the conjugate operator.
We say that the pair (H, A) satisfies a Mourre estimate on some open bounded energy interval
A (included in the spectrum of H), if

(ME) 1a(H)[iH, A|1a(H) > §1(H)

for some 9 > 0. As both operators H and A are unbounded we have to be careful to define
correctly the commutator. We say that the pair (H, A) satisfies the Mourre conditions (see
[85]) iff

(M1’) D(A) N D(H) is dense in D(H),
(M2’) €4 preserves D(H),supjs <1 ||[HeAul| < 0o, Yu € D(H),

(M3’) [¢H, A] which is defined as a quadratic form on D(H) N D(A) is semi-bounded,
closable and can be extended to a bounded operator from D(H) to H :

[[iH, A](u,v)| < C||Hul|||v||, Yu,ve D(H)ND(A).

It has been remarked in [51] that the Virial theorem remains valid under the following
conditions :

(M1) e*4 preserves D(H),

(M2) [iH, A] defined as a quadratic form on D(H) N D(A) can be extended to a bounded
operator from D(H) to H :

|[iH, A](u,v)| < C||Hul|||v||, Yu,ve D(H)ND(A).

In fact, (M1’)4+(M2’) is even equivalent to (M1). Note also that even in Mourre’s original
work [85], the assumption that [iH, A] is semi-bounded is not necessary.

In our opinion the simplest and most useful condition for the Mourre estimate is the
following (see [4]) :

A bounded operator C is of class C*(A; H) iff
R 35— e®4Ce™™4 is CF for the strong topology of B(H).

H € C*(A) if there exists z € C\ o(H) such that (z — H)™' € C*(A;H). (M1)-(M2) implies
H € C'(A) and the Virial theorem is valid as long as H € C1(A) (see [4]).

If I is an interval, then we set
I*={2€C;RezeI; £Imz > 0}.

The following limiting absorption principle holds :
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Theorem 2.3.1 (Mourre). Assume that H € C?(A) and that (ME) holds. Then

sup [1{A) ™5 (H — 2)"HA)*| < oo,

for all closed intervals I C A and s > %

In the original work of Mourre s = 1 is required, also the technical assumptions are slightly
stronger. We refer to [4] for a detailed discussion of the weakest possible assumptions. The
theorem in the form presented here can be found e.g. in [52], where energy methods are
used for the proof. As observed by Kato (see [69]) the limiting absorption principle entails
(s >1/2):

/ [(A)~Se~H 1, (F)®| 2t < C||D|2. (2.3.1)
0

Inequality (2.3.1) means that (A) 51;(H) is H-smooth, a property which is discussed in
detail in [92]. The above estimate can be used to obtain asymptotic completeness results.
In Chapter 8 we will show that it can also be used to obtain estimates which are useful for
nonlinear problems. From the Mourre estimate also follow propagation estimates (see [95]).
We do not state the abstract results here but refer to Chapter 3 for an application to the
wave equation.



Chapter 3

Asymptotic completeness for the
wave equation in a class of
stationary and asymptotically flat
space-times

In this chapter, which summarizes the article [60], we show asymptotic completeness for the
wave equation in a class of stationary and asymptotically flat space-times. We introduce the
asymptotic velocity observable and we describe its spectrum (under hypotheses weaker than
for the asymptotic completeness).

3.1 A class of stationary space-times

In this section we describe the space-time and the associated wave equation.

3.1.1 The space-time

We consider a lorentzian manifold (M, g) of dimension n+1, n > 2 !, orientable and orientable
in time, globally hyperbolic, stationary and asymptotically flat. We choose the signature
(+,—,...,—) for the lorentzian metric g. By a theorem due to Geroch a globally hyperbolic
space-time is homeomorphic to R x X, where ¥ is a Cauchy surface (see [56]). If the space-
time is also stationary, then there exists a globally timelike Killing vector field X and the
hoemomorphism can be described in the folowing way :

RxY® — M

(t,p) = Pu(p), (3.1.1)

!The method also works in dimension n = 1, but in this case we have to change the energy space, because
the elements of the usual energy space are not distributions in dimension 1.

29
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where ®;(p) is the flow of the vector field X. We consider the same representation of this
space-time as in [70]:

Introducing local coordinates ' on X, we obtain coordinates on M via the homeomor-

phism (3.1.1). As we use the Killing parameter, the metric in these coordinates is independent

of t. Note also that in these coordinates the vector field X equals %. Let "g be the rieman-

nian metric induced by ¢g on 3. Let N(X) be the future directed normal vector to ¥. On X
the Killing vector field takes the form :

(gt E) X = aN(Z) + 3
with « a scalar function and 8 a vector field on 2. As X is timelike we have :
a>0, o -"g(B,p) >0.
In the coordinates (¢, %), the metric can be written :
2 i
(G} = ( ) :ﬁf ! —(_"i]jz‘j )
Here and in the rest of this chapter latin indices go from 1 to n and greek indices from 0 to

n. The Minkowski metric is denoted 7,,, and upper indices are used for the dual metric. We
consider the case ¥ = R™ and we introduce the following conditions :

General condition (asymptotically flat)

There exist coordinates z on ¥ = R" s.t., if we denote x=(¢,z), g = >~/ ,_o g (X)dxdx"

we have :
g is independent of ¢, (3.1.2)
Ve € R",  goo(z) > 0, (3.1.3)
Vo €RY, VEER", = giy(z)&é; >0, (3.1.4)
ij
e >0, YaeN', 9%(gu —nuw) € O((z)~loh. (3.1.5)

These conditions are also satisfied by the dual metric and the estimates are uniform.

3.1.2 The associated wave equation

Let |g| = |detg|. The d’Alembertian associated to g is given by :
_1 1
Og = 19172 Y dulgl2g" 0, (3.1.6)
/’1171/
After a unitary transformation we can write the wave equation
Ogu = 0,

’U,‘tzo = Uup, (3.1.7)
atu|t:0 = u
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in the following form

Otu — ibOu +au = 0,
uli=o = uo, (3.1.8)
Opuli=0 = w1
with
a = —— Y 9lgl2g h———, (3.1.9)
V9% lglr Fx V9%l
g0k Ok
b = iY Ohgy + 550k (3.1.10)
— 9% g
3.1.3 The abstract setting
We consider the following abstract wave equation on a Hilbert space H.
Otu — ibdyu +au = 0,
ule—o = o, (3.1.11)
8tu\t:0 = U.
We suppose in the following that :
a,b selfadjoint, (3.1.12)
a>0, 0¢oppla), (3.1.13)

D(®) > D(a2) and VYue D(az), |[|bul| < C(|lazul| +|ull).  (3.1.14)

Let H* be the scale of Sobolev spaces associated to a. On H! we introduce the norm ||u||? :=
(au,u) (as 0 & opp(a) this is indeed a norm). In an analogous way we introduce the norm
[ul3 := (au,u) + ||au||?> on H2. Let H¥, k = 1,2 the completion of H* in these norms. For
f=(fo, fr) € He ® M, we put

1£11Z = [111]* + (afo, fo) (energy norm)

and define the energy space & = H! @ H. We rewrite the wave equation as a first order

system :
i f = Rf (0
fli=o = (uo,u1), } R= ( —ia —b ) (3.1.15)

The operator R is selfadjoint on € with domain D(R) = H2@&H!. By a unitary transformation
U(a) we can transform the operator R into :

1
2

L ==U(@RU Ya) = (“

(SIS [
NS

|
Q
R o
|

SIS

N———
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The operator L is selfadjoint on H @& H with domain D(L) = H' @ H'. The evolution is
therefore described by a unitary group e L.

It is easy to check that the operators introduced in Subsection 3.1.2 satisfy :

a(z, &) — 2 € 857 (3.1.16)
b(z,€) € SHe, (3.1.17)
The operators a,b" satisfy the conditions (3.1.12)-(3.1.14). In particular a is selfadjoint on

H := L?(R") with domain H?(R") and b¥ is essentially selfadjoint with domain H!(R"). In
the following we note

wyi % [k
L::(“‘ )2 =% 3 >,D(L)=H1@H1.
2

3.1.4 Absence of eigenvalues
For the rest of this chapter we suppose the following stronger condition on the metric :
1
>, VaeN, 9%g% € O((z)~0~leh. (3.1.18)

Theorem 3.1.1. Under the supplementary condition (3.1.18), L has no eigenvalues.

3.2 The Mourre estimate

In this section we show a Mourre estimate for L. We proceed by first showing a Mourre
estimate for a", then for (a“’)l/ 2 and eventually for L. We give here only the result for L.
Let

1

cim %(@;,D) + (D)) <D _ 1,v> and
D(c) = {® € L*(R")|c® € L*(R™)}.

For x € C§°(]0,¢[), we always consider the function R™ 3 X\ — X()\%) to be extended by

0 on R™. In this way the expression x(a(z, 5)%) is always well defined, even if a(x,§) is not
necessarily positive.

Let x,x € C5°(]0,00]) or x,Xx € C§°(] —00,0[), xX = x. From the regularity properties
of a® we deduce that the operators )Z((aw)%)cf(((aw)%) resp. )Z(—(aw)%)cf((—(a“’)%) are well
defined on D(c). The closure, denoted cg, is selfadjoint. For x € C§°(]0,00[) or x € C§°(] —
00,0[), we put :

C, = (Cg ci) D(Cy) = D(cy) & D(cy).



3.3. PROPAGATION ESTIMATES 33

Theorem 3.2.1.

(i)  Forall x € C§(]0,00)) UCS(] —00,0[), we have : L& C?*(Cy).

(1)  For all x,x € C5°(]0,00[) UCS(] — 00,0[) with xx =%, we have :
X(LD)[iL,Cg]x(L) = x(L)Lx(L) + K with K compact. (3.2.1)

(#i1) For all A > 0 and 6 > 0, we can find an open neighborhood A of X s.t. for
all x € C§°(]0,00[),x =1 on A:
TA(L)[iL, CZIA(L) > (A = 6)TA(L). (3.2.2)
We have an analogous property for A < 0.

3.3 Propagation estimates

In this section we collect several propagation estimates which are important for the construc-
tion of the asymptotic velocity and the proof of the asymptotic completeness result. For
® ¢ 'HEH we put :

P, = ey,
Proposition 3.3.1 (Maximal velocity estimate). (i) Let 1 < 01 < 62, x € C3°(]0,00]) or
X € C§°(] —00,0]) and ® € H® H. Then

> T dt
||]I[91,92} u x(L)® H2 < C”q)HZ (3.3.1)
1 t
1) Let F € C°(R), F' € C°(R) and suppF C]1,00[. Then :
0
s— lim F (' ’) —il —, (3.3.2)

Let x, X € C5°(]0,00[) or x, X € C5°(] — 00,0[) s.t. XX = X, §(A) = X(VA)VAX(VA) (resp.
d(\) = —X(=vV2)VAX(=VN)). The operator v* for

v(x, 5) = gl(a@?’ f))VgCL(JZ‘, 5)
is called the local velocity. Note that v € S%? and that v" is a bounded operator. We obtain :
Proposition 3.3.2 (Microlocal velocity estimate). (i) Let 0 < 01 < 03, ® € H ® H. Then :

X
[ a0 (B1) (5 - o) xpmlP . < cljol (333
1
(73) Let 0 < 6y < 03. Then :

z\ [z _
s — hm ]I[91792] (‘ ’) <? - v“’) x(L)e L = 0.

Proposition 3.3.3 (Minimal velocity estimate). Let x € C§°(]0, 00]) or x € C3°(]—00,0]),® €
HDH and 0 < 0y < 1. Then we have :

(e
0 [ imoa () wmedef < clial?, (3.3.4)

i1) s — hm II[O 9] (|f|> e it =, (3.3.5)
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3.4 Asymptotic velocity

In this section, we construct the asymptotic velocity and we describe its fundamental proper-
ties. In the following we will always identify (as algebras) Coo (R™, C?) and Coo (R™ x {+, —1),
resp. Coo(R™ x {+, —}) @ C(R) and Coo(R™ x {4+, =} x R).

Theorem 3.4.1. (i) For all f = (f1, f2) € Coo(R"™,C?) there exists

vt Coo(R™,C?) — B(H @ H) is a x-morphism of C*-algebras. We have : [L,y"(f)] =0
for all f € Oxo(R™,C%). We put UT := Imy™.

(ii) We have :

D
YH(f) =s— lim et (fl(g)D) 0 D )) e ML,

t—o0 f2(_ﬁ

(iii) We have :
T=Ker(y") = {f € CaolR" x {+,=D| flsrrxgey = O},

which gives the following isomorphisms :

Coo(R™ x {+,-})/I — - Ut

~y
\ / , in particular cU') = S" 1 x {4, —}.

C(Snil X {+7 _})

(tv) We consider the x-morphism of C*— algebras

. Coo(R" x {+,-1}) ® Cn(R) — B(H ®H)
' g h =T (g)h(L).

We put :
W i=Iml, NV i=S" ! x {4} x RTUS™ ! x {~} xR,
We have :
J = Ker(I') = {f € Coo(R" x {+, =} x R) | fly =0},

which gives the following isomorphisms :
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~

. B o~ +
Coo(R™ x {+,—} x R)/J T+ W
\ / , in particular cOWVT) = N.
Coo(N)
Remark

1) We can associate to the algebra U+ an observable in one of the following two manners :

a) For f € O (R"), we have :
Y ) =s —tlim ettl <f(f) 0 )> oitL

If in addition f(0) = 1, we have :

s — lim (s — lim e <f(Rt) Om )e—itL> _q

by Proposition 3.3.1. By [36, Proposition B.2.1.], there is a vector of selfadjoint operators
commuting with PTs.t.

Y ) = F(PT), Vf € Co(R).

The operator P* commutes with L.

b) By (i), the limit

exists. Clearly :
F(VF) = f(PT), VfeCx®RY), ie V*=pt
in particular PT is bounded. We call V* = P* the asymptotic velocity. Let us consider :

K o COO(RH)_) ut
o =T

By (#i1), we have
Ker(k) = {f € Co(R")|  flgn-1 =0},

i.e. o(PT)=S""!. Using (iv), we can compute the joint spectrum :

o(PT,L)=S""1xR.

0 et Vit = s — lim eith 8 OD eitl
0 t—o00 _W

If we put

SYSIS

t—o00

V1+ = 5 — lim eF (
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then :

o(ViH,L) =S"" ' xRY, o(V,",L)=8""1 xR".

2) We can see (iii), (iv) as a very weak version of asymptotic completeness. For (iii), (iv),
we only need a decay O({z)~¢) at infinity whereas we need O((z)~17¢) for asymptotic com-
pleteness (short range).

3.5 Asymptotic completeness

Let
= _(ID] 0O N 1
L_(O ip| ) DD =H' e

We will compare e *F and e #L. As already announced, we have to strengthen our conditions.

Instead of (3.1.16),(3.1.17) we require the existence of € > 0 s.t. :
a(z,£) — 2 e 82717, (3.5.1)
b(x,&) € SV
Note that this is a condition on the operators and not directly on the metric. In particular
the wave equation on the Schwarzschild metric enters in this setting after diagonalization

with respect to the eigenvalues of the Laplacian on the sphere. Note however that in the
Schwarzschild case we have to change the energy space (compare Chapter 7).

Theorem 3.5.1. We have the existence of

s— lim eftkeil, (3.5.3)
t——4o00

s— lim etle™l, (3.5.4)
t—+o00

If (5.5.3) equals QF,

sSr’

then (3.5.4) equals QF* and we have QF*Qf = T = QLQL*. In addition :

ST TSr

L=0iLat* (3.5.5)

sr

B0
Pt =0f ('Dl b ) Qtx, (3.5.6)

D]

in particular os.(L) = 0 and (PT)? = 1.



Chapter 4

On scattering theory for the
Klein-(GGordon equation on the Kerr
metric

4.1 Introduction

In this chapter, which summarizes the article [61], we show asymptotic completeness for the
Klein-Gordon equation on the Kerr metric within certain spaces of positive energy solutions.
We compare the Klein-Gordon dynamics with the free dynamics near the horizon of the
black-hole and with a modified dynamics of Dollard type at infinity.

Recall that the Kerr metric is not stationary, i.e. there is no global timelike Killing vector
field. In particular there exists a region called the ergosphere where the vector field 0; becomes
spacelike. The consequence for the Klein-Gordon equation is the following. If we write it in
the form

(0 — 2ikO;, + h)u = 0,
u]t:() = Uup, (4.1.1)
3tU’t=0 = u

with h, k selfadjoint operators on a certain Hilbert space, then h is not a positive operator.
Thus the energy F(u) = ||0wu||? + (hu,u), which is conserved along the evolution, is not
positive. More generally there exists no positive conserved energy for the Klein-Gordon
equation on the Kerr metric. We will construct Hilbert subspaces where h is positive. For
the existence of these subspaces we need that the mass of the particle is strictly positive.
Our asymptotic completeness result is valid after restriction to these subspaces. The results
presented in this and the following chapter are contained in [61] and [63]. In these works
a general geometric setting is described in which we formulate and prove the results. In
particular the results in [61] and [63] can be applied to the Klein-Gordon (wave) and Dirac
equations on a riemannian manifold with euclidean and hyperbolic ends. In [61] and [63] they
are applied to the Kerr case. In the present work, we only summarize the applications to the
Kerr case and refer to [61], [63] for the more general setting.

37
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The proof uses a Mourre estimate. In [34], De Bievre, Hislop and Sigal observed that a
Mourre estimate for a non negative operator h entails a Mourre estimate for the square root
of h. We will give here a somewhat different formulation and proof of this result. This is
sufficient to treat static situations. As the space-time is not static we also need an additional
argument to deduce a Mourre estimate for a matrix problem. The operator h itself is in
our case similar to a Laplacian on a riemannian manifold with two ends, one asymptotically
euclidean and the other asymptotically hyperbolic. For this kind of Laplacian a Mourre
estimate is established in the article of Froese and Hislop [50]. In [61] we give a somewhat
different formulation and proof of this result. In the next chapter we will give a new argument
that also works for the Dirac operator (whereas the argument of Froese, Hislop only works
for the Laplacian). Therefore we will not deal with the Mourre estimate for A in this chapter.

The present chapter is organized as follows. Section 4.2 is devoted to the Hilbert space
setting. We deduce from a Mourre estimate for h a Mourre estimate for the square root of
h and a Mourre estimate for a matrix problem. In Section 4.3 we collect the main results of
this chapter. We construct the subspaces on which the energy is positive. We consider the
energy associated to the Killing vector field (using Boyer-Lindquist coordinates and denoting
Qg the angular velocity of the horizon with respect to infinity) 0y + Q. This Killing vector
field is timelike close to the horizon and spacelike at infinity. The axial symmetry of the
Kerr solution gives the conservation of the angular momentum for the solutions of the Klein-
Gordon equation. This permits us to impose in the following a restriction on the angular
momentum of the initial data. The positive mass of the particle makes the operator positive.
For neutral mesons we can permit at least 10'® modes.

4.2 The Hilbert space setting

4.2.1 An abstract wave equation

We consider the same abstract wave equation as in Chapter 3 :

O2u — 2ikOu + hu = 0,
u|t:0 ugp, (4.2.1)
8tu|t:0 = Uui.

We first suppose that

h,k selfadjoint, (4.2.2)
h>0, 0¢oplh), (4.2.3)
D(k) > D(h'/?), Vu € D(h'7?), |Jkull < C(|[h"?ul| + |Jul])- (4.2.4)

Let HF be the scale of Sobolev spaces associated to h and H’j the completion of H* in the
norm :

k
lullg = 1Pl

j=1
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The energy space will be denoted in this chapter by R := H! ® H. We rewrite the wave
equation as a first order system :

10sf = Rf B 0 b
f’tio = (uo,u1) } = <—ih —2k> ' (4.2.5)

Recall from Chapter 3 that R is selfadjoint on R with domain D(R) = H? @ H!. Let
L :="H & H. We introduce the following unitary transformation

1 (K2 , R/ — k k
U:R—L, U= f<h1/2 .>,L:—URU _< " —hl/z—k>'

Then, again by the results of Chapter 3, L is selfadjoint with D(L) = H! @ H!. The evolution
is therefore described by a unitary group e L.

We now want to solve (4.2.1) without supposing A > 0. To avoid confusion we introduce
new symbols h k. For simplicity we will suppose that h (resp. k:) is a differential operator of
order 2 (resp. 1) acting on C§°(M), M = R, x S2. We consider the following wave equation :

(87 — 2ikd; + h)u =0,
uli=o = uo, (4.2.6)
8tu]t:0 = Uui.

Our hypotheses will be :

h+k*>0 in the sense of quadratic forms on C§°(M). (4.2.7)
(We note the Friedrichs extension (h 4 k2, D(h + k?)).)
+[h,ik] < C(h + k?)in the sense of quadratic forms on C§°(M). (4.2.8)

0¢ Upp(il + k).

(4.2.7) is the condition that (4.2.6) is hyperbolic. (4.2.8) will assure a-priori estimates. These
two conditions are geometric conditions. (4.2.9) is necessary to define an energy norm which
coincides with the energy norm we have defined before in the case k = 0. We define the scale
of energy spaces in the following way. We put :

0 1
E = <_;3 2k>
For (ug,u1) € C(M) x C3°(M), we put :

| (wo, wn)|[2 = [lur — ikuo||* + ((h + k*)uo, uo).

The space £F is defined as the completion of C§°(M) x C§°(M) in the norm :

= ()
Ul

The condition (4.2.9) assures that ||.||cx defines a norm. We will often write £ in place of £°
and we note £% the dual of £F.

k

(o, ur)llgs =)

1=0

2

13
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If w is a solution of (4.2.6), then v = e~tkty is a solution of
(07 + h(t))v =0 (4.2.10)
with h(t) = e_“}t(il + ];32)6“1& > 0. The natural energy associated to (4.2.10) is
10l1F = (18] + (h(t)v, v).
We obtain the energy £ by rewriting the energy 7 for u. We put :
P =0, - FE.
We have the following a-priori estimate :

Lemma 4.2.1. Let u € C([0,T] ; £ N CY([0,T) ;E%). Then we have :

T
sup [lu(®)2 < COE + [ |IPulzae) (12.11)
0<t<T 0

The Lemma gives the following existence and uniqueness result using a Hahn-Banach type
argument :

Theorem 4.2.1. Let f € L*([0,T] ;&) and g € E'. Then there exists a unique solution
ue C([0,T] ;) of

(9 _ﬁ)z _ 5} (4.2.12)

and u(t) satisfies (4.2.11).

4.2.2 The Mourre estimate

In this subsection we suppose h > 0. Let b be another selfadjoint operator s.t. h € C1(b). We
suppose that the couple (h,b) satisfies a Mourre estimate on an interval I? = [a?, 3?] (8 >
a>0):

172(h)[ih,b]1j2(h) > v1p2(h) + k  with v > 0 and k compact. (4.2.13)

We will construct an operator by, depending on a cut-off function x, s.t. hl/? e Cl(bx) and
such that the couple (h'/2,b,) satisfies a Mourre estimate on each interval I C I = [a, 3] with
dist(I,R \ I) > 0. For this purpose we choose a function x € C§°(]0, 00[) with x|;2 = 1. The
regularity of h with respect to b entails that x(h)bx(h) is well defined on D(b) and closable.
The closure, which we denote b,, is selfadjoint.

Theorem 4.2.2. (i) For all x € C§°(]0,00]), the couple (h'/?,by) satisfies (M1), (M2) and
[hl/z, b, | possesses an extension to a bounded operator.

(i1) For all T C I with dist(I,R\ I) > 0 and x € C3°(]0,00[), x|z = 1, we have :

1I~(h1/2)[ih1/2, bx]lj(hl/Q) > ,ulf(hl/2) +k with u> 0 and k compact.
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Note that from a purely formal point of view the theorem follows rather easily from an
integral representation of the square root. Indeed let ¥ € C§°(I?) with x| 72 = 1, in particular
xX = X. Using the formula :

L(h)h'/? = 771 / sTV22(h)h(s 4+ h)"lds
0
we find :
RB)RY2, bR () = 771 / $2(s + h) R (h)[ih, bR (h)(s + h)\ds,

which allows us to use the Mourre estimate for h.

We now establish the Mourre estimate for a matrix problem. Let x € C§°(]0, co[) and
H,h > 0,b,b, as before, in particular h € C'(b). We consider the following selfadjoint
operators on L:=H O H :

B, = (bgb(j), D(By) = D(by) ® D(b,) and

I h'/2 0 (1t
“lo —2) T 1
with ¢ € RT and D(L) = H! @ H!. Let S, C R be a discrete subset s.t. 0 € Sy and :

VYA€ R\ Sp, 3I neighborhood of A with 1;(h)[ih,b]17(h) > v1s(h) +k

with » > 0 and k compact. We call S;, the threshold set of h. We put S; := {—c+
VA2 + 2 X e Sy}. We obtain :

Theorem 4.2.3.

(i)  VxeCg°(]0,00]) (L,By) satisfies (M1),(M2).

(1)  VAeR\Sr, 3IxeC5o(]0,00[), I neighborhood of X with :
(D)L, By]11(L) = plf(L) + K1 if A >0,
1/(L)[iL, —ByJ1;(L) > pl;(L) + Ky if A <O,

with >0 and K; (i =1,2) compact.
4.3 Asymptotic completeness

4.3.1 The Klein-Gordon equation and the asymptotic dynamics

Let f be a solution of the wave equation on the Kerr space-times and u = \/; f. Then u

2_;’_ 2
satisfies
4aM Vr2 4+ a? Vr2 + a? A A 2 2 20
(af M0 — VAP g 2y gy Y H P VAL ‘F+“Qa§)+m’;>u:o.
o o o o o o
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Here s is the Regge-Wheeler coordinate. Our Hilbert space will be H := L*(R x S?, dsdw).
Let ¢y = 2Hi, T >0, 6 € C(R) with suppfy C ] — 0o, —Z[U]%,00[ and fy = 1 on

] — 00, —T[U|T,00[. Let 0 < 6 € S®~ and 0, (r) =1 for » > 1. We put

C;+1 —2K s)|s|+T < +1 " s S)r
g (s) = (rp —r_ )= e2 +(00(s)|s|+ +), f(s) (ry —r_)or e 2me(slo(s)+ ”m%ﬁ
(ri +a?)? ’ AM?r2

We will consider the following equations :

(87 + 2+ =25 030; — 02 — g (s)Ag2 + fi=(s) + maQ)u— =0,

—|t:0 - u—,OJ (KG(_’l))

Ou— |t 0= U-n1,

(82 =+ 2 6¢8t 8 -+ ﬁa%u_ = 0

—|t:0 = Uu—po, (KG(7’2))

6tuf|t=0 =u—1,

(07 — 02 = 00 (s) i A2 + 04 () (% — 7200 (s)) + %
1) 92 _

+(0+(s) — 1) 2(r2 +a2)2 0¢)u+ =0, (KG(+,1))

U+’t:0 = U+0,
Oty |1=0 = U 1, )

(07 — 02 +m* — 2]\@'12 Oo(s))us =0,
u+|t=0 = qu,OaJ (KG(+72))

atu+|t*0 = U+ 1,

(atz ( 2+a2)28¢at 8 - ( 2+a2) AS2 + (T‘2+a22i2 82
Foma)v =00 b (kG)
V=0 = vo,
3tv|t:0 =1,
(07 + 4aMr g, 0, — VTEA g (12 4 g2)9 VI VAN, VA
a? 92 |, mPpAN .
+J2a¢+ 02 )U_O’ (KG)
uli—o = up,
atu|t:0 = ui,

The equations (K'G(_ 1)) and (KG(_ 2)) describe the dynamics near the horizon, the equations
(KG41)) and (KG(4 2)) describe the dynamics near infinity. (KGo) describes a spherically
symmetric intermediate dynamics. It is needed for the proof. Its introduction avoids the
necessity of dealing with artificial long range terms. (KG) is the Klein-Gordon equation.
The cut-off 6, in (KG(4 ) avoids the creation of bounded states. Close to infinity this
equation becomes :

1
(87 = 02— (s e + m? — S0
s
All the above equations fit in the abstract setting developed in Section 4.2. We put in
the following N' = {0, (—, i), (+,4); i = 1,2}. For v € N, the corresponding energy space is
denoted &,.
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4.3.2 Restricting the space of solutions

We start with the following change of coordinates :

b= 06— iat, 95 = 0y,
t=t, N Op = 0+ 1250206,
S==s 85265

In these new coordinates, which we denote again t,s, ¢, 0, the Klein-Gordon equation be-

comes :
4aMr 2a a? 4a®Mr
o2 — 040 H?
(o (" - ) 2o+ (G ot + o)

2 2 2 2 VA
_ VR 2y, YT VAN VA m’; )u_o. (4.3.1)
g g g g o

The coefficients are independent of ¢ and so we can fix the angular momentum Jy = in in
the above equation :

2, 4aMr 2a a? 4a®Mr a\
o; 2 7 2) " e o2 ) T2 )"
o r++a (r3 +a?) 0(7" +a) o

V12 +a? \/T’2—|-CL2 A \F )v—O
o 02 -

— e 0,(r* + a*)0,

o g g

(4.3.2)

The above equation has the form (4.2.1) and the operator h is positive if the angular momen-
tum is not too large with respect to the particle. More precisely h is positive if

2.2
9 _ N°a 1 1
> ). 43.3
=g <M+r+> (433)

We will suppose (4.3.3) in the following. An explicit calculation shows that for neutral
mesons we can permit at least 2.82 x 10'® modes. We define the operators h,,k, using
equation (4.3.2). We denote H!, L, Ry, R, the spaces and operators constructed starting
from (hy, k) as described in Section 4.2. A similar procedure is applied to the comparison
dynamics. The corresponding spaces and operators have an additional index v. Recall that
(—Ag2, H%(S?)) is a selfadjoint operator with compact resolvent. Its eigenvalues are of the
form I(l 4+ 1) with multiplicity 2/ + 1. We can decompose H into spherical harmonics :

LR x §%) = @ @m=L, L*(R) @ Yoy, Himy = L*(R) @ Yyt Loy = Humg @ Hon-

The spherically symmetric operators can be restricted to the spaces with fixed spherical
harmonics, the corresponding operators and spaces are indexed by both m and [. We now
introduce the spaces on which R,, describes the real dynamics of the system :

H? = {u(r,0,¢) = v, v e L}(R x [0,n],sin0dsdf)} C H, HL? .= HL N H?,
Hég := completion of Hy? in the norm (hnu,u), RY := Hi”q‘f o HS.



44 CHAPTER 4. KLEIN-GORDON EQUATION ON THE KERR METRIC

The spaces R,an are defined in the same manner. Note that eT®f» sends Rﬁ into itself and
that eT®fvn gends an into itself. We put :

= 1 0 1 0 U
¢ _ ¢ oy = 0
G = <i61,n 1) R ||(U07U1)Hggi H (icl,n 1) <u1>'

an
2 2
7'++a

5 1 0 o 1 0 ()
S O LT (A 6

The spaces QN,? n g}m are constructed in an analogous way. Considering the Klein Gordon
equations (K@), (KG,) we construct the operators h, k etc. and the energy spaces &, &,
as explained in Section 4.2. The operators By, ky are obtained by restriction D, = n. The
following figure summarizes the notations we need. Each bloc contains the Sobolev spaces,
energy spaces, operators describing the KG equation and the dynamics which are naturally
associated to a given coordinate system. All coordinates can be understood as coordinates
naturally attributed by an observer.

)
RS

where c¢1, = The spaces 93 n are constructed in the same manner. We also define G,, :

locally non rotating

observer

h(t),0 | (R(t))

(H@®) | T

rotation with local
<— angular velocity = —

(different in the
initial two cases) rotating

observer observer

h, k R |rotation with constant | (h), (k)| (R)

- & angular velocity - (-)

restr.|0p = in restr.|0p = in

hn,kn | (Rp) |rotation with constant| hn,kn R,

- G angular velocity HE? RS
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We check that
QNﬁ — £, G,ﬁn — &, 5(+,2) — g~(+,2),n

with continuous embeddings. On G¢ the norms ||.|[¢ and ||.|| go are equivalent and for all

v € N the norms ||.||¢, and 9, are equivalent on GY,,. We will also need the spaces

-llge .

~ 1 0
Rﬁ’f ={ue€ R;’i U= Z Ui, Ui € L}, fo’f = ( ) 1) Rﬁ’f.

finite —n
The spaces Ryn, I are defined in the same way. We note that QNEZf N C Qif .
We now fix N > 0 s.t. m2>1\;232(ﬁ ) We define :
+
- @ - o
In|<N [n|<N

The spaces g¢’ N and gj’ v are defined in the same manner. We have g N — € and g — &,
with continuous embeddmg

4.3.3 Asymptotic completeness

The first result in this subsection is that Ry, hy, and h,,, Ry, v # (+,2) do not have eigen-
values. Let j4 € Cp°(R) with suppj_ C | —o0,1[, suppj+ C|— 1,00 and j% + j2 = 1. Let
Jsq =Js for 6 € {+,—}, i € {1,2} and jo = 1. We put :

. 1 0 . .
Gl ::( . )Iml (Run) NGl Gy == P G2,

—iClp 1
" In|<N

In this subsection we compare the solution of the Klein-Gordon equation to the solutions of
the other equations. We recall that a solution of (KG) (resp. (KG,)) is a couple (f(t),0:f(t))
such that f(t) satisfies (KG) (resp. (KG,)).

Theorem 4.3.1. Let v € {0, (+,1)}.

(4) Let (v(u,0y, V1)) € QiN and v, (t) be the solution of (KG,) with initial data (v(,0), V(1))
Then there exists a solution u} € C(]0, 00| ;gj@) of (KQG) such that

[t () = juvou(t)|le = 0 (t — +00). (4.3.4)

(ii) Let (ug,u1) € gj@ and u(t) be the solution of (KG) with initial data (ug,u1). Then there
ezists a solution vl € C([0,00[ ;G ) of (KG)) such that

vy () = vu(®)lle, — 0 (¢t — +o0). (4.3.5)
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Theorem 4.3.2. Let v € {(+,2)}.

(4) Let (v(,0), V(1)) € g¢ N Qfl,N and v, (t) be the solution of (KG,) with initial data
(V(w,0), V(1)) Then there exists a solution u;} € C([0,00[ ; Qf\}) of (KQG) such that

[y (8) = uou(B)lle = 0 (t — +00). (4.3.6)
(ii) Let (ug,u1) € gf\’, and u(t) be the solution of (KG) with initial data (ug,w1). Then there
ezists a solution vl € C([0,00[ ;G ) of (KG)) such that

v () = jou®)|le, = 0 (t — +00). (4.3.7)

Remark 4.3.1. We can replace the norm ||.||g resp. ||.||e, in (4.3.4)-(4.3.7) by the norm
[I-llge resp. [[-llge
N v,N

4.3.4 Profiles

In this subsection we will describe the asymptotic behavior of the solution in terms of profiles.
Let

Up(t)

=exp | —it 0 ‘ —ilnt 0 _iTIZ’i\\/l (D3 + m2)*1/2
- —~i(D? +m?) 0 P72 (D2 4 )12 0 '

Concerning the situation near the horizon we note that (KG(_ o)) possesses an explicit
solution. Let ¢; := For ug,u; € C§°(R x S2) the solution (u(t), du(t)) of (KG(_ 2))

_a
2 +a?"
is given by :

’LL(t) = %(UO(S +t79’¢ - Clt) + uO(S - t797¢ - Clt))

1 s+t
+ 2/ (7,0, — c17) + c104uo (7,0, p — c17)dT (4.3.8)
s—t

For (v_,v-1) € £ 2) we note U_ 9)(t)(v— 0, v 1) the solution of (KG _ 5)) with initial data
(v—0,v—1). We have the

Theorem 4.3.3. () For all (v(_),v(-1)) € 9 ’f2 and all (v(y 0y, V(+,1)) € ggﬂgw, there
exist solutions ut, ul € C([0, o0] 7g ) of (KQG) s.t.

Hu_( ) = J-U 2 () (v 0y, v 1))lle =0 (t — +o0) and (4.3.9)

U () — 5 Up () (Vs 0y, V(4 1))lle = 0 (¢t — +o0). (4.3.10)

(ii) Let (uo, ul) € QN and u(t) be the solution of (KG) with initial data (ug,w1). Then there
exist (vh v )0 ) € (] )N and (v v )71)(++,1)) € géb+,2),N such that

s <t><v(+_,0),v<+_,1>> —jullls_y =0 (= +00), (43.11)

DT 0, 0F 1)) — sl — 0 (E— +o0). (43.12)



Chapter 5

Scattering of massless Dirac fields
by a Kerr black hole

5.1 Introduction

In this chapter we show asymptotic completeness for massless Dirac fields in the Kerr geome-
try. We use two types of comparison dynamics; asymptotic profiles and Dirac type comparison
dynamics. We obtain the existence of an asymptotic velocity and describe its spectrum. There
are two main ingredients of the proof : a new Newman-Penrose tetrad which is particularly
well-adapted to the time dependent scattering problem and a Mourre estimate. The geom-
etry near the horizon requires us to apply a unitary transformation before we find ourselves
in a situation where the generator of dilations is a good conjugate operator. The chapter is
organized as follows:

e In Section 5.2 we introduce the new Newman-Penrose tetrad.
e Section 5.3 summarizes the main results of this chapter.
e In Section 5.4 we give some elements of the proof.

e The results are reinterpreted geometrically in Section 5.5

The present chapter summarizes results obtained in collaboration with Jean-Philippe Nicolas
(see [62], [63]).

5.2 A new Newman-Penrose tetrad

The tetrad which is the most frequently used is Kinnersley’s tetrad (see [73]). The choice of
this tetrad comes from the type D structure of the Kerr space-time. The two real vectors are
chosen along the two principal null directions V' and V :

0
oz

= VT no 0 =puV- (5.2.1)

[ =
ox®
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and the normalization condition [,n® =1 gives
Apg(VEVT) =1,

thus, ,
2p
A p N 1.
Kinnersley’s choice was to take A = 1. Once the directions [* and n® are chosen, the complex
vector field m® is uniquely determined, modulo a phase factor e¢?. We will take here A = p
rather A = 1 in order to have an equivalent behavior of the vectors [*, n® close to the horizon.
We obtain :

0 1 0 0 0
f— = +ad%) -+ A +a— 5.2.2
9rt ~ Jan [(r +a’) 5+ 874+a&p}, (5.2.2)
0 1 9 9y O 0 0
a _ — — A— — 9.2.3
" ore T /27 p? [(T +a’) ot or Jra@gp] ’ ( )
0 1 0 0 i 0
« =~ ligsinf= + — — 5.2.4
K [msm FT T smaa@} ’ (5:2.4)
0 1 0 0 i 0
= a — 3 in@— R P 5.2.5
™ 0w T a2 [ R T T R 8@] ’ (52.5)
where p = r + ia cos 8. We will use the Regge-Wheeler type coordinate and define the density
spinor :
_ A o2 p? 1/4
(Z)A = <(7’2 + a2)2> (z)A : (526)
Then the Weyl equation in the Kerr metric can be written :
0, ® = P D, (5.2.7)
DK = M, D, + Mg2Dg2 + MyDy, + Mp. (5.2.8)

Here @ is the vector of components of the spinor ¢4 in the spin frame corresponding to the
above tetrad. We will specify only the term which is awkward for the scattering theory.

(r2+a2) Vv Ap? ia sin 0

) 2 1
Mg: = po 4 ~ —1Idg, r — 400
_iaAsing  (r7+a?)y/Ap? o
o2 po?

At positive infinity (r — 400) we have to compare Mg2lg> to 2. Note that the short
range condition is :

(M2~ D)Pg2 € OG™ (1 Pg2)), € >0, e, Mg~ € OG>,

which is not satisfied. More generally, there is no spherically symmetric matrix My such that :
(MSQ — Mo) € O(’r‘_2_€).

Note that this is not linked to the choice of A, 1 in (5.2.1).
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To solve this problem we will choose another tetrad.

Once the Newman-Penrose tetrad chosen, the vector field I* + n® is a future pointing
timelike vector field. By the choice of the foliation ¥; we fix a future pointing timelike vector
field, which is the future normal to ;. The idea is to put

1 + n® =T7.

We will call such tetrads adapted to the foliation (see [87]). We single out a pair of null vectors
that are not accelerated in the angular directions; i.e. 1* and n® are in the plane spanned by
T% 0,. Requiring that 1 should be outgoing, n incoming, and a similar behavior of the two
vectors near the horizon, we obtain (the choice of m® is now imposed, except for the freedom
of a complex factor of modulus 1) :

p? 1o a0 o g+2aMra+ A D
oxe 27 Ox¢ 2020r  \J2Ap2 \ Ot o2 2p2 Or”’

0 0 7Ta3_ AN g_’_QaMra A 0
" ra ox® 2020r  \/2Ap2 \Ot o? 202 0r

. 0 1 <0 p* i 6)
m = ([ =+ 5%— ),
Oz /2p2 \00 o sinf dyp

i o0 1 2_&2 i 0
8xa_,/2p2 90 o sinf dp

A first test to decide if this is a good choice of the Newman-Penrose tetrad consists of
computing the conserved quantity. We find :

AA’ naTa —IflaTa .
r _<—maT“ 1,7 =1

which is indeed the simplest possible expression. We compute the expression of the Weyl
equation using the new tetrad :

O = i W, (5.2.9)
Dy =hpyh+ VoD, +V,
Dy =Dy, + g(re) D2 + f(re)D

- r24+a2 (10
N o T = \o-1 )

The potentials V,,, V' are short range potentials and we have :

O(ry)™2), rs — +o0
2 ) 9
h-le {(’)(62”“*), re — —00.

The exact expression for the potential can be found in [63]. In a first step, we will compare
Dy to 1D, the difference is short range after diagonalization in D, = n. In a second step, we
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compare I, to asymptotic hamiltonians. In this second step, the angular part can be treated
as a potential, thanks to the spherical symmetry of the operators. Thus the problem that
existed in the expression of the Weyl equation in Kinnersley’s tetrad no longer exists in this
new tetrad. The vector W of the components of the spinor qg 4 in the spin frame corresponding
to the new tetrad is linked to the vector ® by a unitary transformation :

__Piasin VA
p VO e
ia sin v A p ’
20p Vor pVI+

¥ =Ud, U=

where o = o + 12 + a?.

5.3 Principal results

In this section we present the principal results of this chapter. Let 8y € C*°(R) be zero in a
neighborhood of 0 and 1 away from the origin, 61 () = 1g+(z)0(x). We define :

H = L*((R x S?); dr.dw); C?),

a
Dy =~Dy, — 2 ra
Do = YDy,
_ — kg 74|00 (7 a
Py = 7Dy e O — D
91(T*)
]Doo = PyDT'* + ’T*‘ ]DSQ

Dy and Dy, have the same spaces of incoming (resp. outgoing) solutions :
M~ = {(v0,0) € H} (vesp. H" = {(0,¢1) € H}).

Dy, Py, D, are selfadjoint and their spectra are purely absolutely continuous. The absence
of eigenvalues for 1D, follows from a result about separation of variables (see [97]). The first
result concerns the asymptotic velocity :

Theorem 5.3.1 (Asymptotic velocity). There exist bounded operators p*, Pﬁ, Poio such
that, for all J € Coo(R) :

J(PE) =5 — . lim e Pk (%) P
J(Pg)=s— lim e P g (%*) ePu
J(PE)=s— lim e ™PxJ (Tt—*) P |
. itDy L*) Dy _ o1 itDoo (E) itDoo
J(Fy)=s hmooe J ( o )e s tl}rinooe J ,

In addition we have :
o(P) =o(P}) =o(P%) ={-1,1} .
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Theorem 5.3.2 (Asymptotic profiles). i) The classical wave operators defined by the strong

limits
+ e : 7’L'tlz) itD g
Wy =5 tlgcnooe Ke" H Py | (5.3.1)
W = s— lim e PrePxp, . (5.3.2)
t—+oo
Tt o i o—itDm itDe (pE
Wy, =5 til:tmooe e"PK1p- (P¥), (5.3.3)
W =5 — lim e PreitPr1y, (PF) (5.3.4)

t—=o0

exist and satisfy :
Wy = (W), W = (W),
Wy Wy, + W W, = Wy Wy, + W, Wi, = ldyy,
Ker (W5) = H*, Ker (WL) =HF, ran (anfl) — M, ran (fﬂ;—:) Py
ii) If we put :

Wt: H eH" —H,

((%0,0), (0,91)) =207 (¢0,0) + WL, (0,¢1) , (5.3.5)
W-: HTeH —H

((0,91), (¥0,0)) =207 (0,%1) + W, (¢0,0) , (5.3.6)
Wt H — M aHt, W = (in;\p, injo\l;) : (5.3.7)
W :H — HToH , W= (in,;\I/, ingoxlf) , (5.3.8)

then W+ are isometries and satisfy :
WHAWH =Tdy-epr, W W™ =Idyran, WIWT =W W~ =1Idy.

Theorem 5.3.3 (Dirac-type comparison dynamics). The classical wave operators defined by
the strong limits :

0Ff i=s— tggloo e~ WPreiPr1y (PE), (5.3.9)
0 =s5— tiirinoo e Pk P 1y (PL) (5.3.10)
Qf i=s— im e P P 15, (PF), (5.3.11)
Qf =5 — t_l}rinoo e P ¢Pr 1 (PF) (5.3.12)

exist and satisfy :
Q= ()", 0% =(9%)",
O ES N+ 0L + 0t + Ot
Q505 + Q. Q5 = QpQy + Q0 O = 1dy .
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5.4 Elements of the proof

In this section we will explain some ideas of the proof. We start with proving a version of
Theorem 5.3.3 using cut-off functions, more precisely we will show the existence of the limits

s — lim e_itDHj,eitDK ete.,

t—o0

where j_ is a smooth function equal to 1 for r, < —1 and zero for r, > 1. Suppose for a
moment that this result is already established. We deduce a version of Theorem 5.3.2 with
cut-off functions using also [86]. This gives us Theorem 5.3.1. Indeed the proof is elementary
for the dynamics Dy and Dy,. For the other dynamics we use the asymptotic completeness
results already established. Theorems 5.3.2 and 5.3.3 follow.

That means that the key point is to prove a version of Theorem 5.3.3 with cut-off func-
tions. We first compare 1), with the intermediate spherically symmetric operator 1,. In a
second step we compare I, with 1D, 1) . This second step is easy. After diagonalization we
are concerned with a one dimensional Dirac operator with potential. We therefore concen-
trate on the first step. The proof uses a Mourre estimate. The evolution can be described as
the evolution on a riemannian manifold with two ends. We will only consider the end corre-
sponding to the horizon of the black hole, where the construction of the conjugate operator
is the most difficult. This end is asymptotically hyperbolic. The toy model is the following :

H=9D, +e"Pg + C R_x 5% n>0,C€R.

We first treat the case C' = 0. The conjugate operator which is the most used is the generator
of dilations A = %(’I“DT + D,r). We try

[iH,A] = vD, — nre™ Dye

and see that almost none of the conditions appearing in Mourre theory are fulfilled ! Thanks
to the spherical symmetry we can diagonalize and use spin weighted spherical harmonics :

H™ = 4Dy + e"(I + é)r,

where 7 is a constant matrix. Now we can establish a Mourre estimate because €7 is a
potential which is ”very short range”. We can use e.g. that e”7(l + )x(H™) is compact
for x € C§°(R). On the one hand, in cases like the Kerr metric, where the hamiltonian
is not spherically symmetric, we cannot proceed in this manner. On the other hand, we
will show that the Mourre estimate that one can establish for the intermediate spherically
symmetric hamiltonian is in fact uniform in n, . To do so, we introduce the following unitary
transformation :

. nYD;.In
U:=e r |12>52|’

H =U"HU =D, +¢™ Ds: :
|Ps|

H™ = ~D, + ™7,

By the preceding arguments A™ = %(TDT + D,r) is a good conjugate operator for H™. The
Mourre estimate that we obtain for (H™, A™) is uniform in n, because the two operators do
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not depend on n,! ! We therefore choose A = UAU* as conjugate operator. The case where
C is different from zero is on each spherical harmonics similar to the case of the charged Dirac
equation in the Reissner-Nordstroem metric. In [80] the conjugate operator A is replaced by
A + vCr and we modify A here in the same manner. We then conjugate with the unitary
transform to obtain the good conjugate operator.

Remark 5.4.1. A is similar to an operator introduced by Froese, Hislop for the Laplacian
on riemannian manifolds with an asymptotically hyperbolic end (see [50]). They write the
Laplacian as a sum of two operators, one part in r and one part on the sphere. They then
explicitly use the positivity of each part. Thus we cannot apply their argument to the Dirac
case.

5.5 Geometric interpretation

5.5.1 Theorem 5.3.2 in terms of principal null geodesics

Let Py =vD,, — =*—=D,. The operator Py is linked to the null vector fields v*, which are

r2+a?
generators of the principal null geodesics, normalized so that the flow preserves the foliation
{Et}t:
A 0 0 0
+ vE + @

v :r2+a2 T ot 877“*4_7“24-@2%'

We have :
Theorem 5.5.1. The strong limits :

+ . —i itP
Wi 1= 5 = Jim e PPN Py, (5.5.1)
wE pn =8 — lim e PrPNp, L (5.5.2)
’ t—=o0
St 1 —itPn it]h +
Wi 1= = e (), (5.5.3)
wE pn =8 — lim e PN itPrq p  (PF) (5.5.4)
’ t—=o0
(5.5.5)

exist and satisfy the same properties as the wave operators of Theorem 5.5.2. The correspond-
ing global wave operators are :

Wi H eHt —H,

((40,0), (0,91)) —203; ,, (¥0,0) + WL, (0,¢1) (5.5.6)

Wy HYeH —H
((0,¢1), (40,0)) 2y, (0, 901) + W, (Y0, 0) - (5.5.7)
Wih: H — H @M, Wiho= (in;’pnq/, injOWQ , (5.5.8)

Wo: H — HYoH ™, W, 0= (in— U, 90 w) . (5.5.9)

H»pn oo,pn
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v

b+

( Scz Block |

U

Figure 5.1: BfP = [0, 00[;; x [0,00[;, x 57 .

5.5.2 Inverse wave operators at the horizon as trace operators

As already mentioned in the introduction, the singularities for A = 0 are coordinate singular-
ities. To see this, we introduce coordinates (t*,r, 6, ¢*) which are called Kerr-* coordinates.
They are chosen so that the principal incoming null coordinates are given by :

F=—1,t"=p*=0=0.

An explicit calculation shows that g can be extended in a smooth way to {r = r;} and we
define the future event horizon :

,6+ = Rt* X {7’ = 7’+} X Sg,ap*'

This is a null hypersurface. The *-Kerr coordinates (*t,r, 0, *p) are constructed in the same
manner using the outgoing principal null geodesics. This gives an analogous definition of
the past event horizon (7). In order to put the two coordinate systems together, we define
Kruskal-Boyer-Lindquist coordinates : U = e "+ V = efi+t" of = p— o iazt. The Kruskal-
Boyer-Lindquist coordinates give us a global description of the horizon $ J:r: ([0, c0[rx{0}y x
592,¢ﬁ) U ({0} x [0, oo[vngw) (see Figure 5.1). All these coordinate systems are explained

in detail in [88].

We can apply Leray’s theorem to see that the spinor ® 4 solution of (2.2.2) for the Kerr
metric has a trace on HT. By explicit calculation we show that the limit lim,_.,. L Yolyy o (r) =

Wole+(0,V, 0, ") exists and that

lim Uy, () =0,

r—r4

where W is solution of (5.2.9) and 7., ot denotes the principal incoming null geodesic that

encounters H at the point (0,V, 8, p!). This permits to define a trace operator :
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Future timelike

/ infinity
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Spacelike
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\ Past timelike

infinity

Figure 5.2: Penrose compactification of block I

Definition 5.5.1.

7—-{- . CSO(ZO7C2) - COO(S{)Jra(C)

T is defined in an analogous manner using outgoing geodesics. We also define a diffeo-
morphism %g : 9T — ¥y identifying points along incoming (resp. outgoing) principal null
geodesics and H g+ = L?($*,dVol %+ ), where dVolg+ is the pull back of dr.dw by Sg

Theorem 5.5.2. ’]}Ji can be extended to a bounded operator from 'H to Hgx and this extension
1s the pull-back of the inverse wave operator @ipn by the diffeomorphism S;g :

T = (§5) W -

5.5.3 Inverse wave operators at infinity as trace operators

We define Q := % We have : By = Ry x]0, %[QXSG%W* and we put : § := Q%g. An explicit
calculation shows that g can be extended smoothly to Ry X [0, i
past null infinity as J7 := Ry x {Q = 0} X 5’37@*. This is a smooth null hypersurface for g.

Jo Sg#,* and we define

We define future null infinity J* in the same manner using *-Kerr coordinates. The Penrose
compactification of block I is defined as

(vag)a BI:BI Uﬁ+U~6_U502UJ_UJ+.

In spite of the terminology used, the compactified space-time is not compact. There are
three ”points” of the boundary that are missing : future and past timelike infinity as well as
spacelike infinity (see Figure 5.2).
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Remark 5.5.1. The Weyl equation is conformally invariant :
@AAIQASA = 0, where qZ;A = Q_lgbA

and V is the covariant derivative associated with the rescaled metric g.

We now follow the same procedure as at the horizon to define Tji,Sji and Hqgx. We
obtain :

Theorem 5.5.3. The operator ’Tji can be extended to a bounded operator from H to Hqx
and we have : Tji = (ggt)*wgg’pn.

5.5.4 The Goursat problem

We can now solve the Goursat problem in the compactification of block I. We define :

o - H — Hg+r @Hgr =t HFp
Fe Uy, — (Tﬁ+\1J20775+\1120).

Theorem 5.5.4 (Goursat problem). Ilg is an isomorphism, i.e. for all ® € Hp there exists
a unique U € C(Ry, H) solution of (5.2.9) such that ® = I p¥(0).



Chapter 6

Creation of fermions by rotating
charged black-holes

6.1 Introduction

It was in 1975 that S. W. Hawking published his famous paper about the creation of particles
by black holes (see [64]). Later this effect was analyzed by other authors in more detail ( see
e.g. [98]) and we can say that the effect was well understood from a physical point of view at
the end of the 1970’s. From a mathematical point of view, however, fundamental questions
linked to the Hawking radiation such as scattering theory for field equations on black-hole
space-times were not addressed at that time.

The aim of the present chapter, which summarizes the article [58], is to give a mathemat-
ically precise description of the Hawking effect for spin 1/2 fields in the setting of the collapse
of a rotating charged star. We show that an observer, who is located far away from the black
hole and at rest with respect to the Boyer-Lindquist coordinates, observes the emergence of
a thermal state when his proper time ¢ goes to infinity. In the proof we use the results of
Chapter 5 as well as their generalizations to the Kerr-Newman case in [33].

Let us give an idea of the theorem describing the effect. Let r, be the Regge-Wheeler
coordinate. We suppose that the boundary of the star is described by r. = z(¢,0). The
space-time is then given by

My = Uzcol 2l = {(t,ry,w) € Ry x R, x 8% 7, > 2(t,0)}.

The typical asymptotic behavior of z(t,0) is (A(8) > 0, k4 > 0) :
2(t,0) = —t — A(f)e™ 2+t + B(0) + O(e ¥+, t — 0.
Let H; = L2((X¢°!,dVol); C*). The Dirac equation can be written as
U = i), ¥+ boundary condition. (6.1.1)

We will put a MIT boundary condition on the surface of the star. The evolution of the Dirac
field is then described by an isometric propagator U(s,t) : Hs — H;. The Dirac equation on

o7
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the whole exterior Kerr-Newman space-time M gy will be written as

O = iU

Here D is a selfadjoint operator on H = L2((R,, x S?, dr.dw); C*). There exists an asymptotic
velocity operator P* s.t. for all continuous functions J with limyg) o0 J (x) = 0 we have

oo —ith 7 (T*\ _ith
JPF) = tilglooe J(t)e ’

Let Upoi(Meor) (resp. Upr(Mpr)) be the algebras of observables outside the collapsing body
(resp. on the space-time describing the eternal black-hole) generated by W* (®1)W .y (P2)

col

(resp. U5y (P1)¥pHa(P2)). Here W p(P) (resp. Vpp(P)) are the quantum spin fields on
Mo (resp. Mpp). Let wey be a vacuum state on Uepi(Meo); Wyae @ vacuum state on
Upr(Mpp) and w?jgw be a KMS-state on Upy(Mppy) with inverse temperature o > 0 and
chemical potential ;1 = e?" (see Section 6.5 for details). For a function ® € C§°(Mpp) we
define :

@T(t,r*,w) =t —T,r,w).
The theorem about the Hawking effect is the following :
Theorem 6.1.1 (Hawking effect). Let
®; € (CF°(Meat))', j =1,2.
Then we have
M weot (Voo (®) Weot(93)) = whio, (Vp (s (PT) 1) Wpa (Lp+ (P7) 2))

+ woac(Ypgp(Lr- (P7)@1)¥pu(1g-(P7)P2)), (6.1.2)
qQry aDy,
ri + a2 Ti +a?’

THow =1/0 =k /27, p=¢e" n=

Here ¢ is the charge of the field, ) the charge of the black-hole, a is the angular momentum
per unit mass of the black-hole, 7y = M + /M2 — (a2 + Q?) defines the outer event horizon
and k4 is the surface gravity of this horizon. The interpretation of (6.1.2) is the following.
We start with a vacuum state which we evolve in the proper time of an observer at rest
with respect to the Boyer Lindquist coordinates. The limit when the proper time of this
observer goes to infinity is a thermal state coming from the event horizon in formation and a
vacuum state coming from infinity as expressed on the R.H.S of (6.1.2). The Hawking effect
comes from an infinite Doppler effect and the mixing of positive and negative frequencies.
To explain this a little bit more, we describe the analytic problem behind the effect. Let
f(re,w) € C§°(R x S?). The key result about the Hawking effect is :

i [[10.0) (DU, T) 13 = (1524 (P7) £, 1P+ ™) g (P7) )
#1100y D)1z (PO (6.1.3)

where 1, 1, o are as in the above theorem. Equation (6.1.3) implies (6.1.2).
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Figure 6.1: The collapse of the star

The term on the L.H.S. comes from the vacuum state we consider. We have to project
on the positive frequency solutions (see Section 6.5 for details). Note that in (6.1.3) we
consider the time reversed evolution. This comes from the quantization procedure. When
time becomes large the solution hits the surface of the star at a point closer and closer to the
future event horizon. Figure 6.1 shows the situation for an asymptotic comparison dynamics,
which satisfies Huygens’ principle. For this asymptotic comparison dynamics the support of
the solution concentrates more and more when time becomes large, which means that the
frequency increases. The consequence of the change in frequency is that the system does not
stay in the vacuum state.

6.2 The analytic problem

Let us consider a model, where the eternal black-hole is described by a static space-time
(although the Kerr-Newman space-time is not even stationary, the problem will be essentially
reduced to this kind of situation). Then the problem can be described as follows. Consider a
riemannian manifold ¥y with one asymptotically euclidean end and a boundary. The bound-
ary will move when ¢ becomes large asymptotically with the speed of light. The manifold at
time ¢ is denoted X;. The ”limit” manifold X is a manifold with two ends, one asymptotically
euclidean and the other asymptotically hyperbolic (see Figure 6.2). The problem consists in
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evaluating the limit

i [[10.00) (DU (0, 7)o
where U(0,T) is the isometric propagator for the Dirac equation on the manifold with moving
boundary and suitable boundary conditions and I, is the Dirac hamiltonian at time ¢ = 0.
It is worth noting that the underlying scattering theory is not the scattering theory for the
problem with moving boundary but the scattering theory on the ”limit” manifold. It is largely
believed that the result does not depend on the boundary condition. We will show in this
chapter that it does not depend on the chiral angle in the MIT boundary condition. Note
also that the boundary viewed in [ J,{t} x ¥; is only weakly timelike, a problem that has been
rarely considered (but see [9]).

One of the problems for the description of the Hawking effect is to derive a reasonable
model for the collapse of the star. We will suppose that the metric outside the collapsing star
is always given by the Kerr-Newman metric. Whereas this is a genuine assumption in the
rotational case, in the spherically symmetric case Birkhoffs theorem assures that the metric
outside the star is the Reissner-Nordstrom metric. We will suppose that a point on the surface
of the star will move along a curve which behaves asymptotically like a timelike geodesic with
L = Q = E = 0, where L is the angular momentum, E the rotational energy and Q the
Carter constant. The choice of geodesics is justified by the fact that the collapse creates the
space-time, i.e. angular momenta and rotational energy should be zero with respect to the
space-time. We will need an additional asymptotic condition on the collapse. It turns out
that there is a natural coordinate system (¢, 7, w) associated to the collapse. In this coordinate
system the surface of the star is described by 7 = 2(t,6). We need to assume the existence of
a constant C' s.t.

2(t,0) +t+ C| — 0, t — oo. (6.2.1)

It can be checked that this asymptotic condition is fulfilled if we use the above geodesics
for some appropriate initial condition. On the one hand we are not able to compute this
initial condition explicitly, on the other hand it seems more natural to impose a (symmetric)
asymptotic condition than an initial condition. If we would allow in (6.2.1) a function C(#)
rather than a constant, the problem would become more difficult. Indeed one of the problems
for treating the Hawking radiation in the rotational case is the high frequencies of the solution.
In contrast with the spherically symmetric case, the difference between the Dirac operator
and an operator with constant coefficients is near the horizon always a differential operator
of order one '. This explains that in the high energy regime we are interested in, the Dirac
operator is not close to a constant coefficient operator. Our method for proving (6.1.3) is
to use scattering arguments to reduce the problem to a problem with a constant coefficient
operator, for which we can compute the radiation explicitly. If we do not impose a condition of
type (6.2.1), then in all coordinate systems the solution has high frequencies, in the radial as
well as in the angular directions. With condition (6.2.1) these high frequencies only occur in
the radial direction. Our asymptotic comparison dynamics will differ from the real dynamics
only by derivatives in angular directions and by potentials.

Tn the spherically symmetric case we can diagonalize the operator. After diagonalization the difference is
just a potential.
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Figure 6.2: The manifold at time ¢ = 0 ¥y and the limit manifold .

Let us now give some ideas of the proof of (6.1.3). We want to reduce the problem to
the evaluation of a limit that can be explicitly computed. To do so, we use the asymptotic
completeness results obtained in [63] and [33]. There exists a constant coefficient operator
ID_ s.t. the following limits exist :

WZE:=s— lim e PP 1g+ (PF),

t—+oo
Qf i=s— lim e P-eP1p. (PY).

t—+oo

Here P* is the asymptotic velocity operator associated to the dynamics e®P—. Then the
R.H.S. of (6.1.3) equals :

1Lj0,00) D)L= (PSP + (S, pe™P= (1 + peP=) 1 ).
The aim is to show that the incoming part is :

Jim {[1,00) (Do 0)U— (0, T)Q fI[§ = (Qf, pe”P=(1 + pe”™P=) 1 QL f),

where the equality can be shown by explicit calculation. Here I)_, and U_(s,t) are the
asymptotic operator with boundary condition and the associated propagator. The outgoing
part is easy to treat.

As already mentioned, we have to consider the solution in a high frequency regime. Using
the Regge-Wheeler variable as a position variable and, say, the Newman-Penrose tetrad used
in [63] we find that the modulus of the local velocity

[iry, 1] = h2(r*,w)F1
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is not equal to 1, whereas the asymptotic dynamics must have constant local velocity. Here h
is a continuous function and I'" a constant matrix. Whereas the (7., w) coordinate system and
the tetrad used in [63] were well adapted to the time dependent scattering theory developed
in [63], they are no longer well adapted when we consider large times and high frequencies.
We are therefore looking for a variable 7 s.t.

{(t,7,w); 7 £ t = const.}

are characteristic surfaces. By a separation of variables Ansatz we find a family of such
variables and we choose the one which is well adapted to the collapse of the star in the sense
that along an incoming null geodesic with L, = Q = 0 we have :

o_

ot
This variable turns out to be a generalized Bondi-Sachs variable. The null geodesics with
L., = Q = 0 are generated by null vector fields N* that we choose to be I and n in the
Newman-Penrose tetrad. If we write down the hamiltonian for the Dirac equation with this
choice of coordinates and tetrad we find that the local velocity now has modulus 1 everywhere
and our initial problem disappears. Note that (6.1.3) is of course independent of the choice
of the coordinate system and the tetrad, i.e. both sides of (6.1.3) are independent of these
choices.

The chapter is organized as follows :

e In Section 6.3 we present the model of the collapsing star. We first analyze geodesics in
the Kerr-Newman space-time and explain how the Carter constant can be understood
in terms of the hamiltonian flow. We construct the variable 7 and show that

or

5 +1 along null geodesics with L, = Q = 0.

We then show that in the (¢,7,w) coordinate system the surface of the collapsing star
is given by
F=4(t,0) = —t — A(B)e 2+ + B(0) + O(e4r+1)

with A(f) > 0. Our technical hypothesis will be B(#) = const.

e In Section 6.4 we describe classical Dirac fields. We introduce a new Newman-Penrose
tetrad and compute the new expression of the equation. New asymptotic hamiltonians
are introduced and classical scattering results are obtained from scattering results in
[63] and [33]. The MIT boundary condition is discussed.

e Dirac quantum fields are discussed in Section 6.5. We describe the quantization of
Dirac fields in a globally hyperbolic space-time. The theorem about the Hawking effect
is formulated and discussed in Subsection 6.5.2.

e In Section 6.6 we give the main ideas of the proof. The remaining sections collect results
needed for the proof.
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e In Section 6.7 we show additional scattering results. A minimal velocity estimate slightly
stronger than the usual ones is established.

e In Section 6.8 we solve the characteristic problem for the Dirac equation. We ap-
proximate the characteristic surface by smooth spacelike hypersurfaces and recover the
solution in the limit. This method is close to that used by Hérmander in [65] for the
wave equation.

e Section 6.9 is devoted to the comparison of the dynamics on an interval [t T.

e In Section 6.10 we study the propagation of singularities for the Dirac equation in the
Kerr-Newman metric. We show that ”outgoing” singularities located in

{(fvwa§7Q); ’F Z _te - 0_17 |£| 2 C|q|}

stay away from the surface of the star for C' large.

6.3 The model of the collapsing star

The purpose of this section is to describe the model of the collapsing star. We will suppose
that the metric outside the star is given by the Kerr-Newman metric. Geodesics are discussed
in Subsection 6.3.1. We give a description of the Carter constant in terms of the associated
hamiltonian flow. A new position variable is introduced. In Subsection 6.3.2 we give the
precise asymptotic behavior of the boundary of the star using this new position variable. We
require that a point on the surface behaves asymptotically like incoming timelike geodesics
with L = Q = E = 0, which are studied in Subsection 6.3.2. The precise assumptions are also
given in Subsection 6.3.2. For the whole chapter Mpp denotes block I of the Kerr-Newman
space-time.

6.3.1 Some remarks about geodesics in the Kerr-Newman space-time

It is one of the most remarkable facts about the Kerr-Newman metric that there exist four
first integrals for the geodesic equations. If v is a geodesic in the Kerr-Newman space-time,
then p := (7/,7/) is conserved. The two Killing vector fields 0y, 0, give two first integrals,
the energy E := (7/,0;) and the angular momentum L := —(v/,d,,). There exists a fourth
constant of motion, the so-called Carter constant C (see e.g. [26]). We will also use the Carter
constant Q@ = K — (L — aE)?, which has a somewhat more geometrical meaning, but gives in
general more complicated formulas. Let

P:= (r*+d®)E —alL, D := L — aEsin®0. (6.3.1)

Let Oy be the d’Alembertian associated to the Kerr-Newman metric. We will consider the
hamiltonian flow of the principal symbol of %Dg and then use the fact that a geodesic can be
understood as the projection of the hamiltonian flow on Mpg. The principal symbol of %Dg
is :

1 <02 5 2a(Q*—2Mr) A —a?sin?6

=\--7T-—— = =0 72 2 2
o 2/)2 AT A 4T ASiHQQ q(,o A‘ﬂ QQ> . (632)
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Let )
Cp = {(t,r,@,go;T,ﬁ, q@)le);P(t7T70790;T7£7QG>Q<p) = 2p} .

Here (7,€,q9,q,) is dual to (t,7,6,¢). We have the following :

Theorem 6.3.1. (i) Let xo = (to, 70, ¥0, %0, 70, &0, 40y- 40) € Cp and
x(s) = (t(s),7(s),0(s),¢(5);7(5),&(5),q0(5),q,(s)) be the associated hamiltonian flow line.
Then we have the following constants of motion :

2 2

7 + pa®cos?d = — — A|¢)? —pr?,  (6.3.3)

=2PE=7,L=—q,,K=q; + —5—
P ! 4 @7 Gin? A

where D, P are defined in (6.5.1).

The case L = 0 is of particular interest. Let v be a null geodesic with energy £ > 0,
Carter constant K, angular momentum L = 0 and given signs of r(, 6. We can associate a
hamiltonian flow line using (6.3.3) to define the initial data 7o, &0, gs,, ¢4, given to, ro, fo, @o-
The signs of gg, and & are fixed by signgg, = —signby,, sign{y = —signr{,. From (6.3.3) we

infer conditions under which &, gy do not change their signs.
2 2\2752

: + E o

K < min w = £ does not change its sign,

r€(r4,00) A

Q > 0 = gy does not change its sign.

Note that in the case Q@ = 0 7 is either in the equatorial plane or it does not cross it. Under
the above conditions £ (resp. gg) can be understood as a function of r (resp. €) alone. In this
case let kx g and I g s.t.

dk r r 0 .
]Céf( ) = g(E')7 Z;C,E = qaé‘), TKE ‘= k‘]C,E(’I“) + l]C,E(Q). (6.3.4)

It is easy to check that (¢,7x g,w) is a coordinate system on block I.

Lemma 6.3.1. We have :

— =—1 along 7, (6.3.5)

where t is the Boyer-Lindquist time.

We will suppose from now on r{, < 0, i.e. our construction is based on incoming null
geodesics.

We will often use the r, variable and its dual variable £*. In this case we have to replace
2 2
&(r) by %f*(r*). The function ki g is then a function of r, satisfying :

*

kic,p(rs) = % (6.3.6)

where the prime denotes derivation with respect to r.. Using the explicit form of the Carter
constant in Theorem 6.3.1 we find :

AK

2

(k;C,E) =1- (T2 + CL2)2E27 (637)
(lp) = L . ) (6.3.8)

E2
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In particular we have :

(r? + a?)? A
(Fe,p)* 5 + (k) 5 = 1 (6.3.9)

We will often consider the case Q@ = 0 and write in this case simply k, [ instead of k22 g, ly2 g2 p-

Corollary 6.3.1. For given Carter constant K, energy E > 0 and sign of 6], the surfaces
Cip = {(t.7s.0,0); £t = i p(re, 0) + c}
are characteristic.

Remark 6.3.1. (i) The variable fx g is a Bondi-Sachs type coordinate. This coordinate
system is discussed in some detail in [48]. As in [48] we will call the null geodesics with
L = Q =0 simple null geodesics (SNG'’s).

(i7) A natural way of finding the variable Tx g is to start with Corollary 6.3.1. Look for
functions ki g(rs) and I g(0) such that C,CC% = {£t = ki, p(r«) + lx,6(0)} is characteristic.
The condition that the normal is null is equivalent to (6.3.9). The curve generated by the
normal lies entirely in C,CcﬂfE

Remark 6.3.2. From the explicit form of the Carter constant in Theorem 6.3.1 follows :
9 _
sin’ 6§

This is the equation of the 6 motion and it is interpreted as conservation of the mechanical
2
energy with V(0) = (p — E?)a? cos® 0 + - as potential energy and qz in the role of kinetic

sin? 0

energy. The quantity E = (E? — p)a® is usually called the rotational energy.

aG+ (p— E*a*cos® 0 +

Q. (6.3.10)

6.3.2 The model of the collapsing star

Let &g be the surface of the star at time ¢ = 0. We suppose that elements xg € Sy will move
along curves which behave asymptotically like certain incoming timelike geodesics ,. All
these geodesics should have the same energy E, angular momentum L, Carter constant K
(resp. @ =K — (L — aE)?) and "mass” p := (v,,,;). We will suppose :

(A) The angular momentum L vanishes : L = 0.
(B) The rotational energy vanishes : E = a?(E? — p) = 0.
(C) The total angular momentum about the axis of symmetry vanishes : Q = 0.

The conditions (A)-(C) are imposed by the fact that the collapse itself creates the space-
time, so that momenta and rotational energy should be zero with respect to the space-time.

Timelike geodesics with L = Q=F =0

Next, we will study the above family of geodesics. The starting point of the geodesic is
denoted (0,79, 0o, vo). Given a point in the space-time, the conditions (A)-(C) define a unique
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cotangent vector provided you add the condition that the corresponding tangent vector is
incoming. The choice of p is irrelevant because it just corresponds to a normalization of the
proper time.

Lemma 6.3.2. Along the geodesic vy, we have :

00
— =0 6.3.11
o =0, (63.11)
dp  a(2Mr —Q?)
= — 6.3.12
where t is the Boyer-Lindquist time.
The function %—f = a(2M+;Qz) is usually called the local angular velocity of the space-time.

Our next aim is to adapt our coordinate system to the collapse of the star. The most natural
way of doing this is to choose an incoming null geodesic v with L = @) = 0 and then use the
Bondi-Sachs type coordinate as in the previous subsection. In addition we want that k(r,)
behaves like r, when r, — —o0o. We therefore put :

_, T _d*A(s) .
k(r) =14+ /_Oo <\/1 Tt 7 1) ds, (6.3.13)
[(0) = asinb. (6.3.14)

The choice of the sign of I’ is not important, the opposite sign would have been possible.
Recall that cos € does not change its sign along a null geodesic with L = Q@ = 0. We fix the
notation for the null vector fields generating v and the corresponding outgoing vector field :

(r? + a?)? a(2Mr — Q?)

Eo? A
K (r.)0r, + _gacos 00p + 028¢> . (6.3.15)

Ni’aaa = p27A <at +

g

These vector fields will be important for the construction of the Newman-Penrose tetrad. We
put :

7 =k(rs) +1(0) (6.3.16)

and by Lemma 6.3.1 we have :
(;Z =—1 alongn. (6.3.17)
In order to describe the model of the collapsing star we have to evaluate % along ~y,. We

start by studying r(¢,0). Recall that (t) = 6y = const. along ~, and that ky = % is
+

the surface gravity of the outer horizon. In what follows a dot will denote derivation in t.

Lemma 6.3.3. There exist smooth functions fl(@,ro) > 0, B(G,ro) such that along ~y, we
have uniformly in 6, ro € [r1,r2] C (ry,00):

P =—t — A0,r0)e 2+ + B(0,70) + O(e ™4 +4), t — oo, (6.3.18)

Furthermore there exists ko > 0 s.t. for allt > 0,0 € [0, 7] we have :

2 2\2 )
<(T + a®) 12 _7@2> > ke 2m+1,

o2
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Precise assumptions

Let us now make the precise assumptions on the collapse. We will suppose that the surface at
time t = 0 is given in the (¢, 7,6, ¢) coordinate system by So = {(70(6o), 00, v0); (fo, w0) € S?},
where 7(fp) is a smooth function. As 7y does not depend on ¢y, we will suppose that
2(t, 00, po) will be independent of g : 2(t, 00, 00) = 2(t,00) = 2(t,0) as this is the case for
7(t) along timelike geodesics with L = Q = 0. Thus the surface of the star is given by :

S ={(t,5(t,0),w);t € R, w € S?}. (6.3.19)
The function Z(t,0) satisfies
V< 0,0 €[0,7] 2(t,0) =2(0,0) <0, (6.3.20)
VE>0,0€0,7] 2(t,6) <0, (6.3.21)
Jko >0Vt > 0,0 € [0, 7]
((“ﬁ#kﬂ) (5(,0),0) — 32, 9)) > koe~ 2+, (6.3.22)

A e C>([0,7]), £ € C®(R x [0,7]) 2(t,0) = —t — A(O)e=2r+t + £(t,0)
A(9) > 00 € [0, 7], VO < o, 8 < 2|00DFE(t,0)| < Cage 5415t > 0, 6 € [0,7](6.3.23)

As explained above these assumptions are motivated by the preceding analysis. We do not
suppose that a point on the surface moves exactly on a geodesic. Note that (6.3.21), (6.3.22)
imply :

VE>0,0€0,m] —1<2(0)<0.

Equations (6.3.20)-(6.3.23) summarize our assumptions on the collapse. The space-time of
the collapsing star is given by :

Mo ={(t,7,0,0); 7 > 2(t,0)}.
We will also note :
St = {(7,0,9); 7 > 4(t,0)}.

Thus :
Mo ==
t

Remark 6.3.3. (i) Let us compare assumptions (6.5.19)-(6.3.23) to the preceding discussion
on geodesics. The assumption (6.3.23) contains, with respect to the previous discussion, an
additional asymptotic assumption. Comparing to Lemma 6.3.3 this condition can be expressed
as B(6,r(0)) = const. (ro(0) = r(7(6),0)). Using the freedom of the constant of integration
in (2.1.4) we can suppose

B(6,70(6)) = 0. (6.3.24)

(i) The Penrose compactification of block I can be constructed based on the SNG’s rather
than on the principal null geodesics (PNG’s), see [58] for details.

We finish this section with a lemma which shows that the asymptotic form (6.3.23) can
be achieved by incoming timelike geodesics with L = Q@ = E = 0.
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Lemma 6.3.4. There exists a smooth function 7o(0) with the following property. Let v be a
timelike incoming geodesic with Q = L = E = 0 and starting point (0,79(60), 00, o). Then
we have along ~y:

r+t—0, t— oo.

6.4 Classical Dirac Fields

In this section we describe classical Dirac fields on Bj as well as on M. We give a result
about the existence of a unitary propagator describing the solution of the Dirac equation on
My with suitable boundary conditions.

6.4.1 A new Newman-Penrose tetrad

If we choose the analogue of the tetrad introduced in Chapter 5 we find the following tetrad
for the Kerr-Newman case (see [33]) :

Lo — %Ta-i- %ar — \/E(at_i_ Q(MV{'TQ_QQ)ago) + /%&ﬂ?
_02
No — %Ta _ %ar - \/E(at + a(QJV{'?"Q Q )850) — /%&ﬂ? (641)
2 .
M= 0+ kg

The Dirac equation in the Kerr-Newman metric is then described in the following way. Let
® be the vector of components of the spinor ¢4 (solution of the Dirac equation) in the spin
frame associated to the above tetrad and :

VAap o

v= | Y2 g,
r2 4+ a2

Then the equation satisfied by ¥ is (see [33]) :

O = ipv, (6.4.2)
D= hP,h + VoDy + V1, (6.4.3)
D, =T'D,, + ao(r«)Dgz + bo(r)T* + c1(rs) + ¢4 (ri) Dy, (6.4.4)

VA mvVA qQr

wolre) =17 g ol = T el =~
a(2Mr - Q) r? +a?
G0 = Ty MO =

The potentials V,, and V} are short range potentials 2. Even if the above tetrad was successfully
used for the proof of the asymptotic completeness result, it has a major drawback for the
treatment of the Hawking effect. As we have already explained in the introduction, in this
representation and using the Regge-Wheeler type coordinate r, the modulus of local velocity
is not equal to 1. The consequence is that in the high frequency regime which is characteristic

—€

2This means that the two potentials go to constants Cy at least like (r.)~'™¢ when 7, — =+oo0.
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of the Hawking effect the full dynamics I) and the free dynamics D or Ip, are no longer close
to each other. Now recall that 9,7 = —1 along incoming null geodesics with the correct sign
of 0. This means that the observable 7 should increase (resp. decrease) exactly like ¢ along
the evolution if we focus on scattering directions in which the variable 7 increases (decreases)
in this way. We therefore choose

[* = ANTO n® = AN (6.4.5)

for some normalization constant A. The choice of m?® is now imposed except for a factor of
modulus 1. We find :

la

a

N

pQA (8,5—1-8 + Qacos089+wa¢,>
(8t Oy — QCLCOSOO +M8¢) (6.4.6)
me = \/ £ ( i 0 + h50,)

0'

n

ﬁ

l\.’)

and that the tetrad (%, n® m® is adapted to the foliation.

The new expression of the Dirac equation
We now want to use the variable introduced in (6.3.16). Let H := L%((R x S2,dfdw); C*).

Let H be the Dirac operator acting on H which we obtain if we use the (¢,7,w) coordinate
system and the [*, n® m® m® tetrad. We obtain :

D . .
H =T'D; + (myT! — m2T?) — h2aoT? —2 + h?c; + h*c5 Dy + V,Dy + Vi, (6.4.7)
S

inf
where
1 Bhyag cot 9) ( cot 0) Bhy/ag
= Dy h 1 1h D
my T+1< Vaohva +1+Va + 1hy/ag | Do + 5 —
9 Bh+/ag cot 0\ hpB./ag CotH
my = —1 <D9—|— 5 > NS —Va+ 1hy/ag | Dy + Vaghva+1,

[A
a=kn* B=/—acosh, I'' = Diag(1,—1,-1,1)
g

and I'?, T'® are constant coefficient matrices. The potentials Vgp and Vi are short range. We
put

H' = D(H), w3 = |[Hull* + ||ul”

Let also

D ~
P, = (myTt — m2T3) — h2aor2.—“"9 + h*c¢§ Dy + VD, (6.4.8)
S1n

W = hZ¢; 4+ V1. (6.4.9)
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6.4.2 Scattering results

A complete scattering theory for massless Dirac fields in the Kerr metric was obtained in
[63]. This result has been generalized to the case of massive charged Dirac fields in [33].
In both works the comparison dynamics are the dynamics which are natural in the (¢, 7., w)
coordinate system and the L% N¢ M® Newman-Penrose tetrad. We will need comparison
dynamics which are natural with respect to the (¢, 7,0, ¢) coordinate system and the [*, n®, m®
tetrad. To this purpose we define :

a qQr
2 2P T 2 2°
rL+a ry+a

H_=T'D; —

Note that ~ ~
H—-H_=PFP,+W,

where P, is a differential operator of order one with derivatives only in the angular directions
and W is a short range potential. Therefore the high frequency of the solution in angular
directions is no longer a problem for the analysis below. The operator H.  is selfadjoint on
H with domain D(H_) ={ue H;H_u e H}, D(H-) ={u e H;U*V*ue D(ID_)}. Let

HY ={¥ = (0,¥y, ¥3,0) € H},
H™ = {\I/ = (\111,0,0, \114) S H}

We note that
1Ri(_rl) = P’Hi7

where Py+ is the projection from H to H*.
The following proposition gives the existence of the asymptotic velocity :

Proposition 6.4.1. There exist selfadjoint operators P s.t. for all g € Coo(R):

g(PT)=s5— lim e g <T> et (6.4.10)
t—+oo t
The operators PT commute with H. Furthermore we have :
g(PH)1p+ (PF) =5 — tlégloo e H g(—) e H 15 (PY), (6.4.11)
o(P¥)={-1}ulo,1], (6.4.12)
opp(H) = 110y (P%) = 0. (6.4.13)
For limits of the form (6.4.10) we will write the following :
Pt =5—Cyx— lim e_itHie“H
o —+o0 t ’
Theorem 6.4.1. The wave operators
WE=s-— Jim e UHitH-p, - (6.4.14)
Of =s— tlirinoo e =ity (PF) (6.4.15)

exist and satisfy

(W) = QF, (@) = w2 (6.4.16)
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Figure 6.3: The surface of the star and the domain of integration.

6.4.3 The Dirac equation on M,

We want to impose a boundary condition on the surface of the star such that the evolution
can be described by a unitary propagator. We will use the conserved current

Vo = dada + Xaxa

Integrating over the domain indicated in Figure 6.3 and supposing that the field is 0 in a
neighborhood of i° gives by Stokes’ theorem :

/ V,T%doy, — / V,T%dos, + / V,Ndos, =0,
s Zt S]

where N® is the normal to the surface of the star. Therefore the necessary condition for
charge conservation outside the collapsing body is

VuN*=0 on &. (6.4.17)

We will impose :

NAN 4 1 mivy AT
P4 e on S. (6.4.18)

NAA’XA/ — ﬂeiV¢A_
Here v is the so called chiral angle. We note that (6.4.18) implies (6.4.17) and :

NaNaQSB = *QZ)B'
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We therefore impose

NONg = —1.

In any other case the boundary condition would force (¢4, x** ) to equal 0 on S. We will from
now on suppose that A/, is past directed, but the opposite choice would of course be possible.
Rewriting condition (6.4.18) using the (¢,7,w) coordinate system and the (1% n® m® m®)
tetrad we find :

)

> N =—iBT on S, (6.4.19)
pe{t,?,0,0}

where B = e‘i””/s, 7% = Diag(1,1,—1,—1), 4" are some suitable Dirac matrices and N, are
the coordinates of the conormal in the (¢, 7,6, ) coordinate system.

We introduce the following Hilbert spaces:
He = (L2357, didw)), [1.]]0), (6.4.20)

where the norm ||.||; is defined by

il = DLl (91,60 = { 7 (6.4.21)

Let

Hi = {u€Hy Hue He}, ullzn = [ullf + || Hull}.

We also need an extension from H} to H'. For this purpose we set for ¢ € H; :

o o(7,w) e
(9] (F,w) = {¢>(22(t, 0) — i,w) i < 2(t,0)

It is easy to check that [¢], is in H'. On M, we consider the following mixed problem :

0 = iH,¥ 2(t,0) <7,
(X peqirop Nidh) U (t, 2(t,0),w) = —iBY(t, 5(t, 0), w), (6.4.22)
U(t=s,.)=Ts(.).

Here the operator H; is given by

Hy=H,D(H) =W eH; | > NAW| (t4(t0),w) = —iBU(t, £(t,0),w)
pe{t,?,0,0}

The problem (6.4.22) is solved by the following proposition.

Proposition 6.4.2. Let UV, € D(H,). Then there exists a unique solution [V(.)]; = [U(.,s)¥s] 4
€ CY(Ry; H) NC(Re; HY) of (6.4.22) s.t. for all t € R W(t) € D(Hy). Furthermore we have
U ()| = ||Us|| and U(t,s) possesses an extension to an isometric and strongly continuous
propagator from Hs to Hy s.t. for all U5 € D(H) we have:

%U(t, s)Us =iHU(t,s)Vs.
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6.5 Dirac Quantum Fields

We adopt the approach of Dirac quantum fields in the spirit of [37] and [38]. This approach is
explained in Section 6.5.1. In Section 6.5.2 we present the theorem about the Hawking effect.

6.5.1 Quantization in a globally hyperbolic space-time

Following J. Dimock [38] we construct the local algebra of observables in the space-time out-
side the collapsing star. This construction does not depend on the choice of the representation
of the CAR’s, or on the spin structure of the Dirac field, or on the choice of the hypersurface.
In particular we can consider the Fermi-Dirac-Fock representation and the following foliation
of our space-time (see Subsection 6.3.2):

Mooy = [, S6 = {(t,7,0,0);7 > 2(t,0)}.
teR

We construct the Dirac field ¥y and the C*-algebra U(Hp) in the usual way. We define the
operator:

Seor 1 @ € (Cgo(./\/lcol))4 = Se® = / U(0,t)®(t)dt € Hy, (6.5.1)
R
where U (0, t) is the propagator defined in Proposition 6.4.2. The quantum spin field is defined
by :
oo+ @ € (C(Meot)) = ey (D) := Up(Seqi®) € L(Ho)

and for an arbitrary set O C My, we introduce U.,(O), the C*-algebra generated by
Px L (P1)Ven (P2), supp @ C O, j = 1,2. Eventually, we have:

Z/lcol col U ucol
OCMCOZ

Then we define the fundamental state on Uy (M) as follows:
wcol(\ycol((bl)qjcol(q)Z)) = wvac(qjg(scolq)l)\IJO(Scol(I)Z)) = <]—[0,oo)(H0)Scol(I>17Scolq)2>-

Let us now consider the future black-hole. We consider the space-time Mgy with the Dirac
hamiltonian H for a field with one particle. For ® € ‘H we construct the Dirac field U(®) in
the usual way. Let

S:® e (C°(Mpp))t— SP := / e H(t)dt.
R

We also introduce :
Upy:® e (CO(Mpy)) — Upy(®) := U(SP)

and the C*-algebra Upp(O) generated by Wi (P1)Uph(P2), ®1,P2 € (C(0))4, O C
Mpy. As before we put

Upn(Mpp) = U Upn(0)
OCMBH
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We also define the thermal Hawking state:

Wl (U (1) Upa(®2)) = (ue” (1 + pe”) 718Dy, SPo)y (6.5.2)
= W s (U (SP1) U (5Dy)) (6.5.3)

with
-1
Thow =0 aM:eJn7a>Oa

where T4, is the Hawking temperature and g is the chemical potential. We will also need
a vacuum state which is given by :

wvac(q]*BH((I)l)\I/BH(¢2)) = <1[O,oo) (H)S¢1, S¢2>

6.5.2 The Hawking effect

In this subsection we formulate the main result of this paper. Let ® € (C§°(M.o))%. We put
T (t, 7, w) = ®(t — T, 7, w). (6.5.4)
Theorem 6.5.1 (Hawking effect). Let
;) € (CF (Meat), j = 1,2
Then we have
lim weot(W5o (D7) Weot(93)) = i, (Vi (Lpt (P7)21) Y (1t (P7)82))

T—o0
+ woae(Vpu (1r-(P7)@1)¥pa(1p- (P7)P2)), (6.5.5)
qQr4 aD,
7“3_ + a2 r_2~_ +a?’

TH@w:l/U:H-‘r/Qﬂ-a Nze‘mﬂ]:

In the above theorem P* is the asymptotic velocity introduced in Section 6.4. The
projections lp+ (Pi) separate outgoing and incoming solutions.

Remark 6.5.1. The result is independent of the choices of coordinate system and tetrad, i.e.
both sides of (6.5.5) are independent of these choices. Indeed a change of coordinate system or
a change of tetrad is equivalent to a conjugation of the operators by a unitary transformation.
We also note that the result is independent of the chiral angle v in the boundary condition.

6.6 Strategy of the proof

The radiation can be explicitly computed for the asymptotic dynamics near the horizon.
For f = (0, f2, f3,0) and T large the time reversed solution of the mixed problem for the
asymptotic dynamics is well approximated by the so called geometric optics approximation :
T 1 1 . 1 .
F (T,W) = 7(.](‘370707_.]02) T+71n(_r)_71n‘4(9)7w :

—/€_|.72 R+ K+

For this approximation the radiation can be computed explicitly :
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Lemma 6.6.1. We have :

-1
. 2r ey &
Jin g (HFTI? = (1.5 (14 550 ) ),

The strategy of the proof is now the following :

i)

ii)

iii)

iv)

We decouple the problem at infinity from the problem near the horizon by cut-off
functions. The problem at infinity is easy to treat.

We consider U(t,T)f on a characteristic hypersurface A. The resulting characteristic
data is denoted g”. We will approximate QZ f by a function (QZ f)r with compact
support and higher regularity in the angular derivatives. Let U_(s,t) be the isometric
propagator associated to the asymptotic hamiltonian H. with MIT boundary condi-
tions. We also consider U_(t,T)(Q2Zf)r on A. The resulting characteristic data is
denoted gzy r- The situation for the asymptotic comparison dynamics is shown in Fig-
ure 6.1.

We solve a characteristic Cauchy problem for the Dirac equation with data gg r- The
solution at time zero can be written in a region near the boundary as

G(9L r) =U(0,T/2+ co)®(T/2 + <o), (6.6.1)

where @ is the solution of a characteristic Cauchy problem in the whole space (without
the star). The solutions of the characteristic problems for the asymptotic hamiltonian
are written in a similar way and denoted respectively G (g7 ) and ®._.

Using the asymptotic completeness result we show that g7 — gg r— O0whenT, R — oo.
By continuous dependence on the characteristic data we see that :

G(gT) — G(QQR) —0,T,R — oo.

We write
G(!LT_,R) - GH(QZ,R) =U(0,T/2+ co)(P(T/2+ cp) — P (T/2 + cp))
+ (U0, T/2+co) —U_(0,T/2 4+ c0))®_(T/2 + co)-

The first term becomes small near the boundary when 1" becomes large. We then note
that for all € > 0 there exists t. > 0 s.t.

(U(te, T/2+ co) = Ur(te, T/2 4+ )P (T/2+ co)|| < €

uniformly in 7" when T is large. We fix the angular momentum D, = n. The function
U_(te, T/2+ co)®.—(T/2+ co) will be replaced by a geometric optics approximation F;/
which has the following properties :

supp Fg C (—te— ](9(6_”+T)|, —te), (6.6.2)
Fl'—0,T — oo, (6.6.3)
YA>0 Op(x((€) < Mg)FL — 0, T — oc. (6.6.4)

Here £ and ¢ are the dual coordinates to 7, 0 respectively.
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vi) We show that for A sufficiently large possible singularities of Op(x({£) > A(q)))F/ are
transported by the group e *<f in such a way that they always stay away from the
surface of the star.

vii) From the points i) to v) follows :
Jim | Lj0,00) (H0)j-U(0,T) f|lg = lim |[1jg ) (Ho)U (0, ) F|[5,
—00 T—o0

where j_ is a smooth cut-off which equals 1 near the boundary and 0 at infinity. Let
¢s5 be a cut-off outside the surface of the star at time 0. If ¢5 = 1 sufficiently close to
the surface of the star at time 0 we see by the previous point that

(1= ¢s)e ™ HF -0, T — . (6.6.5)
Using (6.6.5) we show that (modulo a small error term):
(U(0,t) — pse *“MFL -0, T — cc.
Therefore it remains to consider :

lim ‘ ‘1[0700) (Ho)(f)ge_itéHFg‘ ’0.
T—oo

viii) We show that we can replace 1(g oo\(Ho) by 1)) (H). This will essentially allow us
to commute the energy cut-off and the group. We then show that we can replace the
energy cut-off by 1ig y(H.—). We end up with :

Tlim | 10,00) (H—)e "=, (6.6.6)

which we have already computed.

6.7 Propagation estimates

In this section we state several propagation estimates which are needed for the proof of the
main theorem. We start with the maximal velocity estimate :

Lemma 6.7.1. Let J € C;°(R), suppJ C | — 00, —1 — €] U [1 + €,00] for some € > 0. Then
we have :
(@) [T (5) e ol PE S Mol

(i) s—limpyooJ (%) et =,

The minimal velocity estimate is given by the following lemma :

Lemma 6.7.2. Let x € C§°(R) such that supp x C R\ {—m,m}. Then there exists a strictly
positive constant €, such we have :

o |7] - dt
7 ey () crnmal < oyl
Furthermore

. T
s— lim 1jg (|t|> ety (H) = 0.

t—o00
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It turns out that we need a stronger minimal velocity estimate near the horizon :

Lemma 6.7.3. Let m € C(RT),0 < € < 1, limy_,oo m(t) = 00, 0 < m(|t]) < €lt| for all
|t| > 1. Then

7]

o itH + —

An analogous result holds if we replace et 1px (PT) by eH—.

6.8 The characteristic Cauchy problem

In this section we study a characteristic Cauchy problem for the Dirac equation in the whole
exterior Kerr-Newman space-time. These results can be used to solve the characteristic
Cauchy problem near the collapsing star and to write the solution in the form (6.6.1) (see
[58] for details). Our strategy is similar to that of Hormander in [65] for the characteristic
Cauchy problem for the wave equation. Let (see Figure 6.4) :

AL = {(£7,7,w); 0< +7 < T, w e S}, Ay := AJ UAS,
Kp = {(t,7,w); [P| < T, |f| <t < T, w e §°},
Sro={(T,#w); |f| < T, we S%}.
We need the spaces :

Hy := L*(([ - T,T) x §2,didw); CY),
Hr = {u € Hr; Hu € Hr}, HUH%T = |ully,, + | Hull3,,

Ly = L*(([- T,0] x S%, didw); C?),

L7 o= L*(([0,T] x 8%, didw); C?).

Let &7 € C°(X7;Sa @SA/). By the usual theorems for hyperbolic equations we can associate
to &7 a smooth solution ¢4 & x4 € C® (K7;S4 @ SA/). We use the [4,n% m® tetrad and the

(t,7,w) coordinate system. Let ¥ = {/ %(qﬁo, ®1, X1/, —Xo’) be the associated density

spinor. The spinor fields 04 and 4 are smooth and non vanishing on A%, therefore we can
associate to this solution the smooth trace of ¥ :

T2 O (Uy, U3) (=7, 7,w) @ (U1, Uy) (7, 7,w) € CP([—T,0] x S C?)®C>([0,T] x S%; C?).

Using the conserved current we obtain by Stokes’ theorem :
0
[ Hoabade™ b xaxada) = V2 [ [ (W (a5 )i
S -TJs

T
- x/i/ / (1012 + [W4)2) (7, 7, w)didw. (6.8.1)
0 S2
Therefore the operator 7 possesses an extension to a bounded operator
T € L(L*(S7:Sa ® SY): L2 ([ - T, 0] x §2;C%) @ L*([0,T] x S% C?)).

Our first result is
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-

Figure 6.4: The characteristic Cauchy problem

Theorem 6.8.1. =T is an isometry.

2
The characteristic data 7 (®r) contains information only about ¢1, x1/ on A and ¢, xo/

on A;. The functions ¢g, xor on Ap resp. ¢1, x1 on A} are obtained from the given data by
restriction of the equation to A%. On AL we have (see (2.2.7)) :

n?(0a — iq®Pa)po — m?(0a — iqPa)P1 + (1 — ¥)bo + (T — B)d1 = %Xl’, }

n%(0a — iq®a)xor — M*(0a — iq®a)x1 + (1 — V)Xo + (T = P)xv = J5é1,

where ¢1, x1/ have to be considered as source terms. Putting ¢g(7,w) = V(—7, 7, w), §(7,w) =
U(r, 7, w) we find :

—Digi1a= (P, +W)g)14, }
’ N ’ , 6.8.2
71.4(0,0) = §1.4(0,w), (682)
Digosz = ((Po+W)§)2s, }
. ’ ’ 0.8.3
323(0,) = g2.5(0,). (683)

Here P, W are defined in (6.4.8), (6.4.9). We understand  as a time parameter which goes
from —T to 0 for (6.8.2) and from 0 to T for (6.8.3). We write (6.8.2) as

Org14 = 1A(7)g1,4 + S(7), }

f
N 6.8.4
91,4(0,w) = §1,4(0,w), ( )

where A(7) is a family of linear operators and S(7) a source term. For some suitable Y,
(6.8.4) possesses a unique Y-valued solution given by :

(i) =V, 0)31.4(0,w) + / V(i #)S ()i (6.8.5)
0

For given g¢o3, 14 we define g4, g2,3 as the solutions of the partial differential equations
(6.8.2), (6.8.3) and put :

go (7, w) == = (= Djgoz + (P + W)g)23), (6.8.6)

L

1P, w) = 5 (Digra+ (Po + W)g)14). (6.8.7)



6.9. COMPARISON OF THE DYNAMICS 79

As g1 4 is a Y-valued solution we have (the argument for g 3 is analogous):
923 € L*(([ = T.0] x 8%, didw); C*), gi’y € L*(([0,T] x $*, didw); C?).
We define H' as the completion of C°([— T, 0] x S2; C?) @ C>([0,T] x $?;C?) in the norm :

g2, 100l = 20lg2al2,_ +Navall?y | +llofallZ+1afhllZ, ). (688)

We now start with Up € C°°(X7;C*). Then we can associate a classical solution ¥ €
C*°(Kr;C") and the traces g 3(F,w) = Wo3(—F,7,w), =T < # < 0and g1 4(F,w) = U1 4(F, 7, w),
0 <7 < T are well defined. By the previous discussion g1 4(7,w) = Uy 4(—7,7,w), =T <7 <0
and §23(7,w) = Va3(7,7,w), 0 < 7 < T are solutions of equations (6.8.2), (6.8.3). As V¥ is
a solution of the Dirac equation, so is H¥ € C*(Kp;C*). We compute HU|,+ in terms of
9273, g1,4 and ﬁnd : ’

(H)p5(—#,#,0) = ~(~Digas + (Po + W)g)2s),

2
R 1 . .
(HY)14(7,7,0) = 5 (Digra + (o + W)g)14).
Using the identity (6.8.1) we find :
2 H |2 N
[[HYr||3, = 2(|’92,3HL%7 + 119124 |L2T,+)

and therefore :

H‘I’TH%T = [1(g2:3, 91,) |1 51 - (6.8.9)

This means that the trace operator

| (873 CY) — C([ — T,0] x $%C2) & C([0,T] x 5% C?)

T A D
Uy = (\11273(—’/“,’/“,01),\111,4(7“,7“,(4)))

extends to a bounded operator 3
Ty € L(HEy; HY).
Our second result is

Theorem 6.8.2. 7y is an isometry.

6.9 Comparison of the dynamics

In this section we give two fundamental estimates which are used in step iv) and step v) of
the proof of the theorem. Let J € C;°(R), 0 < a <b < 1 and

L f1i<
‘7(7"):{0;;2

The first estimate concerns the comparison of the characteristic data. Let

gT(t,w) = (PogUt,T)f)(—t+1,w),
QZ(tv w) = (P2,3U<—(t7 T)Q;f)(_t + 17("))'
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Lemma 6.9.1. We have :

(o)
| 167 tw) = o (Pt — 0.7 — o0
0 S2

The proof of the lemma uses the asymptotic completeness result. Note that the time
interval would be finite if both dynamics satisfied Huygens’ principle and 2_ f had compact
support. In this case we could just use the Sobolev embedding H' < L* in dimension one
and show strong convergence of the inverse wave operators in H'(R; (L?(5?))?%). Instead of
Huygens’ principle which is not satisfied we use Lemma 6.7.3. This argument is also sufficient
to treat the difficulty linked to the fact that the support of Q_ f is in general not compact.
The function m(t) will be adapted to the convergence rate of the inverse wave operators.

The second estimate concerns the comparison with the asymptotic dynamics.

Lemma 6.9.2. We have uniformly int. > 0 :
|T (7 +t)U(te, T/2 + co) (@ (T/2 + co,.) — N (T/2 4 ¢, )|, — 0, T — o0,

Here &V and &2V are some approximations of the solution of the characteristic Cauchy

problem in the whole space. The proof follows ideas similar to those in the proof of Lemma
6.9.1.

6.10 Study of the hamiltonian flow

In this subsection we study the hamiltonian flow of

P= h2\/k'2§2 +ad(I'¢ + q)%. (6.10.1)

We obtain this principal symbol if we fix d, = in in the expression of H and then diagonalize
it, £ is dual to 7 and ¢ is dual to 6. Let for L > 0

&= {(fﬁ;é,q); |§q| > L},
TP = {(7,0;¢,q); # > —to — L'}

Lemma 6.10.1. For tg > 0 sufficiently large there exist § > 0, Ly > 0 s.t. for all L > Ly
we have:
VO<s<ty ¢s(IPNEL)C{(70;€q); 7> E(tg —5,0) + 0}

Because of the fixed angular momentum we are in a situation with angular momentum 0
for the hamiltonian flow of the principal symbol. Thus we can associate a variable 7x with
O = 1. We find

% =a®+O(L™).

Without the error term we have therefore 7x = 7 and the lemma is obvious. The proof of the
lemma is then essentially an argument of continuous dependence on the initial conditions.



Chapter 7

Decay and non-decay of the local
energy for the wave equation on the
De Sitter—Schwarzschild metric

7.1 Introduction

In this chapter, which summarizes results obtained in collaboration with J.-F. Bony (see [22]),
we describe an expansion of the solution of the wave equation on the De Sitter—Schwarzschild
metric in terms of resonances. Resonances correspond to the frequencies and rates of dumping
of signals emitted by the black hole in the presence of perturbations (see [27, Chapter 4.35]).
On the one hand these resonances are today an important hope of effectively detecting the
presence of a black hole as we are theoretically able to measure the corresponding gravitational
waves. On the other hand, the distance of the resonances to the real axis reflects the stability
of the system under the perturbation: larger distances correspond to more stability. In
particular the knowledge of the localization of resonances gives precise information about the
decay of the local energy and its rate. The aim of the present chapter is to show how this
method applies to the simplest model of a black hole: the De Sitter—Schwarzschild black hole.

Thanks to the work of S& Barreto and Zworski ([93]) we have a very good knowledge of
the localization of resonances for the wave equation on the De Sitter—Schwarzschild metric.
Using their results we can describe an expansion of the solution of the wave equation on the
De Sitter—Schwarzschild metric in terms of resonances. The principal term in the expansion
is due to a resonance at 0. The error term decays polynomially if we permit a logarithmic
derivative loss in the angular directions and exponentially if we permit an & derivative loss
in the angular directions. For initial data in the complement of a one-dimensional space the
local energy is integrable if we permit a (In(—A,,))® derivative loss with a > 1. This estimate
is almost optimal in the sense that it becomes false for o < %

The method presented in this chapter does not directly apply to the Schwarzschild case.
This is not linked to the difficulty of the photon sphere which we treat in this chapter, but
to the possible accumulation of resonances at the origin in the Schwarzschild case.

81
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7.2 Results

The exterior of the De Sitter—Schwarzschild black hole is given by

(M,g), M=R;x X with X =|r_,r, [ xS? (7.2.1)
2M 1 1/2
g =a’dt? — o 2dr? — r?dw?, o= (1 - §A7"2> ) (7.2.2)

where M > 0 is the mass of the black holes and A > 0 with 9M2A < 1 is the cosmological
constant. r_ and 7 are the two positive roots of & = 0. We also denoted by dw? the standard
metric on S?.

The corresponding d’Alembertian is
Oy = a (D} — o*r 2D, (r?a?) D, + o*r2A,), (7.2.3)
where Do = %8, and —A,, is the positive Laplacian on S%. We also denote
P= ?r7?D,(r?a®)D, — a*r2A,,
the operator on X which governs the situation on L?(X,r2a~2dr dw). We define
P = rﬁr_l,
on L?(X,a~2dr dw), and, in the coordinates (r,w), we have

P =a?D,.(?D,) — &*r 2 A, 4+ r1a?(0,02).

We introduce the Regge-Wheeler coordinate given by
2 (r) = a2 (7.2.4)
In the coordinates (z,w), the operator P is given by
P =D2—a*2A, + o®r1(0,02), (7.2.5)

on L?(R x S?,dx dw). Let V = o?r=2 and W = a?r~1(9,a?) be the potentials appearing in
P. The potential V is exponentially decaying at +oo. It is of the following form :

Figure 7.1: The potential V().



7.2. RESULTS 83

In particular, V admits at zg a non-degenerate maximum at energy zg > 0. As stated in
Proposition 2.1 of [93], the work of Mazzeo—Melrose [79] implies that for xy € C§°(R)

Ry(A) = x(z)(P = X*)"'x(x)

has a meromorphic extension from the upper half plane to C, whose poles A are called reso-
nances. The set of the resonances is denoted by Res P. We recall the main result of [93]:

Theorem 7.2.1 (S4 Barreto—Zworski). There exist K > 0 and 0 > 0 such that for any
C > 0 there exists an injective map, b, from the set of pseudo-poles

1 - 9AM?)3 11 1
WS (e 1 1)),

EEY: 2 "2 2
into the set of poles of the meromorphic continuation of (P —A?)~1: L2, — L{
all the poles in

such that
Qc={A:ImA>—-C, |\ > K, Im\ > —60|Re |},
are in the image of b and for b(1) € Q¢,
b(p) —p—0 as |u| — oo

If p = ,uétj = 3_%M*1(1—9AM2)% ((:t@:l:%)—i%(j—i—%)), ¢ €N, j € Ny, then the corresponding
pole, b(y), has multiplicity 20 + 1.

AeC

Figure 7.2: The resonances of P near the real axis.

The natural energy space £ for the wave equation is given by the completion of C§°(R x
S%) x C8°(R x S?) in the norm

(w0, ur)l[E = l[ual® + (Puo, uo). (7.2.6)

It turns out that this is not a space of distributions. The problem is very similar to the
problem for the wave equation in dimension 1. We therefore introduce another energy space
Emod (—oo < a < b < o0) defined as the completion of C§°(R x S?) x C§°(R x S?) in the norm

b
o 00) g = o+ (Puo, o) + [ [ Juo(s,0)Pds e
@ a JS

Note that for any —oo < a < b < oo the norms Sgnlfd and E(Ii’fd are equivalent. We will

therefore only work with the space Sallod in the future and note it from now on £™°4. Let us

write the wave equation Ogu = 0 as a first order system in the following way:

i0pw = Lo ) ( 0 z>
with L = . .
v(0) = vy —iP0
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Let H* be the scale of Sobolev spaces associated to P. We denote H2 the completion of H?
in the norm ||ul|3 := (Pu,u) + ||Pu|?. Then (L, D(L) = H? ® H!) is selfadjoint on . We
denote EF the scale of Sobolev spaces associated to L. Note that because of

(L—N)"'=(P—x)" <_?Pi>, (7.2.7)

the meromorphic extension of the cut-off resolvent of P entails a meromorphic extension of
the cut-off resolvent of L and the resonances of L coincide with the resonances of P.

Recall that (—A,,, H?(S?)) is a selfadjoint operator with compact resolvent. Its eigenvalues
are ((¢ + 1), £ > 0 with multiplicity 2¢ + 1. We denote by

Py =r"'Dyr?Dyr™ + 7200+ 1) (7.2.8)

the operator P restricted to Hy, = L?(R) x Y; where Y is the eigenspace of the eigenvalue
¢(¢ 4+ 1). In the following, P, will be identified with the operator on L?(R) given by (7.2.8).
The operators Ly, and spaces &y, 6}““‘, 55 are defined in a similar manner to the operator L
and the spaces £, £m°4, £F. Let II, be the orthogonal projector on Sén"d. For ¢ > 1, the space
Eén‘)d and & are the same and the norms are uniformly equivalent with respect to .

Using Proposition I1.2 of Bachelot and Motet-Bachelot [14], the group e "L preserves the
space £™°4 and there exist C, k > 0 such that

—itL

lle™ | gmoa < Ce* ||| gmoa.

From the previous discussion, the same estimate holds with k& = 0 uniformly in ¢ > 1. In
particular, (L—2z)~! is bounded on £™°¢ for Im z > k, and we denote £™°% 1 = (L—z)igmod
D'(R x $?) x D'(R x S?) for j € No.

We first need a result on P:

Proposition 7.2.1. For ¢ > 1, the operator P, has no resonance and no eigenvalue on the
real axis.

For ¢ = 0, Py has no eigenvalue in R and no resonance in R\ {0}. But, 0 is a simple
resonance of Py, and, for z close to 0, we have

(Po— 27 = Trtrl ) + H(2), (7.2.9)

where v €]0, 400 and H(z) is a holomorphic (bounded) operator near 0. Equation (7.2.9) is

an equality between operators from L(2:omp to L .

For x € C§°(R) we denote henceforth:

Ry (\) = x(2)(L — X" x().

For a resonance \; we define m(\;) by the Laurent expansion of the cut-off resolvent near

Aj
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We also define W;.fk by

x _ 1 (_i)kﬁx(/\)(/\ — \j)FdA. (7.2.10)

M =
Ik omi k!

The main result of this chapter is the following:

Theorem 7.2.2. Let x € C§°(R).
3 1—9AM2)1/2
(1) Let 0 < p ¢ (21/72]\4)%
Then there exists M > 0 with the following property. Let u € £™°d such that (—A,)Mu €
£mod . Then we have:

(No + %) such that there is no resonance with Imz = —p.

m(A;)
xe tHxu = Z Z e_i’\jttkﬂ;fku + Eq(t)u, (7.2.11)
Aj€ERes P k=0
Im)\j>—,u
with
|1 E1 ()| gmoa < e M| (=AY | gmod, (7.2.12)

and the sum is absolutely convergent in the sense that

m(A;

)
S D Im(=A0) Ml gemony S 1. (7.2.13)

Aj€ERes P k=1
Im )\j>—u

(43) There exists ¢ > 0 with the following property. Let g € C([0, +o0[), lim;| . g(z) = 0,
positive, strictly decreasing with x=' < g(z) for x large. Let u = (u1,us) € £™° be such
that (g(—Aw))flu € &m°d. Then we have

e tyu =~ (TX(TE)XW)) + Es(t)u, (7.2.14)
with
1Es(t)ullgmon S (e (9(=A0)) ™ 1] o (7.2.15)

Remark 7.2.1. a) By the results of S&4 Barreto and Zworski we know that there exists y > 0
such that 0 is the only resonance in Im z > —u. Choosing this p in (7) the sum on the right
hand side contains a single element which is

S (e,

b) Again by the paper of S&4 Barreto and Zworski we know that \; = g(uj ;) for all
the \;’s outside a compact set (see Theorem 7.2.1). For such \;, we have m;(}A;) = 0 and

ﬂ';fk = Hm;.fk = W;fkng is an operator of rank 2¢ + 1.

c) Let £modL = {4 € £7°d; (1 yus) = 0}. By part (ii) of the theorem, for u € £™°%+ the
local energy is integrable if (In(—A,))%u € £m°4, for some a > 1, and decays exponentially
if (—A,)eu € £™°4 for some ¢ > 0.
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d) In fact, we can replace (—A, )™ by (P)*M in the first part of the theorem. And, by
an interpolation argument, we can obtain the following estimate: for all € > 0, there exists
0 > 0 such that

ye thyy = v (TX(T’OXW)) + E3(t)u, (7.2.16)
with
1Bs(t)ullgmoa S € °H{|{P)u| mo- (7.2.17)

Remark 7.2.2. In the Schwarzschild case (A = 0) the potential V' (z) is only polynomially
decreasing at infinity and we cannot apply the result of Mazzeo—Melrose. Therefore we cannot
exclude a possible accumulation of resonances at 0. This difficulty has nothing to do with the
presence of the photon sphere which is treated by the method presented in this chapter.

Remark 7.2.3. Let u € €M% be such that (In(—A,))%u € £m°d for some a > 1. Then we
have from part (i7) of the theorem, for A € R,

H / xe ]| S (A (7.2.18)
0 mo

This estimate is almost optimal since it becomes false for a < % Indeed we have (A € R):

EX(/\)U = z/ e ME N v dt.
0
Thus from (7.2.18) we obtain the resolvent estimate
IR ) (In(=A0)) | g(emon s gmocy S L.

It is easy to see that this entails the resolvent estimate

1

IX(Pe =A%)~ x(Infee + 1))~ < o

for £ > 1. We introduce the semi-classical parameter h? = (£(¢ + 1))~! and P = h2D2? +
V(z) + h®W (z). Then, for R > 0, the above estimate gives the semi-classical estimate:

~ _ In h|™

(P -2 5 2

for 1/R < z < R. Such an estimate is known to be false for a < % and z = zp, the maximum
value of the potential V(z) (see [1, Proposition 2.2]).

Remark 7.2.4. Let P; be the projection on the first variable, Py (u1,u2) = uy. If u € £m°4
is such that (g(—Aw))_l(L +d)u € £M°4 then Pyye *yu € CO(R x S?) and the remainder
term in (7.2.14) satisfies

1P1Ea(t)ull ez xszy S 90| (9(=20)) ™ (L + i)t s (7.2.19)

Moreover, if v € £™°d is such that (g(—Aw))fl(L +i)%u € £m°4, then ye "ryu €
CO((R x S?) x (R x S?)) and the remainder term in (7.2.14) satisfies

| o (t)ull oo (mxs2)x (Rxs2)) S 9(e7) ]| (9(~Aw) L+ 0)*u| gmoa- (7.2.20)
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7.3 Elements of the proof

The proof of the theorem is based on resolvent estimates. Once these estimates are established
we use the Cauchy theorem and contour deformations in the complex plane. Using (7.2.7)
we see that it is sufficient to prove resolvent estimates for x (P, — A?)~'y. We will use the
description of the resonances given in S& Barreto-Zworski [93]. Recall that

Ry(\) = x(P =Xy, (7.3.1)

has a meromorphic extension from the upper half plane to C. The resonances of P are defined
as the poles of this extension. We treat only the case Re A > —1 since we can obtain the same
type of estimates for Re A < 1 using (RX(—)\))* =R, (\).

Theorem 7.3.1. Let Cy > 0 be fixed. The operators x(P; — \?)~'x satisfy the following

estimates uniformly in ¢ :

i) For all R > 0, the number of resonances of P is bounded in B(0, R). Moreover, there
exists C' > 0 such that

Ix(Pe = X)X < Ix(P=X) "y < ]
Aj€ERes P
‘)\j|<2R

1
A=Al

(7.3.2)

for all A € B(0, R). As usual, the resonances are counted with their multiplicity.

ii) For R large enough, P; has no resonance in [R, {/R] +i[—Cy, 0]. Moreover, there exists

C > 0 such that
(B - )l < - (7.3.3)
SR OVER 3
for A € [R,¢/R] + i[~Cy, Cy).

iii) Let R be fixed. For £ large enough, the resonances of Py in [¢/R, R{] + i[—~Cj,0] are
the b(,ujj) given in Theorem 7.2.1 (in particular their number is bounded uniformly in ().
Moreover, there exists C' > 0 such that

_ 1
N A A | B e vt (7.3.4)
Aj€Res Py J
[A=Xj]<1

for A € [(/R, R{] + i[—Cy, Cp].

Furthermore, Py has no resonance in [{/R, R{] + i|—¢, 0], for some ¢ > 0, and we have
_ In(A A\ In
(P = 32) ] < O et mAlndy, (7:3.5)

for A € [(/R, R{] + i[—¢, 0].
iv) Let C7 > 0 be fixed. For R large enough, P, has no resonance in {\ € C; Re\ >
Rl, and 0 > Im A > —Cy — Cy In(\)}. Moreover, there exists C' > 0 such that

. C ot
Ix(Pe =A%)~ x| < wec“ A (7.3.6)

for Re A > Rl and Cp > Im A > —Cjy — C In(A).
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The results concerning the localization of the resonances in this theorem are proved in
[14] and [93], Figure 7.3 summarizes the different estimates of the resolvent.

oo I v

AeC
2

Figure 7.3: The different zones in Theorem 7.3.1.

In zone I which is compact, the result of Mazzeo—Melrose [79] gives a bound uniform with
respect to ¢ (away from the possible resonances). In particular, part i) of Theorem 7.3.1 is a
direct consequence of this work.

In zone II, the result of Zworski [100] gives us a good (uniform with respect to £) estimate
of the resolvent. Here, we use the exponential decay of the potential at +oo and —oc.
By comparison, the corresponding potential for the Schwarzschild metric does not decay
exponentially, and our present work cannot be extended to this setting. Note that this
problem concerns only zones [ and I, but zones IIT and IV can be treated in the same way.

In zone III, we have to deal with the so called “photon sphere”. The estimate (7.3.4)
follows from a general polynomial bound of the resolvent in dimension 1 (see [24]).

In zone IV, the potentials £(£ + 1)V and W are very small in comparison to A\%. So they
do not play any role, and we obtain the same estimate as in the free case of —A (or as for
non trapping geometries).



Chapter 8

The semilinear wave equation on
asymptotically euclidean manifolds

In this chapter, which summarizes work in collaboration with J.-F. Bony (see [23]), we study
the quadratically semilinear wave equation on an asymptotically euclidean manifold.

8.1 Main results

The manifold that we consider is given by (R% g),d > 3, g = >4 i deidz?. We suppose
gij(x) € COO(Rd) and, for some p > 0,
Va e NT 0(gig — 8ig) = O((a)1*17). (H1)

We also assume that
g is non-trapping. (H2)

Let g = (det(g))'/%. The Laplace-Beltrami operator associated to g is given by :
1 .
Ag=)_ —0ig"0;,
i 9

where g”/ denotes the inverse metric. Let us consider the following unitary transform :

V. {LQ(Rd, ghd) — L*(RY, dx)

v — qu

The transformation V sends —Ag to
* 1 17 1
P:—VAQV = — E *@‘gjaj*,
i g g

which is the operator we are interested in. Let 5j = 8]% and Q = QP! := 2,0, — 2,0, be the
rotational vector fields. For z € R, [x] denotes the smallest integer greater than or equal to

89
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x. We consider the following semilinear wave equation :

Ta = Q). } (8.1.1)

(ult=0, Oru|t=0) = (uo,u1).

Here Oy = 07 + P and Q(u') is a quadratic form in «’ = (8yu, d,u). Our main result is the
following

Theorem 8.1.1. Assume hypotheses (H1) and (H2). Suppose ug,u1 € C5°(R?%) and that,
for M =2 ({%1 + 1), we have

> oIl + > |9i9%wu|| < 4. (8.1.2)
o] +5<M+1 o] +5<M

i) Assume d > 3 and p > 1. For all n > 0, there exists a constant 6, > 0 such that, for
§ < 6y, the problem (8.1.1) has a unique solution u € C*°([0,T] x R?%) with

T=6"

1) Assume d > 4 and p > 1. For 0 small enough, the problem (8.1.1) has a unique global
solution u € C°°(]0, +00[xR%).

Remark 8.1.1. One may consider more general nonlinearities. For example, the previ-
ous result holds for quadratic nonlinearities of the form Q(z)({xz) "u,u') with p > 1 and
102Q(z)|| = O((z)~1*!). In particular, one can replace Q(u') by Q(dsu, dyu) or work with the
wave equation before the transformation by V.

The main ingredient of the proof are estimates of type (1.0.4). Let us therefo