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Abstract: In this paper, we are interested in texture modeling with functional analysis spaces.
We focus on the case of color image processing, and in partilar color image decomposition. The
problem of image decomposition consists in splitting an oginal imagef into two components u and
v. u should contain the geometric information of the original image, whilev should be made of the
oscillating patterns of f, such as textures. We propose here a scheme based on a pro@tigradient
algorithm to compute the solution of various decompositionmodels for color images or vector-valued

images. We provide a direct convergence proof of the schemand we give some analysis on color
texture modeling.

Key-words:  Texture modeling, color image decomposition, projected gadient algorithm, color tex-
ture modeling.

1 Introduction

Since the seminal work by Rudin et al [59], total variation based image restoration and decomposition
has drawn a lot of attention (see [26, 7, 57, 5] and referencdkerein for instance). We are interested
in minimizing energies of the following type wheref is the original image:

Z

jDuj+ kf ukk: 1)
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jDuj stands for the total variation; in the case whenu is smooth, then jDuj = jr ujdx. kikt
stands for a norm which captures the noise and/or the textures of the original imagef (in the sense
that it is not too large for such features) and k is a positive exponent.

The most basic choice fork:kr is the L2 norm, and k = 2. From a Bayesian point of view, this is
also the norm which appears naturally when assuming that theimage f has been corrupted by some
additive Gaussian white noise (see e.g. [26]). However, gia the book by Y. Meyer [53], other spaces
have been considered for modeling oscillating patterns sticas textures or noise. The problem of image
decomposition has been a very active eld of research duringhe last past ve years. [53], was the



inspiration source of many works, e.g. [65, 58, 9, 6, 64, 105124, 35, 69, 70, 71, 44, 11, 43, 48, 50].
Image decomposition consists in splitting an original ima@ f into two components,u andv=1f wu.

u is supposed to contain the geometrical component of the origal image (it can be seen as some kind
of sketch of the original image), whilev is made of the oscillatory component (the texture component
in the case when the original imagef is noise free).

In this paper, we focus on color image processing. While sommuthors deal with color images
using a Riemannian framework, like G. Sapiro and D. L. Ringab [60] or N. Sochen, R. Kimmel and
R. Malladi [62], others combine a functional analysis viewmint with the Chromaticity-Brightness
representation [14]. The model we use is more basic: it is theame as the one used in [19] (and
related with [18]). Its advantage is to have a rich functiond analysis interpretation. Note that in [66],
the authors also propose a cartoon + texture color decomposibn and denoising model inspired from
Y. Meyer, using the vectorial versions of total variation and approximations of the spaceG() for
textures (to be de ned later); unlike the work presented here, they use Euler-Lagrange equations and
gradient descent scheme for the minimization, which shoulde slower than by projection methods.

Here, we give some insight into the de nition of a texture speace for color images. In [12], a
TV-Hilbert model was proposed for image restoration and/ or decomposition:
z

jDuj+ kf  uk? (2)

wherek:ky stands for the norm of some Hilbert spaceH. This is a particular case of problem (1). Due
to the Hilbert structure of H, there exist many di erent methods to minimize (2), such as aprojection
algorithm [12]. We extend (2) to the case of color images.

From a numerical point of view, (1) is not straightforward to minimize. Depending on the
choice fork:ky, the minimization of (1) can be quite challenging.d\leverthéess, even in the simplest
case whenk:kr is the L? norm, handling the total variation term  jDuj needs to be done with care.
The most classical approach consists in writing the associad Euler-Lagrange equation for problem
(). In [59], a xed step gradient descent scheme is used to copute the solution. This method
has on the one hand the advantage of being very easy to implemg and on the other hand the
disadvantage of being quite slow. To improve the convergere speed, quasi-Newton methods have
been proposed [23, 67, 36, 1, 28, 55, 56]. Iterative methodsave proved successful [17, 34, 15]. A
projected-subgradient method can be found in [30].

Duality based schemes have also drawn a lot of attention to dee (1): rst by Chan and Golub in
[25], later by A. Chambolle in [20] with a projection algorithm. A multiscale version of this algorithm
has just been introduced in [22]. This projection algorithm has recently been extended to the case
of color images in [19]. Chambolle's projection algorithm 20] has grown very popular, since it is the
rst algorithm solving exactly the total variation regular ization problem and not an approximation,
with a complete proof of convergence. In [73], a very interésg combination of the primal and dual
problems has been introduced. Second order cone programngrideas and interior point methods have
proved interesting approaches [45, 42]. Recently, it has s shown that graph cuts based algorithms
could also be used [21, 33]. Finally, let us notice that it is Bown in [68, 8] that Nesterov's scheme [54]
provides fast algorithms for minimizing (1).

Another variant of Chambolle's projection algorithm [20] i s to use a projected gradient algorithm
[21, 8, 72]. Here we have decided to use this approach which fidoth advantages of being easy to
implement and of being quite e cient.

Notice that all the schemes based on duality proposed in theiterature can be seen as particular
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instance of proximal algorithms [31, 51, 37, 41, 61].

The plan of the paper is the following. In Section 2, we de ne ad provide some analysis about
the spaces we consider in the paper. In Section 3, we extend ¢hTV-Hilbert model originally intro-
duced in [12] to the case of color images. In Section 4, we pe# a projected gradient algorithm to
compute a minimizer of problem (2). This projected gradientalgorithm has rst been proposed by A.
Chambolle in [21] for total variation regularization. A pro of of convergence was given in [8] relying on
optimization results by Bermudez and Moreno [16]. A proof baed on results for proximal algorithms
was proposed in [72]. We derive here a simple and direct proadf convergence. In Section 5, we
apply this scheme to solve various classical denoising andedomposition problems. We illustrate our
approach with many numerical examples. We discuss qualitdave properties of image decomposition
models in Section 6.

2 De nitions and properties of the considered color spaces

In this section, we introduce several notations and we prowle some analysis of the functional spaces
we consider to model color textures.

2.1 Introduction

Let be a Lipschitz convex bounded open set in R2. We model color images afkM -valued functions
de ned on . The inner product in L?( ;RM) is denoted as:

Z
husvipa gmy = uiVvi:
i=1
For a vector 2 RM, we de ne the norms:
- - XA - - - - q - - - -
jir= Jil Ji2= i1 2 ji = max j ij: (3)

i=1
We will sometimes refer to the space of zero-mean functionsiL?( ;RM) by Vo:
z
Vo= ff 2L% :RM); f =0g:

We say that a function f 2 L( ;RM) has bounded variation if the following quantity is nite:

(7 N )
sup fidiv~; '~2 Ci( ;B)
i=1
sup M ;div '~i 2 gu)
~2C3( B)

ifjtv

where B is a centrally symmetric convex body of R? M. This quantity is called the total variation.
For more information on its properties, we refer the reader b [4]. The set of functions with bounded
variation is a vector space classically denoted b8V ;RM .
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In this paper, we will consider the following set of test-furctions, which is the classical choice

(4], [7D :
B=fw 2 R> MIjwj, 1g

Then, for f smooth enough, the total variation of f is:

N
o Aaw
jifitv = jr fij2dx:

i=1

As X. Bresson and T. Chan notice in [19], the choice of the seB is crucial. If one chooses:

B=fw 2 R> Mjwj; 1g

then one has:
w Z X
ifirv = jr fijdx = jfijrv:
i=1 i=1
These two choices are mathematically equivalent and de nethie sameBV space, but in practice
the latter induces no coupling between the channels. As a ca@equence, if the data delity term does
not introduce a coupling either, the minimization of an enemy of type (1) amounts to a series of
independent scalar TV minimization problems, which gives wsual artifacts in image processing (see
[18, 27]).

2.2 The color G() space

The G(R?) space was introduced by Y. Meyer in [53] to model textures ingrayscale images. It was
dened as div L! (R?) , but one could show that this space was equal toN 5! (R?) (the dual of
W L1(R2)). For the generalization to color images, we will adopt theframework of [6] (the color space
G() is also used in [66], as a generalization of [65] to color inage decomposition and color image
denoising). Let us insist on the fact that the results of this section (notably Proposition 2.1) are
speci ¢ to the case of 2-dimensional images (i.e. R?).

De nition 2.1.  The spaceG() is de ned by:

(where 5 N refers to the normal trace of 5 over @). One can endow it with the norm:

kvkg =infftk ky ; 8i=1;:::;M; vi=div ;57 N=0on @g
dp——0
with kk; =sup ess M T

The following result, proved in [6] for grayscale images, aabe easily extended working compo-
nent by component: it characterizesG().

Proposition 2.1. 7
G()= v2L?% ;:RM= v=o0



Following the framework of [49], we de nek k below. Since the total variation does not change
by the addition of constants, we also have:

Lemma 2.1. For f 2 L?( ;RM), let us consider the semi-norm:

Pu R

Uiz mmy = fiui

kf kK = sup — sup =
u2BV ( ;RM)ijujry 60 JujTv u2BV ( ;RM)ijujry 60 Jujtv

R
If kfk <+1,then f =0.

Comparing this property to Proposition 2.1, we can deduce tlat any function f such that
kf Kk < 1 belongs toG(). The converse is also true:

Lemma 2.2. Letf 2 G() . Thenkfk < 1.

R H Ui . . .
Proof: Letf 2 G(). Since  f =0, the quantity # does not change with the addition
of constants tou. Thus

H;UiLZ( ‘RM ) H;UiLZ( :RM)

sup —— = SUR —
u2BV;jujry 60 Jujtv u2BV: u=0 Jjujtv
kf kLZ( ;RM)kukLZ( ;RM)
sup —~
u2BvV; u=0 JujTv

Ckf k|_2() <1;

where we used Poincae inequality :ku u ki 2( .gmy  Cjujtv.

The following theorem completes the above two lemmas:

Theorem 2.2. The following equality holds :

H ;ui :
G()= ff 2L%() = sup — (R

— < +1g
u2BV ( ;RM);jujgy 60 ujtv

and for all function f 2 L2( ;RM), kf k = kf k.
Moreover, the in mum in the de nition of k kg is reached.

Proof:

() Let f be a funcﬁon in the set on the right hand-side. Thanks to Lemma 2.1, we know that
8i2fl,:::;Mg; f;=0. By Proposition 2.1, f 2 G().

Now let u 2 BV  ;RM such that jujty 6 0. By Meyers-Serrin's theorem, one can nd a
sequenceu, 2 Ct ( ;RM)\ WETi(; RM)suchthat ku upks! Oandjunjtv !'j ujty.



Then, for all g such thatf =div gandg N =0 on @:
W Z
hfSunip2 gmy = div g up
i=1
Z
(8§ T Un)
Z i=1
jgiir unj

K gk junjtv:

Sincef 2 L?(), we can pass to the limit in both sides of the inequality, a nd by construction of

un, we get:
kf k k fkg:
(i) For the converse inequality, the proof is standard (seee.qg. [46], [2]).
hf ;ui
Let f 2 L?( ;RM) such that sup,spy ( :rM )jujry 60 # < +1.Lletusdene:
( D( ;RM) ! LY ;RM)
T . 21 @.et..... @MV .aM
X @x’ @y @
T h t @l.@t..... eV .aM 2 T(D 'RM 'tRPM filid
0 each vector G @y ' @x @x (D( )), we can associate =1 X
(without ambiguity since f; has zero-mean, and if two functlonﬁ hlgve the same gradient ev
they onIy dier byaconstant on the convex domain ). We have M f" 'dx k fkij jgv =
kf k k(@l;:::; O M)k, thus we have de ned a bounded linear form onT(D( :RM)). Using

Hahn-Banach's theorem, we can extend it toL'( ;R?™) with the same norm kf k . Since
L1 ( :R™) is identi able with the dual of L( ;R?M), there exists g 2 L1 ( ;R?M) with
kgkp 1 ( .gwy = kf k , such that:

8 2D( RM)ZWI ZXM@@ X< (4)
i=1 - i=1 j=1 @3( K i=1 |

This is true in particular for * 2 D( ;RM), thus f = div g in the distributional sense, and
since the functions are inL2( ;RM) there is equality in L?( ;RM). Since divg 2 L2( ;RM),
we can then consider the normal trace of.

If' 2D( ;RM), we have by (4):
w Z w Z
fi'i= g or'i
i=1 i=1
But on the other hand, using integration by parts:
w Z w Z w2
div g'i= g r'i+ ig N
i=1 i=1 iz1 @



The equality f = div g in L2( ;RM) shows that the boundary contribution vanishes for' 2
D( ;RM). Thus § N =0 over @.

Incidentally, we notice that the in mum in the G-norm is reac hed.

Remark 2.3. From the proof of Lemma 2.2, we can deduce that the topology iduced by the G-norm
on G() is coarser than the one induced by the L? norm. More generally, there exists a constant
C > 0 (depending only on ), such that for all f 2 G(), kfk  Ckf k_ 2 .gu).

In fact the G norm is strictly coarser than the L2 norm. Here is an example forM =

2 color channels. Let us consider the family of functions f (M1:m2) mim,2n dened on (- )2

by £{M™M2)(x:y) = cosmyx + cosmyy and f{M"™2)(x;y) = cosmpx + cosmyy. The vector eld

~miim2) de ned by ™M) = - sin(myx); 7= sin(myy)  for k 2 f 1;2g satis es the boundary con-
r—
dition, and its divergence is equal tof (M1M2)  As a consequencéf (M1M2)kq 2 L+ L and
1 2

Ilmm1’m2| +1 kf (ml'mz)kG = O
Yet,
Z Z
K (ml;mz)kﬁz( R = (cosmix + cosmyy)? + (COS max + cosmyy)?dxdy = 8 2

The sequencef ,, converges to 0 for the topology induced by theG-norm, but not for the one
induced by the L2 norm .

The following result proposed by Y. Meyer in [53] speci es ths idea.

Proposition 2.2. Letf,;n 1 be a sequence of functions af9 ;RM)\ G() with the following
properties :

1. There existsq > 2 and C > 0 such thatkf nk o gv) C.
2. The sequencd , converges to0 in the distributional sense.
Then kf kg converges to0 whenn goes to in nity.

It means that oscillating patterns with zero mean have a smal G-norm. Incidentally, notice
that in the above example, the frequencies of all color changls had to go to in nity in order to have
convergence to zero for the G-norm. Otherwise, assumption)2n the above proposition fails.

3 Color TV-Hilbert model: presentation and mathematical an alysis

The G-norm detailed in Section 2 is the main tool to study the TV-Hilbert problem on which all the
algorithms described in this paper rely.



3.1 Presentation

The TV-Hilbert framework was introduced for grayscale images by J.-F. Aujol and G. Gilboa in [12]
as a way to approximate the BV-G model. They prove that one canextend Chambolle's algorithm to
this model. In this section we show that this is still true for color images. We are interested in solving
the following problem:

o 1 2
IrJf]UjTV + 2—kf uky (5)
where H = \; (the space of zero-mean functions of.2( ;RM)) is a Hilbert space endowed with the

following norm:
kvkf = ;K Vipz( gu)

and whereK :H! L?( ;RM)

is a bounded linear operator (for the topology induced by theL?( ;RM) norm on H)

is symmetric positive de nite

and K !is bounded onlim (K).

Examples:

The Rudin-Osher Fatemi model

It was proposed in [59] by L. Rudin, S. Osher, and E. Fatemi forgrayscale images. It was then
extended to color images using di erent methods, for instarce by G. Sapiro and D.L. Ringach
[60], or Blomgren and T. Chan [18] . In [19], X. Bresson and T. @an use another kind of color
total variation, which is the one we use in this paper. The ida is to minimize the functional:

I 1
Jujtv + 2_kf UkEZ( ;RM): (6)

It is clear that the problem commutes with the addition of constants. If the (unique) solution
associated tof is u, then the solution associated tof + C is (u + C). As a consequence we
can always assume thatf has zero mean. Then this model becomes a particular case ofah
TV-Hilbert model with K = Id.

The OSV model
In [58], S. Osher, A. Sok and L. Vese propose to model textues by theH ® space. In order to
generalize this model, we must be cautious about the meaningf our notations but it is natural
to introduce the following functional :
1 z
infjujry + o gr M W) (7)
0 1 0 1
vy ra
where  lv ; X,jr P=gr 4%+ jr 2%+ i+ jr mj%and
lvm rm

I
(S
>0
I
(S



RP ) )
r Eow? o= Moir ET uh?

]
~~
—

ui) 1(fi Ui)
= u; Y u)iz gmy:

The inversion of the Laplacian is de ned component by compoent. For one component, it is
de ned by the following consequence of the Lax-Milgram theoem:

R R
Proposition 3.1. Let Xg=fP 2HY( ;R): P =0g. If v2L2%() ,with v=0, then the
problem:

. OF

P=yv @A@_O

admits a unique solution in Xyg.

For K = 1 the Osher-Sok-Vese problem is a particular case of the TWHilbert framework.

3.2 Mathematical study

In this subsection, we study the existence and unigueness ofiinimizers of Problem (5). A characteri-
zation of these minimizers is then given in Theorem 3.1. Notie that this theorem and its reformulation
could be easily obtained using convex analysis results ([0 but for a pedagogical purpose, we give
an elementary proof inspired from [53].

Proposition 3.2  (Existence and Uniqueness) Let f 2 L?( ;RM). The minimization problem:
. . 1 _ M
inf  jujry + 2—h‘ u; K u)ipze gy, u2BV JRY S (F u)2 Vo

has a unique solutionu 2 BV~ ;RM .

Proof:  Let E(u) denote the functional de ned on L?( ;RM) (with E(u)=+ 1 ifu 2BV ;RM
or (f u)2V).

R
Let us notice that E 6 + 1 sincef = ﬁ f belongstoBVY ;RM and(f f )2 V.

The functional E is convex. SinceK is bounded, we deduce thatE is lower semi-continuous for
the weak L2() topology. E is coercive: by Poincae inequality,

9C >0, ku u ky Cjujry

R R
with u = L  u= ﬁ f for E(u) < +1 . Thus E has a minimizer. Since the functional is

. ] L)) . .
strictly convex, this minimizer is unique.

We introduce the notation v = f u, when u is the unique minimizer of the TV-Hilbert
problem.



Theorem 3.1 (Characterization of minimizers). Let f 2 L2( ;RM).

O If kKfk then the solution of the TV-Hilbert problem is given by(u;v) = (0 ;f).

(i) f kKfk > then the solution (u;v) is characterized by:

kKvk = andhu;Kvijz guy= jujry:

Proof:
() (0;f) is a minimizer i
8h2BV ;RM :8 2R;jhjrv+ zikf hk?

which is equivalent to j jihjry + Zi 2kh k3 1y ‘hiy

We can divide by j j! 0, and depending on the sign of we get :
hf hig  jhjry:

If (O;f) is a minimizer, we can take the supremum forh 2 BV
*-norm, we have : kK f k

—kf k& :

:RM . By de nition of the

Conversely, iff 2 L?( ;RM) is such that kKf k , the second inequality is true , thus (Qf )

iS a minimizer.

(i) As before, let us characterize the extremum: (1;v) is a minimizer i

g8h2BV RM :8 2 R;ju+ thV+2ikv hk3 jujTV+2ikvk2;

orju+ hjry + 2i 2khkZ 1 hv;hip j Ujtv:

By triangle inequality, we have:
- o 1 1 .
jujtv +j jihjrv + 2—2khk,2_| = v hig
jhjsv
Taking the supremum, we obtain kK vk
Moreover, choosingh = u, 2] 1,1
. 1 . -
(1+ diujpy = vjuiy + jujry
For > 0: jujtv lh/;uiH

For < O: jujtv lh/;uiH
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We deduce that kK vk jujty hv;uiy = jujrv, and by the rst upper-bound inequality, we
have kK vk =

Conversely, let us assume these equalities hold. Then:
: : 1 1 : 1 1 1 :
jut hjry + kv hk? Zhu+ h);KVipz guy+ 2—kvkﬁ| + 2—khkﬁ 2 Z th;viy

L 1
j ujrv + 2—kvkE|:

. hu ;K i2 ;RM . . .
The mapping v 7! supj;, so % is convex, lower semi-continuous for theH strong

topology as a supremum of convex lower semi-continuous futions. As a consequence, for> 0 the
set

G =fv2L% ;RM);kvk g

is a closed convex set, as well d¢ G . The orthogonal projection of this set is well-de ned and we
can notice that Theorem 3.1 reformulates :

Y P}'le(f)
u = f v

Indeed, if (u;v) is a minimizer of the TV-Hilbert problem, with f = u + v, we havev 2 K 1G and
foranyv2 K 1G ,

H o viv vig = hKwipz quy hu;Kvipee guy k Kk jujty  jujry 0

thus by the equivalent de nition of the projection on a closed convex set (see Ekeland-Temam [40]),
we obtain the desired result.

Consequently,v is the orthogonal projection of f on the setK G whereG = f div p;jpj
1g (see Theorem 2.2), and the problem is equivalent to its dualdrmulation:

inf kK ldivp fkj: (8)
i 1

4 Projected gradient algorithm

In the present section, we are interested in solving the duaformulation (8), which can be done using
fast algorithms. For grayscale images, the famous projeabn algorithm by A. Chambolle [20] was
the inspiration for all the following algorithms. We present here a projection algorithm, and we
provide a complete proof of convergence of this scheme. We t@othat an independent work has just
been reported in [52], where the authors M. Zhu, S.J. Wright,and T.F. Chan have also applied the
projected gradient method for solving the dual formulation of total variation minimization for image
denoising. They have a general framework also, although apied only to scalar image denoising and
not related to image decompositions.

As explained in the introduction, the scheme we propose herean be seen as a proximal point
algorithm [31]. The proof of convergence could then be dered from results in [51] (the Lions-Mercier
algorithm being itself a particular instance of proximal algorithms [39]). However, we have decided to
present here an elementary proof of the convergence for didéic reasons.
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4.1 Discrete setting

From now on, we will work in the discrete case, using the following conventions. A grayscale image is
a matrix of size N N. We write X = RN N the space of grayscalg,images. Their gradients belong
to the spaceY = X  X. The discrete L2 inner product is hu;vix = = i N Ui Vi -

The gradient operator is de ned by (r u)i; =((r u)i’§j i (r u){j ) with:

Uj+1 ;] Ui;j if <N

X = Ui;j if j <N
(r ui; 0 ifi=N

y = Uijn
and (r u); 0 ifj = N:
The divergence operator is de ned as the opposite of the adjat operator of r :

8p2 Y;h div p;uix = hp;r uiy

8 _ _ 8 . .

< Py By ifl<i<N < P By ifl<j<N
div By = B fi=1  + o, if j =1

' P 1y ifi=N ' P 1 if j = N:

A color image is an element ofX M . The gradient and the divergence are de ned component by
component, and the discreteL? inner product is given by :

X
8u;v 2 XMitusvigw = hu®;v®ijy
k=1

hd
82 YMitpgiym = pM);q®iy
k=1

so that the color divergence is still the opposite of the adjit of the color gradient.

4.2 Bresson-Chan algorithm

Problem (8) for grayscale images was tackled in [20] in the @K = Id, then in [12] for a generalK .
For color images, X. Bresson and T. Chan [19] showed that Chabwolle's projection algorithm could
still be used whenK = Id. It is actually easy to check that it can be used with a generalK for color
images as well.

Following the steps of [12], one can notice that, provided , the xed point iteration:

__1
8kK 1k|_ 2

pn+1:|3”+ (r (K Mdivp" f=) ©)
1+ jr (K divp" f=)j

gives a sequencef ")non such that K divp"™? 1 v, ,andf K Mdivp"t ! u when
n! +1.

Notice that the upper bound on is the same as for grayscale images.
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4.3 Projected gradient

It was recently noticed ([21], [8]) that problem (8) for grayscale images could be solved using a projected
gradient descent. This is the algorithm we decided to extendo the case of color images.

Let B be the discrete version of our set of test-functions :
B=fv2Y":81 ij N;jvjj2 1o
The orthogonal projection on B is easily computed:

X1 . X2
maxf 1;jXj.g’ maxf 1;jXj.g

Pg(x) =
The projected gradient descent scheme is de ned by :
p"*t = pg p™t + r (K idivp™ f= (10)
which amounts to:

M+ ¢ (K divp™ D)
pp+t = Py ( i )"f’ _ (11)
max L;jp{l + r (K div p™ )iz

where = —.

The convergence result for the projected gradient descentni the case of elliptic functions is
standard (see [29], Theorem 8.6-2). Yet in our case the funinal is not elliptic, and the proof needs
a little more work.

Proposition 4.1. If 0< < Wllk, then algorithm (11) converges. More precisely, there exis

P 2 B such that :
lim (K Ldivp™ =K ldivp

and
kK Ydivp fk2:inszkK Ydivep fk3
p

Proof:  Writing
kK Tdiveg f=ki=kk ldivp f=ki+HKK ldiv(g p);K tdivp f=i_+0Okeg pkd);
we begin by noticing that p is a minimizer if and only if,

p2B and8¢2B;8 > Oy p;p (p+ r (K tdivp f=)i. O

Or equivalently:
p=Pg p+t (r(K ‘divp f=)
where Pg is the orthogonal projection on B with respect to the L? inner product.
We know that such a minimizer exists. Let us denote it by p.

13



Now let us consider a sequence de ned by (10), and writ?h = r K 1 div. We have:
kp“*t  pk? = kPg(pX+ r (K ldivpX f=)) Pe(p+ r(K ldivp f=))K
kp p“+ rK Ydiv(p p¥k®sincePg is 1-Lipschitz [29]
k(I A)p PR
Provided ki Ak 1, we can deduce:
kpk+1

and the sequenceKp* pk) is convergent.

pk k p*  pk (12)

A is a symmetric positive semi-de nite operator. By writing E = ker A and F = ImA , we have:
?
YM=E F

and we can decompose angt 2 YM as the sum of two orthogonal componentssg 2 E and
e 2 F. Notice that by injectivity of K 1, E is actually equal to the kernel of the divergence
operator.

Let 1=0< 5 ::: a be the ordered eigenvalues of A.
kil Ak = max(jl 1j:j1 al)
= max(1;j1 al)
= 1forO 3
a
We can restrict | A to F and then de ne:
g( )=k(I  A)ek = max(jl 2j;j1 al)

< 1 for0<<£

a

Now we assume that 0< < ia Therefore, inequality (12) is true and the sequence g*)

is bounded, and so is the sequenceK( ! div pX). We are going to prove that the sequence
(K 1div p*) has a unique cluster point. Let (K 1 div p’ (K)) be a convergent subsequence. By
extraction, one can assume thatp’' (K) is convergent too, and denote byg its limit.

Passing to the limit in (10), the sequence p (K)*1) is convergent towards:
p=Pg B+ r(K Mdivp f=)
Using (12), we also notice that:
ke pk=kp pk
As a conseqguence:
ke pk’ = kp pk?
kg p+ r (K divp f=) Pgp+ r(K divp f=) K
k(I A)p pK

k (B Pek’+g( )’k(E p)rk?
ke pk*if(F P)F60

N

14



Of course, this last inequality cannot hold, which means tha k(F p)rk=0. Hence (f p) 2

E=ker AandK 1divp=K !divp: the sequence K ! div p¥) is convergent.
The last remark consists in evaluating 5. We have:

a= kr K 1divk krkk K Tkk div k

Sincek div k? = krk 2 = 8 (see [20], the result is still true for color images), we dduce that

2 8kK 'k

Since we are only interested inv = K !div p, Proposition (4.1) justi es the validity of algo-

rithm (10). Yet it is possible to prove that p itself converges.

Lemma 4.1. Let P be the orthogonal projection on a nonempty closed convex siét. Let Q = Id P.

Then we have:
kQ(vi) Q(V2)k?+ kP(v1) P(va)k? Kk vi Vok?:

Proof:

kQ(vi) Q(v2)k?+ kP(v1) P(v2)k?
= kvi Vo+ P(vi) P(v2)k?+ kP(v1) P(vo)k?
= kvi  Vok?2+2kP(v1) P(v2)k? 20P(vi) P(V2);vi Voi
= kvi  Vok?+2HP(v1) P(v2);P(vi) P(v2) Vvi+ Vi
= kvy  vok?+2 rP(Vl) P(V{z%i P (v1) Vli +2 [P(Vz) P(V{J%; P (v2) Vzi

(using the characterization of the projection on a nonemptyclosed convex set [29]).

Remark: We have:

p=Pe(p (Ap+rf=)=p (Ap+rf=)) Qs(p (Ap+rf=));

thus
(Ap+rf=))=Qs(p (Ap+trf=)):

Corollary 4.1. The sequencep® de ned by (10) converges top unique solution of problem (8).

15
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Proof:  Using the above lemma, we have:

kQe(p (Ap+rf=)) Qs(p* (Apk+rf=))kK?

+kPg(p  (Ap+rf=)) Pg(pk (ApX+rf=)K
kp (Ap+rf=) pK+ (ApX+rf=)K?

kp pk2+ 2kA(p P)OK2 2t PYSA(R  PY)I

Hence:

kQe(p (Ap+rf=)) Qe(p* (Ap“+rf=)K:+kp p“K
kp pK*+ %KA(p pP)K* 2 pPSAE PN

But we have already shown thatkp  p“k converges, and thatk div(p p*)! O (therefore
A(p p¥)! 0). Hence, passing to the limit in the above equation, we get:

QE* (Ap“+rf=)! Qs(p (Ap+rf=)):
We thus deduce from (14) that
Qs(p“ (Ap*+rf=))! (Apt+rf=):
Remembering that Pg + Qg = Id, we get:
P = Pe(P* AP+ rf=))=(1d Qe)p¥ (Apf+rf=)):

Hence,
Pt pk= (ApK+rf=)) Qe(p¥  (ApK+rf=)):

Passing to the limit, we obtain

p‘k+l pk 1O

We can now pass to the limit in (10) and get that p* ! p.

5 Applications to color image denoising and decomposition

The projected gradient algorithm may now be applied to solvevarious color image problems.

5.1 TV-Hilbert model
The color ROF model

As an application of (11) with K = Id, we use the following scheme for the ROF model (6):

Mo+ (divp™ Dy
pir;TjH:L — plyl- ( p )Ifj : : (15)
max 1;jp{j + r (div p™  Z)ijj2
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The color OSV model

As for the OSV model (7), K = 1 we use:

pmHL = pp  r(div pm+ Ly
N

; (16)
max Ljpf  r(div pm+ Dy

5.2 The color A2BC algorithm
Following Y. Meyer [53], one can use thes() space to model textures, and try to solve the problem:

infjuirv + K uke (17)

In [9], J.-F. Aujol, G. Aubert, L. Blanc-Feraud and A. Chamb olle approximate this problem by
minimizing the following functional:

jujrv + £kfu vk, if (u;v)2BV( ;R) G

F. (u;v)= L2() 18
- ) +1 otherwise (18)

or equivalently,

o 1
Fi (uiv) = jujrv + —kf - u vkizy + G (Vn)

Oifv2G
+1 otherwise

The generalization to color images was done by J.-F. Aujol ad S. H. Kang in [14] using a
chromaticity-brightness model. The authors used gradientdescent in order to compute the projections,
which is rather slow, and requires to regularize the total vaiation.

with ¢ (v) =

In [19], X. Bresson and T. Chan used the following scheme (butelying on Chambolle's algo-
rithm) for color images in order to compute the projections. As in the grayscale case, the minimization
is done using an alternate scheme (but in the present paper wese the projected gradient descent
scheme described before to compute the projections):

Initialization:
Up=Vp=0
Iterations:
Vst = Pg (f Un) (19)
Upyp = f Vn+s1  Pg (f Vn+1) (20)

Stop if the following condition is true:
max(jun+1  Unj;jVn+1  Vnj)

In [6], it is shown that under reasonable assumptions, the dations of problem (18) converge
when ! 0 to a solution of problem (17) for some .
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5.3 The color TV-L1 model

The TV-L1 model is very popular for grayscale images. It bends from having both good theoretical
properties (it is a morphological Iter) and fast algorithm s (see [32]). In order to extend it to color
images, we consider the following problem:

infjuirv + K ula (21)

with the notation

Z
ku kl =

hd

<

juj?
1=1
(as for the total variation, we have decided to have a couplilg between channels).

Our approach is di erent from the one used by J. Darbon in [32] since it was using a channel by
channel decomposition with the additional constraint that no new color is created. As for the A2BC
algorithm, we are led to consider the approximation:

PR 1 2 .
|un;\1;JUJTV+2_kf u vks+ kvk;:

Once again, having a projection algorithm for color images Bows us to generalize easily this
problem. In order to generalize the TV-L1 algorithm proposel by J.-F. Aujol, G. Gilboa, T. Chan
and S. Osher ([13]), we aim at solving the alternate minimizaéion problem:

0) L
. . . 2
IGf]UjTV+2—kf u vk
(i)
.1
inf —kfu vk3 +  kvk;

The rst problem is a Rudin-Osher-Fatemi problem. Scheme (11) with K = Id is well adapted
for solving it. For the second one, the following property slows that a "vectorial soft thresholding”
gives the solution:

Proposition 5.1. The solution of problem (ii) is given by:

f(x) uX
jf(x)  ux)j2

The proof of this last result is a straightforward extension of Proposition 4 in [13].
Henceforth, we propose the following generalization of th&V-L1 algorithm:

vix)= VT (f(x) u(x)= max (jf (xX) u(x)j2 ; 0)almost everywhere

Initialization:
Up=Vp=0
Iterations:
Up+r = f Vhi1  Po (f Vn+1) (23)
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Stop if the following condition is satis ed:

max(jun+1 Unj;jVn+1 an)

Energy vs iterations Square
T T T T T

. 10°
— = -Oosv 164
- - osvi32
—— Projected OSV 1/32

,,,,, I " 10

Figure 1: Left: Energy vs iterations of the Osher-Sok-Ve® model with Chambolle's projection algo-
rithm (in green and blue - stepsize 1/64 and 0.031) and with tre Projected gradient algorithm (in red
- stepsize 0.031). Right: L2 square distance (on a logarithmic scale) between the limit &lue (2000
iterations) vs the number of iterations, for OSV using 1/64 gepsize.

5.4 Numerical experiments

In this subsection, we present the results of the algorithmslescribed above. Figure 1 shows the decrease
of the energy and the convergence of the projected gradientlgorithm for the OSV model (7). We
compare scheme (11) with the projection algorithm of [10] (viich is a straightforward modi cation

of Chambolle's projection algorithm [20]). Both algorithms behave similarly and it is hard to tell
whether one converges faster than the other. Figures 2 and 3egpict denoising results using ROF (6)
and OSV (7) models. The images look very similar but since th@OSV model penalizes much more the
highest frequencies than the ROF model [13], the denoised iage still shows the lowest frequencies of
the noise.

Figures 5 and 6 depict cartoon-texture decomposition expements using di erent kinds of tex-
tures (the original images are shown on Figure 4), using the 2BC and TVL1 algorithms. Both results
look good. However, one may observe, notably on Figures 6 and, a sort of halo in the texture part
of the A2BC (by comparison, with TVL1 the texture of the caps |ooks atter), and edges that, in our
opinion, should remain in the cartoon part only. Both textur e parts look "gray".
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Figure 2: First row: original and noisy images (PSNR = 56.9 dB). Second row: denoised with color
ROF ( =15, PSNR= 73.8 dB) and with color OSV ( =15, PSNR= 73.4 dB).
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Figure 3: First row: original and noisy images (PSNR = 57.3 dB). Second row: denoised with color
ROF ( =25, PSNR= 74.2 dB) and with color OSV ( =25, PSNR= 74.1 dB).

21



Figure 4: Original images.

Figure 5: Cartoon-texture decomposition using color A2BC dgorithm (upper row) and color TVL1
(lower row).
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Figure 6: Top: cartoon-texture decomposition using the A2BC algorithm ( =0:1, =10). Bottom:
cartoon-texture decomposition using the TVL1 algorithm ( =0:1, = 0:7). The parameters were
chosen as a compromise so that the results are comparable. wever, with the A2BC algorithm, if
one wants to send the raised pattern on the left side of the walto the texture part (as in the TVL1

model), one has to considerably degrade the clouds.

Figure 7: Detall of the texture parts of Figure 6 (left: A2BC, right TVL1). Notice how the edge of
the cap appears in the A2BC model.
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6 Qualitative analysis of decomposition models

In this section, we try to explain some of the visual results dtained in the last section.

6.1 Edges and halo

More precisely, we rst focus on Figures 6 and 7 (cartoon-tekure decompaosition), where it seems that,
with the A2BC algorithm, a sort of halo and edges appear in thetexture part (at least more visibly
than with the TVL1 algorithm). We believe that this phenomen on is not related to a wrong choice
of parameters, but rather to an inherent limit of models that rely on the total variation plus a norm
that favors oscillations for the texture part (like the BV-G model).

For the sake of simplicity, we will restrict our discussion to the simple case of one-dimensional
single channel signals, but the core idea still applies to th case of color images. Suppose for instance,
that one wants to decompose a signaf using the BV-G model, i.e. nd a decomposition (u;v) that
solves :

min jujty + kvkg (24)
utv=f

where the functions are dened on = ( 1;1). In dimension 1, the divergence operator reduces to
the derivation, and the boundary condition on implies that s the antiderivative of v that cancels
at 1

Z,

kvkg = sup v(t)dt (25)
t2( 11 1

Now, consider a step edge, perturbed with some textures as iRigure 8 (a), for instance :

(0= e+ sn@X) 3, 3 (26)

where > 0, p2 N . The ideal decomposition would be a perfect stepi(x) = (0.1)(X) on the one
hand, and the pure oscillation v(x) = sin(8p x ) 1jx 20N the other hand (see Figure 8 (b) and

(c)). The energy of the cartoon part islsiTpijujTV =limiu lim ;u =1, whereas the energy of
the texture part is given by kvkg = ? ¥ sin(8p t )dt = e Yet, replacing u on | %1; %] with any
non-decreasing functionu~with the same limits at the boundary, say, a ramp x 7! (% + zix) [ 1(X)
as in Figure 8 (d)), one still gets the same cartoon energydjtv = 1. As for the texture part, we
should notice that one extra oscillation is added near the dicontinuity of the original function f. But,
precisely, the G-norm favors oscillations, so that this chage in the texture part will not be penalized.

Indeed: 7
kvkg = max —; 0(}+ it)dt = L 27)
dp '’ 2 2 4p
for small enough (0 min(}; 5)-
To sum up, given any decomposition with sharp edges, there ésts a decomposition with the
same energy where shadows of edges appear in the texture par$o it is not surprising to see edges
appear in the texture part of our experiments. This phenomeron is also a possible explanation of the
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sort of halo that also appears. Replacing the sharp edge witla gradation, the same argument shows
that one can add an oscillation to the texture part without ch anging the total variation of the cartoon
part. This is why in Figure 6 the caps in the texture part look so "in ated" compared to those of
TVLL.

Figure 8: Decomposition of a 1-dimensional signal. Top: Oginal signal f. Middle row: ideal

decomposition (left: cartoon part, right texture part). Bo ttom row: another decomposition. The

total variation of the cartoon part is equal to 1 in both cases and by (25), the G-norm of each texture
part is equal to the maximum area of its "bumps". Therefore bah decompositions have the same
energy.

Itis clear that a model like TVL1 does not su er from such a drawback, since any extra oscillation
in the texture part would be penalized. In fact, the TVL1 model does not favor oscillations at all, and
it is rather surprising that this model performs well compared to oscillation-based models (see [33, 71],
and Figures 5 and 6). In fact, the TVL1 model "works" because hstead of considering textures as
oscillations, one might as well regard them as objects of sntlascale. For grayscale images, since this
Iter is morphological, it is su cient to study its e ect on e ach level set of the data. The case of disks
was studied in [24] and convex sets in [3, 38]. It can be showrhat if the data is the characteristic
function of a convex set, solutions of (21) are given by an opgng of radius % followed by a test on
the ratio perimeter/area. If that ratio is too large, then th e solution is the emptyset; if it is small
enough, the solution is the result of the opening. Thereforewhat we obtain when considering the
family of TVL1 lters for > 0 is very similar to a granulometry, a tool that is used in mathematical
morphology in the study of textures (see for instance [63]).
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6.2 Color of textures

The second remark is that the extracted texture parts look like gray-level images. If one looks at
them closely, one can see that there are colors, but they arepsead on very small areas. In view of
the de nition of the G-norm and the example of Remark 2.3, it is clear that, on each channel and
on every local neighboorhood, the average value of the texte part should vanish (otherwise, the
"antiderivative”  would take large values, so that the G-norm would be large). herefore the overall
impression is gray. The TVL1 model does not impose such a coiitibn on the average value, as it can
be seen on Figure 6. Notice the stripes of the wood and the hdenside the letters that are colored,
contrary to the A2BC model. These were sent to the texture pat because of their small scale, not
because they were oscillations. However the overall impregn is still gray too, since the colors of
large areas, which matter for an impression of color, are kdpn the cartoon part.

6.3 Comments

The conclusion is that although the di erent algorithms stu died in this paper produce apparently
similar results, they actually have very dierent qualitat ive properties, and they rely on dierent
de nitions of textures. This is another illustration of the diculty to de ne precisely the notion of
texture. Even though we pointed out some qualitative di erences in the visual results, the choice of
the best decomposition is arguable. While it is clear that sme textures should be dealt with working
on their frequential content, some others require to work gemetrically on their elementary patterns,
in a way that is reminiscent of the texton theory [47].
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