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Abstract

We give some conjectures for the moments of the orders of the Tate-
Shafarevich groups of elliptic curves belonging to a family of quadratic
twists. These conjectures follow from the predictions on L-functions given
by the random matrix theory ([K-S], [CFKRS]) and from the Birch and
Swinnerton-Dyer conjecture. Furthermore, including the Cohen-Lenstra
type heuristics for Tate-Shafarevich groups, we obtain some conjectural
estimates for the regulator of rank 1 elliptic curves in a family of quadratic
twists.

1 Introduction and notations

We use the methods and conjectures coming from random matrix theory and
their link with L-functions (as developed in [K-S], [CFKRS]) in order to give
conjectures related to the size of the orders of Tate-Shafarevich groups of elliptic
curves in a family of quadratic twists. Let E be an elliptic curve defined over Q
with conductor N(E). The associated L-function of E is:

L(E, s) =
∑

n≥1

a(n)n−s

and converges for <(s) > 3/2. From the work of Wiles, Taylor ([Wil], [Tay-Wil])
and Breuil, Conrad, Diamond, Taylor ([Bre et al.]), L(E, s) can be continued to
the whole complex plane and satisfies a functional equation:

Λ(E, s) =

(

√

N(E)

2π

)s

Γ(s)L(E, s) = ε(E)Λ(E, 2 − s) (1)

where ε(E) = ±1 is the sign of the functional equation. Furthermore, the
function f(τ) =

∑

n a(n)qn, q = exp(2iπτ), is a newform of weight 2 on the
congruence subgroup Γ0(N). Let d ∈ Z be a fundamental discriminant and

(

d
.

)

the associated quadratic character. We denote by Ed the quadratic twist of E
by d, for simplicity we always assume that all the discriminants d we consider
are coprime with N(E). In this case, the conductor of Ed is N(E)d2 and its

1



2 GENERAL CASE 2

L-function is given by:

L(Ed, s) =
∑

n≥1

a(n)

(

d

n

)

n−s

The function L(Ed, s) satisfies a functional equation of the same type as equa-
tion (1) but its sign is:

ε(Ed) = ε(E)

(

d

−N(E)

)

Assuming that ε(Ed) = 1 we can write:

L(Ed, 1) =
Ω(Ed)Tam(Ed)

|Ed(Q)tors|2
S(Ed) (2)

where Ω(Ed) is the real period of (a minimal model for) Ed, Ed(Q)tors is the
torsion subgroup of Ed and Tam(Ed) =

∏

p Tamp(Ed) is the product of the
Tamagawa numbers. The Birch and Swinnerton-Dyer conjecture predicts that
S(Ed) is given by:

S(Ed) =

{

|X(Ed)| if L(Ed, 1) 6= 0
0 else

Let k be a positive integer (we will see later that in fact k can be a real positive
number). We are interested in evaluating (conjecturally) the k-th moment of
the S(Ed) which is defined by:

1

T ∗

∑

|d|≤T

ε(Ed)=1

S(Ed)
k

where the sum is over all fundamental discriminants d < 0 coprime with N(E)
and T ∗ denotes the number of terms in the sum. In fact, an asymptotic eval-
uation of this k-th moment should actually be an asymptotic evaluation of the
moment of the orders of the Tate-Shafarevich groups of the elliptic curves Ed

with rank 0 since classical conjectures ([CKRS]) imply that the d, for which
S(Ed) = 0, are very rare and so do not contribute in the averages. We should
mention that if we apply the heuristic principle of [De1] for the average of |X|k
in the rank 0 case, we only obtain that if k > 0 then ME(k, T ) → ∞ as T → ∞ .
In this paper, we use the predictions on L-functions coming from random matrix
theory to give conjectures for the leading-order asymptotics for ME(k, T ).

2 General case

First, we have to restrict the discriminants we will consider in our family of
twists. For this purpose, we fix once and for all a sign εp = ±1 for each prime p
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dividing N(E), such that
∏

εp = −ε(E), and we consider the family:

F(E) = {d < 0 fundamental discriminant with

(

d

p

)

= εp for all p|N(E)}

We also note:
F(E, T ) = {d ∈ F(E) | |d| < T }

And we consider the corresponding family of elliptic curves:

{Ed|d ∈ F(E)}

Since we only deal with even-rank elliptic curves (at least in the first parts),
we must have ε(Ed) = 1 for all d ∈ F(E); that is the reason why we imposed
∏

εp = −ε(E). Finally, we let ME(k, T ) be the k-th moment of the S(Ed) for
Ed belonging to our family:

ME(k, T ) :=
1

|F(E, T )|
∑

d∈F(E,T )

S(Ed)
k

The starting point of our study is the work of Keating and Snaith ([K-S]) which
suggests that the moment:

1

|F(E, T )|
∑

d∈F(E,T )

L(Ed, 1)k (3)

behave (as T → ∞) as the moment of characteristic polynomials evaluated at 1
of matrices in SO(2N) where N is of size log(T ). We will also use the work of
[CFKRS], where there is obtained a more precise asymptotic for these moments
(still conjectural based on random matrix theory). In fact, what we will obtain
is a conjectured formula for the first leading order asymptotic for ME(k, T ).
Nevertheless, it is probably possible to use the full work of [CFKRS] to obtain
other leading orders. Finally, we can state the conjecture of Keating and Snaith:

Conjecture 1 (Keating-Snaith) We have as T → ∞
1

|F(E, T )|
∑

d∈F(E,T )

L(Ed, 1)k ∼ gk(O+)ak(E) log(T )k(k−1)/2

In this conjecture, the coefficient gk(O+) comes from the random matrix theory
model and is defined by:

gk(O+) = 2k(k+1)/2
k−1
∏

j=1

j!

(2j)!

The factor ak(E) is an arithmetic factor and can be expanded as an Euler prod-
uct: ak(E) =

∏

p ak(E, p)(1 − 1/p)k(k−1)/2 with:

ak(E, p) =

(

1

p
+

(1 − a(p)/p + 1/p)−k + (1 + a(p)/p + 1/p)−k

2

)(

1 +
1

p

)
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if p - N(E) and:
ak(E, p) = (1 − εpa(p)/p)−k

if p | N(E).

In fact, Conjecture 1 can be stated for all real k > 0. For this we must extend
the definition of gk(O+) for k ∈ R which can indeed be done by using Barnes’
double gamma function G (cf. [K-S]):

gk(O+) = 2k2/2 G(1 + k)Γ(1 + 2k)1/2

(G(1 + 2k)Γ(1 + k))1/2

Now we would like to replace the term L(Ed, 1) in (3) by its value predicted by
the Birch and Swinnerton-Dyer conjecture (cf. equation (2)) and then isolate
the term S(Ed). We need the:

Proposition 2 Let c4 be the usual c4-invariant for a minimal model of E. There
exist ΩE > 0 such that for all fundamental discriminants d < 0 coprime to N(E)
with |d| large enough we have:

Ω(Ed)Tam(Ed)

|Ed(Q)tors|2
= δ8(d, c4)

ΩE
√

|d|
∏

p|d
Tamp(Ed) (4)

where δ8(d, c4) = 2 if 8 | d and 2 | c4 and δ8(d, c4) = 1 otherwise.

Proof. One can see that for |d| large enough |Ed(Q)tors| does not depend on
d, and we denote by T this number (we have T = 1, 2 or 4). For the product of
the Tamagawa numbers we have:

Tam(Ed) =
∏

p|N(E)d2

Tamp(Ed)

with Tamp(Ed) = [Ed(Qp) : E0
d(Qp)] and where E0

d(Qp) is the subgroup of
points of Ed(Qp) with non-singular reduction mod p ([Sil]). For each prime
p dividing N(E), fix cp ∈ Z which is a square (resp. a non-square) mod p if
εp = 1 (resp. εp = −1) (if p = 2 replace mod p by mod 8). Then, the curve Ed

and the curve Ecp are isomorphic over Qp. Hence, Tamp(Ed) = Tamp(Ecp) and
so Tamp(Ed) does not depend on p for p | N(E). Finally, for Ω(Ed) we have to
compute the real period of a minimal model of Ed. Let d0 < 0 be a fundamental
discriminant coprime to N(E). Using Tate’s algorithm and the fact that d is
coprime to N(E), one can see that we have Ω(Ed) = (|d0|/|d|)1/2Ω(E−d0) if
2 - c4 or if 8 - d and that the last quantity must be multiplied by 2 whenever
2|c4 and 8 | d. Now, we let ΩE =

∏

p|N(E) Tamp(Ecp) Ω/T 2 and the proposition
holds. ut

We will also need an upper bound for S(Ed):

Proposition 3 Assuming the Lindelöf hypothesis, we have:

S(Ed) �ε, E |d|1/2+ε (5)
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Proof. Since for all p we have Tamp(Ed) ≥ 1, proposition 2 and equation (2)
imply that S(Ed) �E L(Ed, 1)|d|1/2. Furthermore, the Lindelöf hypothesis
predicts that L(Ed, 1) �ε N(Ed)

ε �E,ε |d|ε because N(Ed) = N(E)d2. ut

Remarks. 1- One could also obtain the same upper bound as (5) using the
Ramanujan conjecture for weight 3/2 modular forms instead of the Lindelöf
hypothesis. Indeed, in many cases one can apply a Waldspurger-like theorem
which relates the value L(Ed, 1) to the coefficient c(|d|) of a certain modular
form of weight 3/2. Roughly speaking, we can write L(Ed, 1) = κEc(|d|)2/|d|1/2

for a convenient constant κE. The Ramanujan conjecture predicts that c(|d|) �
|d|1/4+ε giving the desired bound.
2- In fact, the proposition above asserts that if L(Ed, 1) 6= 0 then |X(Ed)| �
N(Ed)

1/4+ε (assuming the Birch and Swinnerton-Dyer conjecture and the Lin-
delöf hypothesis). Goldfeld and Szpiro ([Go-Sz]) proposed a general conjecture
saying that for any elliptic curve E defined over Q (that is not necessarily in a
family of quadratic twists) we have |X(E)| � N(E)1/2+ε. As a consequence of
classical conjectures, de Weger ([We]) proved that the upper bound conjectured
by Goldfeld and Szpiro is optimal. Hence, the specific situation of family of
quadratic twists should differ from the general case.

Now, we are concerned with the product of the Tamagawa numbers over the
primes p dividing the discriminant d:

∏

p|d
Tamp(Ed)

Let F be a polynomial of degree 3 such that the curve E can be defined by

E : y2 = F (x) (6)

and where this model is minimal except maybe for the prime 2. We have by
Tate’s algorithm:

Tamp(Ed) = 1 + the number of roots of F in Fp

Thus, there are three cases:

• The polynomial F has three roots in Q. Then, for all odd prime p|d we
have Tamp(Ed) = 4.

• The polynomial F has only one root a ∈ Q. Let F (X) = (X−a)Q(X) and
denote by K the quadratic number field defined by Q and ∆ the discrimi-

nant of K/Q. Then, for p|d odd, either
(

∆
p

)

= −1 and Tamp(Ed) = 2 or
(

∆
p

)

= +1 and Tamp(Ed) = 4.

• The polynomial F is irreducible ver Q. Let K be the number field defined

by it and ∆ the discriminant of K/Q. Then, for p|d odd if
(

∆
p

)

= −1 then
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Tamp(Ed) = 2 and if
(

∆
p

)

= 1 then either p splits in K and Tamp(Ed) = 4

or p is inert and Tamp(Ed) = 1.

3 Family of twists restricted to prime discrimi-

nants

First, we would like to avoid to control precisely the product
∏

p|d Tamp(Ed)

in (2). For this purpose, we only consider odd prime discriminants and the
associated family of elliptic curves. Hence, we define:

F ′(E) = {d < 0 odd prime discriminant with

(

d

p

)

= εp for all p|N(E)}

We also note:
F ′(E, T ) = {d ∈ F ′(E) | |d| < T }

Note that the conditions
(

d
p

)

= εp for all p|N(E) and d is a discriminant are

only congruence conditions on d (d is prime) so we have by the Dirichlet density
theorem:

|F ′(E, T )| ∼ b
T

log(T )
as T → ∞ (7)

for a certain b > 0.
We need a similar conjecture as conjecture 1 but where the discriminants d are
restricted to prime discriminants. For this purpose we have to slightly adapt
the work in [CFKRS]. In fact, only the arithmetic factor ak(E) will be affected.
Copying the method of [CFKRS][eqs (4.4.8)-(4.4.16)], we must compute the
averages of:

∑

n1,...,nk

a(n1) . . . a(nk)

ns
1 . . . ns

k

(

d

n1

)

. . .

(

d

nk

)

as d is varying in F ′(E).
Using the notations in [CFKRS], only the terms of the form n1n2 . . . nk = g�

will contribute where the prime factors of g are also prime factors of N(E) and

� is a square coprime with N(E). In this case, the average of
(

d
n1

)

. . .
(

d
nk

)

is
∏

pα||g
εα

p . Then the factor Rk,N (s; 0, . . . , 0) in [CFKRS][eq. (4.4.11)] has to be

replaced by:

R′
k,N (s) =

∑

g�

as above

∏

pα||g
εα

p

∑

n1...nk=g�

a(n1) . . . a(nk)

ns
1 . . . ns

k

=
∏

p

R′
k,N,p(s)

where if p - N(E):

R′
k,N,p(s) =

1

2

(

(

1 − a(p)

ps
+

1

p2s−1

)−k

+

(

1 +
a(p)

ps
+

1

p2s−1

)−k
)
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and if p | N(E):

R′
k,N,p(s) =

(

1 − εp
a(p)

ps

)−k

And then the arithmetic factor ak(E) in conjecture 1 has to be changed to:

a′
k(E) =

∏

p

(1 − 1/p)k(k−1)/2 Rk,N,p(1)

(note that in [CFKRS], we have to take s = 1/2 for the argument in Rk,N (s);
the difference comes in fact from our normalization of the L-functions).
Finally, we are led to conjecture the following:

Conjecture 4 (Keating-Snaith for prime discriminants) As T → ∞

1

|F ′(E, T )|
∑

d∈F ′(E,T )

L(Ed, 1)k ∼ gk(O+)a′
k(E) log(T )k(k−1)/2 (8)

Since d is prime there is just one factor for the d part of the Tamagawa numbers.
Recall that we have:

Tam−d(Ed) = 1 + the number of roots of F in F−d

where F is the polynomial in equation (6).

Proposition 5 Assume that the polynomial F has three roots in Q. Then for
all d ∈ F ′(E) we have Tam−d(Ed) = 4.

Proposition 6 Assume that the polynomial F has only one root a ∈ Q. Let
F (X) = (X − a)Q(X) and denote by K the quadratic number field defined by
Q and ∆ the discriminant of K. Furthermore, suppose that the power of 2
occurring in ∆ is even or that 2 | N(E). Then Tam−d(Ed) does not depend on
d for d ∈ F ′(E). So, we have either Tam−d(Ed) = 2 or Tam−d(Ed) = 4.

Proof. First, we note that the primes dividing ∆ also divide N(E) or 2. We
let α2 such that 2α2 ||∆ and we can write:

(

∆

−d

)

=
∏

qα||∆, q 6=2

(

q

−d

)α

×
(

2

−d

)α2

=
∏

qα||∆, q 6=2

εα
q ×

{

εα2

2 if 2|N(E)
1 otherwise (since here α2 is even)

Hence,
(

∆
−d

)

does not depend on d and Tam−d(Ep) = 2 (resp. 4) if
(

∆
−d

)

= −1

(resp. 1). ut

Remark: if the hypothesis of the proposition about the power of 2 occuring in
∆ does not hold then we have to fix a value for ε2 and to modify R′

k,N,2(s).
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Proposition 7 Assume that the polynomial F (X) is irreducible over Q. Let K

be the number field defined by F , ∆ its discriminant. Then, the number
(

∆
−d

)

does not depend on d for d ∈ F ′(E). So, if
(

∆
−d

)

= −1 then Tam−d(Ed) = 2 and

if
(

∆
−d

)

= 1 then −d splits or is inert and we have respectively Tam−d(Ed) = 4

or Tam−d(Ed) = 1.

Proof. As above we note that the primes dividing ∆ also divide N(E) or 2.
Now the power of 2 occuring in ∆ is even or 2 | N(E). Indeed, suppose that
2 - N(E). The power of 2 occuring in ∆ has the same parity as the power of 2
occuring in the discriminant of the model (6) which is even because E admits a
model with good reduction at 2. The rest of the proof is the same as above. ut

Remarks: With the notations of proposition 7, suppose that K is cyclic and so

we must have
(

∆
−d

)

= 1. Then, by Tchebotarev’s density theorem, the density of

primes ∈ Z which totally split (resp. are inert) in ZK is 1/3 (resp. 2/3). If there
are no arithmetic incompatibilities (and there can exist such incompatibilities
since the conductor of K is not coprime to the conductor of K/Q) with the con-
gruence conditions on d mod N(E) then Tam−d(Ed)=4 (resp. Tam−d(Ed)=1)
should also occur with a density equal to 1/3 (resp. 2/3). In fact, a similar

reasoning applies if K is non-abelian and
(

∆
−d

)

= 1 giving the same density as

above for the occurrence of Tam−d(Ed) = 1 or 4 (for this purpose, consider the
Galois closure of K and the fact that we only consider p that are inert or split
in ZK which avoids half of the primes).

4 Moment of S(Ed)

We want to estimate:

M ′
E(k, T ) =

1

|F ′(E, T )|
∑

d∈F ′(E,T )

S(Ed)
k

Let S be the (finite) set of values taken by Tam−d(Ed) for d ∈ F ′(E). For
` ∈ S let b` be the density of the d in F ′(E) such that Tam−d(Ed) = ` (see the
discussion above). Then, by equations (2) and (4), we have:

M ′
E(k, T ) =

1

Ωk
E

1

|F ′(E, T )|
∑

`∈S

1

`k

∑

d∈F′(E,T )

T am−d(Ed)=`

|d| k
2 L(Ed, 1)k

We fix ` ∈ S and for simplicity, we write for t > 0:

t∗ =
∑

d∈F′(E,t)

T am−d(Ed)=`

1
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So that:

t∗ ∼ bb`
t

log(t)

And we have:

A :=
1

|F ′(E, T )|
∑

d∈F′(E,T )

T am−d(Ed)=`

|d| k
2 L(Ed, 1)k ∼ b`

T ∗

∑

d∈F′(E,T )

T am−d(Ed)=`

|d| k
2 L(Ed, 1)k

Now, we assume that we can apply equation (8) for each class of d such that
Tam−d(Ed) = `. Then, using the Abel transform we deduce that:

A ∼ b`









T
k
2 gk(O+)a′

k(E) log(T )
k(k−1)

2 − 1

T ∗
k

2

∫ T

2

t
k
2−1

∑

d∈F′(E,t)

T am−d(Ed)=`

L(Ed, 1)kdt









Once again, we use (8) in the integral and by integration by parts we see that
the member of the right-hand side of the above formula is equal to:

b`gk(O+)a′
k(E)

(

T
k
2 log(T )

k(k−1)
2 − k

k + 2

bb`

T ∗ T
k
2 +1 log(T )

k(k−1)
2 −1

)

+O
(

T
k
2−1 log(T )

k(k−1)
2 −1

)

Now, from the fact that T ∗ ∼ bb`T/ log(T ), we have:

A ∼ b`
2

k + 2
gk(O+)a′

k(E)T
k
2 log(T )

k(k−1)
2

Finally, taking the sum over ` ∈ S and dividing by Ωk
E we obtain the following

conjecture:

Conjecture 8 We have as T → ∞:

M ′
E(k, T ) ∼ 1

Ωk
E

gk(O+)a′
k(E)

2

k + 2

(

∑

`∈S

b`

`k

)

T
k
2 log(T )

k(k−1)
2 (9)

In the next section, we will give some numerical evidence supporting this con-
jecture. In fact, it also seems to be correct if k is real and not only in N.
Furthermore, classical conjectures predict that:

|{d ∈ F ′(E, T ) with L(Ed, 1) = 0}| = o (|F ′(E, T )|) (10)

and since we let S(Ed) = 0 if L(Ed, 1) = 0, we deduce that conjecture 8 is
equivalent to (under equation (10)):

Conjecture 9 We have as T → ∞:

1

T ′∗

∑

d∈F′(E,T )

L(Ed,1)6=0

|X(Ed)|k ∼ 1

Ωk
E

gk(O+)a′
k(E)

2

k + 2

(

∑

`∈S

b`

`k

)

T
k
2 log(T )

k(k−1)
2

where T ′∗ denotes the number of terms in the sum.
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So the conjecture above gives precise informations about the size of |X(Ed)| of
the elliptic curves Ed with rank 0. One can also use the upper bound in (5) to
estimate M ′

E(k, T ); we obtain:

M ′
E(k, T ) � 1

|F ′(E, T )|
∑

d∈F ′(E,T )

|d|k/2+ε

� T k/2+ε

If we compare this upper bound with (9), we deduce:

Conjecture 10 There exists a positive density of d ∈ F ′(E) with L(Ed, 1) 6= 0
such that |X(Ed)| � |d|1/2−ε.

5 Example and numerical check of Conjecture 8

In this example, we choose the elliptic curve E of conductor N = 11 that is
defined by:

E : y2 = F (x) := x3 − 4x2 − 160x− 1264 (11)

This is a minimal model for E except for the prime p = 2. The polynomial F
is irreducible over Q; let K be the number field defined by it, ZK its ring of
integers and DK/Q = −44 its discriminant. We consider prime discriminants
d < 0 such that the functional equation of Ed has sign ε(Ed) = 1, hence we

must have d ≡ 2, 6, 7, 8, 10 mod 11. Note that in this case,
(

DK/Q

−d

)

= 1 so the

prime −d is inert or splits in K (cf. proposition 7). Furthermore, there are
no arithmetical restrictions for the density of d with Tam−d(Ed) = 4 or 1; by
Tchebotarev’s theorem these densities are respectively 1/3 and 2/3, so:

∑

`∈S

b`

`k
=

2

3
+

1

3 × 4k

Furthermore, a little calculation shows that:

ΩE ≈ 2.917633233876990458661779

We used the huge numerical data computed by Rubinstein ([Rub]) in order to
check the conjectured formula (9). For this, we computed M ′

E(k, T ) for T = 106,
2× 106, . . . , 99× 106 and k = 1, 2, 3 in figure (1) and (2). We plotted the graph
(T, M ′

E(k, T )T 1−k/2/ log(T )k(k−1)/2) (in order to get something looking like a
line), and we compare the graph with the prediction (9).

As a consequence of a theorem of Waldspurger, the numbers S(Ed) are related
to the coefficients c(n) of a weight 3/2 modular form. This modular form has
the following q-expansion computed by Rodriguez-Villegas (cf.[CFKRS]):

∑

n≥1

c(n)qn =
θ1(q) − θ2(q)

2
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where

θ1(q) =
∑

(x,y,z)∈Z3

x≡y mod 2

qx2+11y2+11z2

θ2(q) =
∑

(x,y,z)∈Z3

x≡y mod 3

z≡y mod 2

q(x2+11y2+33z2)/3

And we have:

S(Ed) =

{

c(|d|)2 if −d is inert in K
(

c(|d|)
2

)2

if −d splits in K

As a consequence of the Birch and Swinnerton-Dyer conjecture S(Ed) must be
an integer, we deduce that:

−d splits in K ⇒ c(|d|) is even

In fact, we have in full generality:

Theorem 11 Let p be a prime number such that −p is a fundamental discrim-

inant and such that
(

−11
p

)

= 1 (so p is inert or splits in K), then:

p splits in K ⇔ c(|p|) ≡ 0 mod 2

First, we proof the following lemma:

Lemma 12 Let p be as in the theorem. Either p is of the form 3x2 + 2xy + 4y2

and c(p) is odd or p is of the form x2 + 11y2 and c(p) is even.

Proof of the lemma. We consider the two following sets:

R1 = {(x, y, z) ∈ Z3|x ≡ y mod 2 and x2 + 11y2 + 11z2 = p}
R2 = {(x, y, z) ∈ Z3|x ≡ y mod 3, z ≡ y mod 2 and x2 + 11y2 + 33z2 = 3p}

and we compute |R1| and |R2| mod 4. For R1, we see that if (x, y, z) ∈ R1

then (±x,±y,±z) ∈ R1 and since there is at most one of y, z which can vanish
we deduce that |R1| ≡ 0 mod 4.

For R2, if (x, y, z) ∈ R2 with z 6= 0 then x 6= 0 and the points (x, y,±z),
(−x,−y,±z) belong to R2; hence |{(x, y, z) ∈ R2|z 6= 0}| ≡ 0 mod 4. Now if
z = 0, we must compute:

|{(x, y) ∈ Z2|x ≡ y mod 3 and x2 + 11y2 = 3p}|

(the condition y ≡ 0 mod 2 is here automatic since we have p ≡ 3 mod 4).
Eliminating the condition x ≡ y mod 3 (by the change of variables x = y+3x′),
we see that we have to compute the number of solutions of:

p = 3x2 + 2xy + 4y2 (12)
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There are 3 classes of primitive binary quadratic forms of discriminant −44
modulo SL2(Z). As a set of representatives we can choose the 3 following forms:

Q1(x, y) = 3x2 + 2xy + 4y2

Q2(x, y) = 3x2 − 2xy + 4y2

Q3(x, y) = x2 + 11y2

Since p splits in L = Q(
√
−11), either p can be represented by Q1 (and Q2)

(with only 2 solutions for each quadratic form) or p can be represented by Q3.
If p is represented by Q1, there are 2 solutions in (12); so |R2| ≡ 2 mod 4 and
c(p) is odd. If p is represented by Q3, there are no solutions in (12) so |R2| ≡ 0
mod 4 and c(p) is even. ut

Proof of the theorem. By the lemma, we need to prove that p splits if
and only if p can be represented by Q3. For this purpose, let M be the Galois
closure of K. Then [M : Q] = 6 and M is the compositum of K and of L. Since
(

−11
p

)

= 1, p splits in L and we can write (p) = pppp in L. Furthermore, we

see that p is inert (resp. splits) in K/Q if and only if pp is inert (resp. splits) in
M/L. One can also see that M is, in fact, the ray class field of L for the modulus
(2) (2 is inert in L/Q). Let I(2) be the group of ideals coprime to (2) in ZL and
P(2) the ray group of (2) so that we have Gal(M/L) ' I(2)/P(2) ' Z/3Z.
Suppose that p can be represented by the quadratic form Q1. Then 3p = x2 +
11y2 and we can assume without loss of generality that:

p3pp =

(

2x + 2y
√
−11

2

)

∈ ZL

where p3 is a prime above (3). We deduce that p3pp ∈ P(2), and so we have
ArtM/L(p3pp) = 1 ∈ Gal(M/L) , where the symbol Art stands for the Artin

map. Furthermore, we also have p3 =
(

1+
√
−11

2

)

6∈ P(2) so ArtM/L(p3) 6= 1, and

we must have ArtM/L(pp) 6= 1. Then pp is inert in M .
Suppose that p can be represented by the quadratic form Q3. Then p = x2+11y2

and we easily check that ArtM/L(pp) = 1; hence pp splits in M . ut

Corollary 13 The density of d ∈ F ′(E), such that S(Ed) is divisible by 2 is
≤ 1/3.

Proof. By Tchebotarev’s density theorem, the density of the primes p which
split in K inside the set of primes which are inert or split in K is 1/3. ut

Remark: This is in contradiction with the heuristic in [De1] which would have
suggested a density of about 58%. Numerically, it appears that half of the
d ∈ F ′(E) with −d split in K are such that 2 | S(Ed). Thus the density of
S(Ed) that are divisible by 2 should be 1/6 in the whole family. In fact, the
effect of taking only prime discriminants d ∈ F(E) has a large consequence on
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the 2-divisibility of S(Ed). This effect seems to disappear if we consider all
discriminants d ∈ F(E). For example, the density of d ∈ F(E, 107) for which
S(Ed) ≡ 0 mod 2 is about ≈ 0.38. We expect that the correct density is the
one predicted by the heuristic but that the convergence is slow (cf. [De2]). For
example, it is the case for the curve y2 = x3 − x2 (due to the results of [H-B1],
[H-B2]).

Corollary 14 5 If d ∈ F ′(E) is inert in K then the rank of Ed is 0.

Remarks: 1- This corollary means that if we restrict the discriminants to be inert,
the constant cE in conjecture 1 of [CKRS] is 0. Of course, we must consider also
the discriminants which split in K and the contradiction disappears. But, there
may exist an elliptic curve E such that an arithmetic restriction of the same type
as in theorem 11 is valid for all the prime discriminants. It is in fact the case,
for example, for the curve 17A ([De3]). However, if we consider all discriminants
and not only primes, there is no contradiction any more with the conjecture.
2- The corollary as well as the result about the curve 17A mentionned in the
remark above can also be obtained by 2-descent (cf. [An-Bu-Fr][example 1.15]).

1.9607e+07

1.9738e+05
1e+06 9.9e+07

t

M ′

E(1, t)t1/2

Figure 1: The points (t, M ′
E(1, t)t1/2) for t/106 = 1, 2, . . .99 and for the curve

of conductor 11. The correlation coefficient is ≈ 0.999992. The best fitting line
has a slope ≈ 0.198. The conjectural value given by formula (9) is ≈ 0.202.

6 Family of twists over fundamental discrimi-

nants

In this section, we obtain conjectures for the moments of the orders of Tate-
Shafarevich groups in a family of twists as in the section 4 except that the
discriminants are not restricted to be prime, so, our discriminants run now over
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27232

377.19
1e+06 9.9e+07

1.9045e+06

20827
1e+06 9.9e+07

tt

M ′

E(3, t)/log(t)3/t
M ′

E(2, t)/ log(t)

Figure 2: The analogue of figure 1 for the moments of order 2 (on the left) and
of order 3 (on the right). The correlation coefficients are respectively 0.99993
and 0.9995. The slope of the best fitting lines are respectively ≈ 0.0192 and
≈ 0.00027. The conjectural values given by formula (9) are respectively ≈ 0.0157
and ≈ 0.000094.

F(E). The idea is first to control on average the contribution coming from the
product of the Tamagawa numbers over the primes dividing d. More precisely,
we will obtain below the following estimate as T → ∞:

∑

d∈F(E,T )

δ8(c4, d)−k
∏

p|d
Tamp(Ed)

−k ∼ A T log(T )a (13)

for some explicit constants A and a both depending on k and E. Second, using
the same technique as above and the conjecture 1, we should have:

1

|F(E, T )|
∑

d∈F(E,T )

|d|k/2L(Ed, 1)k ∼ B T k/2 log(T )k(k−1)/2

where:

B = gk(O+)ak(E)
2

k + 2

Then, in order to estimate:

1

|F(E, T )|
∑

d∈F(E,T )

|d|k/2L(Ed, 1)kδ8(c4, d)−k
∏

p|d
Tamp(Ed)

−k

we use the empirical argument that consists in replacing in the sum above the
term δ8(c4, d)−k

∏

p|d Tamp(Ed)
−k by its average over d (since the power of T

in (13) is equal to 1). Finally, we obtain:

1

|F(E, T )|
∑

d∈F(E,T )

S(Ed)
k ∼ 1

Ωk
E

ABT k/2 log(T )k(k−1)/2+a

Hence,
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Conjecture 15 There exist AE > 0 and cE such that as T → ∞:

ME(k, T ) ∼ AET k/2 log(T )cE (14)

and we also have:

1

T ∗

∑

d∈F(E,T )

L(Ed,1)6=0

|X(Ed)|k ∼ AET k/2 log(T )cE (15)

where T ∗ denotes the number of terms in the sum.

The second estimate of the conjecture above come from classical conjectures
which predict that the density of d ∈ F(E) such that L(Ed, 1) = 0 is 0 (as in
equation (10)). One can also use the upper bound in (5) to estimate ME(k, T );
we obtain ME(k, T ) � T k/2+ε and with (15):

Conjecture 16 There exists a positive density of d ∈ F(E) with L(Ed, 1) 6= 0
such that |X(Ed)| � |d|1/2−ε.

In the rest of this section, we compute the numbers A and a of equation (13).

6.1 Average of the product of the Tamagawa numbers

We need some technical results

Theorem 17 Let N ∈ N and J = (Z/NZ)∗ so that |J | = ϕ(N). For all j ∈ J ,
we define the arithmetical function wj by:

ωj(n) =
∣

∣{p|N , p ≡ j mod N}
∣

∣

Furthermore, suppose that for all j ∈ J we are given a nonnegative real number
tj and let t = |J |−1

∑

j∈J tj. If a ∈ J , we have, as T → ∞:

∑

n≤T

n≡a mod N

n squarefree

∏

j∈J

t
ωj(n)
j ∼ 1

|J |Γ(t)
T log(T )t−1

∏

p|N

(

1 − 1

p

)t

×
∏

j∈J

∏

p≡j mod N

(

1 +
tj
p

)(

1 − 1

p

)tj

Remark: in the formula above, the product over the prime p ≡ j mod N is
absolutely converging.

Let ξ be a character mod N , we define the Dirichlet serie Gξ by:

Gξ(s) =
∑

(n,N)=1

n squarefree

ξ(n)

ns

∏

j∈J

t
ωj(n)
j (16)
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Hence, we have:

∑

n≡amod N

n squarefree

1

ns

∏

j∈J

t
ωj(n)
j =

1

ϕ(N)

∑

ξ

ξ(a)Gξ(s) (17)

where the last sum is over all character mod N . In order to get an estimate of
the sum of the coefficients of the Dirichlet serie of the left hand size of (17) it
suffices to estimate the sum of the coefficients of each Gξ.

Lemma 18 With the notations above, we have:

∑

(n,N)=1

n squarefree

n≤T

ξ(n)
∏

j∈J

t
ωj(n)
j ∼ CξX log(X)tξ−1 + O(

log log(X)

log(X)
) (18)

where tξ = |J |−1
∑

j∈J tjξ(j),

Cξ =

∏

p|N (1 − 1/p)tξ

Γ(tξ)

∏

j∈J

∏

p≡j mod N

(

1 +
tjξ(p)

p

)(

1 − ξ(p)

p

)tj

× exp





∑

j∈J

tj
|J |



Gj,ξ(1) +
∑

χ6=ξ

χ(j) log(L(1, ξχ))









the function Gj,ξ(s) is a certain serie absolutely converging for <(s) > 1/2 and
can also be defined by:

Gj,ξ(s) = −ϕ(N)
∑

p≡j mod N

log(1 − ξ(p)

ps
) −

∑

χ

χ(j) log(L(s, χξ))

Proof of the lemma 18. We follow the paper of F. Ben Säıd and J. L. Nicolas
([BS-Ni]) where the authors proof a more general result except that in their
article the prime p satifies congruences modulo k (with their notations) which is
coprime to N (ξ is a charater modulo N), whereas in our case we have k = N
and so there are just slight modifications to perform. The assertions about the
functions Gj,ξ is exactly the Lemme 2 of [BS-Ni].
We have:

Gξ(s) =
∏

j∈J

∏

p≡j mod N

(

1 +
tjξ(p)

ps

)

= Hξ(s)
∏

j∈J

∏

p≡j mod N

(

1 − ξ(p)

ps

)−tj

where:

Hξ(s) =
∏

j∈J

∏

p≡j mod N

(

1 +
tjξ(p)

ps

)(

1 − ξ(p)

ps

)tj
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is absolutely converging for <(s) > 1/2. Then:

Gξ(s) = Hξ(s) exp



−
∑

j

tj
∑

p≡j mod N

log(1 − ξ(p)/ps)





= Hξ(s) exp





1

ϕ(N)

∑

j

tj



Gj,ξ(s) +
∑

χ6=ξ

χ(j) log(L(s, χξ))









× ζ(s)tξ

∏

p|N

(

1 − 1

ps

)

Now, following the proof of “Théorème 1, Deusième cas” in [BS-Ni], we have
that:

∣

∣Gξ(s)/ζ(s)tξ
∣

∣ ≤ Mξ(3 + |=(s)|)1/2

Furthermore, the absolute values of the coefficients of Gξ are bounded by the
coefficients of Gξ0 , where ξ0 denote the trivial caracter modulo N . Hence one
can apply the “théorème A” of [BS-Ni] and the lemma follows. ut

Proof of the theorem 17. We remark that if the caracter ξ is not trivial
there is at least one j ∈ J such that ξ(j) 6= 1 and we have |tξ| < |tξ0 | (since
for all j, tj ≥ 0). So, when we sum the coefficients of the series Gξ using the
equation 17, we see that the main term is obtained for the trivial caracter ξ0

and we have:
∑

n≤T

n≡a mod N

n squarefree

∏

j∈J

t
ωj(n)
j ∼ T log(T )t−1 Cξ0

|J |Γ(t)

Adapting the proof of “lemme 4” of [BS-Ni], we obtain that:

exp





∑

j∈J

tj
|J |



Gj,ξ0(1) +
∑

χ6=ξ0

χ(j) log(L(1, χ))







 = 1

and the theorem follows. ut

We deduce from theorem 17 the two corollaries:

Corollary 19 Let N ∈ N, t ∈ R+ and a ∈ N coprime with N , we have:

∑

n≤T

n≡a mod N

n squarefree

tω(n) ∼ 1

ϕ(N)Γ(t)
T log(T )t−1P (N, t)

where P (N, t) =
∏

p|N

(

1 − 1

p

)t

×
∏

(p,N)=1

(

1 +
t

p

)(

1 − 1

p

)t

and ω(n) is the num-

ber of prime dividing n.
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Corollary 20 Let N ∈ N such that N is not a square, let t+, t− two nonnegative
real numbers. Define ω+ and ω− by:

ω±(n) =
∣

∣{p|n ,

(

N

p

)

= ±1}
∣

∣

Then, if (a, N) = 1, we have:

∑

n≤T

n≡a mod N

n squarefree

t
ω+(n)
+ t

ω−(n)
− ∼ 1

ϕ(N)Γ( t++t−
2 )

T log(T )
t++t−

2 −1Q(N, t+, t−)

where Q(N, t+, t−) =
∏

p|N

(

1 − 1

p

)

t++t−
2

×
∏

(p,N)=1

(N
p )=ε

(

1 +
tε
p

)(

1 − 1

p

)tε

.

We apply the results above to the study of the product of the Tamagawa num-
bers. For this, we need some notations. Let N(E) be the conductor of the
ellpitic curve E then we note:

Ñ =
∏

p|N
p ×

{

1 if N(E) is odd
4 if N(E) is even

.

The conditions
(

d
p

)

= εp restricted to the discriminants d ∈ F(E) are in fact

congruence conditions on d modulo Ñ ; there exist A ⊂ Z/ÑZ such that:

d ∈ F(E) ⇔ d is a fundamental discriminant < 0 and d ∈ A

where d denotes the image of d in Z/ÑZ. Since each odd prime p | Ñ implies
exactly (p − 1)/2 congruences, one can see that:

|A| =
∏

(p|Ñ

p 6=2

p − 1

2
(×2 if Ñ is even)

We let δ8(c4) = 1 if c4 is odd and δ8(c4) = 2 otherwise. Finally, we define
T2(k, E) by:

T2(k, E) =

(

1 +
Tam2(E−4)

−k + δ8(c4)
−kTam2(E−8)

−k

2

)

Theorem 21 With the notations above, suppose that the polynomial F in (6)
has three roots in Q, then if Ñ is odd:

∑

d∈F(E,T )

δ8(d, c4)
−k
∏

p|d
Tamp(Ed)−k ∼ T log(T )

1

4k −1 |A|P (2Ñ , 1/4)

2Γ(1/4k)ϕ(Ñ)
T2(k, E)
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And if Ñ is even:

∑

d∈F(E,T )

∏

p|d
Tamp(Ed)

−k ∼ T log(T )
1

4k −1 |A|P (Ñ , 1/4)

Γ(1/4k)ϕ(Ñ )

Proof. We let t = 1/4k. If Ñ is odd we separate the odd and even discrimi-
nants. We remark that if 4||d (resp. 8||d) then Tam2(Ed) = Tam2(E−4) (resp.
= Tam2(E−8)). So we can write:

∑

d∈F(E,T )

δ8(d, c4)
−k
∏

p|d
Tamp(Ed)

−k =
∑

d<T

d∈A

d≡1,5mod 8

d squarefree

tω(d)

+ Tam2(E−4)
∑

d<T/4

d∈4−1A

d≡3,7mod 8

d squarefree

tω(d)

+ δ8(c4)Tam2(E−8)
∑

d<T/8

d∈8−1A

d≡1mod 2

d squarefree

tω(d)

Now, we use Corollary 19 for each of the sum above: the congruence conditions
are modulo 8Ñ (resp. 2Ñ) for the first two sums (resp. the last sum), we have
2|A| (resp. |A|) possible congruences and ϕ(8Ñ) = 4ϕ(Ñ). Whenever Ñ is even
the discriminants must be odd and a single use of the Corollary 19 is needed. ut

Theorem 22 Suppose that the polynomial F in (6) has only one root a in
Q. We denote by ∆ the discriminant of the quadratic number field defined by
F (X)/(X − a). Furthermore, we suppose that the 2-adic valuation of Ñ has the
same parity as the 2-adic valuation of ∆. We let t = (1/4k + 1/2k)/2. If Ñ is
odd, we have:

∑

d∈F(E,T )

δ8(d, c4)
−k
∏

p|d
Tamp(Ed)

−k ∼ T log(T )t−1 |A|Q(2Ñ, 1/4, 1/2)

2Γ(t)ϕ(Ñ)
T2(k, E)

And if Ñ is even:

∑

d∈F(E,T )

∏

p|d
Tamp(Ed)

−k ∼ T log(T )t−1 |A|Q(Ñ , 1/4, 1/2)

Γ(t)ϕ(Ñ )

Proof. With the conditions of the theorem, then if p is an odd prime we have

Tamp(Ed) = 2 (resp. 4) if
(

∆
p

)

= −1 (resp.
(

∆
p

)

= −1). So, we can apply

Corollary 20 with t+ = 1/4k and t− = 1/2k. ut
Remarks. 1. Using the same technique, one can obtain a similar result without
the conditions of the theorem about the 2-adic valuation of ∆.
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2. If the polynomial F is irreducible over Q and the extension K/Q is Galois then
one can obtain also a similar result since in this case we will have Tamp(Ed) = 1
or 4 and the exact value will be determined by some congruence conditions
modulo the conductor of K/Q.

7 Rank 1 case

In this section, we consider a family of quadratic twists of E with rank 1. Thus,
we define:

F−(E) = {d < 0 fundamental discriminant, ε(Ed) = −1}

and
F−(E, T ) = {d ∈ F−(E), |d| < T }

Remark. One could also restrict our discriminants with some additional condi-
tions as in the rank 0 case. We would have obtain a similar study.

The Birch and Swinnerton-Dyer conjecture can now be stated as:

L′(Ed, 1) =
Ω(Ed)Tam(Ed)

|Ed(Q)tors|2
R(Ed)S(Ed)

where R(Ed) is the regulator of Ed and S(Ed) the order of the Tate-Shafarevich
group of Ed if L′(Ed, 1) 6= 0 and S(Ed) = 0 otherwise. By proposition 2 we
deduce:

L′(Ed, 1) =
ΩE
√

|d|
∏

p|d
Tamp(Ed)R(Ed)S(Ed) δ8(c4, d)

Furthermore, as we saw before Tamp(Ed) ≤ 4 ([Sil]) and

∏

p|d
Tamp(Ed) ≤ 4ω(d) �ε |d|ε (19)

where ω(d) is the number of primes dividing d. Hence we obtain:

L′(Ed, 1) �ε R(Ed)S(Ed)|d|ε−1/2 (20)

The philosophy of Keating and Snaith suggests that the moments of L′(Ed, 1)
should behave as the moments of the derivative of characteristic polynomials of
SO(2N + 1) evaluated at 1 ([Sna]). More precisely, this implies that we should
have:

1

|F−(E, T )|
∑

d∈F−(E,T )

L′(Ed, 1)k ∼ ãE(k) log(T )k(k+1)/2 (21)

for some constant ãE(k) > 0. Note that for k = 1 this is in accordance with
the results in ([Mu-Mu]). Furthermore, it is also conjectured that the number
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of d ∈ F−(E, T ) such that L′(Ed, 1) = 0 is o(T ). Now using (20) and the same
technique as the rank 0 case, we have:

1

T ∗

∑

d∈F′
−(E,T )

L′(Ed,1)6=0

R(Ed)
kS(Ed)

k � 1

T ∗

∑

d∈F′
−(E,T )

L′(Ed,1)6=0

L′(Ed, 1)k|d|k/2−ε (22)

� T k/2−ε

Where T ∗ denotes the number of terms in the sum. Note that the constant
involved in this lower bound depends on k, ε and on E. By the inequality of
Hölder we have:

(

∑

R(Ed)
k`
)1/`

�
∑

R(Ed)
kS(Ed)

k

(
∑

S(Ed)kp)
1/p

where
1

p
+

1

`
= 1

� T 1+k/2−ε−1/p

(

1
T∗

∑

S(Ed)kp
)1/p

(23)

where
∑

stands for the sum over d ∈ F ′
−(E, T ) such that L′(Ed, 1) 6= 0. Now

by the heuristic in [De1] in the rank 1 case (see [De2] for a modification in this
case), the average:

1

T ∗

∑

S(Ed)
kp

should tend to a finite value b(kp) > 0 as T tends to ∞ whenever kp < 1. In
fact, there could be some special primes ([De2]) which have an effect on b(kp)
and so this number could depend on E. Nevertheless, this suggests that we can
include the denominator of equation (23) in the constant and

1

T ∗

∑

R(Ed)
k` �ε,k,` T

k`
2 −ε where k <

` − 1

`

Taking for example ` = a + 1 + 1/a and k = a/`, we conjecture:

Conjecture 23 With the notations above we have for all a > 0, as T → ∞:

1

T ∗

∑

d∈F′
−(E,T )

L′(Ed,1)6=0

R(Ed)
a �ε,a,E T

a
2−ε

We can also use the empirical argument of replacing in the left-hand side of:

∑

d∈F′
−(E,T )

L′(Ed,1)6=0

S(Ed)
kR(Ed)

k =
1

Ωk
E

∑

d∈F′
−(E,T )

L′(Ed,1)6=0

|d|k/2L′(Ed, 1)kδ8(d, c4)
−k
∏

p|d
Tamp(Ed)−k

the term S(Ed)
k by its average (that is, if k < 1, by some number which is

predicted by the heuristic principle) and to estimate the right-hand side by the
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same methods as in the rank 0 case. We should have obtained the following: if
k < 1 then:

1

T ∗

∑

d∈F′
−(E,T )

L′(Ed,1)6=0

R(Ed)
k ∼ aET k/2 log(T )bE (24)

for some constants aE > 0 and bE (with for example bE = k(k + 1)/2 if we
restrict to prime discriminants). By the lack of numerical experiments, we do
not know what to think of equation (24).
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