On the “Reducibility” of Arctangents of Integers

E. KOWALSKI

On a number of occasions (see [5], [4]), this MONTHLY has mentioned a problem originally due to J.C.P
Miller concerning relations (with integer coefficients) among numbers of the type arctan m, where m > 1.
The best-known instance is

arctan(239) = 4arctan(b) — 5arctan(1),

which is equivalent to the formula

T_ arctan(l) = 4arctan<1) — arctan(i)
4 5 239
used by J. Machin (1706) to compute w. Which integers m > 1 are expressible as sums of values arctan k
with k < m? We say that arctanm (or m itself) is reducible! if we can write
k
(1) arctanm = Z n; arctan m;
j=1

with n; in Z and 1 < m; < m, and that arctanm is irreducible otherwise.?
Todd established the following criterion [5]:

Lemma 1. Let m > 1 be an integer. Then arctanm is reducible if and only if all prime divisors p of
m? + 1 satisfy p < 2m.

For instance, 239241 = 2-13*. Numbers of the type m? +1 arise here because arctanm = arg(1+im)
and |1 +im|? =m? + 1.
The question under consideration is to count reducible (or irreducible) arctangents:

Problem 2. Let N(x) be the number of integers m < x such that arctanm is irreducible. What is the
behavior of N(z) as x — +0o0?

It is easy to show that there are infinitely many reducible arctangents, as well as infinitely many
irreducible ones: see [5] for elementary proofs. Moreover, in [5] and elsewhere, the conjecture is made
that in fact there is a positive density of irreducible arctangents. To be precise:

Conjecture 3. N(x) ~ (log2)x as x — +o0.

This is discussed a bit further in [1] with some numerical and theoretical evidence. In this note we
point out the link of Conjecture 3 with the recent very deep work of Duke, Friedlander, and Iwaniec [2]
on roots of quadratic congruences modulo primes and give some more support (heuristic and theoretical)
for the conjecture, showing also that it is undoubtedly a very hard problem.

The condition p | n? + 1 that occurs in Lemma 1 means that n is a root of the quadratic congruence
X2 +1 = 0(modp). We recall Fermat’s classical theorem that this congruence has two solutions if
p =1 (mod4) (if v is one, the other is —v), none if p = 3 (mod 4) and one if p = 2 (see, for instance, [7]
for a proof). If v2 = —1 (mod p), then the fractional part {i7/p} of ¥/p, where ¥ is any integer congruent
to v modulo p, is well-defined in [0, 1].

According to the lemma, arctan m is irreducible if and only if there exists a prime p such that p | m?+1
and p > 2m. This prime p is then unique, since p < ¢ implies pg > 4m? > m? + 1. Thus one can write

N@)= 3 Z1:Z( 3 1)

1SMST pm2 41 p<z?+1  m<min(z,p/2)
2m<p m2=—1 (mod p)
=2 X ) >, 1
P2z m<p/2 2x<p<Lr2+1 m<z
m?=—1 (mod p) m?=—1(mod p)

= N'(z) + M(z).

L In [5], m itself is said to be reducible.
2 One can show that considering coefficients nj in Q would not lead to any new results (see [5]).
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For fixed p the sum over m in N'(z) is 1 if p =1 (mod 4) (or p = 2) and 0 otherwise. (Since m < p/2,
m is known from its reduction modulo p, namely, as the root m < p/2 of m? 4+ 1 = 0 (mod p), if it exists,
which is precisely when p = 1 (mod4) or when p = 2.) Thus

(2) N'(z) =1+ 7(2z;4,1) =

30 o)
—+to0
log 2z log x
as x — +o0o by the Prime Number Theorem in this arithmetic progression.
As to M (z), we can rewrite it as
(3) M(x) = H(p,u) | 22 <p<a?+1, v* +1=0(modp) and {Z} < E}‘

p p

From this formula it is clear that the estimation of M (z) depends on the distribution of the roots v
of the quadratic congruence X2+ 1 = 0 (mod p) modulo prime numbers. Duke, Friedlander, and Iwaniec
have recently proved that those roots are equidistributed in [0, 1] (see [2]):

Theorem 4. For any real numbers a and 3 satisfying 0 < a < < 1,

H(p,V) | p< =, v*+1=0(modp) andag{ }gﬁ}‘w(ﬁ_a)

T

log x
as r — +00.

Heuristically one is thus led to expect that for a given prime p such that p = 1 (mod 4) the “probability”
that v satisfies the inequality in (3) is x/p, which leads to the expectation that

x log(z? + 1

2e<p<x?+1
since 1
Z — =loglogz + O(1).
pP<T
In (3), however, one of the end points of the interval depends on p and tends to zero as p — +00, so
Theorem 4 does not apply. We prove the following:

2 — 1
Proposition 5. For any e > 0, N(x) > (T& as T — +00.
og T

Proof. In view of (2) we have to show that

M(z) =2 (1—e+0(1))

log x
as * — +oo. But for any fixed A > 2 and z > A we have

j

o | =

M(z) > H(p,y) | 22 < p < Az, v* +1 =0 (mod p) and {%} <

According to the theorem of Duke, Friedlander, and Iwaniec,

9 _ v 1 ‘ Az 2z
= Zle b _
H(p,u) | 20 < p < Az, v +1=0(modp) and {p}\A} /(1+0(1)){AlogAx Alog?:z:}
(1-2/A)zx
> (1 1)————
(1 o)
as x — +oo. Taking A sufficiently large, we get the result claimed. O

Obtaining a nontrivial upper bound for M (x) (the trivial bound is M(x) < z), on the other hand,
is much more difficult, especially since in (3) one has to consider primes as large as 2. The proof of
Theorem 4 is based on the Weyl criterion for equidistribution and involves two steps: first a sieving
part, then an estimate for “Weyl sums” over integers n < z divisible by a fixed integer d (rather large
compared with x) derived from the spectral theory of automorphic forms. For the discrepancy analysis
that suggests itself as an approach to (3), the latter part might still be sufficient, but the sieving part
would require a considerable strengthening that for the present seems quite difficult. The proof of
Theorem 4 is presented in great detail (in French) in the lecture notes [3].

It is quite hard to construct tables of integers m such that arctanm is irreducible, for the criterion of
Lemma 1 (the best known) requires the factoring of m? + 1.

We also mention that another seemingly unexpected application of the Duke-Friedlander—Iwaniec
result is discussed in [6, sec. 7]: it concerns a special case of a generalization of Grothendieck’s conjecture
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about the link between rational solutions of linear differential equations with rational coefficients and
solvability modulo p for almost all p.
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