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Abstract

This paper is the second of a series devoted to the study of the rank of Jo(g) (the Jacobian
of the modular curve Xo(q)), from the analytic point of view stemming from the Birch and
Swinnerton-Dyer conjecture, which is tantamount to the study, on average, of the order of
vanishing at the central critical point of the L-functions of primitive weight two forms f of level
q (g prime). We prove that, for a large proportion of such forms, the associated L function
vanishes at order exactly one at the critical point. From the work of Gross-Zagier, this implies
a strong lower bound for the geometric rank of Jy(g).
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1 Introduction

Let ¢ be a prime number, and consider the abelian variety Jy(¢), the Jacobian of the modular curve
Xo(q). It is defined over Q, of dimension dim Jy(q) ~ ¢/12. Eichler and Shimura [Sh] have shown
that its Hasse-Weil L-function is given by

L(Jo(a),s) = [ L(f.9) (1)

fE€S2(q)*

where the product is over the finite set Sa(¢)* (|S2(¢)*| = dim Jy(g)) of primitive weight 2 forms f
of level ¢, and the L-functions are normalized so that Re(s) = 1/2 is the critical line.



According to the Birch and Swinnerton-Dyer conjecture, one should have then

rank Jyo(q) = Z ords—1/2L(f,s)
fesa2(q)*

and it is expected that
1
rank Jo(q) ~ 3 dim Jy(q)

based on heuristics concerning the zeros of L-functions.
In [KM1] we used the factorization (1) to obtain the upper bound

rank Jy(¢) < C dim Jy(q)

for some absolute (and effectively computable, see [KM2]) constant C' > 0, on the Birch and
Swinnerton-Dyer conjecture. This was proved by bounding from above the average order of vanishing
of the L-functions at s = 1/2.

Here we consider the dual problem of non-vanishing of L(f,1/2). More precisely we look at forms
f with order of vanishing exactly one. We prove

Theorem 1 . Let £ > 0 be any positive real number. For q large enough (in terms of €), we have

19

{F € Se(@)” | L(£1/2) =0, L'(£.1/2) # 0} = (5 —¢)ISa(a)"].

By work of Gross and Zagier [GZ], the product
[1Zs)
f

over the forms f with L(f,1/2) = 0, L'(f,1/2) # 0, is the L-function of a quotient of Jy(q) with
rank exactly equal to its dimension. Thus we have the following corollary:

Corollary 1 . Let € > 0 be any positive real number. For q large enough (in terms of €), we have

19 .
rank Jo(q) > (5—4 — 5) dim Jo(q).

Since 19/54 = 0.35..., this is quite close to the conjectured value.

The method used here works equally well for the non-vanishing of L(f,1/2) itself. We indicate
briefly how they lead (more easily) to the

Theorem 2 . Let ¢ > 0 be any positive real number. For q large enough (in terms of €), we have

1

{F € Sala)” | L(£.1/2) # 0} = (¢ —¢)IS2(0)" -

This result is weaker, however, than what Iwaniec and Sarnak [IS] have obtained in the course
of their work on the Landau-Siegel zero. Indeed, their more advanced techniques can be used to
improve the constant 19/54 to 7/16.

Remarks. (1) Independently, and using different methods, VanderKam [VdK] has obtained the
same non-vanishing results, except for a smaller numerical value of the proportion achieved.

(2) Luo, Iwaniec and Sarnak [ILS] have proved (assuming the Generalized Riemann Hypothesis)
that

Y ordemipL(f,s) < (e +0(1))[S2(q)"]
feS2(a)~

for some (explicit) ¢ < 1; this is of great significance for the conjectures and heuristics of Katz and
Sarnak [KS].

We now give the precise statement of the main result.



Theorem 3 . For any 0 < A < 1/4 and any prime q large enough (depending on A only), we have

1 1
12> (1= sy ) dim Jo(a). 2
> > 5 (1~ Grsay) dim (o) e
feSa2(a)”
L(f,1/2)=0, L’ (f,1/2)#0
In particular, letting A — 1/4, Theorem 1 follows.

Since the set of f such that L(f,s) has a simple zero at the critical point is contained in the set of
odd forms, and both odd and even forms have asymptotic density 1/2 among primitive forms, we
have proved that for at least 70 percent of the odd forms, the order of L(f,s) at the critical point
is exactly one.

Remark. Coincidentally, Soundararajan [Sou|, has shown that the proportion of quadratic
twists of a given quadratic Dirichlet character x for which L(x ® 1,1/2) # 0 satisfies the same
lower bound, when the length of the mollifier is suitably parameterized. This is explained in part
by the heuristics of Katz and Sarnak [KS]. Less clear is the coincidence of those proportions with
that obtained by Conrey, Ghosh and Gonek [CGG] for the number of simple zeros of the Riemann
& function on the critical line.

Acknowledgments. This paper was begun at the Number Theory Conference in honor of
Andrzej Schinzel, and we wish to take this opportunity to thank again the organizers for their
efforts in making this an agreeable and successful meeting.

We also wish to thank H. Iwaniec and P. Sarnak for showing us some of their ongoing work [IS].
Also we thank the referee for carefully reading the most delicate parts of our arguments and pointing
out some inaccuracies.

Notations. For any ¢ > 1 we will write ¢, for the trivial Dirichlet character modulo g.

All summations over f will be implicitly over f € Sa(¢)*, with other conditions explicitly indi-
cated in the summation indices.

We write log, = := loglog z.

Finally we make the following convention concerning the use of Vinogradov’s and Landau’s
symbol <, O( ): the constants implied by these notations are meant to be absolute. In case there
are other parameters involved, say €, A, we (usually) indicate the dependency of the constants by
the subscript notations <. A, O a( ). The reader is encouraged to show good will towards analytic
number theorists and interpret such inequalities in the most reasonable way (provided it is correct
and proves the result which is sought...)

2 Non-vanishing in harmonic average

As in [KM1], we proceed by working first with the “harmonic” average

h
> 1
feS2(q)”
L(f,1/2)=0, L'(f,1/2)7#0

h 1
af = —«
S i
f f
for any finite set ay of complex numbers. We then derive the corresponding result for the “natural”

average
Z 1.

feS2(q)”
L(f,1/2)=0,L'(f,1/2)#0

where we write



2.1 The principle

As in previous investigations of such questions ([Du], [Iw], [KMI]...), the theorem will follow, by
an application of Cauchy’s inequality, from a comparison of a lower bound for

M= S MO 1/2)

L(f,1/2)=0

and an upper bound for

Mai= ST ML 1/2)

L(f,1/2)=0

for certain suitable complex numbers M (f) (the “mollifier”). Indeed we have directly

h 1/2
M, < ( 3 1) M2
L(f,1/2)=0,L'(f,1/2)#0
so that . 2
> 1
R ®
L(f,1/2)=0, L' (f,1/2)#0

We will follow this plan, except that in order to achieve the best possible numerical proportion,
we will seek asymptotics for M; and M,. It will be noticed that if the mollifier is ignored (take
M(f) =1), a factor log g is lost in the final estimate.

In the case of the special values themselves, we consider of course

Moo= S ML)

fES2(q)*

o= S ML)

feS2(q)*

and compare.

2.2 The gamma factor effect
For f € S3(q)* we write its Fourier expansion
f(z) =Y As(m)n'*e(nz)
n>1

and its L-function

L(fys) = Aptmn™ =TT (1= Ar0p™ + e (0)p~>) 7"

n>1 p

putting, as mentioned, the center of the critical strip at 1/2.
The functional equation is written in terms of the completed L-function

A(f,s) = (%‘E)sr(s n %)L(f,s),

namely
A(f,S):EfA(f,l—S) (4)



and the sign €5 of the functional equation is (see [Miy] for instance)
e =q"*\p(q) = £1. (5)

A form is said to be even (resp. odd) if ey =1 (resp. ey = —1). By the functional equation, this

is the same parity as that of the order of L(f,s) at s = 1/2. We will write
1+ep, _ 1-c¢

+ — f — !

T 0t T T

so f — 5;{ f is the projection of the space of primitive forms onto the space of even forms, and
correspondingly for the odd ones. In particular, we have

£ +
(Ef)2 =c5.

Since the gamma factor

109= (3) Tl )

doesn’t vanish at 1/2, the order of L(f,s) at s = 1/2 is the same as that of A(f,s). If f is even, the
vanishing of A’(f,1/2) thus implies that

L(f,1/2) =0=L'(f,1/2) = 0. (6)
From this we deduce an easy but very important proposition.
Proposition 1 . Let () be any finite set of complex numbers. Then
h !/ h — I
Y. al(f12) =) erapl(f,1/2). (7
L(f,1/2)=0 !

The point of this formula, which applies to the sums of type M; and M, above, is that an average
over f in the restricted subset where L(f,1/2) = 0 (the “non-rank 0” set) is written as an average
over all f, for which suitable analytic summation formulae may apply, at the cost of inserting ey
which is much the same as A¢(q) (see (5)). We may notice at this point that this is special to the
order 1 case: sums of the type

h
> apL"(f,1/2)
L(f,1/2)=L'(f,1/2)=0

— which one would like to study for estimating the (conjectural) dimension of the quotients of Jy(q)
of normalized rank 2 — do not readily lend themselves to such an easy simplification.

2.3 Computing M,
By the proposition, we have
2, =3 S MNL(£.1/2).
f
To make the sum manageable, we choose M(f) of the shape

M(f) = Z xm)\f(m)m_l/2

m<M



for real numbers (z,,) (and a parameter M > 0) which we will try to choose to optimize the resulting
bound (3). If m > M, we will write, for convenience, z,, = 0. Now we only impose that the z,, be
supported on squarefree integers and satisfy

Zy < (7(m)(log gm))” (8)

for some absolute constant A > 0. We write M = ¢*, and will assume 0 < A < 1.
First we express L'(f,1/2) as a rapidly convergent series using contour integration and the
functional equation: we consider the integral

ds
52

. %/A(f,s—&— 1/2)G(s)
(2)

where G is a polynomial of degree N (large enough, N = 2 works already) satisfying

G(—s) = G(s), and G(0) =1 (9)
G(-N)=...=G(-1)=0. (10)
Notice that from the first of these, we obtain also
G'(0) =0, G®(0) = 0. (11)
If we shift the contour of integration to Re(s) = —1 and apply the functional equation (4), we
obtain A LG
2¢ 7T = Res,—g 0] ’HSQ/ )Gls).

Using (11) and (9), this implies
2,1 =N(f,1/2)

whence, multiplying through by £

/
2c;T = ¢} (2—‘/3)1 “L(f.1/2).

Expanding now L(f, s) as a Dirichlet series in I we get after some simplifications

2T
TL(f,1/2) =27y A (DITVRV (=2 (12)
€r €r ; f (\/@)
with 1 d
V(y) = 5— / r(s+1)G(s)y*8;j. (13)
(3/2)

From this we obtain at once

M = me(lm)1/2V(\2/7(;l> x A_(I,m) (14)

lm

where

A_(l,m) = 2Zh5;Af(1)Af(m).
f

As can be expected, A_ is a close relative to the Kronecker delta-symbol (in certain ranges).



Lemma 1 . Let € > 0 be any positive real number. Then for 1 > 1 and 1 < m < g, it holds

A_(I,m) = &(1,m) +0((lm§me)

where § is the Kronecker symbol.

Proof.
We have, by (5)

h h h
> e ArAs(m) = %Z Ar(D)Ag(m) + g > A @A (DA f(m)
! f f
and moreover A\f(q)A¢(l) = A¢(lg) for any I. We now apply Petersson’s formula and classical bounds
for Kloosterman sums and Bessel functions, supplemented in the second term by the remarks that
for m < g we have lqg # m, and the Kloosterman sum S(m,lq; q) is a Ramanujan sum, from which
a factor ¢'/? is saved when estimating sums S(m, lg; cq) for (c,q) = 1, those for ¢ | ¢ being easily
treated. All this is explained in more detail in the next section, where a more refined analysis of the

remainder term is required for the second moment.
O

To conclude the analysis of Mj, we estimate V' (by shifting the contour to the left, or right):
V(y) =—logy —v+0@y"), y =0

Vi>1, V(y)=0;y™7), y— +oo

(v = =I"(1) being Euler’s constant); then from (14), the lemma, and those estimates, we obtain the
next proposition.

Proposition 2 . Let M = ¢® with A < 1/2, define § by

2
logé:*logl*%

Vi

then, for some absolute constant ¢ > 0

My= Y “log(d/m)+O(q~°). (15)

m<M

In the following, when we write an error term of the form O(g~¢), it is implied that ¢ > 0, and the
value of ¢ may change from line to line.
In the case of the first moment Nj of special values, we consider similarly the integral
1 ds
— [ A 1/2)G(s)—
(2)

and derive

Ni= Y T4+0(7) (16)

m<M
for some ¢ = ¢(A) > 0if A < 1/2. We only need the estimate

h
3 A(m)As(n) = 6(m,n) + O((mn)"/>+<q~3/?)
feS2(q)*

(see below (23)).



2.4 Computing M,

We now wish to get an expression for M, as a quadratic form in the z,,. A new phenomenon
appears, however, at the point where we would like to appeal to lemma 1, as the remainder term in
the Petersson formula (the series of Kloosterman sums) can’t be ignored, and has to be analyzed to
yield a contribution to the main term (compare e.g. [DFI]).

2.4.1 Expressing L'(f,1/2)? for f odd

We consider this time J
s

1 2
(2)
and proceed to evaluate it as before. From the formula
L(f,8)* = (4(25) ) T(n)As(n)n ™
n>1

where (,(s) = ((s)(1 — ¢~*) is the Riemann zeta function with the Euler factor at ¢ removed, it

o Vi : Alys +1/27°G(s
Va —1/2 Amny ,s+1/2 s
2 x o T%:l/\f(n)r(n)n W( p ) = Ress—o =
with
Wiy) = —— / ¢ (14 25)0(s)2G(s)y— & (17)
Y= %ir a LA
i/

For our purpose, W is basically a ‘cut-off’ function. Indeed, we have the following

Lemma 2 . The function W satisfies

YW (y) iy (log(y +1/y))*, for alli>j >0 (18)
Vi>1, W(y) = 0;(y™). (19)
Moreover, there exists a polynomial P, independent of q, of degree at most 2, such that for y — 0
1 _
W(y) = =5 (logy)” + P(logy) + O(q~* (logy)* + y™). (20)

Proof.
The first two inequalities are obtained by the usual contour shifts and differentiating under the
integral sign. As for the last, we write

G(s)I‘(s)ZCq(l +2s)y~*

W (y) = Ress—o +0@y")

again by shifting, and simply compute the residue.
O
Remark The polynomial P can be explicitly computed. However its exact value is of no importance

in what follows, the only relevant fact being that its degree is < 2.
Now if f is odd, we have A(f,1/2) = 0 and then we find that

d? Va
—A 1/2)2|  =2xYX=L'(f,1/2)?
T U2 =2x (1)
so, evaluating the residue, we derive for f odd
4 2
L'(f,1/2)* =2 Z )\f(n)T(n)n_l/QW(M).

n>1 q



2.4.2 Applying Petersson’s formula

Working towards incorporating the mollifier, we fix some 0 < A < 1, 1 < m < ¢®, and consider the
following average over f:

Xmy= 3 ef A m)L(f. 12 (22)
feSa(q)*
From (21) and (5), we have
X(m) =Y (1 a"2Ap(@)Aslm) 3 rmpds (= 2w (1),

f n>1 q

For any [y and Iy, Petersson’s formula is

S NN (I2) = 6(01, 1) — T (01, o)
f

where

47n/@).

21
li,ly) = — “15(1, lo;
T (11, 12) P ZT S(lh, 27(17")(]1< =

r>1

The trivial bound for this, from Weil’s bound for Kloosterman sums and J; (z) < z, is

(l1l2)1/2+5

I (1, 12) <e E

(23)

Since ¢ is the level, A\¢(g)Af(n) = Ag(ng) for all n, and moreover gn # m since (m,q) = 1,
therefore we get
X(m) = X" (m)+ X (m)
with
7( 2

\/%)W( . )j(n,m),

472n
q

X (m) = T\(/T%)W<47T;m) B

Ng

n

X~ (m)=¢"*) T(\/%)W(

n>1

)j(qn, m).

2.4.3 Treatment of X' (m)
Using the trivial bound (23) and (19) (N = 2 is enough) the second term is seen to be

<. m1/2+5q71/2(1og q)4

and by (20) we infer

), (24

with @ defined by log Q = log I



2.4.4 Treatment of X~ (m)

The contribution, in J(gn,m), of those r for which (r,¢) > 1 (so ¢ | r) is also found to be
O((mn)/?+€q=5/2) and in toto this gives

< m?eg log g)*. (25)

> % > T(\/?S(m,qn;qr)Jl (?ﬁ)w(‘lﬂqn).

27
\/a (r,g)=1 n2>1

For (r,q) = 1, the Kloosterman sum S(m, gn; qr) factorizes

It remains to study

S(m,qn; qr) = S(mgq,n;7)S(0,m;q) = —S(mq,n;r)

since S(0,m;q) is a Ramanujan sum with ¢ prime, and (m,q) = 1.
Fix R > 0, to be chosen later (but such that log R < loggq). In the previous expression we
estimate the tail of the series for r > R:

2§ L g (2 [ (22 o2

= - —ZS(mg,n;r) i (—, | — \W(—) = 0(———=21 o

\/(};zrn%:l\/ﬁ( )I(T q)<q) ( R1/2 ) (26)
(r,g)=1

and reduce the study of X~ (m) to that of the remaining part, say X'(m).

2.4.5 Extraction of the main term
We denote by X, the inner sum in (the weighted) X'(m):

X, =- Z wS(mq,n;r)Jl (4:\/7)W<4ﬂ;n>£(n)

n>1

For technical reasons (which only occur because the weight is 2), we have fixed a C*° function
¢ : Rt — [0,1] which satisfies

&z)=0,0<2<1/2, &x)=1,z>1

and attached the weight £(n) to the summation in n, without changing the value of X, of course.
Now we open the Kloosterman sum

S(mg,n;r) = Z* e(@)
d mod r

and take the summation over d outside. For each d, Jutila’s extension ([Jut], theorem 1.7) of the
Voronoi summation formula can be applied.

Proposition 3 .(Jutila). Lett : Rt — C be a O function which vanishes in a neighborhood of
0 and is rapidly decreasing at infinity. Then for ¢ > 1 and d coprime with ¢, we have

Z T(m)e(d—m)t(m) = 2/O+OO (log g + y)t(z)dz

c

2 T(h)e(—@) /Om Yo (47T\C/E)t(x)dx

C

e [ R (T ey

10



This yields

X, = —zS(m,O;r)/OOC(log\{—l-v)J (4:\/7)14/(47;2%)5(1:)5/2
25 sty —moir) [ () (4w (AT ) (2
S s+ moin) [ Ko( ) (2 P (2 o) &

r
42z
)
h>1

(27)

0

h>1
O @)

We reserve for later consideration the last two sums (see section 2.4.6), and proceed to immedi-
ately remove £ from the first, which we can do with an error which is at most

T2 2 sistm o [ [os Y ) (3 [T ()| 2 < otiomay

by (18) and simply J;(z) < 1.
We are therefore studying

—j} > :28<m0r>/0m(1ogf+ )J1(4:\/7>W<47;x)j;

r<R
( aq)il
V d
= -2 Z S (m,0;r / (logﬂ +7)J1(2\/mx)W(r2x)—x
r<R 27 \/5
(ra)=
2
by the change of variable z — qu.
T
Using (17), this is equal to
1
i (—2)ZE(1 4 25)¢, (1 + 25)s7'T(s)2G(s) L(s)ds, (30)
(1/2)
with
Z S(m,0;r)r™2,
r<R
(r:q)=1

+oo s
L(s) = / (log % + 7)1 (2vmaz)z ™"V 2 d,
0 ™
Both ZE and L can be computed.

Lemma 3 . We have for Re(s) =0 > 1

ZR -1 Z dt—s )Rl 0’)
Proof. By the formula giving the Ramanujan sum (the star meaning ‘prime to ¢’)

> Y )

r<R d|(m,r)

11



= S a> upfd

dlm fd<R

- et o((H)7)

d|m
= ()71 d" + O(r(m)R'0)
dlm

O

Lemma 4 . Recall that log Q = log iz For all s with 1/4 < Re(s) < 1, we have

Q

m

L(s) = —%ms_l/Ql"(—s)F(s)_l (log

+27+9(1+5) + (1l —s))
where ¢ =T"/T.

Proof. The following formula is valid for —2 < Re(s) < —1/2 (see [G-R] 6.561.14):

Us) == /0+Oo Jy(2)atds = 25r(1 + g)1‘(1 - %)_1 (31)

and putting y = 2¢/ma in L(s) gives
L(s) = 45m*~1/? <(1 log Q +7)€(—2s) + E’(—Qs)).
2 m
From (31) we deduce

o= r(1e Yr(-3) (e 31§+ 31 3)

and the result follows.
O

This allows us to replace Z[(142s) in (30) by 0_25(m)¢q(1+2s) ™", up to an error which is bounded
by O(7(m)(logg)R™1). Denote by X”(m) the resulting expression.
The lemmas show that the integrand in X" (m) is

F(s) = ™25 G(s)n(m)D(s)D(~s) (log 2 + 2 + (1 + ) + 6(1 — 5))
where 7, is the arithmetic function defined by

1s(m) = ; (%)

Thus, the integrand is seen to be an odd function of s, which is moreover holomorphic in the
strip |Re(s)| < 1, except for a triple pole at s = 0, and decreases exponentially in vertical strips.
Shifting the contour to Re(s) = —1/2 and changing then s into —s allows us to conclude that

" 1
X"(m) = §R€SSZ()F(S).

Around s = 0, the following expansions hold:

1o(m) = (m) + ST(m)s* + O(5*)

12



Gls) = 1+ %G”(O)SQ +O(s%)

57T (s)T(—s) = —S% + w + O(s)

log% +2y+ (1 +s)+ (1 —s) = log% + 1" (0)s% 4+ O(s%)

where T is the arithmetic function defined by

T(m) = Z (log %)2.

ab=m

Combining those, we obtain

1 1T(m) Q 7(m) Q

“Res,_gF(s) = —= log — log —

QRebsfo (s) 4 /m (Ogm)—i—a\/ﬁ (Ogm>’
where we have set ) (o)

_ = 2 1 R S AN /)
a=3(r-1"(1) - T5= - v"(0).

If we now take R = ¢?, we infer from (25), (26), and lemmas 6 and 8 of section 2.4.6 an
approximate formula for X~ (m).

Proposition 4 . Let 0 < A <1 and 1 <m < ¢®. For any e >0

X = =3 5 o 2) 0 s 2) 4 05 (1 (5 + 7))

This together with (24) yields an approximate formula for X (m).

Proposition 5 . Set Pi(X) = P(X) +aX. Then for 0 < A <1/2, and 1 <m < ¢, we have for
any € > 0,

o lrm)y QN3 1T(m) . Q\  7(m) Q
Xm) = B Um (g ) — 3 m (log ) + Jm Pi (log %)
m1/2qe
+OA,€( NG )
For later use, we record a few properties of the function 7.
Lemma 5 . Let 79 be defined fori >0 by
7 (m) =" (logd)".
d|m
Then we have
T(m) = 47 (m) — 2(logm)7™ (m). (32)
Moreover, T satisfies
T(mymg) = 7(m1)T(ma) + 7(m2)T(mq) (33)

for (my,ma) = 1.

Proof. The first formula is immediate, and the second follows from

Z (log %) =0.

ab=m

13



2.4.6 Estimation of the integrals

We still have to vindicate our contention that the two expressions involving the Bessel functions Yj
and Ky in (28) and (29) are of smaller order of magnitude (in our situation) than the main term
isolated in the previous section. We will denote by Y (m) and K (m) their respective contributions
to X(m).

Lemma 6 . For all ¢ > 0, we have

€1y 1/2
K(m) <. am

Proof. Because K has exponential decay at infinity and £ cuts off the small values of x, this is easy.
We have

3m * 1
K(m) = 7 > = > 7(h)S(hg + m, 0;r)k(h)

r<R h>1

(here and hereafter, the symbol Y restricts the summation to r coprime with ¢) and k(h) is the
integral involving the K function, for which we have, employing the bound

Ko(y) <y /%e?

= [ Ro(MYE Y (A R (M e

2 2,2

T +oo m r2y r?y
= — K J —y |W d
2m/ﬁ/0 o) 1(\/;7;‘”) (4qh)€(167r2h) y
+oo
< r\/m(logq)?’/ yl/Qe_ydy
h q \/ET‘71
< ;\/T(logq)?’e_\?@

so that
Vvm s~ T(h) _va~~* (r,hg+m)
K(m) < YZ(ogg?y Te ¥y 2L
h>1 r<R
« LBy Trlhatm) g gy
q h>1 h q
O

The case of Y (m) is slightly more complicated because Y} is an oscillating function. We will use the
following lemma which is quite standard.

Lemma 7 . Let v > 0 be a real number, J > 0 an integer. If f is a compactly supported C*
function, and 3 > 0 is a real number such that f is supported on [Y,2Y] and satisfies

Y9 (y) <5 (14 8Y)

for 0 <3< J, then for any a > 1

+oo
/0 Y, (o) (y)dy <

14



Proof. One could write the asymptotic development of Y, to show the oscillating behavior and
integrate by parts, but it is cleaner (and amounts to the same thing) to make use of the recurrence
formula

W'Y (y) =y"Y-1(y)
to get, integrating by part also

/ Y f)dy = | ventan(-rw+ o+ 0l

a
Let g(y) = —f'(y) + (v + 1) f(y)/y; it is immediate that g satisfies
P () < (1+8YY T for0<j<J—1

so that by iterating this procedure we obtain
+o0 1 +o0
Yo(ay)fly)dy = — v+ (o) h(y)dy,
0 0
where the function h is such that
y'h(y) <s (1+8Y)’

and therefore the result follows by using Y, 1 ;(y) <. 1.
O

Lemma 8 . For A <1, m < ¢®, and any € > 0, we have

ml/2
¥ (m) <acd( \}a)
Proof. We write ,
Vim) = 2 30 5 Do r(S (ha —m. () (34)
with
v = | (A g, (4 (M5 et 22 (35)

Note that hq # m since m < ¢, so the Ramanujan sum never degenerates to the trivial sum
S5(0,0;7) = r — 1 but is always much smaller.
We make a smooth dyadic partition of unity, so

€= &
E>1

where each & is a C°° function with compact support in a dyadic interval [ Xy, 2X}] that satisfies
219 (z) < 1, for all j > 0, (36)

the implied constants depending on j alone (in particular, they are uniform in k).

We study each & individually, but we keep writing ¢ instead of &, and accordingly we use X
rather than Xj.

By the change of variable 2r—!,/z = y, the integral is

2,.2,.2 2,.2

y(h) r/om YO(QW\/Ex)Jl(QW\/Tx)W(W Zm )g(rf )dm, (37)

15




so we define the function f by

o= o B (P )e( ),

This is a C'* function compactly supported in the dyadic interval [p, 2p], with

v X
p=2——01! (38)
T
We first treat the case
1/2< X < ¢,

(which involves <« log ¢ terms) and for this quote from (18) the bound
WO (z) <, (logq)?, for all j >0,
valid for 1/q < x < 2¢%. This, together with (35), the recurrence relation
(" J,(x)) = 2" J,_1(x)

and some elementary manipulations with inequalities, yields
. J
20 fO)(2) < (1 + /Tx> (log q)3, for all j > 0.
q

Thus, we are in a position to apply the preceding lemma to f with o = 27v/h, 3 = 2m, /@ and
q

Y = p. Unfortunately, this is inefficient for certain ranges of X, r and/or h, and it will be necessary
to split into other cases.
What the lemma implies is, for any integer J > 0

J
(45
y(h) <y Tﬂm(log q)°. (39)

Consider first the case p > 2, or 7 < v/ X: applying (39) with J > 3 (to win convergence in h)
yields a contribution in (34) which is therefore

(1qu)3 * 1 —(J-1) m J
< Z 2Tp (1+ ;p) 7(r)

\/a r<\/§
log ¢)3 *  r(r m\J * T(r
o (5 L s )
r<y/mE V/ EE<r<VX
1 5+J
<J 7( Og\j)g (1+ q1+J(A_1)/2), since m/q < ¢!

at which point, since A < 1, we can choose J large enough so that 1+ J(A —1)/2 < 0 to conclude
that this part is
<ae L. (40)

Va

(in this argument, the reader should keep in mind that hg # m since m < q).

16



On the other hand, for p < 1, we split the summation in h in the following way

do= >t

Rl h<p=204m)  p>p—201+r)

where k > 0 will be chosen (sufficiently small) a little later.
For the first sum, we come back to (35), using again Ji(z) < =, Yo(x) < 1+ |logz| to derive

first the bound X
m
h ——(1 3.
y( )<<\/q —(logq)

Then, since |S(hqg —m,0;7)| < Zd|(hq—m77‘) d

472 * 1
— > 5 > m(W)S(hg—m,0;r)y(h)

r
v VX<r<R  h<pm20+n)

(logg)® -~ 1 , X jm
< i > - oo > dr\/;

2
VX<r<R h<p—2(1+r) d|(hg—m,r)

<« Pogerx Y om0 Y% % (41)

h<(R?/X)1Hr VXh?<r<Rd|(hg—m,r)

(exchanging the order of summation), where 6 = (2 + 2x)~!. We transform the inner sum over d
and r and estimate
1 - 1 —1,-20
YLy L e xu v
dlhg—m  /XhO<dr<R d|hg—m
< 7(hg—m)X tpmiHe/ (4R

Then (41) is estimated to be

vm 3 1 |
< Fologg’X 30T 3 o5 X 5
h<(R%/X)1tr dlhg—m — /Xho<dr<R
< YloggPX Y r(h)rihg - m)X e/ w0
q hS(R2/X)1+m
<. ‘/qaqu“, for all € > 0. (42)

For the second sum, applying (39) for J > 3 entails
y(h) < VXp~ h™7?(log )

and so as above

4m” Z* iQ ST 7(h)S(hg —m, 05r)y(h)

r
\/6 /X<r<R h>p—2(1+r)

<<‘1E(logq)3 S . >ooowth)y D>, dp n

2
Vi x/fgrgRr h>p=2(1+r) d|(hg—m,r)
x(1=0)/2
<g ——=—(ogq)*Y r(h)p=7 > @l > 72
Vi h>1 dlhg—m rd<v/Xho

17



(where § = (2 + 2r)~! as before)

3
<, (log Q) Z T(h)T(hq _ m)h—J/Q—‘rG(J—l) (43)
\/a h>1

We choose k = €/4, then J large enough so that J(6 — 1/2) — 6 > 1 (in addition to the previous
condition that 14+ J(A —1)/2 < 0), so that the series over h in (43) converges absolutely. Then (42)
and (43) together are

v/
Finally, we return to the case X > ¢ which remains. We appeal to (19) (for j = 2), and again
use elementary estimations to prove that for X > ¢ the function f satisfies the better bound

2 fO)(z) < (1 + xﬁ)ij(m)‘l.

The lemma admits then an immediate generalization to the effect that

m J
(1+ ;p) 2
(1+Vhp)! X?

gomt/? 1
<<A,e q ( )

y(h) < rp (log q)*
in addition to the bound in (39).

Since X > ¢2, the quantity saved is

2
q -1

2 <X
which is more than sufficient to allow for the sum over the dyadic values of X involved to converge,
and proves that all the previous bounds where (39) was used remain valid. The only place where
this is not the case is the inequality (42), but this part of the sum is void for VX > R and the
former estimate works in the larger interval X < RZ.

O

2.4.7 A formula for the second moment

The definition of Ms yields

1 X (mims)
MQ = zb: g Z W‘rbmlxbmz' (44)

my,mo<M

Proposition 6 . Assume M = ¢ with A < 1/4. Then there exists ¢ > 0 such that

1 1
M; = EMM - 1M22 + M3+ O(¢™°) (45)
where .
1 T(mims) Q \3
My =52 KAUCUC) pe— (1 ) 46
21 g b mlz% e Tbm, Tom, | 108 Ty (46)
1 T(mlmg) )
Moy = - _— (1 ) 47
22 e bmlz,’nQ g — . LTbmy Lbms | 108 mims ( )
1 T(mlmg) Q
Ms; = - — =P (1 ) 48
3 ; b m;m mimso 18 mimes ( )

18



Proof. We apply Proposition 5, with R = ¢, to evaluate X (mjims) in (44). The first three terms
give exactly the three quadratic forms My, Moo and Ms. Moreover, using (8), the error term is
dominated, for any € > 0, by

2
q_lme( > |wm|) < MPq1/2Hee
m<M

If A < 1/4, we can take € small enough so that this is O(¢~¢) for some ¢ > 0.
O

Our strategy is now to write Ms; as a linear combination of easily diagonalized quadratic forms;
the simplest in shape, say II, is chosen and we are able to select x,, to optimize the value of II with
respect to M;. Then the remaining terms in Mo, are evaluated, and so is Msy. Both are of the
same order of magnitude, so our choice may not be perfectly optimal. On the other hand, with our
specific choice of z,,, we finally prove that M3 gives a smaller contribution, namely that

My, )

Ms = O(logq ’

(49)

The second moment N» of central values L( f, 1/2) is much simpler to handle: no detailed analysis
of the remainder term in the Petersson formula is needed, (23) being sufficient to evaluate N
asymptotically for M = ¢, A < 1/4. This is because the sign of the functional equation is always
+1 for L(f,s)? and no contamination by gy occurs. Considering the integral

1 9 o ds
i L(f,s+1/2)°G(s) o
(2)
one finds that 2
Tn
1/2)?
Lf1/2t =23 o (=)

with
ds

1
U) =25 /@(1 +25)G(s)T(s + 1%y
@

This test function decays faster than any polynomial as y — 400 and satisfies

el
q

Uy) = ——=1logy + Cy + O(y"/?)

as y — 0. Here C, = ¢o + O(q ! logq) for some explicitly computable, but unimportant, absolute
constant ¢g. Then computations similar to that leading to the main term in My (but simpler) yield
the expression

Z Z rlmimy) bmlxbmz(log @ )-I—O(q_c) (50)

mims

mi,ma

for some ¢ = ¢(A) > 0, for A < 1/4.
The optimization of N proceeds in a way similar as that of My. We let N3; denote the quadratic
form which is the main term of Ns.

19



2.5 The preferred quadratic form I

Separating m; and mg in (46) by means of the formula
mi mo
rmma) = 30 () (52)

we get

ml)T(mz) Q 3
Mm—Z Z P> T (o8 ) 51

miy,ma

We define the following arithmetic functions

(k) = % bz_:k %{)gcz)i fort=1,2,3; (52)
h(m) = T(TZ“) (53)

Then expanding the logarithm in (51) and rearranging, we see that Ma; is a linear combination
of the quadratic forms II(¢, u, v, w) in the x,,’s defined by

TI(t, u, v, w) logQ “Zut Z h(mq)h(mz)(logmi)®(log m2)™ Tim, Tkm., (54)

k mi,msa

where ¢, u, v and w are non-negative integers such that t + v + v +w = 3.1
We further restrict our attention to IT(u,v,w) := II(0, u, v, w); again it will be seen that for the
chosen (z,,)
1 t
(¢, u,v,w) = O(H(Om,u,w)m) (55)
log q
which justifies this restriction. Accordingly we write v for vy, for which we have the formula

v(k) = 9”;’;), for k < M. (56)

The part of the expansion of M involving those II(u, v, w) is then (using the obvious symmetry
I(u, v, w) = II(u, w,v)) denoted by ma;:

may = 11(3,0,0) — 6I1(2, 1,0) + 6I1(1, 1,1) + 6II(1, 2,0) — 6I(0, 1,2) — 211(0,0,3).  (57)

Finally, we choose the one quadratic form II := II(3,0,0) as reference: we will choose (z,,) to
optimize II and evaluate afterwards the other II(u, v, w), for this choice, before doing the same with
MQQ.

Similarly, for No, we have by (50)

Ny, = II(1,0,0) — 211(0, 1,0) + 2I1(1,0,0,0) (58)

(and the last term will be of smaller order of magnitude).

L Actually, M3 is also such a linear combination with the difference that ¢ +u 4+ v+ w < 2. This will explain (49).

20



2.5.1 Optimizing II

Making the linear change of variable
Yk = Z h(m)xgm

we have the immediate diagonalization
= (log Q)* Z v . (59)
k
Conversely, let g be the Dirichlet convolution inverse of h, then
k

From this we express the linear form? in (15) in terms of yy

=3 T log L =3 (61)

k

where

Proof. We have

Zg C(s+1)72

k>1

and therefore

SR = s+ 1)72 x ((0g@)¢(s +1) + (s +1))

k>1
= (log)¢(s+1)7" = (¢ (s+1)

whence the result.
O

By Cauchy’s inequality, the best choice to optimize II with respect to M; is

i) kulky
g =4 )~ (k) OBk RS (62)
0, if k> M

and Z,, is given by (60), from which (and the lemma) the conditions required in section 2.3 are
immediately verified.

We now compute the various terms in (57) in order to apply the Cauchy-Schwartz inequality (3).
3

2Strictly speaking, the main term of the linear form, but we will keep the same notation.
3Since j(k) is about (logk)/k and v is about k~1, it is already quite clear that we will get a positive (harmonic)
proportion if M = ¢® with A > 0.
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Lemma 10 . With the previous notations and hypothesis, with M = ¢, we have

A? A 1
M, = (logq)® x A(? + 5 + 1) + O((logq)Q);
A2 A 1 -
H:(logq) XA<—+§+4)+O((logq)").

Proof. By the choice of (yi), we have

(log Q)% = M, = Z ik Z log gk)
k
whence the result follows, by partial summation, from
p(k)?
=log K + O(1).
o) sl (1)

k<K

2.5.2 Estimation of I(u,v,w)

For the other quadratic forms, we write

(u, v, w) = (log Q) “ZV y,(:)yliw
k

where 4 ‘
) =3 hm)(log m) g

m

We can express y,(j) in terms of (yi) using the higher Von Mangoldt function A;, which is defined

by the Dirichlet convolution ‘
Ai = px (log)",

so that (logm)® Z A;(a). From this, and the fact that the z,,’s are supported on squarefree
ab=m
integers, we derive .
' = Y0 MOy (63)
<M /k

We state the properties of A; which we will use.
e A; = A, the usual Van-Mangoldt function.
e A; is supported on integers having at most ¢ distinct prime factors.

e If m =p;...p;, for distinct primes p1,..., p;, then
A;(m) = il(logp1) ... (logp;).
e If p; and p, are distinct primes, then
Ai(p1) = (log pr)’

As(p1p2) = 3(log p1)(log p2)(log pip2).
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All of these are well known and (or) easy to prove from the recurrence relation
Ai+l = (log)Al + A x Az

In (63) we are thus actually dealing with a sum over squarefree ¢ having at most ¢ prime factors,
and 7 < 3. We separate the sum into the parts with a fixed number of prime factors, which produces
multiple (at most triple) sums over primes (of Mertens type since h(f) = 27/~ for such ¢ with
w(f) = j prime factors).

The subsum with ¢ distinct prime factors is, by the above

574
2441 Z w(kl)(log gkt) ——
<Mk w(kl)
w(l)=1
i kp(k) (logpy) ... (logp;) . Ck
= (—2)"! (log gkp .. p;) + O((logq)' =)
p(k m;@i P1---Di o(k)
p1---pi<M/k
(p1..-pi,k)=1
i kp(k) (logp1). .. (logpi) . ; k
= (=2)"——= 1 kpi...p; o1 ‘(1 —
( )Z @(k) p1;<pi P1...p; (qu D1 p)+ (( qu) (Ong)¢(k))
p1.-pi<M/k
ku(k 1 ... (logp; . . k
el 50 Gl BB g i)+ 0080 (0 0) 5 )

P1y---5Pi
p1...pi<M/k

the error term arising from neglecting the smaller contribution from the primes dividing & and
replacing ¢ (p)~! by p~! using the fact that

(logp)*
Zp: p(p—1) s

From Mertens’s formula, the last sum is equal, up to O((log ¢)?), to the integral
A R My . M i+l
/ Y130, >0 (loggk +y1 + ... +yi)dy = (loggk) (log ?) / dx+z<log ?) / r1dz
y1+...+y; <(log M/k) Si S

Here S; = {(z1,...,2;) | z; >0, z1+...+x; < 1} is the standard i-simplex. By induction, one

gets immediately
1 1
/dgc:_—,/xldm: -
S il" Js, (i41)!

so this contribution to the sum (63) can be written as

(=2)"u(k)
(i+1)!

(log ) Qomd 1 0'h) + O((102 ) (08,0) ). (64)

This is enough to give y ; for y,, (2) there is an additional sum over primes which, by similar
computations, is

-2

ku(k) (Ing)Q A .
o(k) p<zM:/k p (log gkp) + O((log q)(log, q) @)
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C ku(k) My ko
— _gw(log ?) (log G*M?k) + O((logq)Qm),

and for y,(:’) there are two other sums, first

O 3 -
i ’;“((,f)) ZMj/k L i” (log kp) + O((log ) (logs q>3¢(’“k>)

C ku(k) M3 ko
— 76W(10g ?> (log G*M3k) + O((logq)3m),

and finally

2 k_

log Gkp1p2) + O((log Q)2(10g2 q) ¢(k))

kp(k) 3 (log p1p2)(log p1)(log p2) (
plk) = p1p2
p1p2<M/k

ku(k) (logp1)2(log pa) . . 2 L
(k) m;M /kT(loquplpg) +0((log q)%(log, q) W>

= ;k/?%) (log %)Sﬂog G*MBPE) + O((logq)3qi)é€m).

From all this we conclude:

Lemma 11 . Fori=1, 2, 3, we have

@ = ¢ I‘Z((kk)) (1og %)i(log ¢ M'k) + O((log q)" (logs Q)Jk)) (65)

with
1
C1 :—1, 02:§, 6320. (66)

It is now easy to finish the computation of the quadratic form ms; for our choice of yy.

Lemma 12 . With notations as in lemma 10

T(2,1,0) = —(log q)° x A2((% +A)? - A(% +A)+ %2) +0((log ¢)° log, q)

T(1,1,1) = (log q)° x ASG(% +A)° - A(% +A)+ %2) +0((log 9)° log, q)

1(1,2,0) = %(logq)ﬁ x A?’((% +A) - A(% +A)+ %2) +0((log q)° log, q)
1(0,1,2) = —é(logq)ﬁ x A%%(% +A) - A(% +A) + %2) +0((log q)° log3 q)

11(0,0, 3) = O((log q)° log3 q)
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Proof. All are similar, so take for instance II(0, 1, 2); from the previous lemma

11(0,1,2) = —é Z /:0((12) (log %)Sﬂog Q3M2k:)(1og (jQMk:) + O((log q)5(10g2 q)3)
k<M

and the sum, by summation by parts again, is — up to O((log q)5) — the same as the integral

M M 3 3 9 9 dSU IOgM 3 . .
(log ;) (log ¢°M*=z)(log ¢ Mx)? = y°(3log gM — y)(2log gM — y)dy
1 0

from which the result follows, since moreover log ¢ = log \/q + O(1).
O

2.5.3 Diagonalization of My,
Recall that

N 1 T(mlmg) Q
Moy = zb: i Z bem1xbm2 (10g m1m2>.

my,ma

Using the multiplicative property of T' (see lemma 5), and the fact that (x,,) is supported on
squarefree integers, we compute

2
e = S I

b a (m1,mq)=1
1 T(a?
+;52 acé)

1 2

= 22327(52)

b a (m1,m2)=1
1 T(a?)
+§52 ;;

_ 1 7(a?) ¢ #(0)7(9)° 7(m1)T (m2) Q
- 2Xb:bza: a? z(;: 52 2 mims x“bémlxab‘m(loga252m1mz)

my,ma

T(m1 mg) Q
Z — TabmiLabmo lOg S

mims a?mimso

Z wxabmlxabmz (IOg L)

mims a?mima

(ml,m2):1

Z Mmabml Tabms, (10g L)

mims a?mims

Z Mmabmlxabmz (IOg L)

mims a?mima

(m1,m2):1

T a2 T T (M1)T(M2
+2Z % Z (a2 ) Z 1(9) ég)T(é) Z anbémlxawm <log L)
b a )

252
mim a?6?mim
s 1M2 1m2

L\~ T(@) §~ 4Oy~ rlma)r(ma) Q
P X L et (108 G ).

miy,ma

Let mgo denote the part of the first term arising by using
@ = log @ — 2logad;

log 252
a mimeo mimeo

this will be the main contribution: all the other terms can be directly estimated and shown to be of
order of magnitude at most (log ¢)° log, g

We have .
Mag = QZV(k) Z Mmkmlkaz (log @ )
k

mim mim
m1,ma 1172 11762

25



since, for squarefree k

u(o)r(9)r(a?) _

1
EZ ad

abd=k

E

g(l—i—ki)zu(l@).

The treatment is now similar to that of maqy: define

T
aim 0= Y T

m

Tkm

T(m
z,(cl) = Z %(log M) T forn

m

and . . b
I(a,b,c) = (logQ)* Z l/(k:)y,(C )z,ic);
k

then ~ B ~
Mgz = 2(11(1, 0,0) — I1(0, 1,0) — TI(0, 0, 1)).

We have

Lemma 13 . (log )A()
(o)
2k =2 Z gTyké

<M /k

2P = Z 7T(€)£(€)Zkz+

k
<Mk

Proof. For the first one, (60) implies

2k = Z ( Z %9(”))%@

4 mn=~{

and the Dirichlet generating series for the coefficient of £ is L(s + 1) where

L(s) = ((s)™* ) T(n)n*.

From the first part of lemma 5, we get

D T(n)n~* =4¢¢" - 2(¢¢) = 2(¢¢" = (¢')?)

S0
L(s) =2(¢'¢Y.
As to z,il), write
logm = Z Ala)
ab=m

and use again the multiplicative property of T

O
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2.5.4 Evaluation of mas

The mollifier was defined by (62).
Lemma 14 . We have

1 kp(k) M2 3712 2 k k 2
2k = —gmoog I) (log ¢*M?k) + O((log q) <Z5(k')) = _yk )+ O(go(k) (log ¢)*1og, q)
and
A = O( i (log q)3)
F (k)

Proof. We will be brief : on the one hand

RN, (C) > (log p)?

N k :

p<M/k
k k IOgM/k R
= _2;((@) / y(y + log Gk)dy + O(
0
1 kp(k)

= 3Lm (1og %)2(log @PMk)+O(

and on the other hand the two contributions to z,

k
o(k)
k

(log q)?)

(log q)?)

o(k)

(1) are respectively (using the previous computation)

1 ku(k) 2logp M P2 1 ku(k) M3 4y r3 k 3
——— log— | (logq°M lo log ¢*M°k) + O log q
3s0(k)<zM: p<gp)(g v = Gw(k)(gk>(g ) (cp(k)(g))
p<M/k
and (this is the same as one of the sums considered in y( ))
kp(k) 2(log p)* s 1 kp(k) M ANBE k 3
— ——(log ¢kp) = —=——=(log — ) (log§*M°k)+ O log g
o esikn) =5 ( o) £)+0( S e ))
p<M/k
|
From this (referring to lemma 12), we obtain
11(1,0,00 = —(logQ) > v(k)myy + O((logq)?)
k
= —II(1,2,0) + O((log q)°) (68)
00,1,00 = =Y v(k)yy? +0((logq)?)
k
= —TI1(0,1,2) + O((log )°) (69)
100,0,1) = O((logq)®).

2.5.5 The case of Ny

For Ny and Nj, the situation is much simpler. Recall the decomposition (58). We have

H(I,0,0) = Z V(k)yl%

k

= Zj(k)yk
o

where yj, is as before, and
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with j(k) = u(k)/k. Hence we select

~J(k)  kp(k)

Cvk)  e(k)
for k < M, to optimize II(1,0,0) with respect to N;. We then have

I1(1,0,0) = (log M)(log Q) + O(1), Ny =logM +O(1) = Alogq+ O(1).

Moreover 11(0,1,0) = > V(k)yky,gl) and proceeding as before we evaluate y,&l), namely

1 kp(k) M
w = =2 (log ) + Ok k) o o).

Finally we find
11(0,1,0) = 2(log M)* + O((log ) (log, ¢))

by summation by parts, and
Ny = A(1 +2A)(log q)? + O((log q) log, q).

Hence

N? A 0(10g2 q).

E:1+2A log ¢

Letting A — 1/4 we obtain the harmonic analogue of Theorem 2.

2.6 Conclusion

To summarize our computations, consider the two polynomials in the variable A:

A2 A 1
Mi(A) ::A(?+5+Z)
1 1 1 1 A?
My(A) = EMl(A)+§A2((§+A)2—A(§+A)+T)
1 474,1 2 1 A?
+54 (§(§+A) —A(§+A)+?)
1,.4/,1 2 1 A2
+34 ((§+A) —A(§+A)+?)
1, 4731 2 1 A?
+34 (§(§+A) —A(§+A)+?)

2 2 5 19 1 1
= ZASHIAPH AT A DAL A
9 * 3 * 6 * 36 * 6 * 48
then it follows from lemma 10, that for A < 1/2

My = M;(A)(log q)* + O((log g)?)

(72)

and from (45), (51), (47), (57), lemma 12, (67), (68), (69) (and the computations to check (49) and
(55), which have to be done but are simple consequences of the previous estimations 4) that for

A < 1/4, we have
My = M (A)(log q)° + O((log g)° logs q).

4Count the number of logarithms and estimate directly.
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Now, partial fraction decomposition yields

Ml(A)Q_l(l_( 1 )

My(A) ~ 2 14 2A)3

Hence the harmonic analogue of Theorem 3 follows, in the more precise form

h 1 1 log, g
Z - 3
T S TV P (1+24) log g

3 Non-vanishing in natural average

We consider now the first and second moments for the natural average

Mp= Y M(HL'(f,1/2),

L(f,1/2)=0

My = > IM(HI(f,1/2))%
L(f,1/2)=0

To get from the harmonic averages to the natural average, we use the method of [KM1]. For

r>1, let
Ar(d?)
wr(x) = Z J;”Q
di2<z

(a partial sum of the value of the symmetric square L-function of f at s = 1). Applying Proposition 2
of [KM1], it follows that for = ¢°, € > 0 being small enough, we have

h
M =55 Y wi@M)L(f.1/2) + 0l ),
L(f,1/2)=0

M=ot S @M 12)P + 0,
m L(f,1/2)=0

for some ¢ = ¢(e).
To check the conditions of [KM1, Prop. 2], we use the growth condition

Ty < (7(m) log gm)*
together with the estimates

1

1 _
G < (e

L'(f.1/2) < q¢'*(logq)?

to obtain the individual bounds, and with Propositions 2 and 6 for the average bounds (see [Kow,
Lemma 43] for more details).

We write .
= S @M /2)
L(f,1/2)=0
M= 3 w@IML 128
L(f,1/2)=0
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3.1 Computing the first moment

Using the formula

md>?
MA@ = 7 e (P )
we get, for M = ¢ with A < 1/2,

~ T, 1 . e
M, = Z — Z FIE Z rlog(gr®/d*m) + O(q™°).

m<M di2<z r|(d?,m)

We remove the constraint dI? < x at the cost of an admissible error term (that is, O(¢¢)). Since
m is square-free, r|d? < r|d and we get, setting d’ = d/r,

My = ((2) Z %ﬂm)zd,g (1ogqm)7210gd')+0( )
m<M
= @ Y T g gy +ac@)0) 3 T Lo, ()
m<M m<M

3.2 Computing M,

We have 2
xmlxmg mim
DIPTSR

m17m2<M di2<z r|(d?2,mim2)

By Proposition 5, the second moment decomposes in way similar to (45): for M = ¢, A < 1/4

S T ‘
M = Ele - ZMM + M3+ O(q™°) (74)
where
T(mymaod?/7?) Qrr \3
M21 - Z Z 2 2 Z Z r————————Tbom; Loma (10g 72) (75)
di2<z d mi,ma<M r|(d2,mims) mymsz mimad
T(mymad?/r?) Qr?
Ve = Z S g XX e i (05 ) (70
di2<z m1,ma r|(d2,mi1ms) 172 1M2
1 1 T(mymad?/r?) QT2
:ZEZW Z Z " mim Pl(logmmd2> (77)
b di*<z mi,me r|(d?,mimz) 12 12

(compare with (47), (48)). As in [KM1, 4.5], we drop the constraint di?> < z in (75),(76), (77) at
the cost of an error term which is O(¢™°).

As before, the strategy is now to optimize the quadratic form Moy with respect to the linear
form (73). For this, we shall need properties of some “quasi-multiplicative” arithmetic functions.
For a more detailed treatment, see [Kow, 6.2].
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3.2.1 Some quasi-multiplicative functions

During the transformation process of Ma; we will meet expressions of the following type, where r
stands for a divisor of mqmo:

7(d?/r . 7(d?/r
> T o) = () 0.1y, with g = Y T
d>1 d>1
d?=0 mod r d?=0 mod r

(k is an integer).
This Dirichlet series is computed in [KM1, Lemma 13] (it is the case 6 = 0), and is the product
of a constant and a multiplicative function x(4,7):

¢(2+26)3 2
Wﬁ(&r% r(0,r) =1 p2+25 II 14 p 2049

plr pl|r

9(5, ’I“) =

For an integer k& > 0, let x®)(r) := (k(d, 7"))((5120 be the k-th derivative of 0 — x(d,7) at § = 0.
By Leibniz’s rule, the series (g(d, 7’))((;’20 is a linear combination of the k) (r), for k' < k.
In the next steps, we shall use the following two properties of Iﬁ:(k)(T)i the bound

log r)*
K T k 3
le?“p2
and the quasi-multiplicativity
k //
for (ry,re) =1, ¥ (ryry) = Z (k’) ®) (1) E ) (ry). (79)
k'K =1

We will also encounter the arithmetic convolution fU) = % (Id x log?). This last function also
enjoys quasi-multiplicative properties:

for (r,r2) =1, [P (rra) = 3 (J) £ ) 197 ().
jtir=i M
The following formula will be used to separate mymsy/r and d?/r.

> ctoye() = 5 on(Z)(2). =

r|(m,n) r|(m,n)

3.3 The preferred quadratic form II
Decompose log(Qr2/mymad?) = log(Q/(mlmz)) + logr? — logd® := U + V + W, say. We have
U+V+W)3= Zi+j+k:3 ¢ UVI Wk, and My, decomposes accordingly

VI — § : 0,5,k
M21 = Cz,] kMQ .
i+j+k=3

3.3.1 Decomposing Mgl

Using the results of the preceding section and (80), we decompose My, into pieces of the form

My 0my Q 7 )
Z Z xbﬁ;:; ( gm1m2> Z f(])K(k)(T)T(@)

ml ma rlmims
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where i, j, k are integers satisfying 0 < 4,5, k, i+ 7+ k < 3.

Note at this point (use the quasi-multiplicativity of f&@), x*) and the multiplicativity of 7)
that the convolution 7 % f@W k() is quasi-multiplicative, in the following sense: for (myn) = 1,
7% f0x® (mn) is a linear combination (with at most jk terms) of products 7% fU) k) (m) x 7 x
FUDRED () with j/ + j” < j and ¥ + k' < k.

Then m; and mg decompose uniquely into m; = mims, me = mhms with (m}, m}) = 1, and we
further have (m/, m}, m3) = 1 since m1, my were assumed to be square-free. Define h/'¥ by

Bk (m) = L1 f9 M (m);
m

then we see by quasi-multiplicativity that M, is a linear combination of the quadratic forms

1 . ) ) Q i
- Tbmamms Thmam thkl m thJCz m hjs,kg m2 (10 7) 7
zb:bml,;z,mg o P G 08

(ml,mg)ZI

with i + 51 + k1 + jo + ko + j3 + k3 < 3.

Finally, we detect the remaining condition (mq,ms) = 1 using the M&bius function, and obtain,
after expanding the factor (log Q /mimam3)t, the decomposition of Mo, as a linear combination of
the quadratic forms

Nk = 37 k() $° kalkazhj“’k‘*(ml)hjf”ks(m2)<log ) (81)
k

iy mimsz
with
i=(i1,43), J = (J1,J2, 73,1, J5), k = (k1, ko, ks, ka, k5),
it+i izt tietistiatisthkitke+ks+katks <3
and

ivit, ... ks > 0.

More precisely, we have

- C(2)* ~5,(0,0),(0,0,0),(0,0,0 ~ ik
Moy = @le( )5( )5( ) + Z Z Ci,i,j,kMgl Jk
i<31jk

To ease the notations, set
Moo= Mg,l,(o,o),(o,o,o),(o,o,o).

For~ the optimal choice of the vector (x,,), the main contribution to Mgl will be seen to come
from M: for i < 3 we will check that

s ~ log q
Nk _ O(M 2 ) 82
21 Iqu ( )

Let’s now concentrate on M.

3.4 Diagonalization of M
Opening the factor (log(Q/(mims)))?, we have the decomposition

M =TI(3,0,0) — 6I1(2,1,0) + 6TI(1,1,1) 4 6I1(1,2,0) — 6T1(0, 1, 2) — 211(0, 0, 3). (83)
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3.4.1 Optimizing II(3,0,0)

Set h(m) = h%0(m), (k) := v(00):(0.0.0),(0.0.0) () " write § for the convolution inverse of &, and set

_ _ d_q xlog(g/1d ~ ood_1(b
) = g+ LBAID gy S a0y L
ab=k
(k) =g+ E2ie) = Y gl =
Jo =g T = g b
ab=k
After some computations, it is found that for p prime we have
5 _ . 1—X)(1+ X)2
jlp) = —A@p™), with A= x| 1i(X2 ) (84)
_ B ] 1— X2 3
v(p) = B(p'), with B= 21+X2§2 (85)

The next lemma is the analogue of Lemma 9:
Lemma 15 . For all square-free integer k, we have
J(k) = jo(k)(log Gk + O(1)).

Proof. We have

d_1(b)

k) = Go(k)logg— > gla) log b

ab=k
— o) losd — - ELds (p)ia(k/p)

plk

o .~ (logp)d—i(p)
o

plk
o . (1+1/p%)
= Jjo(k) (Iqu + % logp(l—l/pz)) .
Od

With our notations we have

11(3,0,0) = (log Q)* D _o(k) Y h(ma)h(ma)zkm, Thm,-
k

mhmzﬁM

To diagonalize fI(S, 0,0) we make the — now classical — change of variable

Yk = Zﬁ( Tkm, SO that x,, = Zg Ykm and T1(3,0,0) = (log Q) 32 y2. (86)
m k k

We now choose () optimally to optimize II(3,0,0) with respect to M;:

Yr = ,LL(]C)Z;Z((]Z)), for k < M. (87)
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We immediately see that the corresponding (x.,) satisfies condition (8), and (73) gives

My = ¢ i)y +2¢2)¢'(2) > do(k)yn

k<M k<M
= PP A 202 Y I
k

. k 2 . )
= @2 n?P2 0 (10g? ) + O1o(h)
=i v(k)
@7, A% A1 3 2
C(4)A( =+ 5 +4>(logq) +0((log q)?). (88)
In the last two lines, we have used lemma 15, and a partial summation exactly similar to that

performed in lemma 10 with the following variant

]

—~

=
~—
.
o
—~

=
~

; 2
> u(k)ﬂ;((g = gg log M + O(1) (89)
k<M

which follows by computing the residue at s = 0 of the Dirichlet series

p(k)?jo(k)* o 2p= (st
2 Tko)k B 1;[ (1 * (1+p= D) (p — 1))

k>1

which has analytic continuation to Re(s) > —1. Similarly, we have
- ((2) (A A 1 6 5
f(3,0,0) = 2 1A (S + S+ 1)@ o((1 .
(3:0,0)=zyA 5 + 5 +7)led’ + ((logg)®)
3.4.2 Estimation of II(u,v,w)
We set 4 ~ _
y,(j) = Z h(m)(logm)" Tpm.
The next lemrzla is the analogue of lemma 11, and its proof is exactly the same, using lemma 15,
and the equality h(p) = % +O0(p~2).

Lemma 16 . Fori=1, 2, 3, we have

(1) _ ,j0<k7) % ‘ sit1 g ri Jo(k) i
D) (log - ) (log g™ M'k) + O( o(k) 108 )" log 9) (90)
with
c=-—1, 0225, c3 = 0.
Then, the computations of section 2.5.2 hold verbatim and we get at the vector defined by the
quadratic form
- G(2)° 5
My = Moy + O((log q)” log, Q> (91)

((4)?
where by My, we mean the value of the quadratic form at the vector (z,,) in (86) and (87), and

similarly for M»; and the vector in (60) and (62). Similarly, one can show, with the same abuse of
notation, that
¢(2)°

Mo = )2

Ms; + O((log q)° logs q) (92)

and ~
Mz = O((log q)5).
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3.5 Contribution of the residual quadratic forms
We have to show is that the quadratic forms ]\ng’li’j’k for 4 < 3 do not contribute to the main term.
All the necessary arguments were given the preceding sections. After having computed, in terms of

the yi’s, new variables of the form
y;i7j4’k4 = Z hi4ka (m) (log m) 2,
m

one can show by cumbersome but easy calculations that for the mollifier chosen in (86) and (87),
(82) holds for 7 < 3.

3.6 Conclusion

From (91), (92), (88), and (74), we see that for A < 1/4 one has

n\2 2
> e an Ty o)
fesa(g)” 2 ? &4
L(f,1/2)=0, L’ (f,1/2)#0

and Theorem 3 follows (in a more precise form) since we know that

q% = % = dim Jy(q) + O(1).

In the case of the central critical values, we go from harmonic averages N; and N> to the natural
averages, and prove Theorem 2 in a similar way. All computations being simpler, we omit the details.
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