RANKIN-SELBERG L FUNCTIONS IN THE LEVEL ASPECT
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ABSTRACT. In this paper we calculate the asymptotics of various moments of the central values of
Rankin-Selberg convolution L functions of large level, thus generalizing the results and methods
of Duke-Friedlander-Iwaniec and the authors. Consequences include convexity-breaking bounds,
non-vanishing of a positive proportion of central values, and linear independence results for certain
Hecke operators.
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In this paper, we continue the program sketched in [KMV2] on the central values of L-functions
in the level aspect, building on the method developed by Duke, Friedlander, and Iwaniec in [DFT II]

and then further refined in [KMV?2].

Let D be square-free, and fix g a modular form (not necessarily cuspidal or holomorphic) on
I'o(D). Let k > 2 be even and let ¢ be coprime to D. We let S} (¢q) denote the set of primitive
cuspidal newforms on I'g(q) with trivial nebentypus and weight k. In this paper we investigate the
distribution of the values of the Rankin-Selberg convolution L-functions {L(f ®g, s)} res; (q) for s

on the critical line (Res = %) as g grows. Recall that L(f ® g, s) admits an analytic continuation
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to all of C and a functional equation of the form

Lol ©0,9)L(f ©9,5) = <(f © ) (L2 Luc(f @ 9,1 = )L 07,1 — )

where Lo (f ® g,s) is an explicit product of T" factors (see Section [4)) and e(f ® g¢) is called the
root number. When e(f ® g) depends only on g and ¢ we shall denote it as €(g).

One important challenge in the theory of L functions is to provide upper bounds for their values
on the critical line, in particular to improve, by a positive exponent, the “convexity” bound arising
from the Phragmen-Lindel6f principle (see [IS2] for a motivating introduction to these questions).
For our first result, we do so, in the ¢ aspect (see [DFLIL [DFI T, [CI] for some other examples):

Theorem 1.1. Let g be a primitive cuspidal holomorphic newform of integral weight, or a non-
exceptional weight zero Maass form, on T'1(D) with D square-free. Then for all € > 0, all integers
Jj =20, and all f € S;(q) with (¢, D) =1,

LY ® 9,5 + )] Kepgig (14 [H) P 271,
where the exponent B is absolute.

As one can check from the proof, the constant involved in < j , depends polynomially on the
parameters of g (the level, the weight, or the eigenvalue).

Remark. In the above Theorem, a Maass form is called “non-exceptional” if its eigenvalue under
—A is greater than 1/4. According to a conjecture of Selberg, exceptional Maass forms do not
exist. For g exceptional, a weaker but still convexity-breaking bound can be obtained but we have
preferred to limit ourselves to the simplest (and presumably only) case.

Theorem can be seen as the generalization to the cuspidal case of a famous convexity-
breaking result of Duke-Friedlander-Iwaniec [DFI TI]:

Theorem 1.2. Let xp be a primitive character of conductor D. Then for all € > 0, all integers
Jj =20, and for all f € S;(q) one has

L9(f @ xp, 3 +it)]? ey DL+ [t Pg /271,
where the exponent B is absolute.

To see the analogy between Theorem and this one, note that for xp primitive there is a
(non-holomorphic, weight zero) Eisenstein series F,, on I'g(D?) with nebentypus x% such that
L(f ® Ey,,s) = L(f ® xp, s)%. The slightly better exponent 1/80 of Theorem also applies in
Theorem [I.2} it is the result of exploiting some extra averaging in the large sieve inequality of

Section [T.11

Remark. In fact our result is a little bit more general: one can also break convexity for f’s with
non-trivial nebentypus as long as the conductor of the nebentypus is relatively small with respect
to g, we refer the reader to Theorem for the general statement. Moreover, by using slightly
more sophisticated arguments, the same method yields the convexity-breaking bound without any
assumption on D [Mil.

As a corollary, we obtain the first unconditional improvement of the “trivial bound” for the
problem of distinguishing modular forms by their first Fourier coefficients. This analogue of the
smallest quadratic non-residue problem was suggested to us by P. Sarnak.
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Corollary 1.3. Let g be a primitive cusp form as in Theorem [I.1 with D > 1, k > 2 an even
integer and € > 0. There exists a constant C = C(g,k,e) depending on g,k and € only such that
for any primitive holomorphic form f € Si(q), there exists n < Cq'=1/40+e such that

(L1) Ap(n) # Ag(n).
Here the Ag(n), Ag(n) are the Fourier coefficients of f and g.

The “obvious” bound is n < C¢'*¢ for any € > 0. Under the generalized Riemann Hypothesis
for Rankin-Selberg L-functions, would be true for n = C(loggD)?, with an absolute C.
Using modularity, this applies in particular to elliptic curves. See [DK]| for a related result “on
average” .

Let us mention another possible application of Theorem [I.I} P. Sarnak has recently obtained a
convexity-breaking bound for Ranking-Selberg convolution L-functions in the weight aspect, using

somewhat different techniques [Sa]. His main motivation was the Quantum Unique Ergodicity

problem: for f € S;(q), let s be the probability measure on Xq(q) given by py = %lj([}(f}'; y* digy

where (f, f) is the Petersson inner product.

Conjecture 1.4. [RuSa] Let g > 1. Let {f;};>1 be any sequence of primitive holomorphic forms
on Xo(q) with increasing weights kj. As j — +oo the sequence of probability measure pg, J =1

converge weakly to the Poincaré measure on Xo(q), p = m%.

The main application of the convexity-breaking bound of [Sa] is the proof of this conjecture
when the primitive forms are of CM type (in the sense of [Ri]). The proof uses a formula of T.
Watson [W], relating the central value of the triple product L function of 3 modular forms to
the square of the integral of the product of the 3 forms. This formula shows that proving a non-
trivial estimate for the Weyl sums corresponding to this equidistribution problem is tantamount
to proving a convexity-breaking bound (in the weight aspect) for the central value of the triple
product L function of f; ® f; ® g where g is a weight 0 Maass form (or even an Eisenstein series).
For f; a CM form this reduces to a convexity-breaking bound for a Rankin-Selberg L function.

A possible analog of conjecture [1.4] in the level aspect is the following: for any ¢ > 1 let
g+ Xo(g) — Xo(1) be the canonical projection

Conjecture 1.5. For k > 2 even and fized, let {f;};j>1 be any sequence of primitive holomorphic

forms of weight k with increasing levels q;. As j — 400 the sequence of probability measure
3 dxdy
T oy2

T« (g; ), J = 1 converge weakly to the Poincaré measure on Xo(1), u=

Although it has not yet been fully established in this context, it is likely that Watson’s formula
continues to hold, so that, combined with Theorem [I.1} it should give a proof of Conjecture [I.5]
when the f; are CM forms.

Theorem follows from the amplification method invented by Friedlander and Iwaniec, ap-
plied to bounds of the form

> LU @0 b+ mPAD) <eg A F1H)7 55
fesi(a)

Mg,ﬁ(% + pil) =

1
155(q)]

for p=0+it, 6,t € R, 6| < 1/logq, and 0 < ¢ < ¢* for some small a > 0. We prove these bounds
in the process of obtaining an explicit asymptotic expansion of this second moment. While we
prove the bounds in the general case, we calculate the asymptotics only for the more restrictive
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case when ¢ is prime and k < 12, so that the space of cusps forms is spanned by the newformsﬂ An
asymptotic formula for M, 5 appears in Theorem @, which is a generalization of the main result
of [KMV?2], where an asymptotic formula is established for the second moment Mg (3 + p1; £) for
g the level-one Eisenstein series

(1.2) E'(z,3) = %E(z, 8)|s=1/2 = y % logy + 4y'/? Z 7(n) cos(2mnz) Ko (2mny).
n>1

Here E(z,s) is the Eisenstein series for the full modular group (see [I1] Chap. 3 p.68) and 7(n)
is the divisor function.In the later case, the second moment is the fourth moment of L(f, % + p).
However there are several differences: since ¢ is cuspidal, a very complicated term from our
previous work (so called ”off-off-diagonal” in [KMV?2]), vanishes here; on the other hand, we have
to take care of the perturbations created by the (possibily non-trivial) level and nebentypus of g
using the theory of Atkin-Lehner-Li operators, showing a nice matching between the ”diagonal”
and ”off-diagonal” terms.

An immediate application of Theorem is to take the specific values p = 0, £ = 1 in these
asymptotics, and assume for example that xp is trivial, and g is holomorphic. We have the
following result

Proposition 1.6. For g prime, k < 12, x4 and xp trivial,

1 _
S 2 U993 = Ploga) + Oge(a™/124)
R resia)
for all e > 0, where P(x) is a cubic polynomial, depending on g. The leading coefficient of P is

132
ﬁ (sym2g, 1) Hp|D (IH_I)T_I), where L(sym?g, s) is the symmetric square L-function of g.
The asymptotics for small £, combined with those for the first twisted moment

Mg(% + M;g) = |Szl(q)| ZL(f ® 9 % + H))\f(g)
f

at 4 = 0, allow us to apply the older mollification technique to infer various nonvanishing results
for the critical values L(f ® g, 3).

Theorem 1.7. There exists a positive constant ¢ such that, given g as in Theorem [1.1], k < 12
and for any sufficiently large prime q,
e if either g has real Fourier coefficients and (g) = 1 or g has non-real Fourier coefficients,

{f € Si(a), L(f ®g,3) # O}

1.3 > ¢+ 0y(1),
e if g has real Fourier coefficients and £(g) = —1, then
Si(q), L' ) #0
1S5 (a)l

IThis hypothesis is rather technical and comes from the fact that we are using, rather crudely, Petersson’s trace
formula to average over newforms. Recently Iwaniec provided a very convenient variant of Petersson’s formula in
the square-free level case, in order to average over the set of primitive newforms (rather than over a full orthogonal
basis) and we suspect that, using this, one can prove the results of this paper valid for any square-free level with
no small prime divisor (see [[ST] for a striking application of this formula).
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This second case is needed because L(f ® g,3) is identically zero when £(g) = —1. The
dependence on D is much weaker here than in Theorem since we use a zero-free region for
L(g®7,s).

Finally, the precise evaluation of the second moment for u # 0 allows one, following the methods
of [KMI1l [HM], to study the order of vanishing of L(f ® g, s) at the critical point s = %, which we
denote by 7(f ® g), in order to infer that there exists an absolute constant A > 0 such that, for
all ¢ prime,

(1.5) > exp(Ar(f ®g)) <q [Si(9)].
fesi(a)

Since the methods are essentially identical to those of the cited papers, we do not pursue this
proof in detail here.

Our paper is organized as follows. First, we discuss some arithmetic interpretations of these
results. In the next section we recall some basic facts about various types of modular functions.
Next we recall the definition of the Rankin-Selberg convolution L function and its functional
equation. In Sections [5] and [6] we compute the first moment in two ways, the second of which
introduces tools necessary to attack the second moment. We evaluate the second moment in
Section |7}, while proving the convexity-breaking bound (Theorem along the way. In Section
we use our estimates of the first moment to deduce various linear independence lemmas in the spirit
of Theorem We include the mollification in Section[d] In the first of a series of appendices we
review the Atkin-Lehner theory of newforms and deduce from it several Poisson-type summation
formulae which are our basic tools. Then we prove a bound on shifted convolutions in a manner
based on [DETLII]. Finally, we review some basic identities and bounds for Bessel functions.

In several places, we use the following notational convenience: given L(s) = [], Ly(s) be an
Euler product, we will write Lp(s) := [],p Lp(s) and L) (s) := [, 0)=1 Lp(s)-
Aknowledgments. A large portion of this project was completed while the second author was
enjoying the hospitality of the Institute for Advanced Study during the academic year 1999-2000.
We would also like to express our gratitude to E. Fouvry, H. Iwaniec and P. Sarnak for their
encouragement, and for many discussions related to this work.

2. ARITHMETIC INTERPRETATIONS OF THE RESULTS

This project was motivated by the fact that in many situations the central value L(f ® g, 3)
is known (or, more often, conjectured) to have deep arithmetical interpretations. One of these is
found in the work of Rohrlich [Ro], based on a remark of Kazhdan: let A be an abelian variety
defined over Q, and Gq = Gal(Q/Q) the absolute Galois group. A central object of study is
the Galois module defined by the algebraic points on 4, A(Q) ®z C (Gq acting trivially on
the second factor). By the Mordell-Weil theorem, this Galois representation decomposes as an
algebraic direct sum of finite dimensional complex irreducible representations of Gq, each of
them occuring with finite multiplicity. Given p : Gal(Q/Q) — GL,(C) an irreducible continuous
complex Galois representation (automaticaly the image of p is finite, and p factorizes through
a finite quotient of Gq := Gal(Q/Q)), the remark of Kazhdan gives a conjectural formula for

the multiplicity of p in A(Q) ®z C: under various standard conjectures (including the Birch and

Swinnerton-Dyer conjecture for A over the subfields of lerp) one has the following formula:

multiplicity of p in A(Q) ®z C = ords—1L(Aq ® p, s)
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where A in L(AqQ®p, s) refers to the Galois representation on an ¢-adic Tate module of Aq (see [Ro]
for the definition of the L function). In our applications we will take A = Jac™*"(Xo(q)) = J5*(q)
the new part of the Jacobian of the modular curve. Up to a finite number of Euler factors,

LE™(@)q@ps+3) = [] Lfem,s)
fesz(a)

where 7, is the conjectural GL, automorphic representation associated to p by the Langlands
correspondance and L(f ® 7, s) is the Rankin-Selberg convolution of f (more accurately, 7, the
G'Ly automorphic representation canonically associated with f) and 7,. Hence, conjecturally,

multiplicity of p in JJ**(¢)(Q) ®z C = Z ord,—1 o L(f ® mp, 5),
fes3(q)

S0 it seems worthwhile to study the distribution of the “analytic ranks”
r(f® WP) = Ords:l/QL(f & Tp, 3)

when f varies over the family S5(q).

When p is one dimensional 7, corresponds to a Dirichlet character. When this character is triv-
ial, the multiplicity is simply the rank of J;“*(¢)(Q). This was investigated first in [Brl, Mu] and
then more thoroughly in [IST [KMIT), [KM2, [KMV2| V1] when ¢ is prime (so that Jo(q) = J§"(q));
the latter analytical works, combined with the partial progress of Gross-Zagier, Kolyvagin and
Kolyvagin-Logachev towards the Birch—Swinnerton-Dyer conjecture, imply both conditional and
unconditional results regarding the rank of Jy(¢)(Q) for ¢ prime. We address the question of
non-trivial characters in the paper [MV].

In this paper we focus on the case n = 2. Here the very existence of 7, is a deep question,
which has now been solved in many cases: if p is of dihedral, tetrahedral or octahedral type it
follows from work of Hecke, Maass, Langlands and Tunnel; while for certain infinite families of
icosahedral type it follows from recent work of Buzzard, Dickinson, Shepherd-Baron and Taylor.
In cases where the existence is known (now using classical terminology) one may associate to
an irreducible p a cuspidal modular form g, which is either an holomorphic form of weight one
(if det p is odd) or a Maass form with eigenvalue 1/4 (if det p is even). In particular, assuming
the Birch—-Swinnerton-Dyer conjecture, Theorem has some bearing on the multiplicity of p in

Jo(9)(Q).

In [Ro], the main concern is to produce non-trivial explicit examples of vanishing of L(f®g,, s)
at s = %; here, our result is in the other direction, giving a large collection of f’s for which
L(f ® gp,s) does not vanish at this point (or at least vanishes to the minimal possible order).
Moreover, inequality suggests that f’s with a high order of vanishing are very rare.
Concerning the conjecture of Birch and Swinnerton-Dyer, one can say much more when p is
dihedral. We recall briefly the theory of Heegner points and the Gross-Zagier formula |GZ]: let

K = Q(v/—D) be an imaginary quadratic field with ring of integers O, let Hx be the Hilbert

class field, and let x be a character of Gal(Hg/K). Let py = 1 ndg? denote the 2-dimensional
representation induced by x. It is irreducible if and only if Y is not quadratic. The associated
modular form g, is the theta series on I'g(D) of weight one and nebentypus xp (the Kronecker
symbol of K) given by

9x(2) = 0g=1L(xp, )+ > X((a))e(Ng/q(a)2),
0#aCOk
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where we have identified xy with a character of the ideal class group of Og. If x is non-quadratic,
gy is cuspidal, otherwise g; is an Eisenstein series. When every prime factor of ¢ splits in K,
one finds in Xo(q)(Hg) the set of Heegner points corresponding to pairs of elliptic curves, linked
by a cyclic isogeny of degree ¢, with complex multiplication by Ok. Letting ex € Jo(q)(Hgk)
denote the image of one of these points in the Jacobian, the Gross-Zagier formula (for D odd
at least) interprets the central value of the derivative L'(f ® gy, %) in terms of the Neron-Tate
height of the (¥, f)-eigencomponent of ex. In particular, for ¢ prime, we obtain from a lower
bound for the dimension of the y-isotypical component of the Gal(Q/K)-module Jo(q)(Hg): let
Jo(a)(Hk)* C Jo(q)(Hk) ®z Z[X]:

(2.1) rankz Jo(q)(Hg )X > (¢ + ox (1)) dim Jo(q).

This can also be shown for y real by more elementary methods (it amounts to proving a double
non-vanishing result for two real characters) by combining a slight variant of the methods of
[IST) [KM2l, KMVT]); in particular we have

rankz Jo(q)(Hk) = (¢ + ok (1))|Hg | dim Jo(q).

Note also that Theorem provides a non-trivial upper bound for the Neron-Tate height of the
(f, X)-eigencomponent €K,z f in the g aspect.

Concerning the original question of estimating the multiplicity of pg, observe that if x is not real
and eg y,5 # 0, then the vector space spanned by {ex 5.r,0(ex 5,f)} (¢ the complex conjugation)
is 2-dimensional and realizes py: in fact o(ex ¢, ) = eIK,§, s where €} = o(ek), so the two vectors
ex.x.f and o(ek g,r) cannot be colinear. In conclusion, we have for Y non real

multiplicity of py in Jo(¢)(Q) ®z C =(c + ox (1)) dim Jy(q).

Following the methods of [V2], the techniques used to prove Theorem can also be used to
give the following linear independence result, which, along with some variants given in Section
may have interesting arithmetic applications:

Theorem 2.1. Let K be an imaginary quadratic field of odd discriminant —D, let Hyi be the
Hilbert-class field of K, and let X be a character of Gal(Hg /K). Let q be a prime number which

1
splits in K and let ey be a Heegner divisor in Jo(q)(Hf). For e > 0 fived and L <. (q/D%)2™¢
an integer, the images of the x-eigencomponent of ex by the first Hecke operators

Tiek g, Toek 5, Trek
are linearly independent in Jo(q)(Hg) ®z C.

If g is inert in K, or if K is real and ¢ splits, one has very similar constructions of Hecke
modules generated by Heegner points (or cycles) endowed with a proper height pairing, whose
values at the Heegner eigencomponents are expressed in terms of the central values L(f ® gg, %),
we refer the interested reader to [Gl (GKZ, D, BD]. In particular, when K is imaginary, ¢ is
inert and x is a character of order < 4, , combined with the results of Bertolini-Darmon
[BD], proves the existence, for ¢ a sufficiently large prime, of a quotient J; defined over Q of
dimension > dim Jy(q) such that the x-eigencomponent of the Gal(Q/K)-module J;(Q) ®z C is
zero-dimensional.

3. REVIEW OF AUTOMORPHIC FORMS

In this section we review the types of automorphic forms to considered in the rest of the paper.
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3.1. Holomorphic cusp forms. For k and ¢ two integers, £ > 2, and x, a Dirichlet character of
modulus ¢ and conductor g, let Si(g, x4) denote the complex vector space of weight k£ holomorphic
cusp forms with level ¢ and nebentypus x,. These are the bounded holomorphic functions on the
upper half plane which satisfy the automorphy relation

) = o Z)ero@, ko) = 2

We represent these elements by their Fourier series:

=Y flme(mz) = ¢y (m)m*=D 2e(mz).

n>1 n>1

= xq(d) f(2)

This space is equipped with Petersson’s inner product,
(Fok= [ fGIaC) 2 dody
Xo(q)

The Hecke operators T,,, with (n,q) = 1, are normal with respect to the inner product, more
precisely, T* = X4(n)T), for (n,q) = 1, where T denotes the adjoint. One can thus find an
orthogonal basis of Si(q, xq), Br(q), formed of eigenvectors of all the {T},, (n,q) = 1}. For f an

Hecke-eigenvector, let Ay (n)n% denote the eigenvalue of T}, (sometimes one speaks of Af(n) of
the normalized eigenvalue). We have the adjointness relation

(3.2) Ar(n) = Xg(mM)As (), $5(n) = xq(n)to(n) for (n,q) = 1.
and for (n,q) = 1 the recursion formulae
(3:3) Grms(n) = Y (T )
d|(m,n)
(3.4) dpimn) = Y pldxg(@r(IA(S).
d|(m,n)

The space of newforms Sk (g, x4)"" is the orthogonal complement of the (old) subspace generated
by the forms f(dz) with f € Sk(¢',xq), dd'lq ¢ # q and x, inducing x,. This space is stable
under all the T},, and in [ALi] it is shown that the 7T}, can be simultaneously diagonalized. For f
such a newform, the equalities , hold for all m,n, and in particular (1) # 0. We say
that such an f is primitive if ¢¢(1) = 1; in that case, for all n, ¥ ¢(n) = Ag(n). We let S;(q, xq)
denote the set of primitive new forms, it forms an orthogonal basis of Si(g, x4)"".

3.1.1. Petersson’s trace formula. Let By(q) be an orthogonal basis of Si(q, x4). Petersson’s for-
mula states that

Yp(m)s(n)
' sEd (f f)
with

47/
A(m,n) :=2mi k Z S(m, nic) Jr—1( I cmn)

c=0(q)
c>0

and S(m,n;c) the (twisted) Kloostermann sum

- mx + nx
S(m,n;c) = Z Xq(x)e(——).
z(c),(z,c)=1
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Note that (3.5)) is independent of the choice of basis; in what follows, we assume that By (q) is
an Hecke-eigenbasis and that it contains S} (q, x4). For Bi(q) such a basis we use the following

notation: )
-1 «
Z af (47T)k: 1 Z (f ]})’
f€B(q feBi(g) 7
and refer to it as the harmonic average.

Remark. Sometimes we will make the stronger hypothesis that there are no old forms: By (q) =
Sy (g, xq)- This is the case when x, is primitive or if k£ < 12 and x4 is trivial.

3.2. Maass forms. Let D be a positive integer, yp a character of modulus D and conductor D,
and \ a positive real number. Let My (D, xp) denote the (finite dimensional) space of weight zero
Maass forms of level D, nebentypus xp and eigenvalue . In other words, M)(D,xp) consists
of functions g, satlsfylng relation . for k = 0, which satisfy (A + \)g = 0 for the hyperbolic
Laplacian A, with A = 1 +r? and either r € R or ir € [—1/4,1/4] E| Let Sx(D, xp) C Mx(D,xp)
denote the subspace of Maass cusp forms. Any g € My(D, xp) has a Fourier expansion near
infinity of the form

= dg(n)e(na)2ly|' K (2m|ny]).

neZz
where z = x + iy, K, is the K Bessel function, and 14(0) = 0 for g € S\(D,xp). The Hecke
operators act on the Hilbert space S)(D, xp) (equipped with the Petersson inner product), and
the theory of old/new forms is identical to that in the holomorphic case. We again call a new
form f primitive if ¢)¢(1) = 1; in that case, ¥¢(n) = A¢(n) for all n, where A¢(n) is the eigenvalue
of T, associated to f and the equalities and are valid (replacing ¢ by D) for all m and
n. Let S\(D,xp)* denote the set of primitive new forms. There is another operator acting on
M\(D, xp), namely the reflection operator Rf(z) = f(—%). Since it commutes with the 7,,, a
primitive cusp form g satisfies Rg = €49 with ¢, = £1. We call g even or odd according to the
value of ¢,.

3.3. Bounds on Fourier coefficients. Given g a primitive form of one of the types presented
above, we often need upper bounds for the normalized Fourier coefficients Ay(n). For p prime, let
ag.1(p), g2(p) be the complex roots of the quadratic polynomial X2 — A, (p)X + xp(p), when g is
holomorphic (by work of Eichler, Shimura, Thara and Deligne) the Ramanujan-Petersson bounds
are valid, namely

(3.6) g1 (Pl [eg2(p)] <1, so that V|n > 1, Ag(n)] < 7(n).

When g is a Maass form this bound is not known in general (althought it holds for the forms
of type g, given in the introduction). Nevertheless, the following bound of Serre [Sh] will be
sufficient for our purposes:

(3.7) lag,1(p)]; |ag 2(p)| < p'/%, so that ¥n > 1, |\g(n)| < 7(n)n'/".

More often we will use the results of Rankin-Selberg theory, which gives the Ramanujan-Petersson
bound “on average”:

(3.8) VX >0, Y [A(n)? <4 X.

n<X

2The latter comes from the “Selberg bound” for exceptional eigenvalues on congruence subgroups. We use it
only in section everywhere else we will assume that r € R.
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Finally we will need to introduce the following function a4(n) := -y, [Ag(d)|, first this function
is almost multiplicative: by (3.3)), and (3.4))

(3.9) (mn) " “o4(mn) < o4(m)og(n) < (mn)°oq(mn)
forall € > 0, the implied constant depending on ¢ only, and from (3.8)) we have
(3.10) VX >0, Y og(n)® < X',

n<X

for all € > 0, the implied constant depending on &, and g.

4. REVIEW OF RANKIN-SELBERG CONVOLUTION L-FUNCTIONS

Let xp and x4 be Dirichlet characters modulo g and D, respectively, and let x := x,Xxp denote
the character modulo ¢D. Let f € Si(q,xq)* and g € Si(D,xp)* be normalized newforms, g
either a holomorphic form of weight &’ or a Maass form with eigenvalue A = 1/4 + 72 > 1/4 (so
that » € R). The Rankin-Selberg convolution L function is

_ Artr) - 21:lp)egs(0) -
(4.1) L(f®g,s):= L(x, 28)2 HHH

n>1 p i=1j5=1

where for each prime p, a s 1(p), ap2(p) and ay,1(p), ag2(p) are the roots of the quadratic equations
X2 = Ar(0)X + xq(p) = 0, X? = Ag(p)X + xp(p) = 0.

Rankin, Selberg, and others proved that L(f®g, s) admits an analytic continuation over the whole
complex plane except when f =g, in which case there are simple poles at s = 0,1. Moreover, this
L function admits a functional equation linking s to 1 —s. When (g, D) = 1 we set (see [Li2JE|,
Theorem 2.2 and Example 2)

D
(4.2) Mf©9.5) = ({5 To(LU @1,9),
with ) )
Ly(s) =T(s+ L _2 b |)F(s + b ; L 1) for g holomorphic
2ur — 1 —2ir—1
Ly(s) =T(s+ %)F(s + k+) for g a Maass form.
We then have
(4.3) AMf@g,s)=e(f@9AMFf@7,1->5),
with
— D)nys(q)?ny(D)? if g is holomorphic and &' > k,
4.4 e(f® :{ XD( Q)Xq( g
W ED = o @n(-Dinslany (D) clse.

Here 71¢(q), ng(D) are the pseudo-eigenvalues of f, g for the Atkin-Lehner-Li operators Wy, Wp
and g is the primitive form proportional to Wpg, that is Wpg = 14(D)g (see Section [A.1)). A
particularly important case arises when 7y (¢)? =1 (for example, if Xq is real), so we define

[ xp(g)ng(D)? if g is holomorphic and k' > k
(45 w={ cls.

3This gives the holomorphic case, but the proof also works when g is a Maass form.
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4.1. The twisted moments. In what follows we will use i to denote a complex number of the
form p = 0 + it with |§] < 1/logg. Let g and ¢’ be primitive cusp forms with weights kg, k, or
eigenvalues Ay, Ay, square-free levels D and D', and nebentypus xp and xpr, respectively, which
are not exceptional. Following the methods of [KMV?2], we wish to compute the twisted moments

h _
(4.6) My(uit) = > L(f®g, 5+ pAs(0)
fesi(a,xq)
and
/ h 1 a3 /1 Ny
(4.7) Mg (50 == > L(f®g,5+mLF®g,5+p)A(0)

We use the functional equation (4.3) to represent L(f ® g,1/2 + p) as a rapidly converging
series. To this end, we set

(4m2)" (5(%+3_N))5Pg(8)
Lo(+u)  &(3) " Pylu)
Here £(s) = s(1 — s)ﬁ_s/zf(g)C(s) is the completed ¢ function of Rieman and Py(s) is an even

polynomial with real coefficients, depending on k, k4 only, such that Py(s)I'y( % + s) is holomorphic
in the region —A < Res for some A > 1/2. The functional equation of £(s) implies that

(4%)" Ty (5 — 1)

(4.8) Gou(—s) = (4W2)—NF9(% ) Gg,—u(s).

GQ,M(S) =

With this in mind, we define
Hg,u(s) = (47T2)_Srg(% + S)Gg,u(s)

Note that Hg, (1) = 1.
Using contour shifts and the functional equations of L(f ® g, s) and (4.8]), one shows that

Af(n)A As(m)X

(19) @DV L(f @ g1/2+ ) = 3 My, (4o (pog 3 MMy (1
n>1 1 nz1 " 1

with

1 d
(4.10) Vouly) = 27m./ltfg,y(s)L(x, L+28)y™° _SM,

3)
1 d
Vg,—u(y) == méHg,u(S)L(Xa 1+ 25)y_ss _s,u’
and
4m2)eT (1 —
eu(f®g) = U )" Toly — 1) e(f®g).

(4m2) =T (5 + 1)

4The arithmetic nature of this function is not needed for the proof, it is here merely to force polynomial growth
in the ¢ variable in the forthcoming computations.
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In the particular case where the Af(n), Ag(n) are real , e(g) = —1, and p = 0, the functional
equation then automatically forces L(f ® g,1/2) to vanish, so any analysis must focus on the first
derivative, which is given in much the same way by

Af(n)Ag(n) n
I/ 1/2) = 2 Af) AgUY) 0
(f®gv /) nz>:1 n1/2 Wg(qD)

with
(4.11) W,y = —— [ H,(s)L(x, 1+ 25)y— 25
. gy.—2m, g(S)L(x, s)y 2

®3)

In what follows, for notational simplicity, we will suppress dependence on u and /. However to
be consistent, we make the following convention explicit:

Convention 4.1. An expression Exp, , depending on g and p, will usually be writen Expg;
accordingly, by Expy we mean implicitly Expy v, and by Expg (resp. Expy ) we always mean
Expg _,, (resp. Expg /).

In this paper, these notations will never conflict.

By a contour shift to the right, the definition of £, and Stirling’s formula,

(4.12) Vly) <a (1+]t) Py~

for all A > 0, and by shifting the contour to the left to fts = —1/log(gD) we pass a pole at s =
and get

(4.13) Voly) <9 (1 + 1t)Br(gD)(log gD + | logy|)
while by shifting the contour to Rs = —1/4 we obtain, using Burgess’s bound on L(x;, s),

—S

Y
§—
for all € > 0, the implied constant depending on ¢ and g.

We compute the moments (4.6|) and (4.7). Closely related to these are the more general, “spec-
trally complete” moments defined by extending the averaging over the whole Hecke-eigenbasis

Bi(q)

(4.14)  Vy(y) = (reseco + ress—y) Hy()L(x, 1+ 25)-L— + O((1 + [t)) P (¢D)*(aD)* "y /%)

(4.15) M, (0) ;:ZAsI(Z)Vg(;E) R O0)
" f€Bk(q)
@16) M= Y ARy My S s )
m,n21 f€B(q)

where we use Convention but also take as a definition that the X" appearing in Vyy =V s is
X' = X,xp'- Note that, to have Ay(¢) well-defined for all f € By(g), we must assume either that
Bi(q) = Si(a, xq) or that (£,q) = 1.

For simplicity we give the expression of and (4.7) only when yx, is trivial and By(q) =
Sy (g, xq): then e(f ® g) = e(g) is independent of f (se). From we have

(4.17) (gD)* My (€) = My(£) + e,(9) Mg(€)
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with
(47*)#Ty(5 — )
(4.18) euly) = £(9)-
9= a2y (L5 )
Similarly, (4.7)) is a sum of four terms:
(4.19) gt DD M, g (£) =

Mg,y (€) + £.(9) Mg.g (£) + £,0(9") My (£) + £(9)€ 0 (9") Mg 5 (£)
5. EVALUATION OF THE FIRST PARTIAL MOMENT

We now evaluate the first partial moment M, (¢) in two ways.

e The first approach to evaluating this sum, given in the present section, is largely axiomatic,
and uses very little information about the Ay’s. This very robust method is based on large
sieve inequalities for Kloosterman sums developed by Deshouillers and Iwaniec [DI]. In
particular, we shall use the form given in Proposition 1 of [DFIII].

e The second approach, given in Section @ uses the modularity properties of the A4, and
rests on the summation formulae of Section While this approach is less general, it is
more powerful, and we will use its techniques to compute the second moments as well.

5.1. The first approach: the large sieve. We compute the linear form

B) = > aMy(0)

(<L

for ¥ = (21, 22,...,21) € CF. In what follows L will be smaller than a fixed power of ¢D.

5.1.1. Treatment of Lg(u;Z). Applying (3 , we obtain
Ly(Z) = Ly (®) + LyP (%)

with
Z f 51/2 Vo( i)
<L
ND (g
LYP(@) =)« Z 1/2 )A<n,e).
<L n

Note that, by Weil’s bound for Kloosterman sums, A(4,n) < V0ng=3/2. Using the rapid decay of
Vy(y) for y > 1, we may assume that n < (¢D)'™¢ for any small positive ¢, since the contribution
of the remaining terms will be a O 4 4((1+ [t|)?]|Z]|1(¢D)~*) for all A. Now we can use the large
sieve for Kloosterman sums ([DFLII| Prop. 1 and the remark following it):

Proposition 5.1. Let k > 2 be an integer. For n a smooth function supported in [C,2C] such
that nW <; C~" for all i > 0, set

Ay (n, €)== 2mi " Z S, bic) 1(4WM)n(c).

C
¢=0(q)
c>0

Then for any sequences of complex numbers Ty, Yn,

VIN . L N
DD wumly(lin) Lop C(5) 721+ 20+ )V x|yl
I<L n<N q q
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with any € > 0. Moreover the exponent k — 3/2 can be replaced by 1/2.

Proofs of this proposition only appear in the literature for x, trivial and k even, but one
can show, following the methods of [DFLII| and [Del| (using Proskurin’s generalization of the
Kuznetzov trace formula for integral weight), that it holds in our more general case as well. Thus
for all e > 0

1/2
2

ND /= B (DL 1/ L 12 1/2 |)\g(”)

d n<(gD)1+e

172

INVA
(5.1) <<e,g<1+rtr>Bqﬁ(q) DY,

so long as L < g (here we have used ({3.8).
Next we apply formula (4.14)) to evaluate £ (Z). The resulting error term is

R I\ /4
Ocy((1+ )P (¢D) (D)9 (qD) 12l).
Thus we obtain

Proposition 5.2. For L < q and ¥ € CF,

S x Hy(s)L(x,1+2s), £  _,
Ly(%) = Zﬁ%)‘g(@ress:u o(3)L( )(—) +
<L

S — qD

I /4
Ocg((1+ )P (aD) (q) (@15 + DY/ ]]a).

If x = XDpXq s non-trivial and =0
Hy(s)L(xp,1+2s), £

s=| —) = L ) 1 )
resg—o 5 (qD) (xp,1)
while if X = XpXq @5 the triwvial character modulo gD and =0
Hy(s)L(xp,1+2s), £  _ L¢(D) gD, (D)
o — ) P =s—-—Flog(—)+ —=¥(¢D ,
with W(D) := 3", %2 and Cyp = O,(1).

The evaluation of the original first moment Mj(¢) then follows quickly by restricting the sums
to one term.

6. ANOTHER APPROACH FOR THE FIRST PARTIAL MOMENT

In this section we give another approach, which stems from the techniques of Iwaniec and
Sarnak (see [IS1]) and is based on the summation formulae of Appendix [A] thus relying on the
automorphic nature of the A\;(n). We assume that g is a modular form of square-free level. We
again compute M, (), providing a slight improvement on Proposition (although this has no
significant contribution to applications) and also allowing us to attack the second partial moment.

Applying , we obtain My(¢) = Mf(f) + MgND(E), with

A(O) . ¢
f1/2 %(qj)

(6.1) MP () =
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(6:2) MNP0 = Agf/? ANy

. 1 4
= omiF Z CZ)\ S(n,t;c) 1/QV( )Jk1<ﬂm>.

cEO(q),c>0

We partition the n sum using a smooth function n(z) which is zero for z < 1/2, one for =z > 1,
and partitions further into smooth functions by

z)= ) nu(z)

M>1

with 7y, compactly supported in [M/2,2M] such that z'ny(z)® <; 1 for any i > 0. We also
require that 3,y 1 < log X. We set

F(z) = xf/zvg%)n(x) =Y V@) = 3 Pule

M>1 M>1

so that for all i, A > 0 (using (4.13)) and (4.12))

%

zt D
Oix

Fy(z) <g,ai (14 \t\)BT(Q)M_l/Q(IOgq)1+i(q7)A'

We also define A
—CZ)\ S(n,t;c)Far(n)Ji—1( WM)

so that .
My P () =2mi™" Y0 5 Tu(e)
c=0(q),c>0 M

For C' > ¢, it is enough to bound the sum on ¢ > C through use of Weil’s bound on Kloosterman
sums, getting (by (6-5))

Ocg((1 + ItI)qu\/g) = Ocg((1+ ItI)qu\f)-

Thus we may assume that ¢ < C. We may also assume that M < ¢'*¢ since the contribution of
the M’s such that M > ¢'*€ is a O,((1 + |t|)BVEM~4) for some large A>0.

We open the Kloosterman sum and apply Proposition to the n sum (which is possible since
D is square free) to get

(6.3)
B ng(D2) " " 47 471'\/7%
(€)= X 252 5 Ay ()G, (0= nD) [ Bt s TV T T

4m\/nx
eV Dy

ng(DZ)ZAgDZ(n)quDl(f%—nDiQ;C) /000 F(z)pmJi— 1( \/795) Ky( )da

+XD, (C) \/52

where

n

xap, (4:6) =D Xqpy (2)e(az/c),

z(c)
(z,0)=1
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D1 = (C,D), and D2 = D/D1
We split this sum into two parts: the term corresponding to n = £Ds, which we denote

64 T80 = xnu(-0 8P, (D216, (0:0) [ Far (@) os (Y2 g AVl

c c
and the remaining terms for which n # ¢Ds, which we denote TXZ(C). In the next section we

show that (under the Ramanujan-Petersson for the Fourier coefficients of ¢) the T;f[ (c) terms are
negligibly small:

>3 0 = 0yt + )Py VI

M<Lgl e e<C
qle

6.1. The off-diagonal remainder term. The term T’ ]\72(0) splits naturally as the sum of two
terms corresponding to £ — Dan and £ + Dan.

We consider the case of £ — Dyn, the case of ¢ + Don being treated in the same way. The full
sum is then

1 ng(D2) — o 4 4my/nx
> (02 S Ay (G (= nD50) [ Para) a (V) 1T o
e<C Dy n#£Dal 0 cv Do
ale
We exploit the oscillations of J,(z), which is either 2mi* Ji,_1(x) (with & > 1 an integer),
—2nYp(z), or —7(Jair(x) — J_2ir())/ sin(mir) (with » € R* by our assumptions on g).

Lemma 6.1. Let h(x) be a smooth function supported in [M,2M] which satisfies
|2'h ()] <; a*(1+ | log 2)
for somea>1, and alli >0, x > 0. For v complex and j > 0

00 aj(l + |logM!) M Rev+i+1
/(; Jy(x)h(m)dx <Lpj Mi—1 (1 4 M)?Reu+j+1/2'

Proof. We integrate by parts, using and ( -

o] [e) :L,V-‘r].
/0 Ju(x)h(z)dr = — ; WJV+1(x)[(]\j)u+lh( =M~ / Jy11(z)hy(x)dx
with hy(z) 1= —(%)”“M[(%)”“h(x)]’, so that

291" ()] i " (1 + [og )

for all ¢ > 0, z > 0. Iterating, we have
[e.e] i o
/ Ju(x)h(z)dr = Mj/ Jytj(x)hj(x)dx
0 0

with h; a smooth function supported on [M,2M] with

|:cih§-i) (z)| <ijw a7 (1+ |logzl)
for all i > 0, z > 0. The lemma then follows from (C.4) applied to J,4;. O
Remark. The lemma also holds for Yp, up to an extra factor of (1 + |log M]).
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We apply this to the integral

/OOO FM(x)Jk—l(%T\/F) (?ﬁ = 2\/D72/

with
C D2 C D2 2 £D2
= —\ —yFpu((—\ —y)°) Jx— —y).
Vet 20 VA (Gt Vit DI LSS CY )
The function h satisfies the conditions of Lemma E with M" = ,/]\g—;‘ and a = loggq. In

particular, if n > q°c?/M the integral is very small. For n < ¢°c? /M we use (C.4), k > 2, and
Rer > 0 to bound the integral by

Ocala(1+ |t|>BMCﬂ>.

To finish bounding this term with minimal effort, we assume that the Ramanujan-Petersson
conjecture holds for g: so that for n > 1, Ds|D, e > 0 we have [Ay,, (n)| < n°. Using the trivial
bound

‘quDl (£ £ Dan;c)| < \/GD1(n £ Dot c),

we find that these terms are then bounded (using } ),y 1 < log X) by

_ 1 V{0
ge L+ NPVVE D M > > (n—Dalc) g g (1+ |t|)B\[q7.
M<Lglte  e<C n<gec?/M ¢
qle

Remark. The Ramanujan-Petersson conjecture is not vital here, and it could be avoided with
more work, but since this section is more to demonstrate techniques we used the shorter proof.
The main point here is the next subsection where the off-diagonal term is evaluated quite precisely
(without any hypothesis). It will only contribute a remainder term (as we already knew by the
results of the previous section), but the identity we obtain will be essential for the computation
of the second moment.

6.2. The off-diagonal main term. Now we evaluate T’ (c) (the n = Dy term of )7 which
will also contribute as a remainder term to the first moment. However, since terms very much
like it contribute to the second moment, we evaluate it in a little more detail. Convergence issues
are less of a worry here, so we can sum 7T J\?[D (¢) over all M (including those with M > ¢'*¢, which
we know to be negligible) to get 79 (c), defined like TP (c) with Fjs replaced by F.

If x¢p, is non-trivial, Gy, (0;¢) = 0, while if x,p, is trivial Gy, (0;¢) = p(c). So vanishes
identically if x, is non-trivial, in which case we are done. Thus we may assume that x,p, is trivial
(and thus the Af(n) are real). Since (¢, D) = 1, ¢ must be coprime to the primitive conductor of

XD, which we call D. From 1) and the first part of Proposition we have gp, = gp = .
Thus we may replace ¢ with cgDy, where D1 Dy = D, D|Ds, and (¢, D2) = 1. Summing over the

new c variable, we obtain the main term of MNP (¢), which we call the “off-diagonal” term:

—* 5(D1) ng(Da)~——=—
MOP(0) = 2nsxp(—q) S LU R D)
g,C 5 XD q P g 2
q Dy DaeD Dy VDy
(D1,D)=1
w(cqDy) /OO 47r\/€>:c A/ bz
> A0 | F@ I (gD, e

e<C/qD1
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We can now replace 7(z) by 1 in the formula for F(z) at a cost of at msot O, (¢~*), by Lemma
We can also remove the constraint ¢ < C'//¢D; with an error term of O, (¢*V¢/C) (using
Lemma and k > 2). Setting y = 4wv/lx/(cqDy), the main term of MNP (¢) becomes

R (0) Xp(D1) ng(Da) ~—+—~
6.5 MOD(p) = L 2g _ D g XD
( ) g ( ) q \/Z XD( q) Dl%;:D D1 \/52 g( 2)
(D1,D)=1
1 (47T)2D2€ s ds
x% Hy(s)L(x, 14 2s)Z(s)H(s)( D p—
(1)
with

¢(cgD1)x o _os
= 3 AR and (o) = [ s

c21
Since ¢ and xp, are multiplicative,
L(x#,2s)
Z(s) = @(qD1)Lp, (X, 28) 2
(s) = ¢(aD1)Lp,(xp, 25) Lol +2s)

where

Ln(Xa S)—l — H(l _ X(p))

ps
pln

Shifting the contour in (6.5) to Res = 1/2 + ¢ and using the standard bounds (see Lemma
(C.2)) for the Bessel functions, we have

(6.6) MPP(0) = Ocg(1+1t))q 6\[09( ))
while if we shift to Res = ¢ we have
(67 MOP(E) = Oy (1 + 1) 7235

This completes our bound for the non-diagonal term.

6.3. A more precise computation of the off-diagonal term. We now calculate the off-
diagonal term more precisely. For this we use the precise expression for H(s).
In the holomorphic case, from [EMOT] 6.8 (33),

2miko 22T (25) 1 (Etka % - s)
Using (A.15) and (A.16)), we have

(6.8) H(s) =

e~ TETGs+3) Ty
H(S)—zk ﬁﬁcos(ﬂ(s kag))F (%_'_s)a
so the off-diagonal term is
Ag(0) D D 1
69) M2 = 29D ED () oy A0 o), Dol J Ut =96
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ks =R ()T (s + 3)
)

Dgg s ds
bqu 5_:“.

)SL(Xﬁa 2S)LD2/1§(X1§7 28)_1(
7 cos(m(s —

The functional equation for L(x p,s) is (see [D])

~

PT(s + L) L(x 1 28) = e ()3T + % — ) L(x5, 1 — 25), £y, = (—i)" L
2 XDJ - =Xp T 2 2 XDJ I Xp — ~ )

(6.10) (l:

where a = 0 if xp is even and a = 1 if it is odd. We consider these cases separately.

6.3.1. x even. In this case xp (hence xp) is even, and kg too, so using (A.15) we have

P FD(s)T(s+35)  T(s)
(6.11) 7 cos(m(s — szg')) - F<% -3)

Applying (6.10)), the integral in simplifies and, after making the change of variable s «» —s
and using (4.8)), we obtain

ony_ MO e@  Glxp)re(D) o e(D1) D (D)

O e e e DlD;D/bewl) b, (5 5

1 (47°)"Ty(5 — 1) _ L, Dot ds

012 s | 42Ty (1 ) LG+ 290 Lo (e =297 (5 )™ 2

(=3)
6.3.2. x odd. In this case xp (hence xp) is odd, and k, too, so using (A.15) we have

*a = (s + 1)D(s) _ Z-kg—k+|k—kg|—1F(5 + $)T(s) _ i‘k_kg‘_lf(s + 1)

meos(m(s — @)) msin(ms) r'(l—s)

Again using 1) the integral in simplifies and we find that M g)D (¢) equals the right hand
side of (6.12)) multiplied by —iks—k+lk=kel — 41

6.4. When g is a Maass form. Here X, is even and &k, = 0. Using [EMOT] 6.8 (33), we obtain
(using 0 < Res < 3/4 < 1 + 5L — |Reir|)

_7_(_2725 [ B(QS7 % — s+ kfl;QiT) B B(28, 1 s+ k*l;?ir)
F(% 454+ k—12—2zr)r(% 45— k—12—2z7’) F(% 454+ k—l;—QzT)F(% 45— k—l;—?zr)

H(s) B

- sin(mir)

where B(z,y) = I'(z)I'(y)/T'(x + y). Taking a common denominator, applying (A.15) to the
numerator, and transforming some cosines in the denominator into products of Gamma functions

through (A.15)), we get

H(s) = 2'72T(2s) cos(n(s — ﬁ))rg(% —5)

. I(s) T4(3
5 Zkﬁ g

-9\ 2 .
Ly(5 +5) L(3 =) Ty(5 +5)

This leads to (6.12]) after applying the procedure given after (6.11]).
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6.5. End of the computations. We use the following equalities which follow from Proposition
recall that we have the decomposition D = D1 DD where D is the conductor of xp,

Ag(D)] =1 50 Ag(D) = Ay(D) ™", [Ag(D2)v/Da| = 1 50 Ag(Da) /D = (Ay(D2)v/Da) ™"

G(xp)\g(D , A
(X[\))fb() =1ng(D), 1= XD(Dl)ng(D1)2>ng(ll;1) = Xp(D2)ny(D2)ny(D)
Af/(z%) - MDQ;;?;](DQ)’ (X (D1D2)ng(D1)ng(D2)g(D))? = ng(D)?.

We plug these formulas into (6.12)); after some straightforward computations, we obtain using

and (T19):

MOP(0) = —,(9) Af/(? SOEJQ) 27172. 3(s)L(Xp, 1 + 25)

D D | (R e
Di1Dy=D/D 1 2

The arithmetic function inside the integral equals

I (pfj - X, —x]j<p>p28>) = /oy TJ -8

.\ P .
p|D/D p|D/D

so we have

Ag(€) p(g) 1 ¢ _, ds
f/z Ty 2 Hy(s )L(XD’1+28)(qD) ST

(6.13) T <au(g)A9(£)‘P(q> 1 Hg(s)L(mst)(lfq)S)

()LD 1+ 28) () S5

Ag(0) p(q) 1 /H ¢ ds

Note that there may be another pole at s = 0 if yp is trivial. Note also that the second term of
(6.13) is very similar to the diagonal term

(6.14) —eu(g)MP () = 2m/H L9 (5,1 + 2s)(— ¢ = ds

Dq’ s+u

More precisely, since

L9D(xp,1+2s) — ([JEI(])L(M, 1+42s) = (H(l — ’;ﬂ(gs)) -] - (1])>L(XD, 1+ 2s),

plg plg
the difference between the second term of (6.13) and , after shifting the contour in the
integrals for the V’s to Res = € > 0, is at most O((1 + |t|) elXg (\%) where ¢~ is the smallest

prime divisor of q.
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Proposition 6.2. Let ¢ be the conductor of x4 and let g~ be the smallest prime factor of q. If
G # 1, then MgOD(K) = 0. Otherwise, we have

MPPO = o) D D s o (o) L1+ 29) ()
<u@MPO) + Ouy(1+ 1)Pg T2,
g Vi
Moreover, assuming that the Ag(n) satisfies the Ramanujan-Petersson bound,

My(0) = MP(€) + MOP(£) + O, (1 + |t\>Bq€j€>.

7. THE SECOND MOMENT

In this section we compute the twisted second partial moment M 4 (p1, 415 £) defined by .
Recall that we have to assume either that £ is coprime with ¢ or that S} (q, xq) = Br(q) so that
Af(0) is well defined for all f € By(q). As with the first moment, it will be useful to consider for
F=(x1,...,70,...,21) € CL the linear form

(7.1) L, g (%) = Z 2oM, (L)
L<L
(£,q9)=1

From our hypothesis on ¢ we may apply the Hecke recursion formula (3.3)) for f, followed by
(3.4]) for ¢’ (since ¢’ is primitive, (3.4)) holds without restriction on m,n), and obtain

pla)xp (a
(7.2) M, (0) = d1/2 i/ Ay (b)
de={ ab=d
X Z V( adn m)i¢(aen).
m,n=1 mn 1/2 qD
We apply Petersson’s formula 1) to obtain M ,(¢) := Mfg, (0) + Mé\fg?(f) with
D B w(a)xp(a Ag(aen) Ay (n) aen adn
My (0) T 1/2 2l /(b)zw—l/%%(ﬁ)%'(qD’)’
ND —k p(a XD’
Mg,y (£) = 2mi Z 1/2 Z Ag (D)
de={ ab= d
m adn 4t\/aemn
X Z Z (qD)v (5o S (msaen; &) Jims (———).

Applying (3.4]) in the reverse direction we have (by (4.13)), (3.9) and (3.10]))
1 Ag(en) Ay (dn)_  en dn
D _ Z 2 : g g
(73) Mgg(g) _£1/2d_ ~ n ‘/g(qD)th/(qD,)

= Oy ((1 + 1t + 1) g eUg(5)> .

1/2

To save notation we now assume that [¢t| > |t/|.
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7.1. The non-diagonal main term. We next evaluate M~ (¢), following the methods used in
IDELIL [KMV?2]. We will evaluate the sum precisely for restricted ranges of the variable m,n, c,
and the remaining ranges will be bounded using the large sieve inequality of Section As in
Section [6] we define

1 m dan
Fyn(m,n) = W g qj) g’(ﬁ)ﬁM(m)UN(n)
and )
m
F(im,n) = —=V, FMNmn
( ) (mn)1/2 g(qD qD’ M%;l
We also define
4my/aemn
(7.4) Ty n(c) = CZ Ag( )S(m, aen; ¢)Fpr v (m, n)qu(f),
1
TN = Z gTM,N(C)v
qle
so that
ND _ -k p(a)xpr(a
(7.5) M = 2mi Z 1/2 al/2 Z Tmn-
de=¢
Note that the derivatives of Fjs n satisfy the bounds
0 4D\ 4 4D’ 4

(7.6) a'y! G P (e, y) < (L [8]) P (MN) 12 (log ¢)™ (

dix Oy x ) (day)
for all 4,7, A, A’ > 0. By taking i = j = 0 and either A or A’ large in (7.6)), we have
Z M7 vy e gy (1+ 1),
M+N>>q1+5
for any € > 0 and any A > 0. Thus we may assume that
(7.7) M < (gD)"**, N < (¢D')'*,
It will also prove convenient to remove large values of ¢ through the large sieve inequality (Propo-
sition together with (3.8), which implies that, for M, N < ¢'*¢,
63/4(DD/)1/2(MN)1/4
C1/2

1
(78) |Z;C CjTM,N(C) < (1 + |t|)qu
qc’c/

Note also that one can do slightly better when averaging over £. Namely, using also (3.7]) to bound
Ag'(b), the corresponding term for Ly (&) (see (7.1)) is bounded by

(79) Z UZ 1/2 H >1</[; /(b) Z C%TM’N(C)

I<L qle,c=2C
(a)=1

L3/4(DD’)1/2(MN)1/4
C1/2
Accordingly, in the next two sections we attach a smooth compact function n¢(c) vanishing for
¢ > 2C and equal to one for ¢ < C.

<e (1+[t)h7¢f [1Z]]2-
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7.2. Applying the summation formula. We apply the summation formula (A.5) on the m
variable with the effect of splitting

(7.10) Tun(c) = T]\O4,D]V(C) + Ty n(c) + TAJZ,N(C)
with (see (6.3)

(T11)  TGR(O) = Sy I p () () () 122

/D, Zn:)\gD2 (aenDa) g (n)G™ (aen,n)

T (@) = xpy@E) LY ST\ )y ()G, (aen £ mDiy )G (2

o)

m,n
m#+taenDa

A/ zx
c

4. /aexy
(— ) Fun(z,y)de

(7.12) 6= [ AT

O R e

FM,N(J") y)dl‘

7.2.1. Treatment of Ty y(c). We rewrite T3; (c) as

T]\:Z,N(C) = XD, (£c) \/(92) Gop, (£hDy; c)T,it(c)
h£0

with
m

Tic(c) = Z Agp, (m)Ay (n)Gi(E,n).
mia?lg;n:h
Following [DFTI], we set P := 1+ ¢ Y(aeMN)/2 Y = aeN and Z := 2P?M~" and f(z,y) =
G*(m/Dy,y/ae) by integrating by part (cf. [DELII] p. 229) one has for all A,4,j >0

z. (e PM
2yl fOD f(z,y) < (1+§) A(1+£) ALPH] 3/2,

Y c
We evaluate expressions like 77" (c) in Proposition which gives
Tyin(©) + Tagn(€) = Ocgg (L4 [8)PV/4Z(acP)? INVAM 2 )

= O g g (14 [t)B\/G(ae)¥/* PR/ANA N ~1/2c2Hey),

Remark. Note that at this point there is a major simplification compared with the treatment
given in [DFLTI] or [KMV2] (and also the forthcoming [MV]): in these papers, g is an Eisenstein
series, with the effect that T]\JSL ~(¢) + Ty, y(c) contains a main term (coming from the constant
coefficient of g) thus contributing to the second moment.

Setting § = ¢° and summing over ¢, we bound the contribution of these terms by

M7/8N13/8
<<5,g,g 1+|t| <f£3/4 \/5517/8>

qt1/4
(7.13) < (L+[t)B¢e (63/4q—(1—2/@)/12 + gl?/gq—(l_zﬁ)ﬂ;)

M1/2
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on choosing C' = MY/242/30=5/2) " The first error term agrees with the one in 1} If now we
consider the corresponding terms for the average L, o (%) then their contribution is bounded by

N C M7/8N13/8 .
< e (Varr S S+ Var T T )

(7.14) < (1+]t)h B (L3/ 1~ (=20)/12) 7 203 713 4 L"/Sq—ﬂ—?@“ufll)

on choosing C = MY2¢?/30-/2)(||Z||a/||Z||1)*/® so that the first error terms equals that of
refsclargelinear.

Note that, to beat the convexity bound by a positive power with our current methods, the
conductor of x, has to be smaller than ¢'/279 for some positive 6. We suspect that this can be
improved through more careful analysis of the cancellation between various Gauss sums, but for
the purposes of this paper such a restriction is acceptible.

This finishes our estimate if x, is non-trivial, since in that case the Tﬁ%(c) are zero: from
we obtain for non-trivial x, the equality

My (6= MES(0) + Oy (14 P47 (824129712 1 171512001

where M fg, (¢) is defined in 1' while from 1} we have

(7.15) Log(®) = Y zM)
I<L
(t.g)=1

+ O gg <<1 + () B (L3421 7372 7)1 +L”/8q-<l—2ﬂ>/4||f|rl>>'

7.3. Expanding the c sum. Assume now that x, is the trivial character. We concentrate on

1
qle
(e,D)=1
where the sum is performed over ¢ < C'. We first add back the terms from large ¢ at an admissible
cost. To be specific, the bounds Jy(z), K4(x) < log(x), Jy—1(z) < x imply that TO,D (€) <e

(1+ |t))Bq > MN, so

1 2 MN 01/2
Z - 1\919\/(0) Legg L+ Pe —F— <eg (1+ W)qu%-
qle,c2C ¢ Ca 1
Next we consider
D OD
=>_ Tux
M,N

where the sum is over the indices such that M < (¢D)'*¢, N < (¢D')!*¢. Again, we may reinsert
large values of M and N at a cost which is Oa((1 + |t[)Pqg~*) for all A > 0. Thus up to an
admissible term TP can be rewritten like but with Fys v (z,y) replaced by n(z)n(y)F(x,y)
in (7.12). We can replace n(y) by 1 since it leaves the n sum unchanged. We can also replace 7(x)
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by one at an admissible cost, namely the size of the term obtained by replacing n(z) by 1 —n(x),
which is O((1 + |t|)Bq5£1/2%). Thus we have, up to admissible error,

Ag/ d
omi RTOP = Z g\/(ﬁn)V (ZDﬁ)MOD(aen)

where M, gO D(¢) is the non-diagonal term defined in 1' From 1’ this equality, 1' and the
Hecke recursion formulae (3.4)) we obtain that the non-diagonal term is given by

MND(Z) _ Mgg]?(g) + Oe,g,g’ <(1 + ’t’)qu (63/4(]7(1725)/12 + El?/Sq(125)/4)>

where

OD oD
(7.16) MEP(0) = dzz dl/g Z qD,)M (en).
Applying the bound (6.7)) gives
cog(l
MEP(O) = Ougur (14 1) 22,

and adding this to ([7.3]) we obtain, in view of (7.13]), (7.14)), and (7.15)) the following proposition.

Proposition 7.1. Let D be a square-free integer, denote by ¢ = ¢ the conductor of Xq- For
L >1 an integer and T = (21,...21) € CL let L, ;(Z) the linear form defined in . We have

(7.17)

— 2/3 1 =2111/3 — —
Ly () < ¢ (L[t +1¢') (ZI ) 4 13302002 2P g 4 78 %)/qul),
I<L

for all € > 0 the implied constants depending only on €,k, g,q". In particular for £ < q1—20)/15
coprime with q, we have
ay(f)
M, (0) < (14 [t| + |t')P e =2
g0 () < (L[t +[£]) Vi
Before continuing our evaluation of the second moment under somewhat restrictive conditions
we derive a generalization of the main result of [DFT II].

7.4. Breaking convexity for Rankin-Selberg convolutions. We now use Proposition [7.1] to
bound L(f ® g, s) and its derivatives along the critical line.

Theorem 7.2. Let g be cuspidal with square-free level D, and let G = ¢° be the conductor of Xgq-
Then for all f € Si(q,xq), t € R, and j >0,

ILY(f @ g, L +it)] <. (14 |t])Bgl/2-(1-20)/80%e,
for all € > 0, the exponent B being absolute, and the implied constant depending on k, g, €.

Proof. We use the amplification technique of [DFLII]: consider a sequence of real numbers & :=
(x¢)e<r indexed by the integers coprime with ¢. For p = 6 + it with |§| < 1/logq we consider the

quadratic form
h

Q@) = Y | > wMOPIL(f®g. 5+ p)

fesSi(axq) (SL
(£,9)=1
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We want an upper bound for this quadratic form. Using the functional equation, we have

A A
L @0 f+ P <1 3 2y e 3 2y

Since we only need an upper bound, we can extend the sum to all f € Bi(q):

o)< 1Y wle |2{|Z s |Z e

feByla) L

Using (¢,q) = 1 along with (3.3), we have

LY @A OP =D D Tan Xy (l2)wan Ay (k).

<L d ¢ 4o<L/d
(£7q):1 (dzle27Q):1

Now for ¢ < L? we define Xy = D d 2ty ty—t Tty Xq(€2)Tde, so that

Q(7) < Ly, Q(X) + L@g(f)-

Hence from Proposition applied to (g, 1), (¢', 1) = (g, 1) and from the estimates

> X, 22 £1/2 KLY e, DX < LEO ] fwel)?, DX < L Jel?)?

L<L? {<L (< L2 L<L I<L? I<L

we obtain for each f € S} (g, xq)

LD DD w2 (OPIL(f @ 9,5+ p)” < Q)
<L
(4,q)=1

< (1+t))%q (||:c||2+L3/2 ~(1-20)/12) 7 ||4/3||*||2/3+L”/4q-<1-2ﬂ>/4||f||?>-

We finish the proof by choosing for (z,) similarly to [DFLII|, page 236: we take

—X,(p)  if £ =p?, paprime < LY/2
e =19 XqP)Ar(p) if £ =paprime < /2
0 else

The x, satisfy

| > 2 Ap(O > ¢ 7L, and ||7]]; + |73 < LY.
(<L
(t9)=1
Using this for L = ¢'/2° and the upper bound (f, f) < qlog® ¢, we obtain the theorem in the
case j = 0 and for the variable s = % + 1 in a 1/log g-neigborhood of the critical line. Cauchy’s
formula then provides the bound for % + p on the critical line for higher derivatives. O
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7.4.1. Proof of Corollary . Let ¢ be a smooth test function on [0, +oc[, equal to 1 for 0 < x <
1/2 and equal to 0 for x > 1. Let f € S};(q) as in the statement. Let X = X(f) be the largest
integer such that A¢(n) = Ag(n) for all n < X. If X < D, we are finished. Otherwise we have

X<y > PgmPP= D Apn)Ag(n) < D Ap(n) o(n/X),

n<X/2 n<X/2 n<X

where the first inequality follows by the fact that the Rankin-Selberg convolution L(g ® g, s) has
a simple pole at s = 1, and the others by the non-negativity of of ¢ and of A¢(n)Ay(n) for n < X.
The last sum is estimated by Mellin transform and a contour shift to Re(s) = 1/2 4+ § for any
0 > 0: applying the Phragmen—Lindelof principle with the bound of Theorem one finds that

Z Ap(n p(n/X) <5 XVH0G1/2-00=29)
n<X

(where v = 1/80 — ¢ is the exponent improving on the convexity bound for the Rankin-Selberg
convolution). It follows that

X <<g,5 q1—2'y+(5
for any ¢ > 0, which is Corollary

7.5. Asymptotic evaluation. To prove Theorem we need the asymptotics of the second
moment, not just an upper bound. Our techniques only accomplish this when S} (q) = Bi(q), so
we add the assumptions that x, is trivial, ¢ is prime, and & < 12. At this point essentially all
of the work has been done, it is a matter to combine all the preceeding estimates: first by
along with Proposition 2| we have

OD e S ) S dn (Dq)s
MO () eulg ) 0 /Zress 0, Hd% Ej § nl +S L(xD,1+2s)H§(s)1@,(7qD,)HM
Ag'(dn)  dn _
(7.18) ~eul9) 20 47V S Ve (M (o) % Ocg (1)),

de={

and from (7.3) (applied to the pairs (g1, 1) = (g, —p), (92, #2) = (¢',4t')) and (6.1)) we know that
the second term in ((7.18) equals

—eu(9) Mgy () + Oc g g (1 + [E)Pg" ).
Combining (4.19) with the equality

My g (€) = MP,(0) + MOP(0) + 0. gy ((1 i+ )P <e3/4q1/12 + e”/%l/‘*) )

we see that the various MP terms cancel each other as well as the possible extra residu at s = 0
for u # 0 (since in that case xp is trivial and g = §); hence we obtain the following:

Theorem 7.3. Let g and ¢’ be primitive (non exceptional) cusp forms of square free level D, D’
and nebentypus xp, Xp’, respectively. Assume that q is prime, coprime with DD', that x4 is the
trivial character and S;(q) = Bi(q). Let p = § + it,y/ = & + it’ with |6],]8'| < 1/logq and
t,t' € R. For any ¢ < q and any € > 0,
(aD)*(gD')" Mgy (£) = M (0) + e,(9)ew (g) MG (£)
ey (g )M (E) + ey (g) M 0

+O0 [ (1 + [t + ') B € <g3/4 -1/12 | 617/8q—1/4>>’
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the implied constant depending on €, k,g,q" with €,(g) defined in ,
dt
(s =)t —p')’

M;’fg“,in(é) = ;Pg(g)z resszu;m/Jg7g/(87t)q8+tD5D/t
(3)
Jg.q'(s,t) == Hy(s)L(xp,1+ 23)Hg/(t)L(Q)(XD', 1+2t)L(g® ¢';¢; 8, ),
Lig®g,1+s+1)
L(xpxp,2+2s+2t)’
where vy g (45 s,t) is the multiplicative function of £ defined by

. ' 1 00 /\g(pkwp(d)))\g/ (pk+vp(e)) 00 )\g(pk))\g/ (") —1.
Vg.g' (€7S7t) = Z dset <Z pk(1+s+t) kz W ’
=0

de={ plde “k=0

L(g®g's4;5,t) = vgg(l;s,1)

and the 3 other mains terms are defined following Convention [{.1]

Now we prove Proposition We suppose that g has trivial nebentypus (so g is self-dual)
and holomorphic. Applying Theorem for p = ¢/ = 0 and ¢ = 1, we find that, up to remainder
terms of order ¢ 1/12*¢, the second moment equals

Mgq(1) :4¢EJQ)ressg 271TZ,/H£,(3)15[9(t)

(3)
Lig®g,1+s+t)dt
¢(D)(2 4 25 + 2t) st
We can shift the ¢ contour to Ret = —1/2 without hitting any poles other than at ¢ = 0, so it
remains to calculate the asymptotics at that point since the remaining contour contributes as a

O(q_l/ 2+€). The residue at s = t = 0 clearly give a polynomial in logg. The leading term comes
from replacing ¢(P)(1 + 22) by @(22)*1 and L(g ® g,1 + s +t) by Ry(s+ )~ where

¢(s) L(sym?g,s) Ilp(1 -p )

x(gD)*H¢PN(1 + 25)¢P) (1 + 2t)

Ry =ress=1L(9g ®g,s) = resg—1 = L(sym?g,1).
g = 1o L{g®9.9) = 1o o) (e M)
Since res 1=0 32 tq;(zr 5= (log?)q)?), we can conclude the proof of Proposition

8. QUADRATIC FORMS AND LINEAR INDEPENDENCE

In this section, we restrict to the case when x, is trivial, ¢ is prime, and k < 12, so Bi(q) = S;(q)
and e(f®g) = e(g). We restrict to the case when p = 0 and ¢ has real coefficients (thus e(g) = +1
and xp is real), and we assume that the coefficients \;(n) satisfy the Ramanujan-Petersson bound
(3.6). We will use the results of Sections |5 and |§| to analyze the behavior of certain quadratic
forms related to the values L(f ® g,1/2). This will in turn allow us to prove a series of linear
independence results similar to those of [V2].

8.1. When ¢(g) = 1. We compute the quadratic form
h
Q@) = Y L(f©g,1/2)|) w0
fesi(a) sL

We will show that, under certain restrictions, this is positive definite.
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Theorem 8.1. For any fited 1/2 > € > 0, for L < (q/D®)Y?=¢, and for q sufficiently large
(depending on €, g) the quadratic form Q(Z) is positive definite.

Proof. For the moment, we assume that y is non-trivial. We have

A()Ap (L) = D eg(d)Ap(baba/d?),
d|(€1,62)

f) = Z&‘q(d) Z xdglxdeMl (6162)
d

£y,

so that

Let L' = L? and define, for ¢ < L'

M
Tp = qu(d) Z Tdey Tdly s
d

l1la=l
so that
Q%) = L(X), X eRY.
This is now a linear form in X, so we can use the results of Section to show that
Q(#) = QM(Z) + Err(2)
with

1/1/2 I\ /4 » .
b €
the implied constant depending on ¢, g and

QM(#) = 2L(xp, 1) Y_24(d) ) xfféjf/%/\ (6162).
41,02 2

By the Hecke recursion,

Ag(lifa) = Y xp(O)u(b)Ag(6r/b)Ag(£2/b),

b|(£1,£2)

SO
(SU XDJ Z (Z Tke El/Q ) . XD) ZV

k V4 k
with

€Q(b) 1. . . .

v(k) = Z gq(d) (D) = H(l — —) if k < ¢ (since g is prime),
bd=k plk p

and

Ag (£
o= Yo g
l
In other words, we have diagonalized QM (), which is now clearly positive definite since L(xp, 1)v(k)

is positive for all k. It remains to bound Err(Z) in terms of QM (F) to prove that Q(Z) is positive
definite. We have

DolwdlP <Y (D0 D lwan llwan|)? < L€ Z(Z |zae, ||ae, |)?
’

1< L2 lilo=C d l1,02

< L¢ Z Z |20, |2 Z |Tay0,] e Lg(z |ze|*)2.

L1082 dy
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By Moebius inversion,

(g )(k)
Lo = Z Z/keilﬁ
k

where A;l is the convolution inverse of Ay:

Thus
(A

2 Qg D)
S lzd> <Y luwed 11/ )

¢<L ¢ k<Ll

—1 2
<Y OO, <, ¢ S luf

k<L)t k<L)t
by (3.8]). Combining this with (8.1)) we have

L L\ 3/4 2
Err(7) <c q (W =+ <q> D )Ek]yk‘ .

Returning to QM (&), since xp is real we have L(xp,1) > D~/2 (of course, we could use
L(xp,1) = c(e)D~¢ but we prefer the results to be effective) so that

QP(&) > a' D7) |yl
k

which finishes the proof of Theorem [8.1]if xp is non-trivial.
If xp is trivial, the analysis of the quadratic form is essentially that of [V2] and we do not
repeat the details here. ]

8.2. When ¢(g) = —1. Now we consider the case where £(g) = —1 and xp is non-trivial. The
functional equation then implies that L(f ® g,1/2) = 0, so we must consider the first derivative
to get interesting results. The corresponding quadratic form is then

0@ = " T oe1/2( w0
feSi(q) <L

Theorem 8.2. For any fized 1/2 > € > 0, for L < (q/D°)'/2~¢, and for q large enough (depending
on €, g) the quadratic form Q'(¥) is positive definite.

We can again use the functional equation to get

A A
52) i og1/2) =23 MWy 1)
n>1 q
with . p
Wyly) =5 [ Hy(&) L0 1+25)y7" 5.

3)
Note that, by the usual argument, for all A > 0 we have

W,(y) <ay™
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and

(8.3) Wy(y) = ress—oHgy(s)L(x, 1+ 2s) ys;s (T(D)D1/2y1/2).

Following the methods of the previous section, we can again write

Q'(#) = 9™M(&) + Brr(7)

with Err(Z) satisfying the same bound as before and
Q™ () = (L(x, 1) logaD + 2L/ (x, 1) + Hy(0)L(x, 1))R(Z) ~ L(x, 1)S(7)
where R(Z), S(Z) are as above. Thus

Q™(#) = (L(x.1)log(qD/L*) (1 + o(1)) + 2L (x,1)) > v(k)y}
k

From the Hadamard factorization theorem [D] for L(x, s), we have
L/
7 (1) = —3log D +0(1)
so that
Q™M(@) = L(x. 1) log(q/L*)(1 + 0(1)) > v(k

k
and we finish as before.

Remark. There are stronger variants of Theorems [8.1] and [8:2] which can be obtained along the
same lines. It is possible to replace L(f ® g, 2) by (f, 2) (f®g, 2) to get the same result at the
cost of sharpening the condition L <. (q/D°)'/?2~¢ to L <, (q/D5 1/4=¢_ Using Theorem . it
is also possible to replace L(f ® g, 2) by L(f ® g, 2) (fod, ) with the stronger condition that
L Legd q1/30 €

8.3. Linear independence results. We now use Theorems and to prove the linear
independence of the actions of Hecke operators in various settings. The general situation is the
following: we have a complex hermitian vector space (V(,)) equipped with a linear action of
the Hecke algebra 7, generated by {T1,...Ty... }(&q):l’ which is symmetric with respect to the
inner product. Suppose there is an element e, € V with f-eigencomponents e, y satisfying the
orthogonality relations

(84) (eg,f, eg,f’) = 5f:f/CgL(f X g, 1/2) if 6(9) =1

(8.5) (eg.+007) = d1—preaL(f © 9,1/2))if £(g) = —1
for some positive ¢; > 0. In the settings we consider, the fact that (eq f,e4 ) = 0 for f # f’

follows immediately from the symmetry of the action of the 7, and the strong multiplicity one
theorem.

Theorem 8.3. For any fized 1/2 > € > 0, for L < (qD_5)1/2_€, and for q large enough the
vectors They, Toey, ..., Trey are linearly independent.

Proof. Suppose that there exists & = (z1,...27) € C” such that

Z x¢Tyeq = Oy.
¢
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Then for each f € S;(q, xq)
ngTgeg,f =0y = Z$g)\f(f)€g7f,
y4 l

and taking the inner product of this last vector with itself, and summing over f, gives

Q) =0=> L(f©g,1/2)| > zers ().
f L<L
Since the A¢(¢) and L(f ® g,1/2) are real numbers Theorem implies that & = 0 if L is small
enough. ]

Theorem [8.3| may have interesting arithmetic interpretations. Let K := Q(1v/—D) be an imagi-
nary quadratic field of discriminant D, xp = (%) the associated Kronecker symbol, and Hy the
Hilbert class field of K. As discussed in the introduction, given a character x of Gal(Hgk /K), we
can associate to it a theta function gg(z) which is a modular form of weight one on I'g(D) with
nebentypus xx. The sign of the functional equation of L(f ® gg,s) is e(¢9) = xx(—¢q) = —xx(q).
When every prime factor of ¢ splits in K, the above axiomatic applies to e, = ek g, the x-
eigencomponent of a Heegner divisor in Jo(¢)(Hg). In this case formula is the celebrated
formula of Gross and Zagier [GZ]. Theorem thus implies Theorem

If ¢ is inert in K (see [Gl BD]), the vector space V is defined to be M ® C, where M is the
free finite Z-module of degree zero divisors supported on the set of supersingular points in the
fiber (of bad reduction) of Xy(q)(F,) (this fiber is formed by the union of two projective curves
intersecting transversally at the super-singular points). The action of the Hecke algebra extends
to this fiber, and the Hecke module M is equipped with an nondegenerate inner product which
gives (,) on V. Alternatively, M can be described as the character group of the toric part of the
fiber at ¢ of the Jacobian Jy(g), the inner product becoming the monodromy pairing. Associated
to K is a finite set of Heegner divisors {ex} living on M which are acted on by Gal(Hg/K).
For any e, the y-eigencomponent ek ; can be taken as our e, of Theorem In this case the
formula was proven by Gross in [G].

In higher weight (k > 2) there is a similar theory and similar formulae which involve higher
dimensional Sato-Kuga varieties instead of X((¢q). The analogue of the Gross-Zagier formula is
due to Zhang (see [Z1],[Z2]). In this setting, the inner product is not known to be positive (and
L'(f ® g,1/2) is not known to be non-negative), but we do not use the individual positivity in
our argument, so the linear independence of the image of the corresponding Heegner cycles still
holds.

9. MOLLIFICATION

In this section, we compute the mollified moments and thus prove Theorem We assume
for the moment that L(f ® g, 3) is not identically zero (that is, if g is real then £(g) = 1), so we
wish to evaluate

h
Mg = 3" L(f®g,1/2)M(f ®g)
fesi(a)
and ,
Myg:= D IL(f@9.1/2PIM(f @ 9)
fesi(a)
for a particular mollifier. Since the exact proportion of non-vanishing for L(f ® g, %) (or its
derivatives), is not terribly important, we will take a very coarse mollifier. Moreover, since we do
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not want to assume the Ramanujan-Petersson conjecture in general, we are also going to sieve a
certain number of “small” primes: let C' > 1 be a constant to be chosen later, and set P = Hpgc P
the product of the primes less than C. For L > 1, not an integer, we define the mollifier

P _ (A (OAg(0) 1 [ L . dz _ Ar(6)
(9.1) M (f®g)= Z T2 on (?) B Z )iz
(<L,(¢,P)=1 3) (<L,(¢,P)=1

The summation condition ¢ < L is redundant, since when ¢ > L the integral defining x, vanishes,
as is easily seen by shifting the contour to the right. Since our focus in this section will usually
be on poles of holomorphic functions, rather than their values, we denote by v(z1, 22,...,2y)
any function, holomorphic and non-vanishing in the domain Rez; > —1/10 ¢ = 1...n, which is
uniformly bounded in this domain, as are its inverse and all of its low partial derivatives. In
particular, we can use this notation for

v(z)=Lp(g@g,1+2) =] Lo(g®g,1+2),
p|lP

the product over small primes of the local factors of the Rankin-Selberg convolution L-function.
By and , this above function satisfies the required properties in every domain of the
form Rez > —4/5 + € for € > 0. In the sequel, the value of the v function may change from one
line to another.

9.1. The first mollified moment. Shifting the z contour in (9.1 to Rez = ¢, we find by (3.8))
that

2
xr
> |§| <ge L.
I<L(EP)=1

By (4.6) and Proposition [5.2] (for u = 0),
Mg — M;nain + g(g)Mgnain + 0579(L1/4q_1/4+6),

where
M;nain = ress_g HQ(S)L(XD> 1+ 25)(qD)S xl)‘g(e)
S £1+5
4
Hgy(s )L(XD, 1+ 2s)(¢D)* 0) L*dz
©:2) — R0 2i / Z 1+8+z 3
(3) (P)=

The error term is admissible when L = ¢ for some fixed A < 1. We have the factorization

L(x%,2 + 25 + 22)
Lig®g,l+s+z)

Z ,u(ﬁ))\g(f) (st s L) (x3, 2 + 25 + 22)

Arers st )L<P>(g®g,1+s+z) =wls2)

(¢,P)=1

where for P large enough 14 (s, z) is of the type described above. If P is choosen large enough,
then |v1(0,0)| is bounded from below by a positive constant depending on P only.
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9.1.1. Shifting the z contour. As in [KMV1] Section 4., we evaluate M;”‘”" by calculating the s
residue and deforming the z contour to the left of the line $tez = 0, so that the main term comes
from the residue of the resulting expression at z = 0, the integral along the new contour being
negligible. We use the following lemma which can be proved by combining the modularity of the
symetric square L function established by Gelbart-Jacquet, the modularity of GLs x G Ly Rankin-
Selberg L functions established recently by Ramakrisnan [Ral with the method of Hadamard—de
la Vallée-Poussin and the general theory of Rankin-Selberg L functions for automorphic forms on
GL3 and GL4 (see [Mo]).

Lemma 9.1. Given g as above there exists ¢, > 0 such that the functions L(g ® g,1 + z),

L(g®g,1+z), and L(g®7g,1 + z) have no zeros in the domain

N —

log(|Smz| +2)°"
C

log(\%mz|+2

derivatives up to any order a are bounded in modulus by Cy o 5(1 +|Smz|)® for any & > 0.

{2z, Rez >

Moreover, on the border v := {z, Rez = } these functions, their inverses and all their

Let v denote the contour {z, Rez = W}I By shifting the z contour of to
v we encounter a pole at z = 0 and a contour integral which, by Lemma is boune by
Og4(e™ € ‘/@). This will turn out to be a negligible term since the residue W111 be a power of
loggq.
So the main term of is

v1(0,0)Hy(s)L(xp, 1+ 25)(gD)* L(x%),2 + 2s + 22)L?

s Lg®g,1+s+2)23"
What is important to us are the highest powers of log ¢ or log L coming from this expression, so
in the forthcoming computation we will replace any function holomorphic and smaller than any
power of log ¢ near (0,0) by its value at that point. Evaluating this term depends on the number
of poles at the origin, which in turn depends on whether yp is trivial or not. We thus break into
two cases.

(9.3) resg z—0

9.1.2. xp non-trivial. Suppose first that g has complex coefficients. The only poles in (9.3]) come
from the 1/s2% factor, so the main term is

L(XDa 1)L(X2D7 2) res. . (qD)sLZ _ V1(07 O) L(XDa 1)L(X2D7 2)
Lig®g,1) S0 g3 2 Lig®g,1)

the remaining terms being smaller by a power of log ¢ (note also the importance of 71(0,0) being
non-zero). Putting this into Mln‘”", we have

(9.4) v1(0,0) log? L,

£1+8+z ’ L(g®§71 —|—5—|—Z)

)

so that, setting Ry = resszlL(g ®7,s),
L(xp,1)L(xpXp,2) ~ (@D)’LE(s + 2) L(xp,1)L(x}, 2
R, 520 523 R,

which is smaller than (9.4)) by a factor of log L. Thus this term can be ignored, and the main
term for the first mollified moment is given by (9.4]).

1(0,0) — 11 (0,0) Jlog L.

SWe take ¢g < 1/10 so that we may bound any function of the form v on ~.



RANKIN-SELBERG L FUNCTIONS IN THE LEVEL ASPECT 35

Similarly, if g =g, the main term of the mollified first moment is given by

L 1)L(x%,2 D)*L* L 1)L(x%,2
(XD? ) (XD? ) eSS 2=0 (q ) 3(8 + Z) — 21/1(0’ 0) (XD? ) (XD? ) IOgL
R, ' sz R,

(9.5)  2u1(0,0)

9.1.3. xp trivial. If xp is the trivial character, then g = g and L(xp, 1 + 2s) has a simple pole
at s = 0. The same sort of calculations as above lead to a main term of
w(D) L(X%, 2) Lxp:2) (gD)’L*(s + z)

(0 0) 2D Rg s,2=0

5223

@(D) L(x}.2)

(9.6) =n(0.07 5=

(loggDlog L + % log? L).

9.2. The second mollified moment. Next we turn to the second moment. We start with the
square of the mollifier: by (3.3]) we obtain

A¢(0) Ar(0)

(9.7) MP(feal= 3 = > g

(<12 1<L2,(¢,P)=1

(6,P)=1
where

. // 3 1 ( (fl)Ag(fi)NZ(@))\g(fz)Lz1+z2 dz1dzy
(2imy? 3?2, sz —10165=0 d1+21+22 e 2%
Shifting the z; and z9 contours to Rez; = € and using (3.8)), we obtain
(9-8) 20| ey ¢° Z |)‘g(£1)|2
AL

Now we have

M%?: Z £1/2M99(0 Oﬂ)

1<L?
(¢,P)=1

where M, 5(¢) is defined in (4.7). Using Theorem for p=p' =0, ¢ =7, together with ,
we obtain
(9.9) Myg = /\/lgjg"" + Oe’g(qe(LS/'zq—l/lfz + L2VAGYAY),

with
M;’}gln — M;%lln(L) + Mg?gain(L) + g(g)Mglgam(L) + g(Q)M;Lgain(L),

main . 1 .%’[T]g@(g; S, t) s+t dt
(9.10) M (L) = ress 05 Jyg(s,t) 2 f(qD) —
v
and
_ Llg®g,1+s+1)
11 , = H,(s)Hz(t)L 1+ 25)L@ 142 ’
(9.11) Jg.q'(5,1) g(8)Hg(t)L(xp,1+28)L'" (Xp, 1+ t)L(xDYD,2+2s+2t)’
where
Fop(d)) X, (phtee(©)) Ag (D)X (") !
g g g
012) gt = 3 o T (30 2 (5 M0
de={ plde k=0 k=0
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The other three terms, Mg?g“i”(L), Mg%‘””(L), and M;”gam(L) are defined similarly. As long as
L = ¢ for some fixed 0 < A < 1/30 the error term in is o(1) which is admissible since the
main term will be a power of log q. We also replace ¢(q)/q by 1 at an admissible cost.

We will concentrate on the first term, M gr%am(L), but we will also mention where the other
terms differ.

9.3. The main term of the second moment. First we get rid of the ¢ integral in (9.10): we
evaluate the residue at s = 0 then shift the ¢ contour to Ret = —1/2+¢, picking up a pole at ¢t = 0.
By , together with , the integral along the new contour is bounded by Oa’g(q_l/%s),
which we can ignore. Thus, up to an admissible error term,

_ é ,t D s+t
Mo (L) = ress—0Jg(s,t) Z zine5(4; s,t) (¢D)

(6,P)=1 st
( )S+t + d21d2:2
9.13 s J t K, - ,t, , Lzl 22 ’
e o om0 Raglonta, )17
where
N95(4;8,t) f s,t) () Ag (61) 1(02) Mg (£2) 12 (d)|Ag(d)?
Kgg(s t 21722 Z < Z €Z1622 Z W
lila=( d,(d,Pt)=1
Note that
2 2 2 _
1= (d)|Ag(d)] [Ag(p)] Lg®g,1+ 21+ 22)
Z dl—i—z—li—zg :H(IJFm)VQ(ZIJFZQ)L e .
d,(d,P0)=1 ple p (XDXps2(1 + 21 + 22))

We may choose P large enough (but independently of g) so that by (3.7), K, 35(s,t, 21, 22) admits
a factorization of the form

(9.14) Kg5(s,t,21,22) =

vo (s, t, 21, 22) L(XDXp» 2)|L(xD: 2)|*L(g © G, 1 + 21 + 20)
Lg®g,1+s+2)Lg®g,1+t+21)L(g®2g,14+s+21)L(GR7G, 1 +t+ 22)
Once again we extract the main term by shifting the contours of z; and 29 one at a time to . The
difference from the first moment is that we will have to deal with an extra pole at z1 + 29 = 0. We
will handle this extra contribution in a way similar [KMV?2] Section 5.3 (except with only two z
variables instead of the four found there). Here we merely sketch the argument: first we shift the
zj contour to —4%j, then we shift the z; contour to v encountering poles at z; = 0 and z; = —2s.

The resulting integral of z; along + is negligible: shifting zo to Rze = 1/log g lets us bound the
resulting zo integral by (log (1 + |21]))? for some absolute constant B using Lemma so the
z1 integral along ~ is bounded by

! / du
log q)B (log(2 + |u|)B L ~co/2l0s+ul)__—2

<, (logq)F'e? log(log ¢))—b1 (log L)*/2 <, o—0log/2q

for some absolute 6 = d(g, B, A) > 0. This is certainly sufficient, so we may ignore the resulting
z1 contour and deal only with the residues passed during the shift.
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9.3.1. The pole at z1 = —z5. jFrom this pole is simple, so to evaluate it we replace L(g ®
.1+ 21 + 22) by Ry and all other 2;’s by —z5. At this point there are no powers of L remaining,
so we are left with the residues at s = t = 0 and for these the main contribution contribution
come only from the J, 5(s,t)(¢D)*™ portion (recall that 25 is along —v/2 which is faraway from
0). We find that the contribution of this pole is

(9.15) Oy(logg®)  if xp is trivial,

(9.16) O4(log q) if xp is non-trivial.

In each case these will turn out to be smaller than the poles encountered at z; = zo = 0. Note
that the powers of log ¢ in (9.15)) and (9.16]) are independent of the power of z, we have taken for

the mollifier (here 3). Had we choosen that power to be 2, these terms would have been the main
contribution, which is very inefficient for the mollification.

9.3.2. The pole at z; = 0. We are left with the contribution of the pole at z; = 0. We evaluate
the residue at z; = 0 then shift the z5 contour to . In the process, we meet a pole at zo = 0 and
the resulting 2 integral along ~ contributes a negligible error term as above. So the main term
of M;%‘””(L) is given by the residue of at s =t =21 = zg = 0. The term with the highest
power of log g and log L is

V2(07 0,0, 0)‘L(X%)v 2)|2

(¢D)s L+ 2 L(xp,1+28)L(Xp, 1 +2)L(g ® g, 1 + 21 + 22)L(g ® G, 1 + s + 1)
st2}z3L(g©g,1+s+2)Lgg,1+t+21)Lg®g,1+s+21)L{FRTG 1+t +2)
Again, it makes a considerable difference whether xp is trivial or not, and whether g = g or not.

T€8s,t,21,20=0

9.3.3. xp non-trivial and g # g. When xp is non-trivial we may replace L(xp, 14+2s)L(Xp, 1+2t)
by |L(xp,1)|?, since they contribute no poles to the expression. We may also replace L(g® g, 1+
s+21)L({G®RFG,1+t+ 2) by |L(g ® g,1)| so it is enough to compute
(gD)*TELA1T22 (s 4 29)(t + 21)

stz} 23 (s+1t)(21+ 22)

I€8s,t,21,22=0

The pole at s = 0 is simple, so this equals

(gD)!L* %2 (t+2)  log’L
122322 (214 22) 8

Note that from the z1 + 2o = 0 pole does not contribute as a main term.

This is the first time that the evaluation of M, ;’:‘g“m(L) differs. In that case, 1437 is replaced by
N4, and Jy 3 is transformed into J, 4, so arguing as before we have a main term of

V2(07 07 07 0) |L(X2D’ 2)‘21‘685775731722:0

log® L

+ log gD

TCS¢t,21,20=0

(gD) ™ L***2L(xp, 1 +25)L(Xp, 1 + 2)L(g ® g, 1 + s + ) L(g® G, 1 + 21 + 2)
stz325L(g® g, 1+s+21)L(g® g, 1+t +21)L(gRG, 1+ s+ 22)L(g®7G, 1+t + 22)

This time L(g ® g,1 + s 4+ t) has no pole at s +¢ = 0 so the residue is smaller by a factor log L,
thus this term and that coming from MZ2*"(L) do not contribute as main terms.

Adding in the contribution from Mg’fgam (L), the main term for the second mollified moment is

IL(xD, 2P| L(xp, 1)I?

log* L | DlogSL
1L(g® g,1)[?

(8 +loggq 3)~

(9.17) 2155(0,0,0,0)
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Comparing with the square of the modulus of (9.4) we see that the powers of log L and loggq
match, so the fraction of L(f ® g, %) which do not vanish is at least
h | Mi(g)|” |v1(0,0)[
1>2———>A—"—"_(1 1)).
2 M(g) ~ H0.0.0.0) " )
fesi(a)
L(f®g,5)#0

|v1(0,0)?

72(00.0.0) is bounded from below independent of g.

In particular, the positive constant A

9.3.4. xp non-trivial and g = g. In this case all four Mgfg‘lm(L) terms are equal, so the main term
is

415(0,0,0,0)|L(xD, 2)|* 1S5 1,21 20=0
(¢D)* 'L | L(xp, VP L(g® g, 1 + 21 + 22) L(g ® g, 1 + 5 + 1)
st{z3L(g® g, 1+ s+21)Lg® g, 1+s+2)L(gR g 1+t+2)L(gR g, 1+t +2)
which reduces to
IL(x3,2)I*|L(xp, 1)|? (gD)sT LA T2 (s 4 21) (s 4 22) (t + 21) (t + 22)
R2 Saitiz1,22=0 stz}23 (s +1t)(z1 + 22)

415(0,0,0,0)

1L(xD,2)P|L(xp, 1)[?
R
Again, from (9.16|), the z; 4+ z2 = 0 pole does not contribute as a main term and the ratio of the

square of the modulus of (9.5) to the modulus of (9.18]) is bounded from below by an absolute
positive constant.

(9.18) = 415(0,0,0,0) (log? L 4 log Llog ¢D)

9.3.5. xp trivial. In this case g = g and we are reduced to

©(D) 2 L(x},2)?
R

41/2(01 Oa 07 0)(

(gD)*TELA1422 (54 21) (s + 20) (t + 21) (¢t + 22)
s2t223 23 (s +1t)(z1 + 22)

Xress,t,zl,zzzo
o(D) )2 L(x%,2)? (10g4 L
D R2 4
and again this matches with the square of in magnitude.

log L(log ¢D)?

(9.19) = 15(0,0,0,0)( 3

+1log® Llog ¢D +log? Llog? ¢D +

)

9.4. Non-vanishing of the first derivative. Finally, if ¢ = g and e(g) = —1 we have L(f ®
g, %) = 0 identically, so we turn to computing the first and second mollified moments of the first
derivative:

h h
Y U(fegM(feg), and Y L'(f©g)*M(f®g)
fesi(a) fesi(a)
The case is completely analoguous to the above one, starting from , all that we do is replace
% and % by % and %, which affects the orders of magnitude of the first and second moments in
the same way (increasing order of magnitude of the former by one factor of log ¢, and increasing
the order of the latter by two factors of log ¢, while changing the constants slightly).



RANKIN-SELBERG L FUNCTIONS IN THE LEVEL ASPECT 39

9.5. Removing the harmonic weight. So far we have proved (|1.3)) with
€ Si(q), L ,2)#0 (k-1 1

g 4 k—1 ,
Si(a)l (L )
L(f®g,3)#0
andwith
€ Si(q), L' Ay £0 _
€S LUS03) AN gy TEZD 5~

Si0)] T ST

L/ (f©g,5)#0

In [KMV?2], Section 6, a procedure is described for passing from harmonic weights to natural
weights. This same procedure applies in our case, the key point being the convexity-breaking
bound of Theorem (in [KMV?2] the necessary breaking-convexity bound was provided by
Theorem . From this one can conclude the proof of Theorem |1.7

APPENDIX A. SUMMATION FORMULAE

In this appendix we derive formulas for expressions of the type
an
> Ag(n)e(=)F(n),
n

where ¢ is one of the forms discussed in Section 3] with nebentypus xp, a and ¢ are relatively
prime, and F' is a smooth function, decaying rapidly at infinity, which vanishes in a neighborhood
of the origin.

Such formulae do not seem to be in the literature for non-trivial levels (although they are
certainly known to several people). We mix the methods of Jutila [J] and Duke-Iwaniec [DI],
starting first by establishing the analytic continuation and functional equation of the Dirichlet
series L(g, ¢,8) = 3,51 Ag(n)e(ng)n™?, using the automorphic properties of g. The summation
formulae then follow through Mellin inversion.

Recall that the action (of weight k) of GL3 (R) on the space of functions on the upper half is

deth/?
fiy(2) = ;;%—Z)wa.z)

where v = ( Ccl Z > ,j(7,2) = cz +d, and 7.2 = ZZZIS The form g satisfies the automorphy

equation
9(2) = xp(7)9(2)
where xp(v) = xp(d).

A.1l. A review of Atkin-Lehner theory. The theory of holomorphic newforms in the classical
setting is primarily due to Atkin and Lehner [AL] in the case of trivial nebentypus, and was
extended by Li in [Lill [ALi] to the general case. We review these results in this section, noting
that they apply equally well to Maass forms. In what follows let S, (D, xp) denote either a space
of holomorphic forms (in which case * may be replaced by a k) or Maass forms.

An important role in this theory is played by the Atkin-Lehner operators, which are defined
as follows. Given a factorization D = DDy with (D1, Dy) = 1, xp factors uniquely into xp =
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XD, XD, Where xp, is a Dirichlet character of modulus D;. For any y = 1(D;), z = 1(D2) and
integers z,w such that D?zw — Dyz = D1, the matrix

xD4 Y
zD wD; )’

WDl : S*(D’XD1XD2) = S*(DaYDJCDz)
which is independent of the choice of w, z, y, and z. In addition, if T/V]’jl comes from another

matrix of the same form but with no assumption on congruence classes 2’ (mod D3) and y’ (mod
D), then

defines a linear map

(A]') WlDl = YDl (y/)YDQ ('/L‘/)WDI'
For (Dy, D2) = 1 with Dy Ds|D such that (D1Dy, D/D1D2) = 1, we have
(A~2) WD2 © WD1 = YDQ (DI)WD1D2> WD1 o WD1 = XD1(_1>YD/D1 (Dl)Ia

with I the identity operator. Note that if D; = D, Wp is the Atkin-Lehner involution represented

by the matrix
0 1
Wp = < D 0 ) .

These operators act in a convenient way on the space of newforms. To be more precise, we enclose
in the two propositions below the properties of these operators that we will use in the sequel:

Proposition A.1. [Lill [ALi] If D = D1 Dy with (D1, D3) = 1, the operator Wp, sends newforms
to newforms:
e For ge S.(D,xp,xD,)",
9wp, =t Ng(D1)gp,
with gp, € S+(D,Xp,XD,)* and |ng(D1)| = 1. The constant ny(D1) is called the pseudo-
eigenvalue of the operator Wp,. If xp, is trivial, then Wp, is an endomorphism of

S«(D, x) and ng(Dy) is a true eigenvalue: gp, = g.

e 1A (D1) £0,
(A.3) ny(Dy) = —2xD1)

Ag(D1)v Dy
where G(xp,) is the Gauss sum associated with the character xp,. Moreover for D1Ds|D,
such that Dy and Do are coprimes, coprimes with D/D1Dy and Ag(D1D2) # 0 we have

Ng(D1D2) = xp, (D2)X D, (D1)1g(D1)1g(D2)

o The Fourier coefficients of gp, are

o WA(n) i (n,Dy) = 1
(A4) Agp, (n) = { Xﬁz (n)Ag(n) if n|D?<;l

e If D1 = D then gy, = n4(D)g with g(2) = >_, 51 g(n)e(nz), and
(A.5) Rolm) = XD () if (n, D) = 1.

In [ALi] the formula (A.3]) is given only for D; a prime power but it extends to composite Dy
by (A.2) and by the multiplicative relation for the Gauss sums:

G(XD,XDy) = XDy (D2)G (XD, ) XD, (D1)G(XD,)-
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Proposition A.2. Let D = DyD where D is the conductor of xp. For g € S(D,xp,XD,)* and
p a prime factor of D one has

e if p| Do,
_1 .
Xp(p)p if (p,D/p) =1,
(A6) w? = { ot RO
o if p|D/(Do, D), [Ag(p)| = 1.
A.2. A factorization lemma.

Lemma A.3. Let D > 1 be an integer, and let a,c two coprimes integers. We suppose that
b

a
c d
SLa(Z), such that the following identity holds (as operators acting on weight k modular forms,

not as matrices)
a b a v 1 0
Vz(c d>:<c’D d’>OWD20(O D2>

/ /
for some vy = < C?D Z, ) € I'o(D). The integer d' satisfies the congruences

D, := (¢, D) is coprime with Dy := D /Dy then there exists a matrix of the form v = €

(A.7) d =a(Dy), d = —c(D5)

Proof. Since (a,c) = 1 and moreover (¢, D) is coprime with D, we may select of the form
[ a b . . . _( xDs y . .

=1 . 4 ) with Da|d. Now pick any matrix Wp, = 2D wD, > representing the Atkin-

Lehner operator (in particular y = 1(D32), x = 1(D;)) then form

71::D21d.7.<(1) 0 )'WD;:<awD2—sz1 —ay—i—:cb)ero(D)

D;l cwDy — zdDy —cy+ xd
by our choice of d. Moreover, d = —cy +xd =d = a(D;) and d' = —cy + xd = —c(D3), hence
the lemma follows since scalar matrices act as the identity. O

A.3. The summation formula: holomorphic cusp forms. Given a, ¢ coprimes integers such
that D; = (¢, D) is coprime with Dy = D/Dj, in the next three sections we return to showing
that
a a, _
L(g, = s) = Z )\g(n)e(ng)n s
n>1
admits an analytic continuation over C with a functional equation which we describe below. We
then obtain the desired summation formula by Mellin inversion.
We start with g a holomorphic cusp form of weight k. Take v € SLy(Z) as in Lemma For
any z with Rez > 0 we have, in view of Lemma [A.3]

9(72) = (cz + d)Fg,(2) = (cz + d)* Dy **x(31)ny(D2) g, (D%),

From (A.7) we have
X(’Yl) = XD (d/)XDz (d/) = Tm(a)XDz(_C)v
so that

(A.8) g(v2) = xp, (E)XDQ(—C)T]Q(DQ)D;k/Q(CZ + d)*gp,(2/Ds) := /@D;k/z(cz +d)*gp,(2/Ds).
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For t € R*T set z; := —% + C%, so that cz; +d =i/t, vz, = it/c. By Lemma 1) D, divides d,
SO

Do Do D
() = e(-nT 22 —nl) = e(-n"2) = e(-n"2),
which in turn implies that
a, k-1 2mnt
g(vz) =Y Ag(n)e(n=)n "z exp(———) =
w1 c c
. Dy n k-1 2mn . _
A9 kB A 272y . =k
(A.9) i mz am, (Me(=n=2) () = exp(= 50

po+igT dt

Since t — g(yz¢) has exponential decay at zero and infinity, the Mellin transform fo g(vzt) .

is analytic on C. For Res sufficiently large, by the first equality in we have

k—1 k-1 a

0 k=1 dt c
5t — )" 2 (s + ——)L(g,—
| st T = o T+ e, L),

which provides the analytic continuation of I'(s + & )L(g, ,s) over C. Multipliying both sides
of . ) by t5T(:=1/2=1 with —Res sufficiently large then integrating over t, we have

(A.lO) (C\/>2) ( +%1)L(g7%78) _ikﬁ(C\/EZ)l_SFO_S"Fl{:;l)L(ng_l)cQa’l_s)v

the functional equation. Note in particular that since the left side is holomorphic for s > (k+1)/2,
the poles of the I' function on the right must be cancelled by zeros of the L function.
Now let F': R™ — R be smooth, vanish near the origin, and decay (along with all its deriva-
tives) rapidly at infinity. Let F'(s) denote its Mellin transform. Equation (A.10) then gives
1 [ - . c\/ﬁz)l_QsF(l — s+ 1) Dsa

a 1 2
— [ F(s)L(g, -, 8)ds = i*x— | F L 227 1 — s)ds.
97 (s)L(g, - ,8)ds =i Ko (s)( M+ &) (92> o s)ds

(1) (1)
By Mellin inversion (and a contour shift slightly to the right), the left-hand side equals

3 )\g(n)e(n%)F(n).

n>1

To evaluate the right-hand side, we shift the contour to Res = —1 (crossing no poles, by the
above argument) and change variables, replacing 2(1 — s) with s. The sum on n is then absolutely
convergent, and we can write our sum as

D 1 [ I(s+52) 2
n 2(1)%'/51(1_3) (5 p) ( ﬂ\/ﬁ)_sds
c 27

(4)
Next we open the Mellin transform, with the goal of writing this expression as the integral of
a single function against F. There is a slight problem of absolute convergence when k£ = 1, to
avoid it we deform the line Res = 4 to the contour joining the points —1/4 +ico, —1/4 +14,3/4 +
i,3/4 —i,—1/4 —i,—1/4 —ioco, replace F'(1 — s/2) with the integral of F' against ~%/2, and shift
the s contour back to Res = 3/4 (note that the shift is justified since we perform a shift in the
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domain Res < 1 for which the residual horizontal integral go to 0 as |[t| — +00). Finally, we use
the identity ([EMOT])

Je—1(z) = %% /(x/z)—s
(o)

e Ag(me(n)F(n) =

n>1

- ng(D2) GDQ k Am/nx
@0 S, (el [T (o) [t s (T

A.4. The summation formula: Maass cusp forms. Suppose now that g is a primitive Maass
form with nebentypus xp, with a Fourier development at infinity of the form

— 37y (n)ef (na)2ly[ 2 Ko (2 ]y)).

n>1

I'(3+
r(1—

+51

+ 551

l\')\l‘n

ds, for0 <o <1

N|»

to obtain

where

ct(z) = 2cos(2mx), ¢ (x) = 2isin(27x).
Since these forms satisfy the same sorts of modular relations as do the holomorphic forms, Atkin-
Lehner theory applies to them as well. Note also that since R(f},) = (R(f))5, where ¥ is the
matrix v with the antidiagonal multiplied by —1, we can use to show that, for Ds|D, Wp,g

has parity xp,(—1)eg.
For (a,c) = 1, we first evaluate the sums

>~ Ag(m)et(n2)F(n),
n>1

of which our desired sum is a simple linear combination. As before we start by establishing the
analytic continuation and functional equation of

L+ 97 a’ Z)\ 787 ZA ﬂeg ) —s
n=1 n>1

Once again, relation (A.8)) is valid (with k& = 1), where gp, is some primitive Maass form of
nebentypus xp,Xp,- Using the same 2; as before, we get

Dza
(A.11) Z Ag(n)c™( \/>KW 27m = nZAgD2 90 ( HcDgtKW 27TncD2t)

n=>1 n>=1

For Res sufficiently large, we use the identity (see [EMOT] 6.8 (26))

1 c 1 s+ 1 4ar s+ % —ir
K 2 S+22873/2F 2 1‘\ 2
/ \/> ir( 7m \f(27rn) ( 2 )I( 2 )

to show that
o dt Ll s+ i4ir s+ 1—ir
| gt = fenm (AT T2 T g, % 4 ),
0
The exponential decay of g(yz;) at zero and infinity implies the analytic continuation of

s+%+i7’ s+%—ir a
I Lt(g,—,s).

I
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Arguing as before, we infer the functional equation

D
(A12) A+(g7 %a 8) = K’A+(9D27 - jaa 1- S)
a cV Dy o s+ s —ir a
A+(g7 *¢3) = ( 2) F( )F( >L+(ga *75)'
c T 2 2 c

To get L~ ,we apply the differential operator ﬁ{% on both sides of 1} getting (since v €
SLy(Z))

Z Ag(n)nc59 (nRey2)2|Smyz| V2 Ky (2rmSmeyz) =

1
(cz + d)? =

K —& Y
Dy Z Agp, (n)nc P2 (”$/D2)2\/ D—2Kir(27rny/D2).

n>1

The same argument as above leads to the functional equation

a Daa
(A]'B) A_(Q,E,S) = _K’A_(gD27_7271 - 5)7
_,a VDo, 1 +s+ir  1+s—ir a
A (ga E?s) - ( T ) F( 9 )F( 92 )L (.ga C’S)‘
Taking a linear combination, we have
a a a
2L(g,—,s) = LT (g, - L (g,—
(9. ~:5) (9:=,8) +L7(g,—,5)
NG ) Doa ) Doa
=ff(TQ)1 Z[(CH(s) - C (S))L(gDz,—TQ,S)+69D2(C+(8)+C (8))L(9D2,72,8)]
with
T 1—s+ir T l1—s—ir T 2—s+ir r 2—s—ir
CT(s) = ( 52+z'r) (s—ﬁ« )v C(s) = (1+82+ir) (1+82—ir)'
I(=55)r(55*) (=50 (=)
This in turn leads to the identity
QZ)\g(n)e(n%)F(n) -
n>1
27K nDsa ., 1 - CN s _ S\, 2my/n,
14 — = 1—= 1—-)— - =
" (4)
27K anall/A S\ S Ciq S\ 2myn
Feam, g 53 S AT g [ FL= HCT= 5+ 0= T
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A.4.1. Computation of Ct(s) &+ C~(s). We compute C*(s) + C~(s) using the basic recursion
properties of I' (the functional equation and the duplication formula):

(A.15) [(s)[(1—s) =m/sin(rs),[(5 + s)[(3 — ) = 7/ cos(ms),

(A.16) T(s)D(s + 3) = 21727121 (2s).

Some straightforward trigonometric calculations give

(A.17) Ct(s)+C (s) = wm — s+ir) (1 — s —ir),
2251 P(1—s—ir) T(1—s+ir)

Al T(s) = C7(s) = —

(A-18) Crs) =7 (s) sin(7wir) [ (s —ir) I'(s+ir)

At this point, we repeat the arguments of the preceeding section, arriving at integrals of the
form

L ra =S v irE —ir )(‘”f)

271 2 2 2 e/ D
(3/4)
or
1 / F(l—f) I'(z—ir) F(%—i—ir) (47rf)
2mi 2/ |\I'1—=5—ir) T(A—-354ir)| /D
(3/4)

We again replace F (1—s/2) with the integral of F' against 27%/2 and exchange orders of integration.

In order to maintain convergence, and to avoid the poles at s = 42ir, instead of staying at
Res = 3/4 we use the s-contour linking the points —1/4 + ico, —1/4 + 2i|r|,3/4 + 2i|r|,3/4 —
2ilr|,—1/4 — 2i|r|,—1/4 — ico. In particular, if ir € R* (the case of exceptional eigenvalues) we
still have from Selberg’s bound that 3/4 > 1/2 > |2ir|. From this and the identities [EMOT]

1
K2ir($) = %%

—

(I/2)_SF(§ + ir)F(% —ir)ds, —Re2ir < o

s

1 (s +ir
Joir(x) = %% /(x/Q)S(iS%—zrdS’ —Re2ir < o < 1.

NG
a (1—5+ir)
we have
Y F(n) = xy (@)xy(—) 122 me(—n D2 dr/rE
o SR =X @0 5D, (el ) [ F@a

g (D aDy 4m\/nx
e, X0 (@00 (—0) D2 Y (en ™) [T ), (T

where €4, = Xp,(—1)eg and

™

Jg(x) = — (Joir(z) — J_2ir(2)), Kq4(x) = 4cos(mir) Koy (x).

sin(mir)

When r = 0, the case of greatest interest, the functions reduces to —27Yy and 4K, respectively.



46 E. KOWALSKI, P. MICHEL, AND J. VANDERKAM

A.5. The summation formula recapitulated. We put everything into one formula for conve-
nient reference.

Theorem A.4. Let D be positive integer, xp a character of modulus D, and g be one of the
forms presented in Section [3. For (a,c) = 1, set Dy = (¢,D), Dy = D/D1, and assume that
(D1, D2) =1, so that xp = XD, XD, 1S the unique factorization of xp into characters of modulus

Dy and Dy. For F € C®°(R*") a smooth function vanishing in a neighborhood of zero and rapidly
decreasing

¢y Agn)e(n?)F(n) =

n>1
— 1g(D2) —n@ > . dm [nx -
@ (O S ()2 | r@a,CE B
— ng(D2) aDy it [nz
0@ S, (e 2) [ @

In this formula

o 14(D2) is the pseudo-eigenvalue of the Atkin-Lehner operator Wp,. If A\g(D2) # 0 it equals
value

_ G(XDQ) i
ng(D2) = )\79(132)\/5{

e If g is holomorphic of weight kg, then
Jg(x) = 27rik9Jkg_1(x), Ky(z) =0;
e if g is a Maass form with (A + X)g =0, then let r satisfy A = (5 +ir)(3 —ir) and let g,
be the eigenvalue of g under the reflection operator:

Jg(z) = sz;r)u%(x) — Jogir(x)), Ky(x) = egdcosh(mr) Ko (z).

e ifr=0,
Jg(x) = —21Yp(x), Kg(x) =eg4Ko(x).

Finally, for completeness, we recall the summation formula of |J]:

CZ T(H)6<%)F(n) = 2/0+OO (log \25 +7)F(z)dx

n>1

30t [ (<o (- e () ko (VL) ) P

Cc

This corresponds to the summation formula for the Eisenstein series F’(z,1/2) given in ((1.2]).
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APPENDIX B. SHIFTED CONVOLUTIONS OF MODULAR FORMS

In this section we establish the bound cited in Section we follow [DET ] almost exactly.
We work in a more general setting: consider two primitive forms g, ¢’ of squarefree level D, D',
and nebentypus xp, X, which are not exceptional. We are given a smooth test function f(z,y)
on R*" x R*T satisfying

. . .. i
2y ) (z,y) <y (14 7)1+ Y)PH]
for all 7,5 > 0 with some P, Z,Y > 1. For (a,b) = 1, we wish to evaluate the sum
(B.1) Djf(a,b; h) := Z Ag(m) g (n) f(am,bn).

am=tbn=h

Proposition B.1. Suppose (a,b) =1 and h # 0, and suppose that f satisfies the above conditions.
Then

(B.2) D}t(a, b;h) = Oe,g,g/(P5/4(Z + Y)1/4(YZ)1/4+6)

This is a direct generalization of Theorem 1 of [DEIT ], which corresponds to the case g = ¢’ =
E'(z,3).

We borrow the notation of [DFLT] (22) p.214 and set U = R? = min(Y, Z) P~!. Following that
proof, we have

D¥(a,b;h):= Y Dj(a,b,r;h)

1<r<2R
—dh
= > >

1<r<2R d(r)
where E(z,y) := F(az,by)A,(az — by — h) with A, (u) defined by equation (11) of [DFLI] (with
r replaced by ¢) and F(z,y) = f(z,y)p(x —y — h) where p(u) is a smooth function supported on
|u| < U such that ¢(0) = 1 and ¢ (u) <; U™,
We apply the formulae of Section |[A| in each variable, setting r, = r/(a,r), a, = a/(a,r)
ry =1/(b,7), by =b/(b,7), D1 = (D,r,) and D} = (D', r), D1Dy = D, D{ D}, = D', so that

dam =+ dbn
n)e(———)E(m,n),

r

2 Ty
r o, , (a,7)ardDy__ (b,7)bydD)
(@b r) mzn = XD&(:l:l)/m XDi XD, (d Z Agp, (M o n)e<—m " Fn " Lop(m,n)
+ %k
with
H(aa T, D) = XD (ET)XDQ(_TG)TIQ(D2)/ V D27
/{(ba T, D,) = X/DQ (BT)X,l)é(_rb)ng/(Dé)/ D/Z)
and

Vmz 47 (b, r)\/ny
() = | / : fz M (5 P B ey

and three more terms involving the K, K functions implicit in + * .
Summing over d, we obtain

(ab,r)
D?(a,b;h): Z 3 X/D,l(:lzl)mi/ k% ok

1<r<2R




48 E. KOWALSKI, P. MICHEL, AND J. VANDERKAM

+ Z )\gD2 (m))\gDé (n)S’YDlY/D/1 (h, Fn(b,r)b,dDy — m(a,r)ardDa; 1)1 (m,n) ¢,

m,n>1

where SYDR’D /1 (z,y;r) is the Kloosterman sum of modulus r, twisted by the caracter XDIX’D,l .

We proceed as in [DFILT], using that the modular forms g, ¢’ are not exceptional and (3.8])). to
find that all the terms above contribute to the error term of (B.2)).

APPENDIX C. PROPERTIES OF BESSEL FUNCTIONS

In this section we collect some useful properties of the Bessel functions encountered in Section

They can be obtained from [EMOT2| Chap. VIIL

Lemma C.1. For z > 0, and for all v

(C.1) (2", (2)) = 2" J—1(2)
(C.2) (2"K,(2)) = —2"K,_1(2)
(C.3) (2"Y,(2)) = 2"Y,_1(2).
Lemma C.2. For z > 0 and k > 0 we have
k (k) Rev 1 .
(04) |Z <]1/ (Z)| <<k,l/ mz)m <<k;’1/ m 'Lf §R€V 2 0

e *(1+ |log z|)

C.5 Rev =0, |ZFKPF) (2
(C.5) | v (2)] Lk, (1+Z)1/2
k) (1 + |log z[)
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