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Our goal in this note is to complete the proof of the following theorem.

Theorem 1. Let k be a finite field, of characteristic p. Let X /k be a smooth
proper geometrically connected surface. Assume that for some prime ¢, the
L-part of the group Br (X)) is finite. Then |Br (X)| is a square.

Artin and Tate [15], 5.1, have shown in 1966 the existence of a canonical
skew-symmetric pairing on the non- p part of Br (X), whose kernel is exactly
the set of divisible elements. It follows from this fact that if the non- p part of
Br (X)) is finite, then its order is a square or twice a square. A few years later,
Manin published examples of rational surfaces (that is, surfaces birational
over k to the projective plane) with Brauer groups equal to Z/27Z. It is only
in 1996 that the examples of Manin were revisited by Urabe, who found
a mistake in them. For rational surfaces, the Brauer group is relatively easy
to understand, and Urabe [16], remark after 1.17, showed, improving on
a result of Milne [9], that the Brauer group of a rational surface has order
a square. In [17], 0.3, Urabe then proves in full generality that when p # 2,
the 2-part of Br(X) modulo its divisible subgroup has order a square. Thus,
to complete the proof of Theorem 1, it remains to treat the case where p = 2
and X /k is not rational.

As we remarked above, it was wrongly assumed for about 30 years that
|Br(X)| was not always a square. Our method of proof provides for any p
that the 2-part of Br(X) has order a square via the knowledge of the 2-part

* D.L. was supported by NSF grant 0302043



674 Q. Liu et al.

of a Shafarevich-Tate group III(A). It is amusing to remark that the 2-part of
the order of the Shafarevich-Tate group of a Jacobian was wrongly assumed
for some 30 years to be always a square, until the subject was revisited by
Poonen and Stoll [14] in 1999.

Let V/k be a proper smooth geometrically connected curve over a finite
field. Let K := k(V) denote the function field of V. Let X /k be a smooth
proper and geometrically connected surface endowed with a proper flat
map f: X — V such that the generic fiber Xg/K is a proper smooth
geometrically connected curve of genus g. Let Ax/K denote the Jacobian
of Xk /K. Artin and Tate conjectured (Conj. d) in [15]) that the full Birch
and Swinnerton-Dyer conjecture for Ax/K ([15], Conj. B) is equivalent
to the Artin-Tate conjecture for the surface X /k ([15], Conj. C). As Leslie
Saper pointed out, the recent result of Kato-Trihan implies that Conjecture d)
holds. Indeed, Artin and Tate [15], 5.1, and Milne [10], 4.1 and 6.1, proved1
that if, for some prime ¢, the £-part of the Brauer group Br (X) is finite, then
Conjecture C) of Artin-Tate holds for X /k. Kato and Trihan established in
2003 in [6], main theorem, that if the £-part of the Shafarevich-Tate group
ITI(A) is finite for some prime ¢, then the Birch and Swinnerton-Dyer
conjecture holds for Ax /K. As ITII(A) is finite if and only if Br(X) is finite
([21, 4.7), we find:

Theorem 2. Conjecture d) of Artin-Tate is true.

Let K, denote the completion of K at a place v € V. Let §, and &,
denote respectively the index and the period of Xk . Let § denote the index
of X K / K.

Corollary 3. Let f: X — V be as above. Assume that for some prime ¢,
the £-part of the group Br(X) or of the group 11(A) is finite. Then
[TIT(A)[ [, 8.8, = 8%|Br(X)|, and |Br(X)| is a square.

Proof. Apply Theorem 2, with 4.3 and 4.5 in [8]. O

The formula [IIT(A)|[], 8,8, = 8%|Br(X)| is known to hold indepen-
dently of the Kato-Trihan result [6] only when the periods &/ are pairwise
coprime ([8], 4.7).

Proof of Theorem 1. Since a smooth proper surface over a field is projective
(see, e.g., [7], 9.3.5), we may consider an embedding (over k) of X into
a projective space P;/. Gabber ([1], 1.6) proved that some hypersurface in
[P} intersects X in a smooth section. Replacing the embedding by a d-uple
embedding if necessary, we can assume, using [13], 1.1, and Remark 3),
that a geometrically integral hyperplane section of X is smooth. Consider
a second section, and the associated rational map f: X --» P! over k. Let

' In [10], 4.1, Milne assumes that p # 2. He notes on his web page [12] that this
hypothesis can be removed if one replaces his reference to a preprint of Bloch in his paper
[11] (used in 2.1 of [10]) by the reference [5].
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X' — X denote a finite sequence of blowups such that the map f extends
to a morphism f’: X’ — P! over k.

Letus check that f/: X’ — P! satisfies all the hypotheses of Corollary 3.
It is trivial to note that the morphism f’ : X’ — P! is flat and proper. We
claim that the generic fiber of fis smooth. This can be checked after exten-
sion to the algebraic closure k of k. By construction, one hyperplane section
of the pencil f: X --» P! over k is smooth. The classical Bertini theorem
applied to the surface X; in some }P’]i? shows that the set of hyperplanes H

such that the hyperplane section H N X; is smooth is an open set in the
projective space of all hyperplanes ([4], II, 8.18). Since the map X’ — X
is a finite sequence of blowups, we find that all but finitely many fibers of
the morphism f’: X’ — P! over k are isomorphic to smooth hyperplane
sections H N X;. Since the smooth locus of a morphism is open ([3], 12.2.4,
(iii)), we find that the generic fiber of f” is smooth.

Since X/k is a smooth and geometrically connected surface, we can use
the proof of I11.7.9 in [4] to find that any hyperplane section is geometrically
connected. Thus, the smooth closed fibers of the morphism f': X' — P!
are all geometrically connected. Since the locus of the points y € P! such
that the fiber over y is geometrically connected and geometrically reduced
is open ([3], 12.2.4, (vi)), we find that the generic fiber of f’is geometrically
connected.

Since the Brauer group is a birational invariant ([2], 7.2), Br(X) and
Br(X’) are isomorphic. We apply Corollary 3 to obtain that the order of
Br(X’) is a square. ad

The question of whether Br(X), when finite, carries a non-degenerate
alternating bilinear form with values in Q/Z is addressed in [17], 0.4, and
[14], Sect. 11. The existence of such a form would imply that |Br(X)| is
a square.
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