A useful Lemma concerning subseries convergence

The purpose of this note is to show that several classical results in Functional Analysis
can be deduced very easily from a simple lemma concerning subseries convergence.

Definition. A series ) g, in an abelian topological group G is said to be subseries
convergent if all series Y a,gn, o € {0,1}N, converge in G.

Main Lemma. Let G be an abelian topological group. Let (Ay), (Byn) be two sequences

of Borel subsets of G, and let (g,,) be a sequence in G. Assume that A, U (B, + gn) = G

for each n, and that >’ g, is subseries convergent. Then one can find a subsequence (hy,)

of (gn) such that x = Y7 hy, belongs to infinitely many A,,’s or to infinitely many By, ’s.

Proof.

It is easy to check that the convergence of the series Y a,g, is uniform with respect to

a € {0,1}Y. Therefore, identifying {0, 1} with the compact abelian group A = (Z/2Z)N,

the formula p(a) = >"7° @9y, defines a continuous map ¢ : A — G.

For each n € N, put A/, = ¢~ 1(4,), B!, = ¢~ 1(B,). The sets A, , B!, are Borel subsets of

A, and we have to show that limsup,,(A4;, U B,,) = (y U,>n (45, U B;,) is nonempty. To

this end, it is enough to prove that m(A], U BY,) > 1/4 for all n, where m is the normalized

Haar measure on A.

Fix n € N and put Wén) ={a€eA: a, =0} Wl(") ={a € A: a,=1}. Observe that
07 (Bn + gn) NWL™ =6 + B, n W,

where 6™ € A is defined by 5,(ln) =1 and 52(") =0if 7 # n.

Since A = A!, U ¢ (B, + gn), this implies that Wl(") C A, U (6™ + B!), whence

m(Al, U Bp) > §(m(Ay) +m(B})) > m(Wi)/2 =1/4.

We now turn to some applications of the Main Lemma. These include the Uniform
Boundedness Theorem, a simple result on automatic continuity, Schur’s /!-theorem, the
Nikodym boundedness theorem, the Vitali-Hahn—Sacks theorem, and the Orlicz—Pettis
theorem. Of course, all these results are quite well known and very classical. Yet, we
believe that the proofs given in this note may have some interest, mainly because they are
almost identical. The Main Lemma is applied each time in exactly the same way, with sets
A, = B, arising immediately from the triangle inequality.

Uniform Boundedness Principle. Let X be a Banach space. If Y is a normed space
and if F is a pointwise bounded family of continuous linear operators from X into Y, then
F is norm-bounded.

Proof.
Assume that sup ||T'|| = +00. Then one can find two sequences (z,) C X, (T,) C X, such
TeF

that ||z,|| < 27" and ||T,(x,)|| > n for all n. For each n € N, put
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An = {o € X; ||Tu(@)]| > n/2}.
Each A,, is an open subset of X, and by the triangle inequality, one can write
X ={z; ||Ta(z)|| > n/2} U{z; [|Tn(z — 2n)|| > n/2} = An U (An + 2n)
for all n € N. Since the absolutely convergent series Y x,, is subseries convergent in the

Banach space X, the Main Lemma allows us to find a point € X such that ||T,,(z)|| > n/2
for infinitely many n’s. This shows that F is not pointwise bounded.

Automatic continuity. Let X be Banach space and let Y be a normed space. If T : X —
Y is a Borel linear mapping, then T is continuous

Proof.

If T is not continuous, then one can find a sequence (z,) C X such that ||x,|| < 27" and
|T(z,)|| >n (n €N). Put A, = {z € X; ||T(x)|| > n/2}. The sets A,, are Borel subsets
of X, and X = A, U (A, + z,) for all n. By the Main Lemma, we get a point z € X such
that ||T'(z)|| > n/2 for infinitely many n’s, which is a contradiction.

Schur’s /;-Theorem. In the space l1, weakly convergent and norm-convergent sequences
are the same.

Proof.

Let (z,,) be a weakly null sequence in [y, and assume that ||z, || > € for all n and for some
e > 0. Using the fact that (z,,) is weakly null, one can find a subsequence (y,,) of (x,) and
a normalized sequence (y%) in [, such that the y have finite, pairwise disjoint supports
and (yr,y,) > €/2 for all n. Put A, = {y* € lo; |(¥*,yn)| > €/4}, n € N. The sets A,
are w*-open, and X* = A,, U (A, + y) for all n. Moreover, since the y* have norm 1 and
are disjointely supported, the series ) y* is subseries convergent in G = (loo, w*). By the
Main Lemma, one can find y* € l, such that [(y*,y,)| > /2 for infinitely many n’s. This
is impossible because (y,,) is weakly null.

Nikodym Boundedness Theorem. Let (X,7) be a measurable space. If M is a family
of countably additive set functions defined on T such that sup |u(E)| < 4+oo forall E €T,
BHEM

then sup{|u(E)|; E € T,p € M} < +o0.

Proof.

Assume that Mg = supy, [u(E)| < +oo for all E € T, and that sup; Mg = +o0.
Choose E; € T and p; € M such that |p1(E7)| > 1+ Mx; then |pui(F1)| > 1, and
(X \ E1)| > |p1(E1)| — [p1(X)| > 1. Moreover, at least one of sup{Mp; F C E;},
sup{Mp; F' C X \ E1} is infinite; say suppcx\g, MF = +00. Repeating this argument,
one can construct a sequence (u,) C M and a sequence (E,) of pairwise disjoint sets in
T such that |u,(E,)| > n for all n.

Denote by ca(T) the family of all countably additive set-functions defined on 7, and let G
be the group of all bounded, scalar-valued, 7-measurable functions on X, endowed with
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the topology of pointwise convergence on ca(7T). Since the E,’s are pairwise disjoint, the
series Y 1, is subseries convergent in G; moreover, the limit of any subseries of 1, is
the characteristic function of some set E € T. Now, put 4, = {f € G; | [ fdu,| > n/2}.
Each set A, is open in G, and G = A, U (4, +1g,) for all n. Applying the Main Lemma,
we get that M is not pointwise bounded.

Vitali-Hahn—Sacks Theorem. Let (X, T, ) be a measure space (1 > 0), and let (uy)
be a sequence of countably additive measures defined on T . Assume that each p, is u-
continuous, and that lim, p,(E) exists for all sets E € T. Then the sequence (p,) is
uniformly p-continuous.

Proof.

If (pn,) is not uniformly p-continuous, then one can find a subsequence (v,) of (u,) and
a sequence (E,) C T such that u(E,) — 0 and |v,(E,)| > € > 0 for all n. Using the
p-continuity of the v,’s and extracting further subsequences if necessary, we may assume
that |v,(E)| < €/3 for all n and for every set E € T contained in Ugs,Fg. Thus,
putting F,, = E, \ (Uk>nEk), we get a sequence of pairwise disjoint sets in 7 such that
|Un (Fn)| > 2¢/3 and v, (Fpy1)| < €/3, n € N; in particular, |vp41(Fpt1) —Vn(Fny1)| > €/3
for all n. The proof now proceeds exactly in the same way as for the Nikodym Boundedness
Theorem: applying the Main Lemma, we get a set F' € T such that |vp41(F)—v,(F)| > €/6
for infinitely many n’s, which contradicts the convergence of the sequence (v, (F)).

Orlicz—Pettis Theorem. If X is a normed space, then a series Y x, in X is subseries
convergent for the weak topology if and only if it is subseries convergent for the norm
topology.

Proof.
It is enough to prove that if ) x,, is subseries convergent in X for the weak topology, then
||zn|| — 0. Indeed, when applied to series of the form Z(Zkan aka:k>, where (Fy) is a

sequence of pairwise disjoint intervals of N, this result yields that for each o € {0; 1}, the
partial sums of > a,z, form a norm-Cauchy sequence, and since they converge weakly,
it follows that >z, is norm subseries convergent. Moreover, it follows from Mazur’s
theorem that if Yz, is weakly subseries convergent in X, then it is weakly subseries
convergent in the norm-closed linear span of the z,,’s, hence it is enough to consider the
case of a separable normed space. So, assume that X is separable, that > z,, is subseries
convergent for the weak topology, and that ||z,|| > € > 0 for all n.

First, we observe that for any point a € X, the set {n; ||z, — a|| < e/2} is finite. Indeed,
it is even empty if ||a|| < /2 (by the triangle inequality), and if ||a|| > €/2, the result
follows because the set {x; ||z|| > ¢/2} is weakly open and a — x,, — a weakly.

Now, let (F;,) be an increasing sequence of finite subsets of X such that J,, F;, is norm-
dense in X. Using the preceding remark, one can construct by induction a subsequence (z,)
of (z,,) such that dist(z,, F, — F,) > €/2 for all n. The sets A,, = {z; dist(z, Fy,) > ¢/4}
are weakly Borel (actually weakly open), and X = A,, U (2, + A4,,) for all n. By the Main
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Lemma, one can find a point z € X such that dist(z, F,) > ¢/4 for infinitely many n,
hence for all n because (F},) is increasing. Since |J,, Fy, is dense in X, this is the required
contradiction.

Remark. Obvious modifications of the above proof give the following Orlicz-Pettis type
result due to N. Kalton: Let G be an abelian group endowed with two (Hausdorff) group
topologies 7y C 13. Assume that 7o is separable and admits a neighbourhood basis con-
sisting of T1-closed sets. Then subseries convergence in (G,71) is equivalent to subseries
convergence in (G, 7).



