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Abstract

In this article we discuss the asymptotic behaviour of the solution of a wave propagation problem in a domain including a thin
slot. Several convergence rates are obtained and illustrated by numerical examples.
© 2006 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction and position of the problem

The analysis of wave propagation in media including thin slots, as for any PDE involving a small scale (here the
width of the slot), poses some difficulties from the numerical point of view and raises exciting related mathematical
questions. Moreover, this kind of problem appears in many applications in acoustics and electromagnetism and has
already generated abundant literature in the engineering community.

In [6], we studied the case of the 2D time-harmonic wave equation with Neumann boundary conditions (which
is physically relevant in acoustics and electromagnetism) and investigated the question of building an approximate
model, in view of its numerical discretization, consisting of coupling a 1D model for the slot to a 2D model for the
rest of the domain. We proposed a coupling strategy which we analyzed in detail in the case of a semi-infinite straight
slot. The basic ingredient of the analysis is the study of the asymptotic behavior of the solution when the width ¢
of the slot goes to 0. The analysis of the same question for a finite slot, which we wish to investigate in this paper,
appears to be more delicate. In particular, one has to face the question of resonant frequencies (or equivalently critical
slot lengths), a phenomenon which is already known by engineers [4] and which we propose to analyze from both
analytical and numerical points of view.

First, we present our model problem, beginning with a description of the geometry. (See Figs. 1 and 2.) We assume
that we are in 2D (x = (x, y) will denote a point in R?) and that the domain of propagation §2; is given, with L > 0
and 0 < ¢ < H, by:
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Fig. 1. Geometry of the propagation domain Fig. 2. Geometry of the propagation domain

with the slot. without the slot.
2,=2U0,, £=R>*\B, 1)
B=[0,L] x[—H, H] (arectangle), 2)
O, =(0,L) x (0,e) (astraight finite slot). 3)

We shall call “end points” of the slot the two points A~ = (a—,b~) = (0,0) and A* = (a™,b") = (L,0) and
denote A the midpoint of [A™, A™].

We assume that a time harmonic wave with pulsation w > 0 (¢ = 1) is emitted by a source term f with compact
support F which is contained in the open set £2. The model problem we seek to solve will be:

Find u® € H'(£2,) outgoing such that:

—Auf —*uf = f, in £2,, 4)
=0, on 982

It is classical and useful to reduce the problem to a bounded domain using a transparent boundary condition on
the circle I'r = {x € £2 | |[x — A| = R}, where the radius R > 0 is large enough so that the obstacle and the support F
of f are contained in 2 :={x € 2 | |[x — A| < R}. A Dirichlet to Neumann transparent boundary condition can be
puton Ik as:

ou®

5, T Tru" =0, on %, ®)

where the operator Tg from H 5 (I'g) to H -3 (I'R) is given by:

Tru = :ﬁ’imﬂf(w)ullf rf’
uf = [iTu(R,O)WRORAO, YR ©) = TR expind, ©
(H(l)),(wR)

In|

nRw)=-o , Re(uf(@) >0 and Im(uR()) <O0.

HY (wR)

In|

In this paper, we are interested in the behaviour of the solution #° when the width ¢ tends to 0. Intuition suggests
that u® should converge to the solution #” of the “slotless” problem:

Find u’ € H!(2) outgoing such that:

—OAuo — %l = f, in$2, (N
aain =0, on d%2.

This is what we proved in [6] in the case of the semi-infinite slot (i.e. L = +00). Moreover, we proved that
ut® —u®=0() inLi,. (8)

In the case of the finite slot, we shall see that such an estimate is correct except for a set of exceptional frequencies w,
called resonant frequencies, corresponding to:

oL =¢x, {eN* 9
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for which the convergence is much slower. More precisely:

1 .
MS_MOZO<|L0g8|> inL}.. (10)

Inside the slot, the solution remains bounded for non-resonant frequencies but blows up for resonant frequencies.

The outline of the rest of the paper is as follows. In Section 2, we investigate the case of non-resonant frequencies
and prove, in this case, the convergence of u® to u”. In Section 3, we investigate the case of resonant frequencies
through numerical results. Our results suggest that the solution u® converges slowly to the limit u° outside the slot,
see Eq. (10), and blows up inside the slot. Finally, in Section 4, we give a formal analysis of these observations, using
the technique of matched asymptotic expansions.

2. The case of non-resonant frequencies: Mathematical analysis

The aim of this section is to prove the following theorem, which formulates in a precise way one of the assertions in
the introduction. Note that the estimates in (11) can be shown to be generically optimal as we did in [6]. We conjecture
that the constant C blows up as 1/d(w) where d(w) denotes the distance to the set of resonant frequencies.

Theorem 1. For all w, L, such that (9) does not hold, and for all R > 0 and for any closed subset F of §2 there exists
C € R and gy > 0 such that, for all 0 < & < g9 and f € L*(§2) with support included in F, we have:

{ 4 = u®ll g1 @ < C(@, L, R, F)e/TIogel|l fll12(c2)- an
u® = ull 120, < Clw, L, R, F)ell fll 20
and

|4l 120, < Cl@, L, F)Vel fliLy)- (12)

2.1. Reformulation of the problem (4) in the domain §2g

Preliminary material. We first recall “quantitative” trace theorems on:
Y. =X Ux X ={0}x©0;e), X}={L}x(;e). (13)

In what follows, we shall often identify X'~ and Ej to the segment (0; ¢).
We introduce (w}),enN, the orthogonal basis of H*(0; ¢) for s € [0; %):

wi(y) =+/1/¢ and w;(y)z,/z/ecos?, Vn=1,2,.... (14)

For all win L?(X,), we denote by u, € C? the vector of the coefficients (in this basis) of the respective restrictions
ofuto X and X;:

t
uw, = (/uwﬁdo,fuw,ido) (15)

= zF
that allows us to characterize the spaces H*(X;) for 0 <s < %:
+00 5
ue H (Z) < |ulfps,, =Y (1+7°n*/e?) |uf|” < +oo. (16)
n=0
The dual space (H*(X;))* can be defined analogously if one replaces the integrals by duality brackets in (15). We
shall also use the following semi-norm in H*(X,):
+00 5
lulls s,y = Do (1+ 7207 /e%) [ug | (17
n=1
From now on, we shall often denote by u the trace on ¥, of a function u € Hléc(.Q) and by u the vectors of its
generalized Fourier coefficients (see (15)). One can easily adapt the proof of [6] to obtain the following results.
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Lemma 2. For any neighborhood V of A~ and A™, for s € R™, there exists C(s) € R and gy > 0 such that for all
ue H1+S(.Q NV)and ¢ € (0; gol:

lull s, < COE Tl grssgny): Fo<s <1,
[[u]] 1/2(2 ) S Cevllogelllull gres@ny), s =1, (18)
[l H2 (2 S < C(S)€||u”H1+S(QﬁV)a ifs>1.

Moreover, for all u € H7+S(.Q NV)and ¢ € (0; go]:

. 1
lug| < C(s)e’[|ull A @y fo<s <5,
. 1
lug| < C(s)+/e[loge] ||M||H7+S(va), ifs =3, (19)
1
lug| < C(S)«/_||M||H2+Y(va) ifs> 5.

Reduction to 2g.  Our objective in this section is now to characterize the restriction of u® to £2g (a domain indepen-
dent of ¢) using DtIN maps on X~ and X} To be able to define these operators, we need to solve the interior problem
inside Oq:

{ —Au® — @*uf =0, in O,

33"; =0, ify=0ore, 0

completed by given Dirichlet data on X and X.. Such a problem is well posed if and only if w? is not in the
spectrum of the operator —A with domain:

3
D(—A) = {ueHl(Og) | Aue L*(0,), u=0o0on X, 8—“ =Oify=00r8},
n

in other words,
w* # {n*7%/e* + p*n*/L* |n € Nand p e N*}. Q1)
If we assume that the slot is not resonant, i.e. that wL is not a multiple of 7—see Eq. (9)—, it is clear that the condition

(21) is satisfied for € small enough. Then one can define the Dirichlet-to-Neumann-map (the normal # is exterior with
respect to §2)
ou’®

T¢(w,L): uly, = ——
on

X,

This operator is continuous from H > (X)to H -3 (¥¢) and can be computed explicitly:

T (w,L):iu> g < g =M (0, L)u, (22)
where the matrices M? (w, L) are defined (note that sinwL # 0) by:
. o coswL —1
MO(w,L)_SinCl)L[ _1 COS(,()L}’ (23)
and, for all strictly positive n, setting £¢ (w) = /72n?/e2 — @? > 0:
& (w) cosh&®(w)L -1
Mi(w,L)=—"22—"_ n ., VneN* 24
@ D) = e @)L -1 cosh&? ()L n 24

It is easy to see that these matrices have the following properties (u - v and |u| denote respectively the usual inner
product and associated norm in C?):

: (M{(w,L)w)-ueR,  (Mi(w,L)u)-v< 722 ul|v],

2 €
(M} (@, Dw) - ueRY, (Mg (@, L)) V< gt julv].

(25)

By construction, the restriction of u® to 2 is characterized by the transparent condition on X, :

a &
|E +T%(w, L)u€|28 =0. (26)
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Equivalently, the restriction of u® to §2g is characterized as the unique solution of the problem (¢ € H L(2g) is
defined by (¢, vV) g1 (o, = (fs v)%(.QR) forany v € H'(2))

Find u® € H'(2g) such that:
Apuf + Bgus + Rfu® = or, (27

where the operators Ag, Bg and R, H! (2r) > H 1 (£2R), are defined, using the Riesz theorem, by:

(ARuU; V) y1(2p) =f_QR(VuV_v—w2m_))+ ,T?ioo uf(a))uf@,
(Biu: v) g1 (o) = MGuive, (28)
(R°u; V) g1 (p) = ;f;’ioo MEutve.
In the same way, u® € H'!(£2g) is the unique solution of:
Aru’ =gy (29)

2.2. Convergence of u® to u®

We only prove the H!-error estimate of (11). The L2-error estimate is shown by a duality argument as in [6].
From (27) and (29), we deduce:

(Ag + B§ + R®) (u® — u®) = —(B§ + R*)u". (30)
The conclusion follows from the two following lemmas and from (the operator norms below are norms in L (H L2

Juf = u®) < (Ar + B§ + B) | (| B5u® | + | Ru®])- @D

Lemma 3. If w # €, with £ integer, there exists eg(w, R, L) strictly positive and C(w, R, L) real such that for all
0<e<ep:

4+ 8 + ) oy < 0. R 62

Lemma 4. If w # £x, with £ integer, there exists eo(w, R, L, F) > 0 and C(w, R, L, F) real such that for all
0<e<ep:

{ ”BSMOHHI(_QR) SC(w, R, L, F)ey/[logelll fll20)

(33)
IR Ul 1) < C(@. R, L. F)ell £l 2.

Proof of Lemma 3. We prove this by contradiction. If (32) were false, there would exist a sequence v® € H'(£2g),
& — 0, such that:

v g1 =1 and ¢° = (Ar + Bj + R )v® >0, in H'(2p). (34)
By compactness, let us extract from v® a subsequence (still denoted v®) with & — 0 such that:

ve — ° weakly in Hl(.QR) and strongly in LZ(QR). (35)
For any v € Hl(QR), one has:

(0% U)HI(QR) = (Agv®;v) + (B{v; v) 4+ (Rv%; v). (36)

Let us introduce the subspace H(}O(.Q r) of H'(£22g) made up of functions vanishing in a neighborhood V of A~
and AT (v=01in VN ). For any v € H(}O(.QR), as soon as ¢ is small enough, (Bj¢®; v) =0 and (R°¢®; v) = 0.
Thus

(6%:0) 10y = (ARV%1 ). ©7)
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Taking the limit as & — 0, we get (Agv"; v) y1(0,) = 0, Yo € Hyy(2g), which implies, by density of H,(2g)
in H l(.{2 R), that Ag W0 = 0, that is to say, since Ag is an isomorphism (this is nothing but the well-posedness of the
slotless problem), w9 =0.

We choose now v = v? in (36), and consider the real part of the resulting equality. We obtain, by the definitions
of Ag, Bj and R*:

+00
2 2 2
Re@f;ijuﬂR)zt/|vvq __wz/}ve|.+Re§:(M5«@)W5|
o Qr n=0
+00
+ Mj(w, L)V - vg + Z M} (w, L)V, - v,
n=1
Due to properties (6) and (25), we thus have:

2
J 190 P <15 |+ [ 1+ g W 68)

sinwL
2R 2R

In addition, from Lemma 2 (with s = %), we get:

V> < C(R)eltogel [ v* |1, o, = C(R)E|Togel. 39

(£2g)
Hence, from (35), (38), and (39), we deduce that Vv® converges to 0 in Lz(.QR). Therefore v converges strongly
to 0 in H'(£2g), which contradicts (34) and concludes the proof. O

Proof of Lemma 4. As u° is a solution of a Helmholtz problem in £2 with a source term compactly supported in
F C £, by elliptic regularity there exists a neighborhood V (simply choose V N F = @) of A~ and A™ such that
u® e H™(V N ), for all m > 0 and:

|4 | mvrngy < COn P fll 2y, Ym > 0. 40)

(i) By definition of R® and property (25), we have, for all v € H!(2R):

(R v % 25 ) 0y |vs) @1
V)i < tanhég(a))L nlltnls

For ¢ < /2w, we have the inequalities for all n € N*:

288 (w) . 2 + m2n? 42)
tanh(£¢(w)L)  tanh(wL/2) g2’

The Cauchy—Schwartz inequality leads to:

2
L (43)

e 0. 0
(R u- v)Hl(_QR) g tanh (a)L/Z) ”ll ”H*% (Z'g)”V”HE =)

Using (40) with m = 3 and (18) with s = 2 for u, s =0 for v. We get:
(R°u®:0) 11 ) < Cl@, Ry L el fll 20y 101 11 - (44)

The result follows from

0.
IR gy = sup 0
e = T vl
veH(p)  WVIH (28)

(ii) By definition of Bf, and due to (25) we have:

2w

(Bguo’ U)H‘(.QR) sm(a)L)|( ) || Oi (45)
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Thanks to (40) with m = %, we can use (19) with s = 1 foru?, s = % for v. We get:

(B§u®; v)Hl(QR) S C(w, R, L, F)ey/[logelll fll 2y IVl (25 - (46)

One concludes as for (i). O
3. The case of resonant frequencies: some numerical computations

Presentation of the experiment

The experiment we simulate is explained in Fig. 3. We choose w = 2m, which corresponds to a unit wave length.
We shall make our computations with two values of the length of the slot: L = 0.8 (the non-resonant case) and L =1
(the resonant case). The height 2H of the rectangle B is 2H = 8.0. The distance from the point source to B is D = 0.5
in the non-resonant case and D = 0.4 in the resonant case. The numerical results are obtained by a Q> finite element
code working with quadrilateral elements [2]. The computational domain (the grey region in Fig. 3) is a rectangle
size 5 in the x-direction and 10 in the y-direction. The computational mesh is refined in the neighborhood of the slot
as represented in Fig. 4 (each of the triangle appearing in the picture is divided into three quadrilaterals). In this way,
one has about 160 points per wavelength close to the slot and 16 points per wavelength far away. A PML of width 1,
surrounding 2., is used to simulate an infinite domain.

—
D — 3
) ) 2H
()
Fig. 3. Presentation of the experiment. Fig. 4. A computational mesh.

0.015

F0.01

0.005

Fig. 5. The total field, non-resonant. Fig. 6. The total field, resonant.
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x 10° — X 10°
8 8
6 6
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0 0 0
-2 -2
4 -4
-6 5
5 8
-5
Non-resonant, £ = 107! Resonant, ¢ = 10!
5 x 10° 5 % 10°
8 s
6 6
4 — 4
2 \ 2
0 - 0 0 @—.D f 0
2 / -2
1 o -4
-6 -6
-8 -8
L 0 2 e 0 2
Non-resonant, € = 102 Resonant, € = 1072
5 % 10° . % 107
o 8
6 5
4 4
2 . 2
0 — 0 0 (-—o) 0
2 - >
-4 4
6 6
e 5
e 0 2 e 0 2

Non-resonant, £ = 1073 Resonant, e = 1073

Fig. 7. The diffracted fields.

Comments of the results

In Figs. 5 and 6, we represent the (real part of) solution u® (called total field) in the two cases, for ¢ = 1073, In this
picture, it already appears that much more energy has been transmitted through the slot in the resonant case.

This appears much more clearly when we look at the diffracted fields, namely the difference u® — u® between
the solution and the solution in the absence of the slot. In Fig. 7, we represent these fields for the three values of

e=10"1,10"2,1073. The diffracted field decays much more strongly with ¢ in the non-resonant case than in the
resonant case, for which it is not even clear that the diffracted field converges to 0!



1440

In Fig. 8, we are interested in the solution inside the slot. We represent the variation of the solution along the
symmetry line of the slot. Note that the two scales for the two pictures are completely different. Our results show that,
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-4

-0.3 -02 -0.1 o 0.1 02 03 04 -05 04 -03 02 -0t 0 0.1 02 03 04 05

Fig. 8. The solution inside the slot for ¢ = 10*1, 10*2, 10*3, left: non-resonant case, right: resonant case.

0.

02

01k

0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 ] 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Fig. 9. llu® —ull 2 ) = f (©). Fig. 10. lu® —u®ll 1 g, = f(e/TTogigeD).

-45
-3

Fig. 11 [ 2, = £ (€)- Fig. 12. logjo lu° |l 20, = / (logjo ).

while the slot field stabilizes when ¢ goes to 0, it blows up in the resonant case.

We now vary ¢ continuously and represent the variations of various norms of the diffracted field and slot fields as
a function of €.

We first look at the results associated to the non-resonant case. In Fig. 9, we represent the L?%-norm in £2. of the
diffracted field. The curves confirm the theory: the L*-norm of the diffracted field tends to 0 as O(e). In Fig. 10,
we represent the variations of the H !-norm of the diffracted field as a function of £./[Toge], the linear behaviour in
e+/[Toge] close to 0 seems to confirm the theory, see Theorem 1. In Fig. 11, we represent the variations of the norm of
the solution u® in L>(O,). The shape of the curve suggests that this norm decays to 0 sublinearly. When we represent
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o8

25F

0 001 002 003 004 005 006 007 008 009 01 =3 -28  -26 -24 22 -2 -8  -16 -14 12 -1

Fig. 13. uf = uOll 2,y = [ (©)- Fig. 14. 1/]lu® = u°ll 2 (g,) = f (g 08).

451

3sF
0.06

ar ] 0.04F

T . L . L L L L L L 0.02 : : + : : :
zu 001 002 003 004 005 006 007 008 009 a1 -3 -28 -26 -24 -22 -2 -18 -16 -14 -12 =1

Fig. 15. ”L’SHHI(QC) = f(e). Fig. 16. W = f(ogjge).
H1(0¢)

0 0

085 -0.01

0.5) -0.02

045 0.03

0.4 -0.04

0.35 -0.05

0.3 -0.06

0.25 0.07

0.2 -0.08

0.15 -0.09

%0 om0z om  ooF o% 0% e 0% 6% ol % oo om om om o6 0% 0o 0% 0m o
Fig 17. 4%l 2o, = £ (©)- Fig. 18. \/glogjg ellu® | 20, ) = f(©).

in Fig. 12 the log of this quantity as a function of loge, we obtain a straight line of slope ~0.5 which confirms a
behaviour in O(/¢).

In the resonant case, Fig. 13 shows that the L?-norm of the diffracted field converges to 0 sub-linearly. The results
of Fig. 14 (we represent the inverse of the L2-norm of the diffracted field as a function of log &) suggest in fact that it
behaves as 1/(Aloge + B + o(1)). In Figs. 15 and 16, we are interested in the H I_norm of the diffracted fields. Our
results suggest that this norm decays as 1/ \/ (Aloge + B +o(1)). Finally, Fig. 17 shows that the L2-norm of the slot
field blows up when & goes to 0 and Fig. 18 suggests more precisely that it behaves as 1/(/¢|loge|).

Finally, in Fig. 19, we fix ¢ = 1073 and vary  so that the frequency /27 goes from 0 to 2.5. One observes that the
two curves depicting respectively the LZ-norm of the diffracted field (normalized by the one of #°) and the L>-norm
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[ 015 ; |f5 é 25 o 05 1 15 2 25
llu® = w®ll L2y /16| L2y = f(w/27) lu® = vl 202/ 1ull 22(0.) = f(w/2m)

Fig. 19. Dependance of the diffracted field with respect to the frequency.

of the slot field present very sharp peaks corresponding to the resonant frequencies (w /2 is an integer multiple of %).
One can also observe that the height of these peaks decays with w/2n for sufficiently large w /2.

4. The case of resonant frequencies: A formal asymptotic analysis

We now provide a (formal) analysis of the results observed in the previous section using matched asymptotic
expansions. Of course, it is not our purpose to present in detail this (rather complicated) technique and we refer the
reader to the references [3,5] for more information and to [7] for an application to the semi-infinite slot problem. We
shall restrict ourselves to present the main ideas of the method. In particular, we shall introduce our Ansatz without
particular justification, despite the fact it can be done (rather tediously) as in [8].

Throughout this section, we assume that:

wL=1¢x, (eN" (47
4.1. The Ansatz of matched asymptotic expansions
The principle is to decompose the domain 2, into four (overlapping) subdomains which are:

e a “far field” zone (or exterior zone) §2r(¢) in which we shall describe the behaviour of the solution outside the
slot.

e a “slot” zone §2g(&) to describe the behaviour of the solution in the slot.

e two “near field” zones (or junction zones) £2, (¢) and .Q]; (¢) in which we describe the behaviour of the solution
at the neighborhood of A~ and A ™.

The precise definition of these domains uses four functions of ¢:
0 <npe) <nf(e), 0 < ng(e) <y (e) (48)
that are supposed to belong to the class of continuous functions 7 (¢) satisfying:
sli_r)% n(e) =0, Eli_r)%n(s)/s = +400. 49)

Qp(e) ={xe2||x—A7|>ng(e) and |[x — AT| > nL(e)},
Rs(e)={x€ 0 | x > ng (&) and L — x > ng(e)}, (50)
Qy(e)={xe2||x—AF| <nf (@)} Ulxe 0:/lx —aF| < nf(e)).

Note in particular that, when ¢ tends to 0, £2,(¢) and .Q]“\; (¢) collapse to one point, 225(¢) to the segment [A~, A™]
while £2F(¢) converges to 2.
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The next step consists in working with normalized coordinates in each zone and postulating some asymptotic
expansion of the solution in these coordinates. For 2D problems, it is well known that powers of ¢ are not sufficient
and one must use the set of gauge functions:

fik(e) = gl logk e, where (i, k) are integers. (&2))

One of the difficulties is to choose the good set of indices (i, k) in each zone but we shall be guided by our numerical
results. In the paragraph below, we present our Ansatz and point out the leading term in each expansion (the one we
are interested in this paper, the other terms being lower order correctors).

Notation. From now on, for any function v® defined as a formal series:

vf =" eloghevf, (52)
k

i
k ook
we shall set v =), log" evy.

This allows us to distinguish the dependence of v® with respect to ¢ and log e, which is justified by the fact that:
Vk € Z, 8:O(|10g8|k). (53)

Solution in the far field zone
We keep here the physical coordinates (x, y) and look for u® of the form:

+o0 i
ut(x,y)= Z Z e log euf (x, y) + 0(e%),
i=0 k=—o0 (54)

+00
= Zeiuf(x, y) +0(e%°) = uf + o(1).
(=0

The leading term corresponds to (i, k) = (0, 0) which means that ue converges to a limit in §2. In the expansion
below, the functions uf‘ and u{ are defined in the canonical (i.e. independent of ¢) slotless domain £2. Inserting (54)
into (4), it is easy to see that:

Aug +a)2u8 =—f, ing2,
dug _
on

The fact that uy satisfies the Neumann condition except at points A~ and AT allows ug to be singular at A~
and A™T. Therefore, one needs additional informations about the behaviour of uf) in the neighborhood of these two
points.

0, ond2\{A~, A%} (55)

Solution in the slot zone
We use the coordinates (x, y/&) which maps O, into O, a slot of unit width, and look for ue of the form:

+o00 i
y i y
ué(x,y)=U*® (x, E) = Z E e logk e Uf (x, ;) +0(e%),

=Y &Uf <x, g) = gUil(x, y/e) + US(x, y/e) +o(1).

i=—1
The leading term corresponds this time to (i, k) = (—1, —1) which means that u¢ blows up in O, as O(1/(¢loge)).
The first term U¢ | and the next term Ug will play a role in the calculations. Substituting (56) into (4), one sees that Uf
depends only on x and that:
d2 e

y + +0’Uf =0, in 0. (57)
X

Note that, to determine Uf , one needs additional informations at x =0 or L.
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Solution in the near field zones
We present only the case of the zone §2 (¢), the case of the zone .{2;(8) is obviously similar. We use the co-

ordinates (x/¢, y/¢), a scaling that maps the region §2,(¢) in to a domain that converges to an infinite “T-shape”
domain £2,, defined as:
2y ={X, 1) eR* | X<OJU{(X,Y)eR*| X >0and0< ¥ < 1}. (58)

We look for u® of the form (we point out in the second line the term that will play a role in the computations):

+o0 i
P S (R Mook ek (X Y 00
u(x,y)==0 (8,8)_2 Z &' log" eU; (8,8>+0(8 ),

+o00 ) X X
= ZSZU?(—, X) +0(e™) =U5’8<—, X) +o(1).
P e € e €

where the U, * and U, *® are defined in S/Z\;. Note that this time, it is not clear from the numerical computations how
to determine the good leading term of the expansion: only the calculations justify a posteriori our choice. Substitut-
ing (59) into (4), one easily obtains:

AU, =0, in&2y,
Iy,
on

To determine U, ¢ one needs to prescribe its behaviour at infinity in Q\];.
In the same way, to describe the near field in the second junction region using the scaled coordinates
(X=(x—L)/e, Y =y/e), we introduce an harmonic function U(_; *® that is defined in the domain:

=0, ond2y. (60)

25 ={X, 1) eR* | X >0} U{(X,Y)eR?| X <0and0< ¥ < 1} (61)

and satisfies the homogeneous Neumann condition on 89;.

Summary of the first step of the method
Our objective will be to determine the four functions ug, Ué I Ua ¢ and U(')"’E. We know the PDE’s satisfied by
these functions in their respective domains of definition, as well as the boundary conditions they satisfy. We still need:

e to know the asymptotic behaviour of u( at the neighborhood of A~ and AT,
e to know the boundary conditions for U jatx=0andx =1L,

e to know the asymptotic behaviour at infinity of Uy** and U *.

This missing information will be provided by the application of the matching principle which will express, in some
approximate way, that the various expansions (54), (56), (59) represent the same function in the overlapping zones.

Remark. Although we do not need to determine U, this function will naturally appear in the application of the
matching principle.

Matching between the near field and the slot field

On the domain £25(¢) N §25(e), U®(x, y/e) and U®(x /e, y/e) must coincide. In particular, we need to match the
truncated expansions (in o(1)) in (56) and (59). Noticing that, in the overlapping zone, x — 0 and x /& — 400, this
can be reduced to:

1
lim |:—Ufl<x, X) +Ug<x, X) —Ug"’;(i, Xﬂ —0. (62)
x—>0,§—>+oo & & & e &

In the domain [0; +o00[x x[0; 1]y, since the near field U, "¢ satisfies the Laplace equation with Neumann boundary
condition on the two horizontal boundaries, by separation of variable, if we exclude exponentially growing solutions
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inside the slot (which can be proved), we know that U, ¢ is of the form (u®_, v& and (V€ )P are complex functions of
loge):

400
U, “(X,Y)=pu’ X +v° + Z(ui)pexp —prXcosprY, X>O0. (63)
p=1
Since the slot field satisfies the 1D Helmholtz equation, there exists complex functions (Af, Bf, i=—1,0)of loge
such that:
Uf(x) = Af coswx + Bf sinwx, i=-—1,0. (64)

Hence, when x — 0 and x /¢ — 400, one obtains:

1 1

EU:(X,%)-FUS(X,%)=EA8_1+0)331§+A8+0(1), (65)

U(;f(f, X) — 1t 0 o). (66)
e & £

Therefore, (62) leads to:
A%, =0, wB® | =puf, Ay =i, (67)
By symmetry, we have also:
Uy (X, Y) = X +v5 +0(1), when X — —00 (68)
with the relations:
A =0, (—DfoBf | = ut, (—DEAs =vE. (69)
Matching between the far field and the near field

On the domain £27(e) N £2),(e), u®(x, y) and U™*(x /e, y/e) must coincide. In particular, we need to match the
truncated expansions (in o(1)) of (54) and (59). Let us use the polar coordinates (r—, 6#7~) centered at the point A~

(and such that 6~ = 0 or m coincides with the line x = 0). Noticing that, in the overlapping zone, r~ — 0 and
r— /e — 400, this can be reduced to:
lim |:u8(r,9)—Ua’8<r—,9>} =0. (70)
r=—0,"——+00 €

As f has a compact support include in £2, there exists 0 < R < inf(H, L), such that, for r~ < R, by separation of
variables, u(g) can be written as a linear combination of:

{ Jp(wr™)cos(pd~), p e N (smooth functions of r7), 71

Y, (wr~)cos(pf~), p €N (which are singular close to r~ = 0).
It can be shown (but the proof is omitted here) that the only function Y, (wr™) that may appear in the expansion
corresponds to p = 0. Therefore, we have an expression of the form (for r~ < R):

“+o00
uj(r=,07) =Y (b°)"Tp(wr ) cos (po7) +a Yo(wr™) +b° Jo(ar™). (72)
p=1
IAn the same way, if we use (p—,07), the polar coordinates corresponding to the euclidean coordinates (X, Y)
in £2,, since U] satisfies the homogeneous Laplace equation with homogeneous Neumann condition, by separation
of variables, in the domain p~ > 1), Ua "¢ can be written as a linear combination of:

{(07)Pcos(po7), (p) Pcos(pd™), p=1}, logp~, 1.
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One can show (once again, the proof is omitted here) that U ¢ cannot grow more rapidly than log o~ when p~
goes to 4-00. Therefore, we have an expression of the form (o~ > 1):

~+00
Uy (o™, 07) = () (p7) Pcos(po™) +al logp™ + BE. (73)
p=1

Recalling that (y denotes the Euler number [1]):

2
limJox) =1,  limJ,()=0 forp>1,  Yp(x)=— <1og<5> + y) +o(D),
z—0 z—0 T 2

we deduce that:

{ uf(r=.07) = 2a% (log %= +y) +b° +o(1) (r~ = 0). .
Ua’g(r_/s,é_)zocs_log%—l—ﬂi +o(1) (r~ /e = +00).
Therefore, (70) leads to:
%ag_ =a’, %ag_ (log% +y> + 0% =—af loge + BE. (75)
In the same way (with obvious notation for polar coordinates), we have:
{ug(r+,9+)= 245 (log 2= + ) + b5 +o(1) (T — 0), 76
U (2, 07) = af log = + B2 +o(1) (r* /e — 400),
with the relations:
2 & & 2 & w & & &
—af =, ;a+(log§+y>+b+=—a+10g8+ﬂ+. 17

We have now all the necessary information to determine the fields uf), U fl, Ua ¢ and U('; €,
4.2. Determination of the leading terms of the expansion

The analysis of the far field ug will rely on the following lemma. The proof, omitted here, can be adapted from
those in [8].

Lemma 5. There exists a unique outgoing solution u™* of the homogeneous Helmholtz equation in S2 satisfying the
homogeneous Neumann boundary condition on 32 \ {A~, A"} such that there exists b* € C with:

- - 2 r _
{u*(r ,67) — 2(log %= +y) — b*, when r= — 0, o8

wr(rt,0h) + (—l)l%(log % +9)—= (=D *1p*, whenrt — 0.
By linearity, we deduce the following

Corollary 6. If v is an outgoing solution of the homogeneous Helmholtz equation in §2 with Neumann boundary
condition in 982 \ {A™, A"} and satisfies the local behaviours:

v(r=,07) — %a(log % +v) has a finite limit when r~— — 0,

v(rt,0") + (—l)e%a(log % +y)  has a finite limit when r* — 0,

then, one obtains: v = au™.

We first notice that, if we integrate Eq. (60) over the domain:

-~

Q};)I:{xe§]§|0<p+<l,0<9+<7T} (79)
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one easily obtains the relation:
1

of =——pf. (80)
b4
In the same way, we show that
e _ 1 ¢ 81
Ol+ = ;/L_’_ ( )
Therefore, using (75), (67) and (80) (respectively (77), (69) and (81)), one can obtain the relations:
2.6 _ & _ 1, ¢ =_“’Bi1
i ®
2a5 =af = Luf = (D',
which implies in particular:
at = (-D"af (= a). (83)

Applying Corollary 6 to v = u® — u®, we obtain
uf):uo—i—asu*. (84)

Therefore u, has the following behavior at the neighborhood of AT and A™:

{ug(r—,e—) =u¥(A7) +af[Z2(log % +y) + b1 +o(1), &5)
ub(rt,0) =u®(AT) + (—=D)**af[ 2 (log wg* +v) 4+ b*]1+o(1).
Comparing (74,76) and (85), we have:

b =a®b* +u(A7), b = (=D afb* +u’(AT). (86)

For the near field we shall use the following result (adapting the proof of [9]):

Lemma 7. There exists a unique function U, harmonic in fl\ﬁ, which satisfies, when ,ojE — 400 and FX — +00:
U (p*,0%) =log p™ +o(1), UL(X,Y)=0(X]), (87)
as well as the homogeneous Neumann boundary condition on 8[/2\1% Moreover, there exists v* € C such that:
LX,Y)=EtnX +v* +o0(l), when FX — +o0. (88)

Corollary 8. Let Vi be a solution of the homogeneous Laplace equation in 3/?\1% satisfying the homogeneous Neumann
boundary condition on 8.(2;; and:

Vi(p*t,0%) = aglog p® + By +o(1), p*— +oo, (89)
Vi(X,Y)=0(X]), FX — +o0,

then: Vo = a1+ UYL + B1.

Applying Corollary 8 to Ua ¢ and Ug ¢ we obtain, using Egs. (74,76), (75,77) and (86):

Uy =a[2(U* +1og % +y) + b*]+u’(A7), (90)
U = (—=Da®[2(U% +1og % + ) + b1 + u’(A™).
Moreover, Uf | is given via (64), (67), (82) and (83):
2 .
Uf,(x) = —a®sinwx. e
w

As can be seen in the formulae (84), (90), (91), we know uy, U(jf  and U® | as soon as we know a®. To obtain a®,
we proceed as follows:
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From Egs. (67) and (69) we deduce:
e = (=D (92)
Egs. (90) and (88) lead to:

Uy ° (X, Y) =a®[-2X + 2(log % +y +v*) + b1+ u® (A7) + o(1),
Ul (X, Y) = (=D af[2X + 2(log € +y +v*) + 5"+ u®(AF) + o(1);

e Identifying (66,68) and (93), one obtains:

93)

Ve = ag[%(log F+y+vH+Db+ u(A7),
vi = (=D*af[2(og G + v +v*) + b*] +u’(A);
It follows from (92) and (94):
e (DA —u¥aT)
L (log % +y +v¥) +2b*

(94)

95)

4.3. Towards a rigorous proof

Since
7 (=Dt —u4a)
4 loge ’

dg

we conjecture that the estimates:

{ lu® = u®ll 1200 < Cll Sl L2(2)/ 1 l0gE],
41200,y < Cllf I 202y /(6% Togel),

hold and are generically optimal. Moreover, due to the two logarithmic singularities at the point A~ and A, u* is not
in Hléc(.Q). Therefore we cannot have the same inequality for the H'(£2z) norm as for the L2(£2g) norm. One can
expect the (generically optimal) estimate:

|4 = u®] 1 0,y < C@, Ly R, F) fll 202/ Togel. 97)

All these results are coherent with those obtained numerically in Section 3. One can refer to Figs. 13—18. The
proofs of (96) and (97) should be along the lines of the proof of Theorem 1 but the stability argument, which used the
DtN map, has to be adequately modified. These proofs will be delayed to a forthcoming paper.

(96)
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