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Introduction

� First use of these elements for the transient wave equation

�

G. COHEN, S. FAUQUEUX, Mixed finite elements with mass-lumping for the

transient wave equation, J. Comp. Acous. 8 (1), pp. 171-188, 2000.

� Advantages of these elements for the Helmholtz equation

�

Low storage of the matrix coming from the discretization

�

Gain of time for the product matrix vector

� Contents of this presentation

�

Short presentation of these elements

�

Comparison with “classical elements” for direct and iterative solvers



Model Problem
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We transform 1 to the following first-order system:
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To this system we add the first-order absorbing boundary condition:
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Approximation
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Approximate Variational Formulation
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U and

�

Fh are the vectors of the components of u and f respectively on the basis of U r
h� �

U the restriction of
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U to the boundary of Ω
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Degrees of Freedom
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Degrees of freedom for u (circles) and

�

v (arrows)
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are the Gauss-Lobatto quadrature points , r the order of approxima-

tion
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Properties of mass matrices

�
�

�

� ω2 Dh

�

U � iω

�

Dh

� �

U � � Rh

�
V

� �

Fh

Bh

�

V � R

�

h

�

U
(9)

� Use of Gauss-Lobatto quadrature formulas to compute all the integrals

� Dh and

�

Dh are diagonal, Bh block-diagonal (2x2 in dimension 2)



Properties of Stiffness Matrices
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� Stiffness matrices independent of the element Ki

�

No storage needed for these matrices

� Elementary stiffness matrices are sparse :

�

Gain of time expected



Many interactions in elementary stiffness matrices are null, particularly in 3D .



Curved Elements
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ŷ

�

� ŷA3
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� ŷA4

�
�

1 � ŷ
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Curved Elements
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� Pl � m Projection of Gauss-Lobatto points from K̂ to Ki by the Gordon-Hall trans-
formation

�
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� Fi is a Lagrangian interpolation Fi
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Test-problem studied
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Scattering of an incident plane wave by a dielectric disk of diameter 4λ



Numerical Solution of the problem

The real part of the diffracted field on the left, and the total field on the right for the dielectric disk of diameter 4λ



Comparison of different iterative solvers
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Evolution of the logarithm of the criterion versus the number of iterations for the different solvers

�

Conjugate Gradient is the most efficient, despite its fluctuating convergence.



Different kind of Meshes

Left : a quasi-regular mesh of quadrilaterals

Right : a triangular mesh splitted in quadrilaterals



Comparison of numbers of degrees of freedom
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two kinds of meshes and “classical” elements, for L2-error less or equal to 5%



Time for a direct solver
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Comparison of time for a direct solver between mixed spectral elements for two kinds

of meshes and “classical” elements, for an 5% L2-error



Time for an iterative solver - CG
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Comparison of time for a conjugate gradient solver between mixed spectral elements

in two kinds of meshes and “classical” elements, for a L2-error less or equal than 5 %



Gain of storage for mixed spectral elements

2 3 4 5 6 7 8
0

1

2

3

4

5

6

7

Triangular Elements from P2 to P4

Quadrangular Spectral Elements

from Q2 to Q7 on regular meshes

On Irregular Meshes

Order of approximation

St
or

ag
e 

of
 m

at
ric

es
 a

nd
 4

 v
ec

to
rs

 in
 M

o

Comparison of the storage of the matrices and four vectors between mixed spectral
elements for two kinds of meshes and “classical” elements, for a L2-error less or equal

than 5 %

� Conjugate Gradient uses only four vectors to compute the solution



Concludings remarks on numerical results

� Non-regular meshes coming from splitting of triangular meshes give poor results

� Numbers of degrees of freedom decreases when order increases

� Q5 is an optimal order for this problem

� For an error less than 5 %, high order is more accurate



Conclusion

� Efficient method and low-storage accurate method

� More efficient in the 3D case

� A preconditioning method for an iterative solver is necessary

� Extensions to time-harmonic maxwell equations are studied


