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Exercise 1
Let p be a prime number.
(1) Show that Zě0 is dense in Zp.
(2) Is it true that ZpXQ “ Z?
(3) Show that Qˆ2

p “ tx2uxPQˆp is open in Qˆp .
(4) Let a P Z. Show that the polynomial X2 `X ` a has a root in Q2 if and only if a is even.
(5) Assume that p is odd. Show that Qˆp {Q

ˆp
p » pZ {pZq2.

Exercise 2
Let P pXq “ X3 ´ 17 and j P Q3 a primitive cubic root of unity.
(1) Show that j R Q3 [hint: compute pj ´ 1q2].
(2) What are the degrees of the irreducible factors of P in Q3rXs [hint: compute P p5q]?
(3) How many extensions to Qp 3

?
17q does the 3-adic absolute value have?

Exercise 3
Let A be a Dedekind ring, K “ FracpAq and L{K a finite and separable field extension. Denote by B the
integral closure of A in L, and PA the set of nonzero prime ideals of A. An A-order of L is a subring R of
L such that A Ă R and R is an A-module of finite type.
(1) Let R be a subring of L such that A Ă R. Show that R is an A-order of L if and only if R Ă B.
(2) Assume that R is an A-order of L.

(i) Show that for all p P PA, the localization Rp is an Ap-order of L.
(ii) Show that R “ B if and only if Rp “ Bp for all p P PA.
(iii) Show that nonzero prime ideals of R are maximal.

(3) Let R be an A-order of L and θ P R such that L “ Kpθq. Denote by P pXq the minimal polynomial of
θ over K. Let p P PA and P the image of P in κppqrXs, where κppq “ A{p. Show that if P is separable,
then Rp “ Bp and the prime ideals of B above p are unramified [hint: recall that Arθs˚ “ 1

P 1pθqArθs].
(4) Let R Ă R1 be an extension of rings, the conductor of R1{R is cR1{R “ tr P R ; rR1 Ă Ru.

(i) Show that cR1{R is the largest ideal of R1 that is contained in R.
(ii) Let R be an A-order of L and S Ă R a multiplicative part. Show that cS´1B{S´1R “ S´1cB{R [hint:

use the fact that B is finite over R].
(iii) Let R be an A-order of L. Show that c :“ cB{R ‰ t0u if and only if FracpRq “ L.

Assume henceforth that FracpRq “ L.
(5) Show that cR˚ Ă D´1

B{A (where R˚ “ ty P L ; p@x P Rq TrL{Kpxyq P Au), and that this inclusion is an
equality when R “ Arθs for some θ P L such that L “ Kpθq.
(6) In this question we assume that A “ Z.

(i) Let a be an ideal of OL and put R “ Z`a. Show that R is a Z-order of L, with conductor dZ`a,
where d P Zą0 is such that ZXa Ă dZ.

(ii) Assume that L “ Qp
?
5q. Show that R “ Zr

?
5s is a Z-order of L. What is its conductor?

(7) Let q P PB . Show that c Ă q if and only if c Ă q X R. Deduce that if FracpRq “ L, there are only
finitely many prime ideals of R that contain c.
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(8) (hard) Let p be a nonzero prime ideal of R. Show that the following are equivalent:
(a) p does not contain c;
(b) R “ tx P L ;xp Ă pu;
(c) p is invertible;
(d) Rp is a DVR.

[hint: to show (a)ñ(b), use the fact that p` c “ R; to show (b)ñ(c), use the fact that if α P pzt0u, there
exists r P Zą0 such that prRp Ă αRp; to show (c)ñ(d), show that nonzero ideals of Rp are powers of pRp,
then that Rp is integrally closed.]
(9) (hard) Show that under the equivalent conditions of question (8), pB is the only maximal ideal of B
that contains p [hint: take q P PB such that p Ă q, and show that Rp “ Bq.]

Exercise 4
Unless otherwise stated, ramification subgroups of a finite Galois extension L{K will be considered with the
lower numbering. A jump of the extension L{K is an integer i such that GalpL{Kqi ‰ GalpL{Kqi`1.
Let L{K and K{F be nontrivial finite extensions of local fields.
(1) Assume that L{F and K{F are Galois. Let i1 ă ¨ ¨ ¨ ă in be the jumps of the ramification filtration of
L{K. Assume that the ramification filtration of K{F has a unique jump i0, and that i0 ă i1. Show that

GalpL{F qi “

#

GalpL{F q if i ď i0

GalpL{Kqi if i ą i0

and deduce that the jumps of the ramification filtration of L{F are i0, i1, . . . , in [hint: Herbrand’s theorem].
Assume from now on that F has mixed characteristics p0, pq, that K “ F pζq where ζ is a primitive p-th
root of unity, and that L “ Kpαq, where a :“ αp P K and α R K.
(2) Show that the extension K{F is cyclic of degree dividing p´ 1, and that vKpζ ´ 1q “ eK

p´1 P Zą0 (where
eK is the absolute ramification index of K).
(3) Explain why K{F has at most two jumps, and exactly one when it is totally ramified.
We henceforth assume that K{F is totally ramified. Denote by vK (resp. vL) the normalized valuation on
K (resp. on L).
(4) Show that L{K is a cyclic extension of degree p. When a P F , show that L{F is Galois and describe
the structure of GalpL{F q.
(5) Assume that p - vKpaq. Show that L{K is totally ramified, and that vLpDL{Kq “ peK ` p ´ 1 [hint:
first reduce to the case where vKpaq “ 1]. Deduce the jumps of L{K. If a P F , what are the jumps of L{F?
Under which condition on eF are the jumps in the upper numbering integers?

Assume from now on that p | vKpaq and put E “
 

i P Zą0 ; pDx P K
ˆq ax´p P U

piq
K

(

.
(6) (i) Show that 1 P E.
(ii) Assume that a P U piqK with i ą peK

p´1 . Show that the polynomial QpXq “ p1`pζ´1qXqp´a
pζ´1qp belongs to

OKrXs, and use Newton’s lemma to show that it has a root in OK , contradicting the hypothesis.
The set E is thus non empty, and included in

 

1, . . . , peKp´1

(

. Put c “ maxE: replacing a by ax´p for some

appropriate x P Kˆ, we may assume that a P U pcqK .
(7) Show that there exists ApXq P ZrXs such that pX ´ 1qp “ Xp ´ 1` ppX ´ 1qApXq and Ap1q “ ´1.
(8) Assume that c “ peK

p´1 and put z “ α´1
ζ´1 P L.

(i) Show that vLpzq “ 0 [hint: use question (7)].
(ii) Compute the minimal polynomial P of z over K, and show that its image P in κKrXs is of the

form P pXq “ Xp ´X ´ λ. Explain why P is irreducible, and deduce that K{F is unramified.
(iii) If a P F , what are the jumps of L{F in that case?

(9) Assume that c ď peK
p´1 ´ 1.

(i) Show that p - c [hint: assume the contrary and deduce a contradiction with the definition of c.]
(ii) Compute vLpα´ 1q [hint: use question (7)], and deduce that L{K is totally ramified.
(iii) Constuct a uniformizer πL of L, and determine the jump of L{K [hint: consider the action of a

generator of GalpL{Kq on πL.]
(iv) Deduce that vLpDL{Kq “ pp ´ 1q

`

peK
p´1 ´ c ` 1

˘

. When a P F , what are the jumps of L{F in this
case?


