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Abstract



1. Introduction

The problem of studying rings of algebraic integers of number fields as a Ga-
lois module is an old and classical one. One of the high points of this study
was Fröhlich’s discovery of an unexpected connection between this problem and
the behaviour of certain arithmetic invariants associated with representations of
Galois groups.
For a number field or a local field F we denote by OF its ring of integers.
Let N/K be a finite Galois extension of number fields and let G be its Galois
group. One can associate to the symplectic representations of G their Artin root
numbers and define, in the locally free class group Cl(Z[G]) of Z[G] an element
of order 1 or 2, the so called root number class, denoted by WN/K . In [T1], when
N/K is at most tamely ramified (see also [F] for precise definitions), the second
named author proved the following equality

UN/K = WN/K(1.1)

where UN/K is defined by [ON ]− [OK [G]] in Cl(Z[G]).
When N/K is a wild extension one can define, for any order Λ in Q[G], a root
number class, an element of order 1 or 2 in Cl(Λ), denoted again WN/K . This
raises the interesting question of defining, in this case, an analogue of UN/K

and proving an analogue of (1.1). In [C] T.Chinburg introduced an invariant
Ω(N/K, 2) which coincides with UN/K when N/K is tame and conjectured the
following equality in Cl(Z[G])

Ω(N/K, 2) = WN/K .(1.2)

This conjecture has not been proved yet in full generality.
Let S be the set of those rational primes numbers below the wildly ramified
primes of N/K. In a series of papers [H-W1], [H-W2], [H-W3] D. Holland and
S.M.J. Wilson developed their theory of factorizabilty defect in order to deal with
this problem. In 1991 they finally proved, [H-W3], Queyrut’s conjecture, namely
the equality

US
N/K = WN/K(1.3)

in Queyrut’s class group. This group may be understood as the classical group
Cl(U(N/K)) where U(N/K) is the order of Q[G] such that U(N/K)p = Zp[G]
(resp. a maximal order in Qp[G]) if p 6∈ S (resp. p ∈ S).
The aim of this paper is to develop a new approach to these questions by general-
ising to non abelian extensions N/Q the ideas first introduced in [T2]. From now
on we restrict ourselves to the case where K = Q. Our strategy is the following:
we first define a “good order” Λ(N/Q), denoted by Λ, in Q[G], depending on the
ramification of N/Q, which coincides with Z[G] whenever N/Q is tame. It may
happen that ON is not be stable under Λ-action. Hence we have introduced our
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“adjusted” ring of integers as a sub-lattice of ON and a Λ-module, closely related
to ON , that we denote by ǑN . After proving that ǑN is a Λ-locally free module
this article is devoted to the study of the class

ǓN = [ǑN ]− [Λ]

in Cl(Λ).
We now can be more precise. For any p ∈ S we fix a maximal ideal of ON above
p. We denote by Np the completion of N at this prime ideal and we let G(p)
(resp. G0(p), resp. G1(p)) be the Galois group of Np/Qp (resp. the inertia, resp.
the first ramification) subgroup of Np/Qp. We will say that hypothesis (Hp) is
satisfied whenever G1(p) is a commutative, direct factor of G(p) and a normal
subgroup of G. The extension N/Q satisfies hypothesis (H) when it satisfies (Hp)
for any p ∈ S. From now on we shall always assume (H) to be satisfied.

Definition 1.4 Let Λ be the order of Q[G] such that for any prime divisor of Q

Λp = M(G1(p))⊗Zp[G1(p)] Zp[G]

where M(G1(p)) is the maximal order of Qp[G1(p)].

We now decompose G0(p) into a direct product

G0(p) = G1(p)×G′
0(p)(1.5)

where G′
0(p) is cyclic of order prime to p.

We define

Mp = NG0(p)
p , N (t)

p = NG1(p)
p , N (w)

p = NG′
0(p)

p(1.6)

and we put

ǑNp = ǑNw ⊗OMp
O

N
(t)
p

(1.7)

where ǑNw is the largest OMp submodule of ONw stable under MMp(G1(p)), the
maximal order of Mp[G1(p)].

Definition 1.8 Let ǑN be the unique sublattice of ON such that for any prime
divisor of Q

ǑN,p = ǑNp ⊗Zp[G(p)] Zp[G].

Theorem Under hypothesis (H) one has Ǔ2
N = 1. Moreover when 2 is at most

tamely ramified in N/Q, then ǓN = WN .

Corollary Under hypothesis (H) if [N : Q] is odd, then ǑN is a Λ- free rank one
module.

Remarks
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1. (Hp) is satisfied for any p in S when N/Q is either abelian or tame. In this
last case our theorem is the equality (1.1).

2. We assume that G1(p) is a normal subgroup of G in order to obtain an
order in Q[G]. The fact that G1(p) is a direct factor of G(p) will be used in
the local case to assure the stability of Det(Λp

×) under Adams operations
and a “fixed point theorem” [CN-T2], Theorems 1 and 2. In the case where
G(p) is abelian, we can replace hypothesis (Hp) by hypothesis (H ′

p) with

(H ′
p) G1(p) is a normal subgroup of G.

For example, suppose that N/Q is a dihedral extension of degree 2pn with
p an odd prime and assume that 2 is split in the quadratic subextension
k/Q of N/Q then hypothesis (H) is satisfied.

Compared to [H-W] our result has the disadvantage that it is obtained under
the restrictive hypothesis (H). Nevertheless it also has its advantages: the order
Λ(N/Q), that we are working with, is in general strictly contained in U(N/K)
and in particular is not a maximal order at the primes in S. Therefore one of the
ingredients of the proof of our main result provides a connection between local
resolvents and local Gauss sums at the wild primes which is new and interesting.∗

The organisation of this paper is as follows: In section 2 we deal with the local
situation. In section 3 we use Adams operators to obtain a new representative
for ǓN in Fröhlich’s Hom-description of Cl(Λ). It plays an important role since
it allows us to work separately with tame and totally ramified wild extensions in
the local wild situation. The proof of the theorem then splits into three parts;
section 4 concerns the tame situation, section 5 deals with the wild situation
while section 6 contains the final step of the proof.

2. The local case

In this section we consider a finite Galois extension N/Qp whose Galois group we
denote by G. We let G0, G1, G′

0 be the groups G0(p), G1(p), G′
0(p) introduced

in section 1. Under hypothesis (Hp) then G1 is a commutative direct factor of G.
For an extension L/Qp and for a finite abelian group H, we let ML(H) denote
the maximal order of L[H].

Definition 2.1 The order ΛL(N/Qp) in L[G] is then defined by

ΛL(N/Qp) = ML(G1)⊗Zp[G1] Zp[G].

∗Moreover the proof of the equality between ǓN and the projection of Ω(N/Q, 2) in Cl(Λ)
will provide further evidences towards conjecture (1.2)
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In the sequel we frequently abbreviate ΛL(N/Qp) to ΛL and ΛQp(N/Qp) to Λ.

Writing Ĥ for the group of abelian characters of H, we obtain Ĝ0 = Ĝ′
0 × Ĝ1.

We then deduce at once the equalities:

ML(G0) = ML(G1)⊗OL
OL[G′

0](2.2)

and therefore

ΛL = ML(G0)⊗Zp[G0] Zp[G].(2.3)

Let M be the maximal non-ramified sub-extension of N/Qp.

Lemma 2.4 The order ΛM is a free Λ-module of rank [M : Qp].

Proof. By definition MQp(G1) ⊂ MM(G1) and MQp(G1)⊗ZpM = MM(G1)⊗ZpM .
Therefore MM(G1) is a free MQp(G1)-module of rank [M : Qp] and the result
follows for ΛM from the definitions. 2

We now introduce our “adjusted ring of integers” in this local context. We set
N (t) = NG1 , N (w) = NG′

0 . We then consider ON(t) the ring of integers of N (t) and
define ǑN(w) as the largest OM -submodule of ON(w) stable under MM(G1).

Definition 2.5 We define

ǑN = ǑN(w) ⊗OM
ON(t) .

The rest of this section is devoted to the proof of the following result:

Theorem 2.6 ǑN is a free rank one Λ-module.

Proof. The proof splits into three Lemmas.

Lemma 2.7 ǑN is a free MM(G0)-module of rank 1.

Proof. Since N (t)/M is tame we know by Noether’s Theorem that ON(t) is free
over OM [G′

0]. It therefore suffices to show that ǑN(w) is free over MM(G1). In
fact since MM(G1) is commutative and since ǑN(w) ⊗OM

M = N (w) is free over
MM(G1)⊗OM

M = M [G1] by the normal basis theorem it suffices to prove that
ǑN(w) is projective over MM(G1), which is true since it is a finitely generated
torsion free OM -module. 2

Lemma 2.8 ǑN is a projective Λ-module of rank one.
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Proof. In order to show that ǑN is a Λ-module, we start by proving that G acts
on ǑN(w) . It follows from the definition of ǑN(w) that

ǑN(w) = {x ∈ ON(w) |xλ ∈ ON(w) ,∀λ ∈ MM(G1)}.

Let x (resp. g) be an element of ǑN(w) (resp. G). For any λ ∈ MM(G1) one has
the equality (xg)λ = x(gλg−1)g.
Since G1 is abelian MM(G1) is the unique OM maximal order of M [G1] and
therefore is stable under conjugation. Hence (gλg−1) ∈ MM(G1) and (xg)λ ∈
ON(w) . We then conclude that ǑN(w) is stable under G-action. If we now let G
act diagonally on the product ǑN(w) ×ON(t) one can easily check that it induces
an action of G on ǑN and therefore induces a structure of Λ-module over ǑN .
Since ǑN ⊗Zp Qp = N and Λ ⊗Z Qp = Qp[G], it follows from the normal basis

theorem that the rank of ǑN over Λ is equal to 1. We deduce from Lemma 2.7
that there exists an isomorphism of M(G0)-module

π : MM(G0) → ǑN .

Following mutatismutandis the method of [T2], Proposition 2.1, we obtain from
π a split surjection

π : ΛM → ǑN

of Λ-modules. Since, by Lemma 2.4, we know that ΛM is Λ free we conclude that
ǑN is projective. 2

We now wish to complete the proof of Theorem 2.6. Since ǑN is Zp-torsion free,
we first observe that it suffices to show that

ǑN ' Λ(2.9)

as Z[G]-modules. Moreover since ,OM is Zp-free, (2.9) will follow from the iso-
morphism

OM ⊗Zp ǑN ' OM ⊗Zp Λ(2.10)

as OM [G]-modules, [C-R]. For any OM [G0]-module A we define the algebra
MapG0

(G, A) of set maps of G0-sets G → A, G0 acting on G by right multi-
plication. This is an OM -module, with addition and OM -action being defined via
that in A. Moreover this is a G-module where for h ∈ G and f ∈ MapG0

(G, A)
we define

fh(g) = f(hg),∀g ∈ G.

Suppose that A and B are isomorphic as OM [G0]-module then

MapG0
(G, A) ' MapG0

(G, B)(2.11)

as OM [G]-modules. Hence, since we know from Lemma 2.7 that ǑN and MM(G0)
are isomorphic OM [G0]-modules, (2.10) will be a consequence of the lemma:
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Lemma 2.12 We have the following isomorphisms of OM [G]-modules

i.) OM ⊗Zp Λ ' MapG0
(G, MM(G0));

ii.) OM ⊗Zp ǑN ' MapG0
(G, ǑN).

Proof. We first note that OM ⊗Zp Λ = MM(G0)⊗Zp[G0] Zp[G]. We then introduce
the map

θ :

{
MapG0

(G, MM(G0)) → OM ⊗Zp Λ
f 7→

∑
g

f(g−1)⊗ g

where g runs through a transversal of G/G0. This is a homomorphism of OM -
modules whose definition does not depend on the choice of this transversal. For
h ∈ G we obtain

θ(fh) =
∑

g

f(hg−1)⊗ g =
∑

u

f(u−1)⊗ uh = θ(f)h.

Hence θ is a G-map.
It follows from θ(f) = 0 that f(g) = 0 ∀g ∈ G/G0. As f(gh) = f(g)h for h ∈ G0

we deduce that f = 0. Thus we conclude that θ is injective.
Let y =

∑
g∈G/G0

yg ⊗ g with yg ∈ MM(G0),∀g ∈ G/G0. There exists a map f ∈

MapG0
(G, MM(G0)) which satisfies f(g−1) = yg,∀g ∈ G/G0 and consequently

θ(f) = y. We then have proved that θ is surjective. Therefore θ is an isomorphism
of OM [G]-modules as we had to show. We now prove ii.) Following [F], III,
Lemma 6.2, we introduce the algebra homomorphism

j :

{
M ⊗Qp N → MapG0

(G, N)
x⊗ y 7→ j(x⊗ y) : g 7→ xyg .

This is an isomorphism of M [G]-modules. The restriction of j to OM ⊗Zp ǑN

induces an injection

j : OM ⊗Zp ǑN ↪→ MapG0
(G, ǑN) .(2.13)

Since OM is free over Zp, it follows from the inclusion ǑN ⊂ ON that OM ⊗Zp

ǑN ⊂ OM ⊗Zp ON .
Moreover, we know from [F], III, (6.5) that j induces, by restriction, an isomor-
phism

OM ⊗Zp ON ' MapG0
(G,ON).(2.14)

Thus, in order to prove that (2.13) is an isomorphism, it suffices to prove the
equality of the indices
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[OM ⊗Zp ON : OM ⊗Zp ǑN ] = [MapG0
(G,ON) : MapG0

(G, ǑN)].(2.15)

Let {ek|1 ≤ k ≤ m} be a Zp-basis of OM . Since ǑN is a Zp sublattice of ON

of the same rank, there exists a Zp-basis {bl|1 ≤ l ≤ n} of ON and non-zero
elements {al|1 ≤ l ≤ n} of Zp such that {albl|1 ≤ l ≤ n} is a Zp-basis of
ǑN . Using the basis {ek ⊗ bl|1 ≤ k ≤ m, 1 ≤ l ≤ n} for OM ⊗Zp ON and

{al(ek ⊗ bl)1 ≤ k ≤ m, 1 ≤ l ≤ n} for OM ⊗Zp ǑN we immediately obtain that

[OM ⊗Zp ON : OM ⊗Zp ǑN ] = [ON : ǑN ][M :Qp].(2.16)

We now fix a transversal {gk|1 ≤ k ≤ m} of G/G0. Let {uk,l|1 ≤ k ≤ m, 1 ≤ l ≤
n} be the set of elements of MapG0

(G,ON) defined by

uk,l(gt) =

{
bl if k = t
0 otherwise.

One easily verifies that {uk,l|1 ≤ k ≤ m, 1 ≤ l ≤ n} is a Zp-basis of MapG0
(G,ON)

and that {aluk,l|1 ≤ k ≤ m, 1 ≤ l ≤ n} a Zp-basis of MapG0
(G, ǑN). We then

conclude that

[MapG0
(G,ON) : MapG0

(G, ǑN)] = [ON : ǑN ][M :Qp].(2.17)

Therefore (2.15) follows from (2.16) and (2.17). This completes the proof of the
lemma and of Theorem 2.6. 2

Remarks

1.) One should notice that Theorem (2.6) remains true under the weaker hy-
pothesis of G1 being abelian. Nevertheless we will need (Hp) when dealing
with the global situation.

2.) When N/Qp is tame (Hp) is satisfied with G1 = {e}. In this case Λ = Zp[G],
ǑN = ON and Theorem (2.6) is the well known local normal integral basis
theorem of E. Noether.

3.) Theorem (2.6) suggests the following natural question: when is ǑN = ON

? It follows from [T2], Proposition 1.12, that ǑN = ON if and only if one
of the two following conditions is satisfied:

i.) N/Qp is tame;

ii.) N/Qp has p-power ramification index and N (w) = N/M is maximally
ramified (i.e. ON(w) admits MM(G0)).
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3. A representative for ǓN

An important tool in the proof of our main result is Fröhlich’s “Hom-description”
of class groups. After fixing the notation, the aim of this section is to define a
suitable representative for our class ǓN .
Let Qc be an algebraic closure of Q and let E/Q be a “big enough” finite Galois
extension contained in Qc/Q. For any rational prime divisor p of Q, we consider
an algebraic closure Qc

p of Qp and once for all we fix an embedding jp : Qc ↪→ Qc
p.

Let L/Q be a finite Galois subextension of E/Q with H = Gal(L/Q). We denote
by Lp (resp. H(p)) the closure of jp(L) in Qc

p (resp. Gal(Lp/Qp)). In fact Lp ' Lp

where Lp is the completion of L at the prime p defined by the restriction of jp

to L. We let j∗p be the group isomorphism from H(p) into H induced by jp and
defined by the rule

xj∗p(ω) = xjpωj−1
p ,∀x ∈ L, ∀ω ∈ H(p).(3.1)

We write ΩQ (resp. ΩQp) for Gal(E/Q) (resp. Gal(Ep/Qp).
We now recall that N/Q is a finite Galois extension with Gal(N/Q) = G. We
previously introduced the order Λ(N/Q) of Q[G] by prescribing its local compo-
nents:

Λ(N/Q)p =

{
Λ(Np/Qp)⊗Zp[G(p)] Zp[G] if p 6= 0.

Q[G] if p = 0.
(3.2)

and our “adjusted” ring of integers as the sublattice of ON locally defined by

ǑN,p =

{
ǑNp ⊗Zp[G(p)] Zp[G] if p 6= 0.

Np if p = 0.
(3.3)

when there in no risk of confusion we will write Λ for Λ(N/Q) and Λp for
Λ(Np/Qp).
Fröhlich’s Hom-description of the class group of Λ is given by the following iso-
morphism

HomΩQ(RG, J(E))

HomΩQ(RG, E×)Det U(Λ)
' Cl(Λ)(3.4)

where we let RG be the ring of virtual characters of G over Qc, we write J
for idèles and U for unit idèles and we denote by Det Fröhlich’s generalised
determinant map, see [F], II. With this notation one has to distinguish between
Λ×

p and Up(Λ) = (Λp⊗Zp[G(p)] Zp[G])×. Let L/Q be a subextension of (E/Q) and
we let p be the prime divisor of L defined by jp. We again obtain a homomorphism
denoted by jp

jp : E ⊗L Lp → Ep.
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On the other hand jp induces an isomorphism

χ → χjp

between RG and RG,p, the ring of virtual Qc
p characters of G. Using (3.1), we

easily check that if we put Jp(E) = (E ⊗L Lp)
×, then the map

j∗L,p :

{
HomΩL

(RG, Jp(E)) → HomΩLp
(RG,p, E(p)×)

f 7→ j∗L,p(f) : (χ 7→ f(χj−1
)j)

(3.5)

is a group homomorphism .
From [F] II, Lemma 2.1 we know that j∗L,p is a group isomorphism. In the case
where L = Q, writing j∗Q,p = j∗p we obtain a new group isomorphism also denoted
by j∗p

j∗p :
HomΩQ(RG, Jp(E))

Det(Up(Λ))
'

HomΩQp
(RG,p, E

×
p )

Det(Up(Λ))
.(3.6)

Remarks:

1.) Any element a ∈ Up(Λ) defines two determinant maps both denoted by
Det(a), namely RG → J(E) and RG,p → E×

p . Hence Det(Up(Λ)) has two
different meanings in each side of (3.6). Nevertheless j∗p maps isomorphically
the lefthand group to the righthand group.

2.) We shall in future use the symbol RG rather than RG,p for Qc
p-characters

unless there is a danger of confusion.

From now on we identify both sides of (3.4). For x ∈ Cl(Λ), a representative of
x will be any f ∈ HomΩQ(RG, J(E)) whose cosets equals x. We observe that f is

specified by its values on the irreducible characters of G. We let ǓN be the class
of [ǑN ]− [Λ] in Cl(Λ). Let p be a prime divisor of Q. For any character χ of G
we denote by Tp(χ) the element of E× defined by

Tp(χ) =

{
1 if p = ∞

τp(χ) the local Galois Gauss sum at p if p 6= ∞(3.7)

and we let Rp(χ) be the idèle of E whose l-component in Jl(E) for any prime
divisor l of Q is given by :

Rp(χ)l =

{
1 if l 6= p

(ap|χ) if l = p
(3.8)

where ap is a free basis of ǑN⊗ZZp over Λ⊗ZZp. We observe that Tp and Rp both
define character maps, that is to say elements of Hom(RG, J(E)). By standard
theory we know that

f =
∏

p

fp,
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with fp = TpR
−1
p , is a representative for ǓN .

For any finite prime divisor p of Q we denote by δ
(t)
p (resp. δ

(w)
p ) the Adams

operations on characters of G defined by

δ(t)
p (χ)(g) = χ(g′) (resp.δ(w)

p (χ)(g) = χ(g′′))

where g = g′g′′ = g′′g with g′ (resp. g′′) of order coprime to p (resp. a power
of p). These operations induce natural endomorphisms on Hom(RG, J(E)) again

denoted by δ
(t)
p and δ

(w)
p . One can check that for any Adams operation Ψ on RG

and any character χ of G one has

Ψ(detχ) = det(Ψ(χ))(3.9)

Let p be a finite prime divisor of Q. It follows the definition of the local Gauss
sum that

τp(χ) = τG(p)(Res(χ)) ([T1], section 3)

Since δt
p(Res(χ)) is a tame character of G(p), we can define δ

(t)
p (T ∗

p ) by

δ(t)
p (T ∗

p ) = τ ∗G(p)(δ
(t)
p (Res(χ))

where for a tame character θ, τ ∗G(p)(θ) denotes the modified Galois Gauss sum,

see [T1] (3.9). It then follows from (3.9) and the Galois action formula on local
Gauss sums, [M], Theorem 7.2 that we have:

Lemma 3.10 For any finite prime divisor p of Q, the character map Tp/δ
(t)
p (T ∗

p )δ
(w)
p (Tp)

is an element of HomΩQ(RG, E×).

Remark:
In fact the map belongs to IndG

G(p)(HomΩQ(RG(p), E
×)).

Proposition 3.11 For any prime divisor p of Q, the character map
Rp

δ
(t)
p (Rp)δ

(w)
p (Rp)

is an element of HomΩQ(RG, E×)DetU(Λ).

Proof. We let xp be the element of
HomΩQ(RG, Jp(E))

DetUp(Λ)
represented by

Rp

δ
(t)
p (Rp)δ

(w)
p (Rp)

considered with values in Jp(E). Let Ind be the group homomorphism

HomΩQp
(RG(p), E

×
p )

Det(Λ×
p )

→
HomΩQp

(RG, E×
p )

DetUp(Λ)
(3.12)

induced by f → Ind(f) : χ → f(Res(χ)) . Following Fröhlich’s method , [F], III,
Theorem 19, we find, that j∗p(xp) = Ind(yp) where yp is represented by
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χ → (b|χ)

(b|δ(t)
p (χ))(b|δ(w)

p (χ))
(3.13)

where b is a basis element of ǑNp over Λp.
Using now a slight generalisation of Theorem 25 in [F] we may show that for any
basis c of ǑNp over MMp(G0(p)) there exists λ ∈ Λ×

Mp
such that

(b|χ)Np/Qp = (c|Res(χ))Np/MpDetχ(λ), ∀χ ∈ RG(p).(3.14)

Since Mp/Qp is non ramified we know from [CN-T2] Theorem 1 that Det(Λ×
p ) is

stable under Adams operations. We thus deduce from (3.14) that there exists
µ ∈ Λ×

Mp
such that

(b|χ)

(b|δ(t)
p (χ))(b|δ(w)

p (χ))
=

(c|Res(χ))

(c|Resδ
(t)
p (χ))(c|Resδ

(w)
p (χ))

Detχ(µ).(3.15)

The first factor of the righthandside of (3.15) is clearly induced from g ∈ HomΩMp
(RG0(p), E

×
p )

with

g(ϕ) =
(c|ϕ)

(c|δ(t)
p (ϕ))(c|δ(w)

p (ϕ))
,∀ϕ ∈ RG0(p).(3.16)

Since G0(p) is abelian, we first observe that every irreducible character ϕ of this
group can be written

ϕ = δ(t)
p (ϕ)δ(w)

p (ϕ).(3.17)

Moreover we know that we obtain a basis of ǑNp over MMp(G0) by considering

c(t)⊗ c(w) where c(t) (resp. c(w)) is a basis of O
N

(t)
p

(resp. Ǒ
N

(w)
p

) over OMp [G
′
0(p)]

(resp. MMp [G1(p)]). Hence, by an easy computation, we obtain for such a char-
acter the equality

g(ϕ)−1 = Tr
N

(t)
p /Mp

(c(t))Tr
N

(w)
p /Mp

(c(w)).(3.18)

Thus we can write the righthand side of (3.18) as a product

g(ϕ) = pmε(3.19)

where m is an integer and ε a unit of OMp both independent of ϕ.
It now follows from (3.15) that yp is represented by

χ → pmχ(1)Detχ(γ), ∀χ ∈ RG(p)(3.20)

with γ ∈ Λ×
Mp

. This implies that Det(γ) is fixed under the action of ΩQp . Using

[CN-T2] Theorem 2, we may conclude that Det(γ) belongs to Det(Λ×
p ). We finally

obtain that j∗p(xp) is represented by h with

11



χ → h(χ) = pmχ(1)(3.21)

Since j∗p is an isomorphism we find that there exists αp ∈ Up(Λ) such that

Rp

δ
(t)
p (Rp)δ

(w)
p (Rp)

= hpDet(αp)(3.22)

with hp(χ) = pmχ(1) in Jp(E).
For any prime divisor l of Q, l 6= p, (resp. l = p), we put αl = p−m, (resp.
αl = 1), as an element of Ul(Λ). Writing α = (αl) ∈ U(Λ), we have thus proved
that

Rp

δ
(t)
p (Rp)δ

(w)
p (Rp)

= kDet(α),(3.23)

with k ∈ HomΩQ(RG, E×) defined by k(χ) = pmχ(1). 2

We now can define a new representative for ǓN . Let S be the set of finite primes of
Q which are wildly ramified in N/Q. For any p, we know from the very definition
of the local Gauss sum that τp, as an element of Hom(RG, E×), is induced from
G0(p) namely

τp = IndG
G0(p)(τG0(p)).

If p 6∈ S we can write τ ∗p = IndG
G0(p)(τ

∗
G0(p)) when τ ∗G0(p) is the modified Galois

Gauss sum. We define fp
∗ = T ∗

p /Rp where T ∗
p is associated to τ ∗p via (3.7).

For p ∈ S we define

f (t)
p = δ(t)

p (T ∗
p )/δ(t)

p (Rp), f (w)
p = δ(w)

p (Tp)/δ
(w)
p (Rp).

It follows Lemma 3.10 and Proposition 3.11

Corollary 3.24

f =
∏
p6∈S

f ∗p
∏
p∈S

f (t)
p f (w)

p

is a representative of ǓN .

For any character map g and any prime divisor q of Q we will denote by gq the
element of Hom(RG, Jq(E)) obtained by considering the q-component of g.
For such maps g and h we will write g ∼ h when gh−1 ∈ HomΩQ(RG, E×)DetU(Λ).

12



4. The character maps f
(t)
p

We start this section by introducing a little further notation. Let p be a prime
of S and let G(t)(p) be the Galois group Gal(N

(t)
p /Qp). Since G1(p) is a direct

factor of G(p)

G(p) = G1(p)×G(t)(p)(4.1)

Any irreducible character θ of G(p) can therefore be written

θ = θ(w)θ(t)

where θ(w) (resp. θ(t)) is an irreducible character of G1(p) (resp. G(t)(p)). It
follows that

δ(t)
p (θ) = δ(t)

p (θ(t))(4.2)

Theorem 4.3 There exists a character map f ′(t)p , f ′(t)p ∼ f
(t)
p such that for any

finite prime q

i.) If q 6= p, then there exists a non ramified extension Fq/Q such that j∗q (f
′(t)
p,q ) ∈

IndG
G(p)(Det(OFq [G(p)]×);

ii.) If q = p, then there exists a tamely ramified extension Lp/Qp such that

j∗p(f
′(t)
p,p ) ∈ IndG

G(p)(Det(OLp [G(p)]×).

Proof. We start by considering j∗q (f
(t)
p,q) for p 6= q. It follows from the definition

of the local Gauss sum that

j∗q (f
(t)
p,q) = IndG

G(p)(gq)(4.4)

where gq ∈ Hom(RG, E×
q ) is defined by

gq(θ) = τ ∗G(p)(δ
(t)
p (θ))jq .

( From this point on we shall omit all mention of jq in the remainder of the

proof). We deduce from (4.2) that δ
(t)
p (θ) is inflated from δ

(t)
p (θ(t)), considered as

a character of the tame extension N
(t)
p /Qp. From [T1], Theorem 3, we deduce that

there exists a non ramified finite extension Fq/Qp and an element αp ∈ OFq [G(p)]×

such that

τ ∗G(t)(p)(ϕ) = Det(αp)(ϕ),∀ϕ ∈ RG(t)(p).

Since Fq/Qp is unramified Det(OFp [G
(t)(p)]×) is stable under Adams operations,

[CN-T1]. Therefore there exists βp ∈ OFp [G
(t)(p)]× such that δ

(t)
p Det(αp) =

Det(βp). Considering βp as an element of OFp [G(p)]× by (4-1) we obtain

13



Det(βp)(θ) = Det(βp)(θ
(t)) = Det(αp)(δ

(t)
p (θ)) = gq(θ),∀θ ∈ RG(p).(4.5)

Thus we have proved that

gq ∈ Det(OFp [G(p)])×.(4.6)

We now examine j∗p(f
(t)
p,p). We obtain a result similar to (4.4), namely

j∗p(f
′(t)
p,p ) = IndG

G(p)(gp)

where gp is defined by

gp(θ) = τ ∗G(p)(δ
(t)
p (θ))(b|δ(t)

p (θ))−1
Np/Qp

,∀θ ∈ G(p)(4.7)

with b a basis of ǑNp over Λp. Again using that δ(t)(θ) = δ(t)(θ(t)) is inflated from

Gal(N
(t)
p /Qp), we deduce from (4.7)

gp(θ) = τ ∗G(t)(p)(δ
(t)
p (θ(t)))(Tr

Np/N
(t)
p

(b)|δ(t)
p (θ(t)))−1

N
(t)
p /Qp

,∀θ ∈ RG(p)(4.8)

where for a field extension F/L, TrF/L denotes the trace.

Lemma 4.9 There exists an integer n ∈ Z, such that p−nTr
Np/N

(t)
p

(b) is a free

basis of O
N

(t)
p

as a Zp[G(p)(t)]-module.

Proof. It follows from ǑNp = bΛp that Tr
Np/N

(t)
p

(ǑNp) = Tr
Np/N

(t)
p

(b)Zp[G(p)(t)].

Since ǑNp = O
N

(t)
p
⊗OMp

Ǒ
N

(w)
p

we obtain that Tr
Np/N

(t)
p

(ǑNp) = IO
N

(t)
p

where

I = Tr
N

(w)
p /Mp

(ǑNp).

Since Mp/Qp is non-ramified, the ideal I of Mp is generated by pn with n ≥ 0.
We thus deduce that

O
N

(t)
p

= p−nTr
Np/N

(t)
p

(b)Zp[G
(t)
(p)](4.10)

Since Noether’s theorem implies that O
N

(t)
p

is of free rank one on Zp[G
(t)(p)],

we deduce from (4.10) that p−nTr
Np/N

(t)
p

(b) is a free basis of O
N

(t)
p

. Setting c =

p−nTr
Np/N

(t)
p

(b), (4.8) can now be written as

gp(θ) = τ ∗
G

(t)
(p)

(δ(t)
p (θ(t)))(c|δ(t)

p (θ(t)))−1pnθ(1).(4.11)

Using [F1], IV, Theorem 31 and the stability of Det(OF [G(p)(t)]×) under Adams
operations, we obtain a tamely ramified extension Lp/Qp and γp ∈ OLp [G(p)]×

such that
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gp(θ) = Det(γp)(θ)p
nθ(1).

We define

up = HomΩQ(RG, E×)(4.12)

by up(θ) = pnθ(1). It follows (4.6) and (4.12) that f ′(t)p = f
(t)
p u−1

p has the required
properties. 2

Remark:
One has to observe that we have used the stability of Det(OF [G]×) under Adams
operations with F/Qp tamely ramified. This can be deduced from [CN-T1] after
observing that [CN-T1], Theorem2, remains true for any extension F/Qp when-
ever the p-Sylow subgroup of G is abelian.

5. The character maps f
(w)
p

We consider a prime p of S and we keep the notation of section 4. We start this
section by describing the image of RG(p) under the Adams operation δ

(w)
p .

Proposition 5.1 Let θ be an irreducible character of G(p), θ = θ(w)θ(t) with θ(w)

and θ(t) defined as in section 4. Then δ
(w)
p (θ) = θ(w)α(θ) where α(θ) is a sum of

non ramified abelian characters of G
(t)
(p) of order a power of p.

Proof. For simplicity henceforth in the proof we shall omit the dependence on
p; we will write G(t), G′

0, δ(w), . . . etc. for G
(t)
(p), G′

0(p), δ
(w)
p . It follows from the

decomposition of θ that the proof is reduced to showing, that for an irreducible
character χ of G(t), δ(w)(χ) is the sum of abelian non-ramified characters of G(t).
Let χ be such a character. By a slight generalisation of [S1], Proposition 25, we
obtain a subgroup Σ, G′

0 ⊂ Σ ⊂ G(t) and an abelian character ϕ of Σ such that

χ = IndG(t)

Σ ϕ. Let pnq,with (p, q) = 1, be the order of G(t). We choose, once
for all, an integer A, A ≡ 1 mod pn, A ≡ 0 mod qr with r big enough. Thus
δ(w) is the Adams operator ΨA. Since G(t)/G′

0 is cyclic, we denote by T the
unique subgroup of G(t) with Σ ⊂ T ⊂ G(t), [G(t) : T ] = pm, [T : Σ] = B and
(p, B) = 1. As an abelian character of Σ, we may decompose ϕ into a product
ϕ′ϕ′′ with ϕ′ (resp. ϕ′′) of order coprime to p (resp. power of p). We denote
ϕp = (ϕ′ϕ′′)A/B. We observe that, since r has been chosen big enough, ϕp = ϕ′′C

with 1
B
≡ A

B
≡ C mod pn.

Lemma 5.2 δ(w)(χ) = [T : Σ]IndG(t)

T (ϕ ◦ v) where v is the transfer map T (ab) →
Σ(ab)
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Proof. Since T is an invariant subgroup such that (A, [G(t) : T ]) = 1 we know

that δ(w)(χ) = IndG(t)

T (ΨA( IndT
Σ(ϕ))). For x ∈ T it follows from the definition

that
ΨA( IndT

Σ(ϕ))(x) =
∑

y∈T/Σ

ϕ(yxAy−1) =
∑

y∈T/Σ

ϕp(yxBy−1)

Since T/G′
0 is abelian, yxBy−1 ≡ xB mod G′

0. Using the fact that ϕp is trivial on
G′

0, we obtain that ΨA( IndT
Σ(ϕ))(x) = [T : Σ]ϕp(x

B),∀x ∈ T . We complete the
proof of the lemma by showing that ϕp(x

B) = ϕp ◦ v(x),∀x ∈ T . This follows
easily from the definition of the transfer (see [S2], VII, section 8) and using that
G(t)/G′

0 is cyclic. 2

For s ∈ G(t), since sxBs−1 ≡ xB mod G′
0, we get ϕp ◦ v(sxs−1) = ϕp ◦ v(x). We

then conclude that G(t)/T acts trivially on ϕp ◦ v and thus that this character
can be extended into an abelian character of G(t), which we denote ϕ̃p. We have
shown that δ(w)(χ) = [T : Σ]

∑
β

ϕ̃pβ where β runs through the abelian characters

of G(t)/T inflated to G(t), which is the required result. 2

Theorem 5.3 There exists a character map f ′(w)
p , f ′(w)

p ∼ f
(w)
p such that for a

finite prime q:

1.) If q 6= p, then j∗q (f
′(w)
p,q ) ∈ Det(Zq(p

n)[G]×);

2.) If q = p, then j∗q (f
′(w)
p,q ) ∈ Det(Up(Λ))Det(OM ′

p
[G]×), where M ′

q/Qp is a
non-ramified extension.

Proof. Let q be a prime number q 6= p. As we saw previously j∗q (f
(w)
p,q ) =

IndG
G(p)(hq) with hq ∈ Hom(RG(p), E

×
q ) is defined by hq(θ) = τG(p)(δ

(w)
p (θ)).

By decomposing θ into θ(w)θ(t), we deduce that δ
(w)
p (θ) = θ(w)δ

(w)
p (θ(t)). It now

follows from Proposition 5.1 that there exist non-ramified abelian characters αi

of G(p) such that δ
(w)
p (θ(t)) = α1 + ... + αn with n = θ(1). Let L

(w)
p = N

G(t)(p)
p .

Thus θ(w) may be viewed as a character of Gal(L
(w)
p /Qp). A generator of its

Artin conductor defines, by local class field theory, an element of G(p)(ab); we
let up(θ

(w)) be its component on the p-Sylow subgroup of G(p)(ab). We now can
express

hq(θ) = τG(p)(θ
(w))θ(1)

∏
1≤i≤n

αi(up(θ
(w)))(5.4)

which we write as

hq(θ) = kq(θ)lq(θ).(5.5)

We now fix a p-Sylow subgroup of G(p), H(p) = G1(p)×H ′(p). This is an abelian
subgroup of G(p). For any irreducible character ϕ of H(p), we decompose it as a
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product ϕ′′ϕ′ with ϕ′′ (resp. ϕ′) a character of G1(p) (resp. H ′(p)). For such ϕ
we fix a lifting of up(ϕ

′′) into H(p) and denote by vp(ϕ) its projection on H ′(p).
Let mq

mq : RH(p) → O×
Eq

be defined on irreducible characters by

mq(ϕ) = Det(vp(ϕ))(ϕ).(5.6)

For an irreducible character θ of G(p) we have

θ|H(p) = θ(w)θ(t)|H′(p) = θ(w)δ(w)
p (θ(t))|H′(p)

. Therefore, with the notation of (5.5), we obtain that

lq = Ind
G(p)
H(p)(mq).(5.7)

Since the Artin conductors of θ and θω coincide for ω ∈ ΩQ, vp(ϕ) can be chosen
so that vp(ϕ

ω) = vp(ϕ),∀ω ∈ ΩQq . It follows that mq ∈ HomΩQp
(RH(p),O×

Eq
).

Since p 6= q, HomΩQp
(RH(p),O×

Eq
) = Det(Zq[H(p)]×), which implies that

lq ∈ Det(Zq[G(p)]×).(5.8)

It now follows from the definition of Galois Gauss sums associated to abelian
characters that

nq :

{
RG1(p) → O×

Eq

ϕ 7→ τG(p)(ϕ)

defines an element of HomΩQp (pn)(RG1(p),O×
Eq

) = Det(Zq(p
n)[G1(p)]×). Since kq =

Ind
G(p)
G1(p)(nq), we conclude that kq ∈ Det(Zq(p

n)[G(p)]×) and hence, via (5.5) and

(5.8) that

hq ∈ Det(Zq(p
n)[G(p)]×)(5.9)

We now consider j∗p(f
(w)
p,p ) which can be written

Ind
G(p)
G1(p)(hp)

with

hp(θ) = τG(p)(δ
(w)
p (θ))(b|δ(w)

p (θ))−1,∀θ ∈ RG(p)(5.10)

where b is a basis of ǑNp over Λp. We write h′p(θ) = τG(p)(δ
(w)
p (θ)) and h′′p(θ) =

(b|δ(w)
p (θ)). By the same reasoning as for (5.5) we obtain a decomposition h′p(θ) =

17



kp(θ)lp(θ) with the map lp ∈ HomΩQp
(RG(p),O×

Ep
). Moreover lp = δ

(w)
p (l′p) with l′p

defined by l′p(θ) = Det(up(θ
(w)))(θ) for θ irreducible. It follows from the definition

of l′p that, if θ and θ′ are irreducible characters of G(p) conjugate in the sense

of [CN-T2], section 2, then up(θ
(w)) = up(θ

′(w)). This implies that l′p ∈ Det(Λ×
p )

([CN-T2], Theorem 2.2) and hence by [CN-T2], Theorem 1, that lp ∈ Det(Λ×
p ).

We thus have proved that there exists δ ∈ Λ×
p such that

h′p = kpDet(δ).(5.11)

We now consider h′′p(θ). Proposition 5.1 implies that δ
(w)
p (θ) is inflated from

Gal(N
(w)
p /Qp). Therefore

(b|δ(w)
p (θ)) = (Tr

Np/N
(w)
p

(b)|δ(w)
p (θ))

N
(w)
p /Qp

.

Since ǑNp = Ǒ
N

(w)
p
⊗OMp

O
N

(t)
p

we immediately get that

Tr
Np/N

(w)
p

(ǑNp) = Ǒ
N

(w)
p
⊗OMp

Tr
N

(t)
p /Mp

(O
N

(t)
p

).

Since N
(t)
p /Mp is tame we obtain that Tr

Np/N
(w)
p

(ǑNp) = Ǒ
N

(w)
p

and that c =

Tr
Np/N

(w)
p

(b) is a basis of Ǒ
N

(w)
p

on ΛQp(N
(w)
p /Qp). We now observe that, since N

(w)
p

is the compositum of arithmetically disjoint abelian extensions namely L
(w)
p /Qp

and Mp/Qp, c can be chosen as a product c = d ⊗ e where d is a basis of Ǒ
L

(w)
p

over MQp(G1(p)) and e is a normal integral basis of Mp/Qp. We finally obtain

(b|δ(w)
p (θ)) = (d|θ(w))

θ(1)

L
(w)
p /Qp

∏
1≤i≤n

(e|αi)Mp/Qp(5.12)

if δ
(w)
p (θt) =

∑
1≤i≤n

αi. Let M ′
p/Qp be the maximal p-subextension of Mp/Qp and

U = Gal(M ′
p/Qp). It follows from the very definition of the αi that∏

1≤i≤n

(e|αi)Mp/Qp =
∏

1≤i≤n

(f |αi)M ′
p/Qp

with f = TrMp/M ′
p
(e). Let λ =

∑
g∈U

f gg−1. This is an invertible element of

OM ′
p
[U ]×. By standard arguments we conclude that λ has a lifting µ inOM ′

p
[G(p)]×

such that

Det(µ)(δ(w)
p (θ)) = Det(λ)(δ(w)

p (θt)),∀θ ∈ RG(p).

Using once again the stability of Det(OM ′
p
[G(p)]×) under Adams operations, we

have proved that

hp = vpDet(ν)Det(δ)(5.13)
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with vp = Ind
G(p)
G1(p)sp, sp ∈ Hom(G1(p), E×

p ) defined by θ → sp(θ) = τG(p)(θ)(d|θ)−1

and ν ∈ OM ′
p
[G(p)]×, δ ∈ Λ×

p .
We now want to show that sp commutes with the action of ΩQp . We let ω be an
element of ΩQp . From the definition of abelian resolvents we obtain that

(d|θω−1

)ω =
∑

g∈G1(p)

dgωθ(g−1) = (d|θ)θ(ω′)(5.14)

with ω′ = ω|
L

(w)
p

.

We now consider τG(p)(θ). Since θ is inflated from Gal(L
(w)
p /Qp), τG(p)(θ) is the

local Galois Gauss sum associated to the character θ of Gal(L
(w)
p /Qp). Let Q(ab)

p

denote the maximal abelian extension of Qp in a chosen algebraic closure of Qp.

Since (L
(w)
p /Qp) is totally ramified, there exists ω̃ in the inertia group of Q(ab)

p /Qp

such that ω̃|
L

(w)
p

= ω. It thus follows [M] Corollary 5.2, Remark 1 that

τ(θω−1

)ω = τ(θ)θ(ω̃) = τ(θ)θ(ω′).(5.15)

We have thefore proved, via (5.14) and (5.15), that sp ∈ HomΩQp
(G1(p), E×

p ).

We must observe that, since p is wildly ramified in L
(w)
p /Qp, sp(θ) is not in general

a unit; nevertheless it can be written as the product of a global element by a unit.
More precisely, let θ be an irreducible character of G1(p). Since the prime ideal

of Q(θj−1
p ) above p is principal there exists αp(θ

j−1
p ) ∈ Q(θj−1

p ) ⊂ E such that

sp(θ) = αp(θ
j−1
p )εp(θ) with εp(θ) ∈ O×

Ep
.(5.16)

We once again identify RG1(p) and RG1(p),p via jp. We let {θ1, θ2, ..., θm} be rep-

resentatives of the distinct ΩQ- (i.e. ΩQp-) orbits of Ĝ1(p). We define rp ∈
HomΩQ(RG1(p), E

×) by setting rp(θi) = αp(θi), 1 ≤ i ≤ m. We denote r̂p =

IndG
G1(p)(rp). As usual r̂p can be decomposed as a product

r̂p =
∏

q

r̂p,q.(5.17)

We let f
′(w)
p be defined by

f (w)
p = f ′(w)

p r̂p.(5.18)

It follows from (5.13), (5.16) and (5.18) that

j∗p(f
′(w)
p,p ) = IndG

G1(p)(spr
−1
p,p)IndG

G(p)(Det(ν)Det(δ)).(5.19)

Since spr
−1
p,p ∈ HomΩQp

(RG1(p),O×
Ep

) it belongs to Det(MQp(G1(p)×)). We thus

conclude that IndG
G1(p)(spr

−1
p,p) and IndG

G(p)(Det(δ)) ∈ DetUp(Λ). Morover

IndG
G(p)Det(ν) ∈ Det(OM ′

p
[G]×)(5.20)
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On the other hand for any finite prime q

j∗q (r̂p,q) ∈ IndG
G1(p)(HomΩQq

(RG1(p),O×
Eq

))

Since q 6= p, HomΩQq
(RG1(p),O×

Eq
) = Det(Zq[G1(p)]×). Hence we conclude that

j∗q (r̂p,q) ∈ Det(Zq[G]×).(5.21)

From (5.9), (5.13), (5.20) and (5.21) we deduce that f ′(w)
p , defined in (5.18), has

indeed the required properties. 2

6. The final step

From Corollary 3.24, Theorem 4.3 and 5.3 we obtain the representative

f̌ ′ =
∏
p6∈S

f ∗p
∏
p∈S

f ′
(t)
p f ′

(w)
p(6.1)

for ǓN .
For q a prime divisor of Q we denote by f̌ ′q the element of HomΩQ(RG, Jq(E))

obtained by composing f̌ ′ with the projection J(E) → Jq(E).
Our first aim is to show for any finite prime divisor q

f̌ ′q ∈ Det(Uq(Λ)).(6.2)

We first deduce from [T1] that if p is a finite prime which is tamely ramified in
N/Q then there exists a tamely ramified extension Tq/Qq and ap,q ∈ OTq [G]×

such that

j∗q (f
∗
p,q) = Det(ap,q)(6.3)

with ap,q = 1 for almost every p.
We consider two cases:
Case 1 : q 6∈ S
It follows from (6.3), Theorem 4.3 i) and 5.3 i) that there exists a tame extension
T̃q/Qq such that

j∗q (f̌
′
q) ∈ Det(OT̃q

[G]×).

Since j∗q (f̌
′
q) is ΩQq -fixed we use the fixed point theorem for group rings to deduce

that

j∗q (f̌
′
q) ∈ Det(Zq[G]×).(6.4)

Case 2 : q ∈ S
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From (6.3), Theorems 4.3 and 5.3 we know there exists a tame extension, again
denoted by T̃q, λ ∈ Uq(Λ) and c ∈ OT̃q

[G]× such that

j∗q (f̌
′
q) = Det(λ)Det(c).

Since j∗q (f̌
′
q) and Det(λ) are both ΩQq -fixed, we deduce that the same is true for

Det(c) and, via the “fixed point theorem” for group algebras, [F], Theorem 10A,
that Det(c) ∈ Det(Zq[G]×). We thus conclude that

j∗q (f̌
′
q) ∈ Det(Uq(Λ)).(6.5)

It follows from (6.4) and (6.5) that ǓN is represented by (f̌ ′∞) which belongs to
HomΩQ(RG, J∞(E)). Since (f̌ ′∞) takes real values on real valued characters, it

follows that (f ′2∞) ∈ Det U∞(Λ). Therefore we have proved that Ǔ2
N = 1.

We now want to examine more precisely (f̌ ′∞). From section 2, and from (4.12)
and (5.18) we deduce the decomposition of (f̌ ′∞) into a product

(f̌ ′∞) = uv(6.6)

where u and v both belong to HomΩQ(RG, J∞(E)) with

u(χ) = τ(χ)(a∞|χ)−1, v(χ) =
∏
p∈S

τp(δ
(t)
p (χ))τp(δ

(w)
p (χ))

τp(χ)
× r̂pup(6.7)

We now assume that 2 6∈ S.

Lemma 6.8 v ∈ Det U∞(Λ)

Proof. We decompose v as a product
∏
p∈S

vp. Let R
(s)
G be the subgroup of RG

generated by symplectic characters. From [F], I, Proposition 2 we know that

it suffices to show that for p ∈ S, vp(χ)p is real and positive for all χ ∈ R
(s)
G

and all infinite prime divisors p of E. Since p, is odd it is easy to check from
their definitions that the infinite components of both r̂p and up have the required
property. The map

χ → τp(δ
(t)
p (χ))τp(δ

(w)
p (χ))

τp(χ)

is induced from G0(p). For simplicity we denote by τ the map τG0(p). Since p
is odd, any irreducible real valued character is inflated from a character ϕ of
G(p)(t) = Gal(N

(t)
p /Qp). Let ϕ be such an irreducible symplectic character. It

suffices now to prove that

τ ∗(δ(t)
p (ϕ))/τ ∗(ϕ)(6.9)

21



is real and positive when replacing τ by the modified Gauss sum τ ∗. It is an easy
exercise to show that there exists a subgroup H with G′

0(p) ⊂ H ⊂ G(p)(t) and
u ∈ Ĥ such that

ϕ = Ind
G(p)(t)

H (u).(6.10)

Moreover, even if the Adams operation δ
(t)
p does not commute with induction,

one can prove that

τ ∗(δ(t)
p (ϕ)) = τ ∗(Ind

G(p)(t)

H (δ(t)
p (u))).

Using now the inductive properties of τ ∗ in degree 0, we obtain that (6.9) can be
written

τ ∗(δ(t)
p (u))/τ ∗(u).(6.11)

Since p is tame in N
(t)
p /Qp, u = (δ

(t)
p u)α where α is a non ramified abelian

character. We deduce from [F], IV, Proposition 1.1 that

τ ∗(δ(t)
p (u)) = τ ∗(u)(6.12)

which implies the required result. 2

Using [H-W3], proof of Theorem 2.2, we know that WN can be represented by
the function W defined by

W (χ)q =

{
1 if q 6= ∞ and χ non symplectic

τ(χ)W∞(χ) otherwise.
(6.13)

Since the signs of W∞(χ) and (a∞|χ) for symplectic characters are the same, we
conclude from (6.6), (6.7), (6.8) that

f̌ ′∞W−1 ∈ Det U∞(Λ)(6.14)

We then have proved, as required, that when 2 is at most tamely ramified

f̌ ′ ∼ f̌ ′∞ ∼ W(6.15)

2
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