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w n�rPt

f = (a, b, c) = ax2 + bxy + cy2,

wV��tVk
a, b, c ∈ Z �hji�oDn��_}?~4t

f
tVmg�+�(rgn�{�n��gn���t]mgn

pgcd(a, b, c) = 1 �hji5oDn��K}�~4tMo(ts~D��y � } � � � f
ts�

g
mPl�i��K�V}�~(n���w uptsi��PtVmTmgn�ts�]mPts~(upts{|tsi?�TmPn�n�u�t��Dnpmg�Pt

M =

(

α β
γ δ

)

∈ PSL2(Z) � �Ptsu�uptv}?~4t

g(x, y) = f(αx + γy, βx + δy).

��ts�g�PtMrPtsuxw �gnpl�i'oY���V}?~(n���w uptsi4kVtM�(rP�VmPtsrg��t7upt7oDnpmPksrgn�{�n�i
w i����
D = b2 − 4ac � ts�Kuxw

�(rgn�{�n��gn��?n��P�]o(t%uxwKy�l�rg{|tv}?~
w�oDr�w �gnp}?~4t �� �
w rg�gn�r<o(t�uxw��4i�oD~������P����qs{|t1mgnpqVksupt � ��t�w ~4kVl�~(��o(t�{�w �g�4�s{�w �gnpksnptsi4m��grPqVm
kV�supqs�(rPtVm � kVl�{�{|tj��ts �tsi4oDrPt �D¡ ~(uptsr �C¢ w ~4mPm ��£ n�rgnpkP�(upts��ts� £ tVo(ts¤Cn�i4o � m�tfmPl�i���n�i��P��¥
rPtVmPmP�Vm_w ~D�7y�l�rg{|tVm_}�~
w�oDr�w �gnp}?~4tVm+�(n�i
w n�rPtVm � ��ts~(rf�(~(�_�s��w n��_oY���s�g~4oDnptsrfuptVmf��w upts~(rPm
rPts�(rP�VmPtsi��P�VtVmj�
w rf~(i4t%yzl�rg{|tv}�~
w�oDr�w �gnp}?~4t

f ¦
{f(x, y)|x, y ∈ Z},

��tsu�uptVmfi4tvmPl�i?�f�
w�mf{|lCoDn§�
�VtVm+�
w rfu,�¨w�ks�gnpl�i�o(t
PSL2(Z) ���

¡ i©�
w rg�gnpks~(u�nptsr �Y¢ w ~4mPm � o4w i4m�m�tVm%ª¬«xV®s¯C«x�«±°�«z²�³�´µv¶j·µ«�°±¸�¹�´s°�«zºP»�´��½¼�¾�¿D¼ ��� k�w upks~(upt �tsiÀ�Pl�~(�Pt< ��si4�sr�w u�n��P� � uxw�upl�njo(t<kVl�{���l�mgn��gnpl�i/tsi��grPt�o(ts~D�5yzl�rg{|tVm|}�~
w�oDr�w �gnp}?~4tVm
�(n�i
w n�rPtVm ¦

(a1x
2 + b1xy + c1y

2)(a2z
2 + b2zt + c2t

2) = AX2 + BXY + CY 2,
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mPl�i?�]o(tVm%yzl�i4ks�gnpl�i4m¬u�n�i4��w n�rPtVm]o(t
(xz, xt, yz, yt) � ��ts�g�Pt�upl�nAu�~(nA��tsr½¥

{|ts�g��w n��fo(tjo(l�i(i4tsr�~(i4t��(rPl��(rgnp�s�P�vo(t_{]~(u��gn��(u�npk�w �gn��?n��P�]w ~D����w upts~(rPm�rPts�(rP�VmPtsi?�P�VtVm
�
w rf~(i4t%yzl�rg{|tv}�~
w�oDr�w �gnp}?~4t ���w<upl�n�o(t ¢ w ~4mPm`��ts~(�`mÂ���Vksrgn�rPt|�(u�~4m`mPn�{��(upts{|tsi��T}�~
w i4oÃuptVm]o(ts~D�Ãy�l�rg{|tVm]}�~
wÄ¥
oDr�w �gnp}�~4tVm��(n�i
w n�rPtVm�l�i?��upt_{|Ås{|t_oDnpmPksrgn�{�n�i
w i?�%��kVtj}�~(ncw`�s�P�+�gr�w n��P�j�
w r £ n�rgnpkP�(upts�
ts� £ tVo(ts¤?n�i4o � ts�]tsu�upt|tVmg�]t��C�(u�np}?~4�Vt��
w r`uxw<{`~(u��gn��(u�npk�w �gn��Cn��P�Mo(t�uxwÆi4l�rg{|t�o4w i4m
Z[
√

D] �
¡ iÀt�Ç�ts� � �Pl�~4m�kVtVmTrP�Vmg~(u���w �Pm � tsi5uxw i( �w  �tÆ{|lCo(tsrgi4t � rPts�Cnptsi(i4tsi��Mw ~'È��4�Vl�rPqs{|t
mg~(n���w i?� ¦
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°�·g´TØ

Ù�Ú`Ó ´µTº Ó » µV´µ�Û�Ü «xV²�¹|²�·,Ýc¸�«x�¹�´µ]Û�´jÝ(»�«Õ·P´µ
(S, I) Þ ²�ß S

´µs°�¯?³0»�³4³�´g»�¯�®s¯(»�à
Û�·g»�°�«z®s¯4´0²�·�«,´�³
°�áâÛ�´�Û�«ÕsºV·µ«±¹T«Õ³c»�³
°

D 6= 0 Þ ´s°
I

¯C³�´âº Ó »��V´âÛ�Ü «�Û?ág»�¯�Ô
²�·�«,´�³
°�áµ`Û�´

S ãäCÚ`Ó ´µ�º Ó » µV´µvÛ�´$åV²�·µ¹�´µ%®s¯D»�Û�·½»�°�«�®s¯4´µ]Ö�«±³c»�«±·g´�%´�³
°�«,æ�·P´µ Þ ¹|²�Û�¯ Ó ² Ó Ü »�ºV°�«z²�³�Û�´
SL2(Z)

Ú
çA´s°z°�´vÖ�« ×V´gº�°�«�²�³KÝ�·gáµ�´�·�è ´ Ó ´%Û�«Õsºs·�«Õ¹T«±³c»�³
° Þ ´V°é»��s²Âºs«z´j¯C³�´%º Ó » µV´vÛ�´�åV²�·�¹�´µj®s¯(»�à
Û�·½»�°�«�®s¯4´µ�Ýc·�«Õ¹T«�°�«Õè�´µ%êT¯C³�´`º Ó »��V´`Û�´

S
à�«�Û�áP»�¯�Ô�«±³4è ´�·µµ«,Ö Ó ´µ Ú�ë ¯C³4«�Û�´ Ó »�ºP²�¹jÝD²�à

µ«�°�«�²�³�Û�´�åV²�·�¹�´µj®s¯(»�Û�·g»�°�«�®V¯(´µ Þ Ó Ü ´�³(�´�¹�Ö Ó ´¬Û�´µ�º Ó » µV´µ�Û?´�ås²�·�¹�´µéÝc·�«Õ¹T«�°�«Õè�´µ�Û�´
Û�«xVºs·�«Õ¹T«±³c»�³
°

D 6= 0
´��°�¯?³|ì�·g²�¯ÂÝ(´ Þ «Õs²�¹�²�·,Ý
¸(´j»�¯]ì�·g²�¯�Ý4´vÛ�´µjº Ó » µV´µj²�·�«,´�³
°�áP´µ
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��í�l�~(rjuxw�o(���4i(n��gnpl�i1oY� npo(��w ~D��l�rgnptsi��P�Vm�l�i<rPtsi���l�nptKw ~�íéw r�w  �r�w �(�4tKî �4£ ���4i(n��gnpl�i
î �ï�hjiÀ��wÃ{�w n�i��Ptsi
w i��7��l�n�rMo(tVm| ��si4�sr�w u�npm�w �gnpl�i4m��grPqVm�rP�VkVtsi��PtVm©� ∼ 2004 ��� oDð4tVm7ñ
ò �
w rg �w���w � o(tÃkVtVm<�(rPl��(upqs{|tVm�}?~4t � kVl�{�{|t�l�iów5�C~ � n�i?�P�srPtVmPmPtsi?�1o(ts�(~(npm�o(tVm
mgnpqVksuptVmfuptVm+{�w �g�4�s{�w �gnpksnptsi4m �����
ô õÆHZNPUfb�^K\÷ö$\]dML
øCl�n��

C2 = Z2 ⊗ Z2 ⊗ Z2.

C2
tVmg�j~(i© �rPl�~(��tKw ���su�nptsi©u�n��(rPt]o(t]r�w i( 

8 � hji���ts~(�jrPts�(rP�VmPtsi?�Ptsrv�Pl�~(���sup�s{|tsi?�
A ∈ C2

kVl�{�{|t1~(iù��tVks�Pts~(r
(a, b, c, d, e, f, g, h) � l�~ù{�npts~D�úkVl�{�{|t1~(i�ks~(��t

û



oY��tsi��gnptsrPm ¦
a b

c d

g h

e f

hjiâ��ts~(�`�
w rg�gn��gnpl�i(i4tsrKupt�ks~(��t
A

tsiâo(ts~D�â{�w �grgnpkVtVm
2 × 2 � o(t|�grPl�npm]{�w i(npqsrPtVm

oDn§Ç��srPtsi?�PtVmK��tsi�kVl�~(�
w i?�_�
w rfr�w �(��l�rg�jw ~D�Æ�grPl�npmf�(uxw i4mfo(t¬mPü?{|�s�grgnpt �%¦
M1 =

[

a b
c d

]

N1 =

[

e f
g h

]

M2 =

[

a c
e g

]

N2 =

[

b d
f h

]

M3 =

[

a e
b f

]

N3 =

[

c g
d h

]

hji�kVl�i4mgnpo(qsrPtTu,�¨w�ks�gnpl�i�o(t
Γ = SL2(Z) × SL2(Z) × SL2(Z)

mP~(r C2 � l�ÁÃu,�
i
¥�qs{|t

yzw�ks�Pts~(r��
i = 1, 2, 3 �

(

r s
t u

)

∈ SL2(Z)
w  �n��<mg~(r

A ∈ C2
tsiùrPts{��(uxw�ý�w i��

(Mi, Ni)
�
w r

(rMi + sNi, tMi + uNi) ���tVmjw�ks�gnpl�i4mjo(tVm+�grPl�npm�y,w�ks�Pts~(rPm_kVl�{�{`~(�Ptsi?��tsi?�grPt¬tsu�uptVm �hji�o(���4i(n��jw ~4mPmgnYuptVm+y�l�rg{|tVmj}�~
w�oDr�w �gnp}?~4tVm+�(n�i
w n�rPtVm ¦
QA

i (x, y) = −Det(Mix − Niy), i = 1, 2, 3

ts�él�iTrPts{�w rP}?~4t�}�~4t
Q1

tVmg�$n�i���w rgnxw i��Pt��
w réu,�¨w�ks�gnpl�i|o(t {Id×SL2(Z)×SL2(Z)} þtsi�t�Ç�ts� � kVtsuxw¬w rgrgn���tfk�w rAuptVm�w ~(�grPtVm�o(ts~D�]y,w�ks�Pts~(rPm�o(t
Γ
w  �npmPmPtsi?��mg~(r

Q1
�
w r�l�����¥

r�w �gnpl�i4m�mP~(rjuptVmju�n� �i4tVmµÿ kVl�upl�i(i4tVm �Y£ �¨w ~(�grPt]�
w rg� � upt]�(rPts{�nptsr�yzw�ks�Pts~(r%o(t
Γ

o(l�i(i4t
u,�¨w�ks�gnpl�i�mg��w i4o4w rPoÆo(t

SL2(Z)
mP~(r

Q1 �D¡ �?npo(ts{�{|tsi?�fn�u�tsiÆtVmP��o(t�{|Ås{|t���l�~(r�uptVm
w�ks�gnpl�i4m_o(t

Γ
mP~(r

Q2
ts�

Q3 �hji7r�w �(��tsu�upt%}�~4t�u,� ~(i(np}?~4t�n�i���w rgnxw i��+��l�u�ü?i4l�{�nxw uYoY� ~(i4tjy�l�rg{|t%}?~
w�oDr�w �gnp}�~4t�{|l ¥
oD~(upl

SL2(Z)
tVmg�fm�l�i�oDnpmPksrgn�{�n�i
w i�� ¦ Disc(Q1) � hjr � n�u�mPt%�
w�mPmPtv}?~4t

Disc(Q1) = Disc(Q2) = Disc(Q3) = a2h2 + b2g2 + c2f2 + d2e2

−2(abgh + cdef + acfh + bdeg + aedh + bfcg) + 4(adfg + bceh)

ts�_o(l�i4k¬l�i<��ts~(�_o(���4i(n�r
Disc(A)

kVl�{�{|t¬kVts�_~(i(np}�~4tvn�i?��w rgnxw i?� �
î
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w�oDr�w �gnp}�~4t¬�(n�i
w n�rPtv�(rPl��Cnptsi���oY� ~(i�ks~(��t �� ÍÄÐ	��
�Ð
øCl�n��

(P,Q,R)
uxw�yzl�rg{|t_}?~
w�oDr�w �gnp}?~4t_}?~���l�i���ts~(��l��(�Ptsi(n�r � hji�kVl�i4mgnpo(qsrPt_upt_ks~(��t

A = (a, b, c, d, e, f, g, h)
l�Á

a = −1, b = c = 0, d = P, e = 0, f = 1, g = R
ts�

h = −Q
ts�fl�i�k�w upks~(upt

QA
1 � hji�l��(�gnptsi?�

QA
1 (x, y) = Px2 + Qxy + Ry2.

� Ë���������±Ì��*Ñ�� ³5Û�«±°f®s¯AÜ ¯?³'ºs¯4ÖP´
A

´��°$Ýc·g²½×�´gºV°�« å�µ«
QA

1 , QA
2

´s°
QA

3

s²�³
°éÝc·µ«±à
¹K«�°�«±è ´µ Ú
� ³�ágºs·�«�°

[A]
Ó »Mº Ó » µV´KÛ�Ü ág®s¯C«Õè » Ó ´s³cº�´|Û?´

A
¹|²�Û�¯ Ó ²

Γ
Ú

hji���w|o(���4i(n�rf{�w n�i��Ptsi
w i?��~(i4t¬upl�n�oY�¨w�o(oDn��gnpl�i1oD~(rju,��tsi4mPts{`�(upt]o(tVm+y � } � � � �(rgn�{�n§¥
�gn���tVm_o(t%{|Ås{|t¬oDnpmPksrgn�{�n�i
w i?�

D �������� �"!�#%$&#�')(%*
í�l�~(r��Pl�~4m�uptVm��grgn��(upts�Pm

QA
1 , QA

2 , QA
3

o(tfy � } � � � �(rgn�{�n��gn���tVm��(rPlÂ��tsi
w i��PtVmfoY� ~(iÆks~(��t
A

o(tvoDnpmPksrgn�{�n�i
w i?�
D ¦ uxwTmPl�{�{|t¬o(t

QA
1 , QA

2

ts�
QA

3

tVmg�,+��srPl �í�u�~4m+yzl�rg{|tsu�upts{|tsi�� ¦ l�i�kVl�i4mgnpo(qsrPtvuptv �rPl�~(��t`w ��tsu�nptsi�u�n��(rPtvmg~(r
{ y � } � � � �(rgn�{�n��gn���tVm_o(t¬oDnpm�ksrgn�{�n�i
w i��

D} {|l?oD~(upl"upt©mPl�~4m½¥, �rPl�~(��t©tsi( �tsi4oDrP�Ã�
w r
�Pl�~(�PtVmfuptVmfmPl�{�{|tVm

[QA
1 ] + [QA

2 ] + [QA
3 ] �- ÐCÏ�.(Í0/���Ð21 ¢ r43�kVt`ñTuxw���l�n�oD~���~(��t¬l�i�l��(�gnptsi��vw ~(�Pl�{�w �gnp}?~4ts{|tsi���u,� npo(tsi��gn§¥

�
k�w �gnpl�i1o(tVm�yzl�rg{|tVm
SL2(Z)
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�Ð
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A ∈ C2
~(i�ks~(��t��(rPl05gtVks�gn§y � w ~4}?~4tsu(mPl�i���w�m�mPl?ksnp�VtVméuptVm$yzl�rg{|tVm�}?~
w�oDr�w �gnp}�~4tVm ¦

QA
1 , QA

2

ts�
QA

3 � ts�_m�l�n��
γ = γ1 × Id× Id ∈ Γ

���s�Cnpo(ts{�{|tsi�� � uxwT{|Ås{|t¬o(�s{|l�i4m½¥
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A′ = γA � hji1w ¦
QA′

1 = γ1Q
A
1 , QA′

2 = QA
2 , QA′

3 = QA
3 .

hjr�kVl�{�{|t
[QA

1 ]+ [QA
2 ]+ [QA

3 ] = 0
ts�

[QA′

1 ]+ [QA′

2 ]+ [QA′

3 ] = [γQA
1 ]+ [QA

2 ]+
[QA

3 ] = 0 � l�i�kVl�i4ksu�~(� ¦
[QA

1 ] = [QA′

1 ] = [γQ1].

hjiú��wÃ{�w n�i��Ptsi
w i?�<tsi4l�i4kVtsrM~(i/�g�4�Vl�rPqs{|t��grPqVmMn�{���l�rg��w i?� � o(l�i��Ml�i/��tsrgr�w�uxw
o(�s{|l�i4mg�gr�w �gnpl�i1o4w i4m_uxwK�(rPl?k��
w n�i4tKøCtVks�gnpl�i �
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D

¯C³7´�³
°�«,´�· ≡ 0, 1 mod 4
Ú V²�«�°

QId,D

¯?³�´Yå Ú ® Ú Ö Ú Ýc·µ«±¹T«±°�«±è ´
Û�´TÛ�«Õsºs·�«Õ¹T«±³c»�³
°

D Þ °�´ Ó±Ó ´T®V¯(´]« Ó ´gÔ�«Õ�°�´]¯C³�ºs¯(Ö�´
A0

»�è ´Pº
QA0

1 = QA0

2 = QA0

3 =
QId,D

Ú
¶ Ó ²�·µ Þ « Ó ´gÔ�«Õ�°�´0¯C³�´0¯?³4«z®s¯4´ Ó ²�«|Û�´�ì�·g²�¯ÂÝ(´0µ¯C· Ó ´µâº Ó » ��´µ0Û�Ü áP®s¯?«±èÄ» Ó ´�³cºµ´ÀÛ�´
{å Ú ® Ú Ö Ú Ýc·�«Õ¹T«�°�«Õè ´�¬Û?´]Û�«xVºs·µ«±¹T«Õ³�»�³
°

D} ¹|²�Û�¯ Ó ²
SL2(Z) Þ °�´ Ó±Ó ´K®s¯4´

Ù�Ú
[QId,D]

V²�«�° Ó Ü «zÛ�´�³
°�«�°�á]»�Û�Û�«�°�«Õè�´ ãäCÚ ÝD²�¯?·`°,²�¯C°�ºs¯4ÖP´fÝc·g²½×V´PºV°�« å
A

Û�´KÛ�«xVºs·�«Õ¹T«±³c»�³
°
D Þ ²�³�»

[QA
1 ] + [QA

2 ] + [QA
3 ] = [QId,D].

Ò ³4è ´�·µV´�¹�´�³c° Þ ás°,»�³
°_Û�²�³4³�á
Q1, Q2, Q3

°�·g²�«x�å Ú ® Ú Ö Ú Ýc·�«Õ¹T«�°�«Õè�´µ�Û?´|Û�«Õsºs·�«±¹K«±³c»�³c°
D Þ »�è�´gº [Q1] + [Q2] + [Q3] = [QId,D] Þ « Ó ´gÔ�«Õ�°�´]¯C³�ºs¯4ÖP´_Ýc·g²½×�´gºV°�« å

A
Û�´KÛ�«ÕsºV·µ«±à

¹K«±³c»�³c°
D Þ ¯C³4«z®s¯(´]¹|²�Û�¯ Ó ²

Γ Þ °�´ Ó ®s¯4´ QA
1 = Q1 Þ QA

2 = Q2
´s°

QA
3 = Q3

Ú
- ÐCÏ�.(Í0/���Ð21 hji���ts~(��y,w n�rPtv~(i�kP�4l�n§�<i
w �g~(rPtsu���l�~(r

QId,D ¦; QId,D = x2 − D
4 y2 � mgn D ≡ 0 mod 4 þ; QId,D = x2 − xy + 1−D

4 y2 mgn
D ≡ 1 mod 4kVt¬}�~(n�kVl�rgrP�VmP��l�i4o�w ~1kP�4l�n§��oD~�ks~(��t

A0
�±�grgn��(upts{|tsi��%mgüC{|�s�grgnp}�~4tVm ��¦

0 1

1 ε

ε (D + 3ε)/4

1 ε

�½¼ �l�Á
ε ≡ D mod 4 �c¡ i��
w rg�gnpks~(u�nptsr � mgn�l�i<y,w n��_kVt]kP�4l�n§����l�~(rfu,� npo(tsi��gn��P�To(tvuxw|upl�n

o(t| �rPl�~(��t � l�i5l��(�gnptsi��Tt��(w�ks�Pts{|tsi?�Kuxw�upl�n�o(tMkVl�{���l�mgn��gnpl�i"o(t ¢ w ~4mPm¬��l�~(r`uptVm
y�l�rg{|tVmj}�~
w�oDr�w �gnp}?~4tVm�<=<=<
É`Ê�Ë�Ì
Í Î?Ï0Ð?>A@ ²�¯C· Ó ´]º�¸C²�«§ÔÆÛ�´

A0
Û�²�³4³�á�ÝD»�·CB ÙED Þ Ó » Ó ²�«�Û?´_ì�·g²�¯ÂÝ(´TÛ�¯GF�¸DáP²�à

·gæ�¹�´
2
´��° Ó »ÆºP²�¹jÝD²�µ«�°�«�²�³ÃÛ�´CHf»�¯?�`Û�¯IF�¸(ág²�·Pæ�¹�´ Ù�Ú

hji���wK{�w n�i?�Ptsi
w i��%o(���4i(n�rf~(i4tvupl�n�o(t% �rPl�~(��t¬mg~(r+uptVm_ks~(��tVm ¦
É`Ê�Ë�Ì
Í Î?Ï0ÐKJL9 ²�«�°

D
¯C³�´s³
°�«z´s· ≡ 0, 1 mod 4

Ú ¶ Ó ²�·µ Þ « Ó ´gÔ�«Õ�°�´_¯C³�´j¯C³4«�®V¯(´ Ó ²�«
Û�´_ì�·½²�¯ÂÝ(´`�¯?· Ó ´µ`º Ó »��V´�¬Û�Ü ág®V¯?«±èÄ» Ó ´�³cº�´TÛ?´`ºs¯4ÖP´µfÝc·½²g×V´gº�°�« åµ`Û�´¬Û�«ÕsºV·µ«±¹T«Õ³c»�³
°

D¹�²ÂÛ�¯ Ó ²
SL2(Z) Þ °�´ Ó±Ó ´`®s¯4´�Ø

Ù�Ú
[A0]

s²�«±° Ó Ü «�Û?´�³
°�«�°�á`»�Û�Û�«±°�«±è ´ ã

M



äCÚ ÝD²�¯?·K°,²�¯C°
i = 1, 2, 3

Ó Ü »µÝ�Ý Ó «zºP»�°�«z²�³
ϕi : [A] → [QA

i ]
Û�²�³4³�´`¯C³©¸C²�¹|²�¹|²�·�à

Ý
¸?«x�¹|´0Û�´1ì�·½²�¯�Ý(´âè�´�·� {å Ú ® Ú Ö Ú Ý�·µ«±¹T«±°�«±è ´µ`Û�´KÛ�«Õsºs·�«±¹K«±³c»�³c°
D}/SL2(Z)»�è�´gº Ó » Ó ²�«�Û�´�ì�·g²�¯�Ý4´�Û�áONA³
«z´]»�¯IF�¸DáP²�·gæs¹|´ äDÚ

� ÍÄÐ	��
�Ð
øCl�nptsi��

A
ts�

A′ o(ts~D��ks~(��tVm+�(rPl05gtVks�gn§y�mfo(t`oDnpmPksrgn�{�n�i
w i��
D � hji1w

([QA
1 ] + [QA′

1 ]) + ([QA
2 ] + [QA′

2 ]) + ([QA
3 ] + [QA′

3 ]) = [QId,D],

w upl�rPm �  �r43�kVtKñTuxw�o(ts~D�Dnpqs{|t`�
w rg�gnpt]oD~�È��4�Vl�rPqs{|t û � n�u�t��Dnpmg�Ptv~(i�ks~(��t¬�(rPl05gtVks�gn§y
A′′ o(t+oDnpmPksrgn�{�n�i
w i��

D
�Ptsu(}�~4t

[QA′′

1 ] = ([QA
1 ]+[QA′

1 ]) � [QA′′

2 ] = ([QA
2 ]+[QA′

2 ])ts�
[QA′′

3 ] = ([QA
3 ] + [QA′

3 ]) � hji�o(���4n�i(n��_o(l�i4k
[A′′] = [A] + [A′]

ts�fuptv�g�4�Vl�rPqs{|t
tVmg�fo(ts{|l�i��grP� �

P GRQ�NPH�acb�Ufe]O HTSfL�ö÷ö�NPH_O
O
L�O ^VU,bP^WQ�Hf\YX ^]H_e]O ^]L�O U+W�^`W�L�O
[%\KHf^`W�H�acb�[�\KL�O

Z�[]\ ^`_badc"egf�e]hic"j
øCl�n��

D
~(i<tsi?�gnptsr ≡ 0, 1 mod 4 � øCl�n�� S = S(D)

u,� ~(i(np}?~4tvw i(i4t�w ~Æ}?~
w�oDr�w �gnp}?~4t
o(t¬oDnpmPksn�{�n�i
w i��

D ¦

S(D) =







Z[x]/(x2)
mgn

D = 0,

Z · (1, 1) +
√

D(Z ⊗ Z)
mgn

D ≥ 1
tVmg�f~(i�k�w rgrP� �

Z[(D +
√

D)/2]
mgn�i4l�i �

¡ �C�(u�npksn��Pts{|tsi?� � S(D)
wT~(i4t

Z
¥,�
w�mPt 〈1, τ〉 � l�Á�uxw�{`~(u��gn��(u�npk�w �gnpl�iÃtVmg�fo(�s�Ptsrg{�n�i4�

�
w rfuxwKupl�n ¦
τ2 = D/4

mgn
D ≡ 0 mod 4

l�~
τ 2 =

D − 1

4
+ τ

mgn
D ≡ 1 mod 4.

� Ë���������±Ì��k7l� ³0Û�«�°�®V¯(´
S

´��°�¯C³5wC³4³�´P»�¯©®V¯D»�Û�·½»�°�«z®s¯4´�²�·µ«,´�³
°�á`�«�²�³0Û�²�³4³�´
Ó ´�º�¸C²�«�Ô�Û�Ü ¯C³�«xV²�¹|²�·�Ý
¸�«Õµ¹�´

π : S/Z → Z
Ú @�Ó ¯?fÝ�·gágºV«x�´�¹�´�³
° Þ ²�³âºs¸C²�«Õµ«�°�¯?³�´

Û�´µ�Û�´s¯�ÔK·g»�ºs«±³�´µ √
D Þ ²�³�Û�áONA³
«±°

π : S → Z Þ ÝD»�· π(x) = Tr(x/
√

D) = x−σ(x)√
D

Ú
� ³7·P´�¹|»�·½®V¯(´v®V¯(´ Ó ´+³�²nm�»�¯�Û�´

π
´µs°

Z
´s°�²�³ÆÛ�áPÛ�¯?«�°

π
Ú�� ³<Û�«�°�®s¯4´ Ó »TÖg» �´ 〈1, τ 〉Û�´

S
´µs°�²�·�«,´�³
°�áP´fÝD²�µ«�°�«Õè ´s¹|´s³
°A�«

π(τ) > 0
Ú

� Ë���������±Ì���>po ³�´<º Ó » ��´�Û�Ü «zÛ�ág»�¯�Ô5²�·µ«,´�³
°�á�qB�r�³c»�·�·½²tsur D ´��° Ó »�Û�²�³4³�áP´1Û�Ü ¯?³
ºP²�¯ÂÝ Ó ´

(I, ε)
²�ß

I
´��°�¯?³©«zÛ�ág» Ó åµ·g»�ºV°�«z²�³4³�»�«Õ·P´TÛ�´

S
Û�»�³(

K Þ Û?´]·½»�³Cì
2

ºP²�¹T¹�´

v



Z
à�¹|²�Û�¯ Ó ´ Þ ´V° ε = ±1

´µs°�s²�³�²�·�«,´�³
°,»�°�«z²�³ Úw� ³�Û?áONA³4«�° Ó »%¹T¯ Ó °�«ïÝ Ó «�º�»�°�«�²�³MÛ�Ü «�Û�áP»�¯�Ô
²�·µ«,´�³
°�á�]ºP²�¹jÝD² V»�³
°�´fÝD»�·KºP²�¹jÝD² V»�³
°�´ Þ ´V° Ó »|³�²�·µ¹�´+ÝD»�·]Ø

N ((I, ε)) = ε
|L/I|
|L/S| ,

²�ß
L

´µ�°�¯?³�·PáµV´g»�¯©Û�»�³(
K

®s¯C«�ºP²�³
°�«,´�³
°
S

´V°
I
Ú

� Ë���������±Ì��xJyo ³�°�·µ«ïÝ Ó ´s°�Û�Ü «zÛ�ág»�¯�ÔM²�·µ«,´�³
°�áµ
(I1, I2, I3)

´µ�°�Û�«±°{zg´g®V¯?« Ó «,Ö�·PáCBtr½Ög»�à
Ó »�³�º�´gÛ r D �«

I1I2I3 ⊆ S
´s° N (I1)N (I2)N (I3) = 1

Ú ªK´�¯�Ô0°�·�«ïÝ Ó ´V°±
(I1, I2, I3)´s°

(I ′1, I
′
2, I

′
3)

s²�³
°jág®s¯C«±èÄ» Ó ´�³
°±�µ«
I1 = κ1I

′
1 Þ I2 = κ2I

′
2

´s°
I3 = κ3I

′
3 Þ « Ó ´gÔ�«Õ�°�´

κ1, κ2, κ3 ∈ K
B�¯?³�´]ºP²�³4Vág®s¯4´�³cºµ´�«±¹T¹|áPÛ�«�»�°�´]´µs°�®V¯(´ N (κ1κ2κ3) = 1

D�Ú
@ »�·Æ´PÔ�´�¹jÝ Ó ´ Þ �«

S
´��°�¯?³À»�³
³�´g»�¯"Û�´�ª]´PÛ�´E|Â«±³cÛ Þ ¯?³�´Æº Ó » µV´ÆÛ�Ü ág®s¯C«±èÄ» Ó ´�³cº�´1Û�´

°�·µ«ïÝ Ó ´s°±Kág®s¯C« Ó «,Ö�·gá��´µs°A�«Õ¹jÝ Ó ´�¹�´�³
°�¯?³Ã°�·�«¨Ý Ó ´s°�Û�Ü «�Û�áP»�¯�Ô<²�·µ«,´�³
°�áµ`Û�²�³
° Ó ´+Ýc·g²�Û�¯C«±°
´µ�° Ó Ü «zÛ�ág» Ó Ý�·µ«±³cºs«ïÝD» ÓpÚ
Z�[�} ~q_�jn�"�gft�)f{��hic"�"�w����cift�w�
É`Ê�Ë�Ì
Í Î?Ï0Ð8�IÒµÓ ´gÔ�«xs°�´�¯?³�´fÖ�« ×V´gº�°�«�²�³�º�»�³c²�³4«z®s¯4´_´�³c°�·g´ Ó Ü ´�³(V´s¹|Ö Ó ´_Û�´µ

Γ
à½²�·�Ö�«±°�´�

³c²�³�Û�ázì�ás³�á�·PáP´µ]Û�´
Z2⊗Z2⊗Z2 ´s° Ó Ü ´�³4V´�¹�Ö Ó ´vÛ�´µ%º Ó »��V´�%Û�Ü «xV²�¹|²�·�Ý
¸�«Õµ¹�´�Û�´µ

ºP²�¯ÂÝ Ó ´�
(S, (I1, I2, I3))

²�ß
S

´µ�°T¯C³ó»�³4³�´P»�¯ù®s¯(»�Û�·g»�°�«z®s¯4´0²�·�«,´�³
°�á1³c²�³óÛ?ázì�á�à
³�á�·Pá Þ ´s° (I1, I2, I3)

´µs°�¯C³�´`º Ó » µV´`Û�Ü áP®s¯?«±èÄ» Ó ´�³cºµ´�Û�´v°�·�«ïÝ Ó ´V°±¬ág®V¯?« Ó «,Ö�·PáµKÛ�Ü «zÛ�ág»�¯�Ô
²�·µ«,´�³
°�á�]Û�´

S
Ú

9 ²�¯?�º�´s°z°�´]Ö�« ×�´gºV°�«z²�³ Ó ´%Û�«Õsºs·�«±¹K«±³c»�³c°$Û�Ü ¯C³�ºs¯(Ö�´`´�³
°�«,´�·v´µ�°Aázì�» Ó »�¯7Û�«Õsºs·�«±¹K«±³c»�³c°
Û�´ Ó Ü »�³4³�´P»�¯1®s¯(»�Û�·g»�°�«z®s¯(´|ºP²�·�·g´µ�ÝD²�³cÛ�»�³
° Ú
� ÍÄÐ	��
�Ð
; � ��.��)�I��Ì)����Ë�� ����Ì���� �±Ð

(S = S(D), (I1, I2, I3))
��ÌcÏ0Ï0Ðx� .��i�I���§Ð	�w�

Ì�����Ë���Ì)��
b.�������.b����Ìw���±Ð?Í�� �%�����AÐ��
hji]k��4l�npmgn���~(i4t��
w�mPt�l�rgnptsi?�P�Vt���l�mgn��gn���ts{|tsi?� 〈1, τ 〉 o(t S

�Ptsu�upt�}�~4t
τ 2−D/4 = 0l�~

τ2 − τ + (1 − D)/4 = 0 � mPn D ≡ 0, 1 mod 4
rPtVmg��tVks�gn���ts{|tsi�� �øCl�nptsi�� 〈α1, α2〉 � 〈β1, β2〉

ts� 〈γ1, γ2〉
o(tVm

Z
¥,�
w�mPtVm�o(t

I1, I2, I3
rPtVmg��tVks�gn���ts{|tsi�� �wV��tVk|l�rgnptsi?��w �gnpl�i5�s �w upt1��oDn§Ç�tsrPtsi?�Pt � o(t 〈1, τ 〉 mgn

ε(Ij) = +1
�Õ¥�¼ � rPtVmg��tVks�gn���t�¥{|tsi�� �����l�{�{|t

I1I2I3 ⊆ S
�
w r_o(���4i(n��gnpl�i � l�i<��ts~(�_�Vksrgn�rPt ¦

αiβjγk = cijk + aijkτ
� û �

��l�~(r
16

tsi?�gnptsrPm
aijk

ts�
cijk i, j, k = 1, 2 � A = (aijk)

tVmg�vupt�ks~(��t|}?~���l�iÃ��w
w�mPmPlCksnptsr_ñ

(S, (I1, I2, I3)) �

�



;�� Ð?���i��Ð�Ì�����Ð��w�k��Ð{��Ë��AÐ����k��.b�����%��Ê�Ì)� � ��Ð�����.b��Ð����$Ð
I1, I2, I3

�
ø?~(�(��l�m�l�i4m�o(t+rPts{��(uxw�kVtsr 〈α1, α2〉 � 〈β1, β2〉

ts� 〈γ1, γ2〉
�
w rA~(iMw ~(�grPt_tsi4m�ts{`�(upt

o(tVm¬�
w�mPtVm`o(t
I1, I2

ts�
I3

�zwV��tVk�uxwÆ{|Ås{|t|l�rgnptsi?��w �gnpl�i �|¦ 〈α′
1, α

′
2〉 � 〈β′

1, β
′
2〉

ts�
〈γ′

1, γ
′
2〉 � ��wK��{�w �grgnpkVt��Ko(t`�
w�mPm�w  �t`tVmP�

T ∈ Γ
ts�jl�i�l��(�gnptsi��%uxw�{|Ås{|t]�gr�w i4m½¥

y�l�rg{�w �gnpl�i1mg~(r+upt¬ks~(��tvl��(�Ptsi�~ � }?~(n�o(l�i4k¬tVmg�jtV}�~(n���w uptsi��jw ~1ks~(��t%n�i(n��gnxw u
A �;�� Ð������AÐ"Ì�����Ð��w�:��Ð��$Ë��AÐ	�i�:� .b�?���A��Ê�Ì)� � � �-Í Ð��$ÍÄË���Ð��)��.��)�q�$Ð%��.

���O.b����Ð8�"��Ë�/�����
b.��±Ð�����ÐK������Ín�O� �±Ð��|Ë�/��������O��Í Ë
��u(tVmg�A�s�Cnpo(tsi���}�~4t+mgn(l�i��Vk��
w i( �t

(I1, I2, I3)
�
w r

(I ′1, I
′
2, I

′
3) � A i4tfk��
w i( �t+�
w�m �

£ l�i4kvi4l��grPt`w �(�(u�npk�w �gnpl�i1tVmP�+�(nptsi�o(���4i(npt �;�� ��.b� � ���O��. ���±Ì������¡�4��Ð���������Ð��=��� ��ÐK���£¢VÐ��t���±Ì)�
í�l�~(rfo(ts{|l�i?�grPtsrfkVtsuxwKl�iM��w¬{|l�i?�grPtsrf}�~4tj��l�~(r��Pl�~(��ks~(��t

A
n�u�t��Dnpmg�Ptjt��4w�ks�Pt�¥

{|tsi��%~(i©kVl�~(�(upt
(S, (I1, I2, I3))

�±{|lCoD~(upl7�V}?~(n���w uptsi4kVt � }?~(n�tVmP��tsi?��l�ü���tsi
A�
w rfi4l��grPt`w �(�(u�npk�w �gnpl�i �hjiù�(�Dt

A = (aijk) � ts�<l�i�kVl�i4mgnpo(qsrPt�upt�mPüCmg�Pqs{|t"� û � o4w i4mMuptVm7n�i4kVl�i(i?~4tVm
αi, βj , γk, ci′j′k′ � hji©��wM{|l�i��grPtsr¬}?~4tK�Pl�~(�PtVm¬kVtVm�n�i4kVl�i(i�~4tVm]mPl�i��vtsi©y,w n��%o(��¥
�Ptsrg{�n�i4�VtVmf�
w r

A �¼ � S ¤ Ì��/Ï2�±Ð�� �
Disc(S) ¥ Ð��=�¦�$Ð���Ð?Í ÏG�O��ËK� .(Í

A
�

hji���wK{|l�i��grPtsrj}?~4t%uptvmgüDmg�Pqs{|t|� û � n�{��(u�np}?~4t
Disc(A) = N (I1)

2N (I2)
2N (I3)

2 · Disc(S),
�zî �

{�w npm�w upl�rPm � �C~M}?~4t N (I1)N (I2)N (I3) = 1
�
w r�o(���4i(n��gnpl�i7l�i7l��(�gnptsi4oDr�w

Disc(A) = Disc(S)
ts�_l�i���l�~(rgr�w|kVl�i4ksu�~(rPt ��§ l�i��grPl�i4m�o(l�i4k¬uxwTy�l�rg{]~(upt

�zî �<¦ mPl�n�� S = S(D) = Z + Zτ
�
D

n�i4kVl�i(i�~4t ��� ��t1k�w�m��(u�~4m7mgn�{��(upt
tVmg�<mgn

I0
1 = I0

2 = I0
3 = S,

ts�<o(l�i4k
α1 = β1 = γ1 = 1

ts�
α2 =

β2 = γ2 = τ � o4w i4m�kVtKk�w�m�uxñ�l�i©l��(�gnptsi��
A0 � upt]ks~(��t`npo(tsi?�gn��P� � ts��o(l�i4k

Disc(A0) = D = Disc(S) ��§ w n�i��Ptsi
w i?��mg~(�(��l�mPl�i4mAo(t+rPts{��(uxw�kVtsr
I0
1

�
w r
~(i|npo(��w u4y�r�w�ks�gnpl�i(i
w n�rPt_}?~4tsupkVl�i4}?~4t

I1
o(t

Z
¥,�
w�m�t 〈α1, β1〉 � w upl�rPmAn�u
t��Dnpmg�Pt~(i4t+�gr�w i4m½yzl�rg{�w �gnpl�i

T ∈ GL2(Q)
}?~(n
tsi���lÂü�t 〈1, τ 〉 o4w i4m 〈α1, β1〉 � o(l�i4kl�iÆ�gr�w i4m½y�l�rg{|t

A0
tsi

A′ tsi7�
w�m�m�w i����
w r+uxwV��{�w �grgnpkVt��
T × Id× Id � hjr �n�uctVmg���s�?npo(tsi?��}?~4t_kVts�g�Pt�w�ks�gnpl�iM��w¬tsi?��l�ü�tsr

QA0

2

��l�~
QA0

3 � o4w i4m det(T ) ·
QA0

2

�±rPtVmg��tVks�gn���ts{|tsi��
det(T ) · QA0

3 � ts��o(l�i4k
Disc(A′) = Disc(QA′

2 ) =
det(T )2 Disc(QA0

2 ) = N (I1)
2 Disc(A0) � ø?n�{�n�upts{|tsi�� � mgn(l�i�kP�
w i( �t

I2
ts�

I3
tsi<o(tVm�npo(��w ~D�|y�r�w�ks�gnpl�i(i
w n�rPtVmf}�~4tsupkVl�i4}?~4tVm � l�iÆ{`~(u��gn��(u�npt%upt

Disc(A0)�
w r N (I2)
2 ts� N (I3)

2 � o(l�i4k¬l�i�l��(�gnptsi?�_uxw]yzl�rg{`~(upt7�zî ���û � � Ð�� cijk
�ÂÌ��)��� ���O/���Ð?Ï�Ð	�)����Ð���Ð�Í�Ï2����Ë��¦� .(Í

A
�

í$w r�w�mPmPlCksnxw �gn��?n��P�¬ts�fkVl�{�{]~(��w �gn��?n��P�Ko(t
S

l�i�w
αiβjγk · αi′βj′γk′ = αi′βjγk · αiβj′γk′ = αiβj′γk · αi′βjγk′

= αiβjγk′ · αi′βj′γk,
� 6 �

¾



wV��tVk
i, j, k, i′, j′, k′ = 1, 2.

hji�o(�s��tsupl��(��t�� 6 � wV��tVk�� û ��� l�i�n�{���l�m�tTuptVm
�s �w u�n��P�Vm_o(tVmfkVlCt©¨�ksnptsi��Pm�o(t

1
ts�fo(t

τ � ts�_l�i<n�{���l�mPt
N (I1)N (I2)N (I3) > 0 � ��l�~(r¬l��(�Ptsi(n�r

18
�V}?~
w �gnpl�i4m��±u�n�i4��w n�rPtVm`ts�¬}?~
wÄ¥

oDr�w �gnp}�~4tVm � o4w i4m�uptVm cijk

tsi<�Ptsrg{|tVmfo(tVm
aijk

ts�fl�iÆl��(�gnptsi?�f~(i4tvmPl�u�~(�gnpl�i
~(i(np}�~4t]wV��tVk

cijk ∈ Z �î �«ª �¬
 .TÏ�Ì)�)��ÍÄÐ?Í/��"�����(Ð � �O�=��Ð®�$Ð��
αi, βj , γk

/�� ���$Ì�� ��Ð��)�¯�±Ð��
aijk, cijk��Ë����±ÍÄË��t�

��ujtVmg��y,w�ksn�upt�o(t���l�n�r�}?~4t�uptVm��
w n�rPtVm
(α1, α2), (β1, β2)

ts�
(γ1, γ2)

m�l�i��
~(i(np}�~4ts{|tsi?�vo(�s�Ptsrg{�n�i4�Vm �  �r43�kVtTñ�� û ��� {|l?oD~(uplM~(i�y,w�ks�Pts~(r%mPk�w uxw n�rPt¬i4l�i
i�~(u�o4w i4m

K �
¡ i|l�~(�grPt � mgn(u,��l�iT�(�(t

(α1, α2)
ts�

(β1, β2) � w upl�rPm (γ1, γ2)
tVmg�é~(i(np}�~4ts{|tsi?�

o(�s�Ptsrg{�n�i4� � kVt+}?~(nCi4l�~4mAw�m�mg~(rPt+}�~4t�upt��grgn��(upts�
(I1, I2, I3)

tVmg�é~(i(np}�~4ts{|tsi?�
o(�s�Ptsrg{�n�i4�¬{|lCoD~(upl|�V}?~(n���w uptsi4kVt �6 �° ����Ì����5Í Ð�����Ð²± Ï�Ì)�)��ÍÄÐ?Í%/���Ð 〈α1, α2〉

� 〈β1, β2〉
Ð�� 〈γ1, γ2〉

��Ì��)�
� �±Ð	�%�$Ð����O�$Ë�.�� � ��Ð

S
�

��tsuxw�tVmg��y,w�ksn�upt`ñTo(�s{|l�i��grPtsrj�
w r_k�w upks~(u �

� Ë���������±Ì��k�l� ³�Û�«±°T®s¯4´1¯?³�°�·�«¨Ý Ó ´s°�ág®s¯C« Ó «,Ö�·Pá
(I1, I2, I3)

Û�Ü «zÛ�ág»�¯�Ô'Û�´
S

´µ�°
Ýc·½²g×V´gº�°�« å`µ«

I1, I2, I3
V²�³
°A«±³4è ´s·��«zÖ Ó ´µ]ºP²�¹K¹�´

S
à�¹|²�Û�¯ Ó ´µ Ú

� ¡ �Dts{��(upt ¦ o4w i4m+~(i�w i(i4t�w ~�o(t £ tVo(ts¤?n�i4o��Pl�~(�+npo(��w u�y±r�w�ks�gnpl�i(i
w n�rPt]tVmg���(rPl05½tVk�¥
�gn§y �ï���u�tVmg�%y,w�ksn�uptTo(tT���srgn§�
tsr¬�
w r¬k�w upks~(uA}�~4tKuptT�grgn��(upts�

(I1, I2, I3)
tVmg�%�(rPl05gtVks�gn§y�mgn�ts�

mPts~(upts{|tsi��¬mgn
A

u,��tVmg� � �A��tsi4mPts{`�(uptTo(tVm%ksuxw�mPmPtVm�oY���V}?~(n���w uptsi4kVtTo(t]�grgn��(upts�Pmv�V}�~(n�u�n§¥
�(rP�Vm��(rPl05gtVks�gn§y�m�tVmg��{]~(i(nco(t_uxwvupl�nco(tf �rPl�~(��t_i
w �g~(rPtsu�upt

(I1, I2, I3) · (I ′1, I ′2, I ′3) =
(I1I

′
1, I2I

′
2, I3I

′
3)

}?~(n4upt_rPtsi4o|npmPl�{|l�rg�(�4t�ñ
Cl+(D)×Cl+(D)

�
w r�uxwv�(rPl05gtVks�gnpl�i
(I1, I2, I3) → (I1, I2) �ø?n4l�i�rPtVmg�grPtsn�i��Aupt+È��4�Vl�rPqs{|t M w ~D�Kks~(��tVm��(rPl05½tVks�gn§yzm � l�i|l��(�gnptsi���u,� npmPl�{|l�rg�(�(npmg{|t
mg~(n���w i?� ¦
É`Ê�Ë�Ì
Í Î?Ï0Ð?³A´ »¬Ö�« ×�´gºV°�«z²�³MÛ�¯¬F�¸Dág²�·Pæ�¹�´µj�´�·g´��°�·P´�«Õ³c°�ê�¯?³�´fºP²�·�·gáµ�ÝD²�³cÛ�»�³cº�´�Ø

{ ºs¯4ÖP´µ_Ýc·g²½×V´PºV°�« åµ]Û�´KÛ�«Õsºs·�«±¹K«±³c»�³c°
D}/Γ ↔ Cl+(D) × Cl+(D)

®s¯?«�´µ�°�¯?³�«Õs²�¹|²�·�Ý
¸�«Õµ¹�´]Û�´�ì�·½²�¯�Ý(´� Ú
� ÍÄÐ	��
�Ð ��l�i4m��V}�~4tsi4kVt¬o(tVm_È��4�Vl�rPqs{|tVm

1
ts�jî �

¶



- ÐCÏ�.(Í0/���Ð
� ��tVk�~(i0��ts�gn��¬k�w upks~(u�l�iÃ��ts~(�¬rPts{�w rP}?~4tsr`}?~4t�uptVm%yzl�rg{|tVmvi4l�rg{|tVm`o(t

I1, I2, I3mPl�i��_t��4w�ks�Pts{|tsi��
QA

1 , QA
2

ts�
QA

3 � ��u�tVmg�fo(l�i4kvyzw�ksn�uptvoY��l��(�Ptsi(n�rjuptVmfÈ��4�Vl�rPqs{|tVm]¼
ts� û �
· ¸ UfeKO
L�[%\KL�e]ö$L�O
��l�{�{|t�l�iâw<oDn�� � uxw7upl�n�oD~0ks~(��t|tVmg�v~(i4t| ��si4�sr�w u�npmµw �gnpl�iâo(t�uxwÆupl�n�o(t�kVl�{���l ¥
mgn��gnpl�i�o(t ¢ w ~4m�m �
¡ i©t�ÇYts� � tsi��(u�~4m%o(t`i4l�~4m%o(l�i(i4tsr%uxw�kVl�{���l�mgn��gnpl�iÃo(t`y�l�rg{|tVm
}�~
w�oDr�w �gnp}?~4tVmf�(n�i
w n�rPtVm � kVts�g�Ptvupl�n�i4l�~4m�yzl�~(rgi(n��jw ~4mPmgn ¦¼ � kVl�{���l�mgn��gnpl�i�o(t�yzl�rg{|tVm_ks~(�(np}?~4tVm+�(n�i
w n�rPtVm]��ksuxw�m�mgnp}�~4tVm ��þû � kVl�{���l�mgn��gnpl�i�o(tvkVl�~(�(uptVmjo(t%y�l�rg{|tVm_}�~
w�oDr�w �gnp}?~4tv�(n�i
w n�rPtVm]��ksuxw�m�mgnp}�~4tVm ��þî � kVl�{���l�mgn��gnpl�i�o(tvkVl�~(�(uptVmjo(t

2
¥zy�l�rg{|tVmj}�~
w �Ptsrgi
w n�rPtVm�w u��Ptsrgi
w i��PtVm þ6 � kVl�{���l�mgn��gnpl�i�o(t

3
¥zyzl�rg{|tVm_mPtsi
w n�rPtVm�w u��Ptsrgi
w i��PtVm �hji]��w+o(l�i(i4tsr�kVl�{�{|t�t��(ts{��(uptAuptVm$o(ts~D�¬�(rPts{�npqsrPtVm � ts��l�i]��tsrgr�wfn�{�{|�VoDnxw �Pts{|tsi?�

}�~4t�uptVm+�si4l�i4kV�Vm`��ts��uptVm+o(�s{|l�i4mg�gr�w �gnpl�i4m � m�l�i��fo(tVm�k�w�m��
w rg�gnpks~(u�nptsrPmfo(tVm+�si4l�i4kV�Vm
ts�_o(tVmfo(�s{|l�i4mg�gr�w �gnpl�i4m�}�~���l�i�wTyzw n��ftsi� ��si4�sr�w u���l�~(r+uxwTupl�n�oD~1ks~(��t �
¹T[]\ º�h�»��k��j¬¼b�"½�e�¾ �"��j{½¯e]c"�&e]»���j
hji�kVl�i4mgnpo(qsrPtvupt¬ks~(��t%�grgn��(upts{|tsi��%mgüC{|�s�grgnp}�~4t ¦

a b

b g

g h

b g

ts�_l�i<u�~(n�w�mPmPlCksnpt%uxw]yzl�rg{|t¬ks~(�(np}�~4t¬�(n�i
w n�rPt
ax3 + bx2y + gxy2 + hy3 �hji�l��(�gnptsi���o(l�i4kv~(i4tvn�i4ksu�~4mgnpl�i ¦

ι : Sym3 Z2 → Z2 ⊗ Z2 ⊗ Z2,

o(t�u,��tVmg�
w�kVt+o(tVm�ks~(��tVmé�grgn��(upts{|tsi?��mgüC{|�s�grgnp}�~4tVmj�Õy�l�rg{|tVm�ks~(�(np}?~4tVm��(n�i
w n�rPtVm � o4w i4mu,��tVmg�
w�kVt¬o(tVm_ks~(��tVm �hji7w �(��tsu�upt+�(rPl05½tVks�gn���tj~(i4t�yzl�rg{|tfks~(�(np}?~4tf�(n�i
w n�rPt_mPn
tsu�upt_kVl�rgrPtVmg��l�i4o�ñ%~(i7ks~(��t
�(rPl05½tVks�gn§y �hji1wKupt¬È��4�Vl�rPqs{|t`mP~(n���w i?� ¦

¼�¿



É`Ê�Ë�Ì
Í Î?Ï0Ð`¿R9 ²�«�°
D

¯C³0´�³
°�«,´�· ≡ 0, 1 mod 4 Þ ´s°�s²�«�° CId,D
Ó »`Ýc·gás«Õ¹|»�ì�´|Û�¯

ºs¯(Ö�´K«�Û?´�³
°�«�°�á
A0

Û�´KÛ�«ÕsºV·µ«±¹T«Õ³c»�³
°
D

Ú
ÒµÓ ´gÔ�«Õ�°�´�¯?³�´�¯C³4«�®V¯(´ Ó ²�«`Û�´�ì�·½²�¯ÂÝ(´�µ¯C· Ó Ü ´�³4V´�¹�Ö Ó ´�Û�´µ�º Ó »��V´�1Û�Ü áP®s¯?«±èÄ» Ó ´�³cºµ´
¹�²ÂÛ�¯ Ó ²

SL2(Z)
Û�´µjås²�·�¹�´µMºs¯4Ö�«z®s¯(´��Ö�«±³c»�«±·P´µvÝc·g²½×�´gºV°�«±è ´µ

C
Û?´ÆÛ�«xVºs·�«Õ¹T«±³c»�³
°

D
°�´ ÓÕÓ ´K®s¯(´�Ø
Ù�Ú

[CId,D]
´µs° Ó Ü «zÛ�´�³c°�«±°�á]»�Û�Û�«�°�«±è ´ ãäCÚ«´ Ü »µÝ�Ý Ó «zºP»�°�«z²�³�®s¯C«�´�³4è ²�«z´

[C] → [ι(C)]
´µ�°�¯C³]¸D²�¹|²�¹|²�·,Ýc¸�«x�¹�´�Û?´�ì�·½²�¯ÂÝ(´µ

Û�»�³( Ó ´jì�·g²�¯�Ý4´�Û�´µ]ºs¯4ÖP´µ]¹�²ÂÛ�¯ Ó ²
Γ
Ú

£ tvyzw�ýVl�i�mPts{`�(uxw �(uptKw ~�È��4�Vl�rPqs{|t M l�i1wT{�w n�i��Ptsi
w i?�%~(i�È��4�Vl�rPqs{|t]}?~(n�i4l�~4m
o(l�i(i4tv~(i4tvi4l�~(��tsu�upt¬�Cnpmgnpl�i�o(tVm�yzl�rg{|tVmfks~(�(np}?~4tVmf�(n�i
w n�rPtVm ¦
É`Ê�Ë�Ì
Í Î?Ï0Ð?À-ÒµÓ m�»©¯C³�´1Ö�« ×�´gºV°�«z²�³�ºP»�³c²�³
«�®s¯4´�´�³
°�·P´ Ó Ü ´s³(V´�¹�Ö Ó ´�Û?´µ

SL2(Z)
à

²�·VÖs«±°�´µK³c²�³0Û�á,ì�á�³�á�·PáP´µMÛ?´ Ó Ü ´µ�ÝD»�º�´
Sym3Z2 Û�´µ�ås²�·µ¹�´µKºV¯(Ö�«z®s¯4´µ�Ö�«Õ³�»�«Õ·P´µ Þ ´s°

Ó Ü ´�³(�´�¹�Ö Ó ´TÛ?´µ`º Ó »��V´�]Û�Ü áP®s¯?«±èÄ» Ó ´�³cºµ´|Û�´µ¬°�·�«¨Ý Ó ´s°±
(S, I, δ)

²�ß
S

´µ�°�¯?³Ã»�³4³�´P»�¯
®s¯D»�Û�·½»�°�«�®s¯4´7²�·�«z´�³c°�áK³c²�³0Û�á,ì�á�³�á�·Pá Þ I

´µs°�¯?³0«�Û�áP» Ó Û�´
S Þ ´s°

δ
´µs°�¯?³"á Ó ás¹|´s³
°

«Õ³4è�´�·��«zÖ Ó ´TÛ�´
K = S ⊗ Q

°�´ Ó ®s¯4´
I3 ⊆ δ · S ´s° N (I)3 = N (δ)

Ú
B Ò ºs«¬Û�´�¯�Ôâ°�·µ«ïÝ Ó ´s°±

(S, I, δ)
´s°

(S ′, I ′, δ′)
V²�³
°`ág®V¯?«±èÄ» Ó ´�³
°±<�«�« Ó ´gÔ�«Õ�°�´�¯?³/«xV²�à

¹�²�·,Ý
¸?«x�¹|´
φ : S → S′ ´V°¬¯C³�á Ó á�¹�´�³
°

κ ∈ S′ ⊗ Q
°�´ Ó ®s¯4´

I ′ = κφ(I)
´s°

δ′ = κ3φ(δ)
Ú D

9 ²�¯?]º�´s°z°�´�Ö�« ×V´PºV°�«�²�³ Þ Ó ´]Û�«xVºs·µ«±¹T«Õ³�»�³
°�Û�Ü ¯C³�´�ås²�·�¹�´Kºs¯(Ös«�®s¯4´|Ö�«±³c»�«±·P´K´��°+ázì�» Ó »�¯
Û�«xVºs·�«Õ¹T«±³c»�³
°�Û?´ Ó Ü »�³4³�´g»�¯1®s¯(»�Û�·g»�°�«�®V¯(´�º�²�·µ·P´µ�ÝD²�³cÛ�»�³
° Ú
¡ iÆ�
w rg�gnpks~(u�nptsr � mgn�l�i<mPtjrPtVmg�grPtsn�i?�+w ~D�My�l�rg{|tVm�ks~(�(np}?~4tVm��(n�i
w n�rPtVm��(rPl05½tVks�gn���tVm � ts�u,��l�iâi4l��Pt

Cl3(D)
upt� �rPl�~(��t7o(tVmTksuxw�mPmPtVmKoY� npo(��w ~D�âo(l�i��Tu,��l�rPoDrPtÆoDn��CnpmPt

3
o4w i4m

Cl(S(D)) � l�i�l��(�gnptsi?�_u,� �4l�{|l�{|l�rg�(�(npmg{|t]mg~(n���w i?� ¦
Á Ì
Í Ì����O.��ÕÍ ÐÃÑÂ9 ²�«�°

S(D)
Ó Ü »�³
³�´g»�¯1®V¯D»�Û�·½»�°�«z®s¯4´�Û�´KÛ�«Õsºs·�«±¹K«±³c»�³c°

D
Ú

¶ Ó ²�·µv« Ó m7»�¯C³1¸C²�¹|²�¹|²�·�Ý
¸�«Õµ¹�´`Û?´jì�·½²�¯ÂÝ(´µ Þ ³c»�°�¯?·P´ Ó ´V°A�¯?·±×V´PºV°�« å Þ
{å Ú ºs¯4Ö Ú Ö�«Õ³ Ú Ýc·g²½× Ú Û�´KÛ�«Õsºs·

D
¹|²�Û�¯ Ó ²

SL2(Z)} → Cl3(D),

®s¯?«Y´�³4èÄ²�«z´�¯C³�´cåV²�·µ¹�´�ºs¯4Ö�«z®s¯(´_Ö�«Õ³�»�«Õ·P´
C

Û�»�³( Ó ´
S(D)

à�¹�²ÂÛ�¯ Ó ´
I Þ ²�ß (S(D), I, δ)´µ�° Ó ´`°�·µ«ïÝ Ó ´s°�ºP²�·�·P´µ,ÝD²�³cÛ�»�³
°�ê

C
Û�»�³( Ó ´CF�¸Dág²�·Pæ�¹�´®Ã Ú)Ä ³1²�¯D°�·g´ Þ Ó »�º�»�·½Û�«Õ³c» Ó «�°�á

Û�¯©³c²nm�»�¯�Û�´|ºµ´s°�¸C²�¹|²�¹|²�·�Ý
¸�«Õµ¹�´M´µ�° |U/U3| Þ ²�ß
U

´µs° Ó ´`ì�·½²�¯�Ý(´7Û�´�K¯C³4«�°�áµ
Û�´

S(D)
Ú

¼�¼



¹T[�} ÅChi�"Æ��Ç��j{�T�È��h�»��k��j{¾��"�&�"»��)f�e]¾��T��jK½�e�cT�weÇ»���j
hji�kVl�i4mgnpo(qsrPtvupt¬ks~(��tvo(l�~(�(upts{|tsi��%mgüC{|�s�grgnp}�~4t ¦

a b

b c

d e

e f

ts�|l�i5u�~(nfw�mPm�l?ksnpt7uptÆkVl�~(�(upt<o(tMy�l�rg{|tVm�}?~
w�oDr�w �gnp}�~4tVm|�(n�i
w n�rPtVm
(ax2 + 2bxy +

cy2, dx2 + 2exy + fy2) �hji�l��(�gnptsi���o(l�i4kv~(i4tvn�i4ksu�~4mgnpl�i ¦
ν : Z2 ⊗ Sym2 Z2 → Z2 ⊗ Z2 ⊗ Z2,

o(t�u,��tVmg�
w�kVt+o(tVm�ks~(��tVmé�grgn��(upts{|tsi?��mgüC{|ts�grgnp}�~4tVmj�Õy�l�rg{|tVm�ks~(�(np}?~4tVm��(n�i
w n�rPtVm � o4w i4mu,��tVmg�
w�kVt¬o(tVm_ks~(��tVm �hji1w �(��tsu�upt¬�(rPl05½tVks�gn§yzm+uptVmfkVl�~(�(uptVmj}�~(nY�(rPlÂ�?nptsi(i4tsi?��oY� ~(i�ks~(��t%�(rPl05gtVks�gn§y �hji1wTo(l�i4kvuptVmfÈ��4�Vl�rPqs{|tVm�mg~(n���w i��Pm �
É`Ê�Ë�Ì
Í Î?Ï0Ð?ÉÊ9 ²�«�°

D ≡ 0, 1 mod 4
´V°AV²�«±°

BId,D
Ó »¬Ýc·Pá�«±¹|»�ì�´�Û�¯�ºs¯(Ö�´K«�Û?á�³4à

°�«±°�áAÝD»�·
ν
Ú ¶ Ó ²�·µ Þ « Ó ´gÔ�«xs°�´�¯?³�´j¯?³4«z®s¯4´ Ó ²�«$Û�´�ì�·½²�¯ÂÝ(´%µ¯C· Ó Ü ´�³4V´�¹�Ö Ó ´vÛ�´µ%º Ó »��V´�

Û�Ü áP®s¯?«±èÄ» Ó ´�³cºµ´T¹|²�Û�¯ Ó ²
SL2(Z) × SL2(Z)

Û�´µ`ºP²�¯ÂÝ Ó ´µ+Ýc·g²½×�´gºV°�« å�]Û�´�åV²�·�¹|´�¬®V¯D»�à
Û�·½»�°�«�®s¯4´µTÖs«Õ³c»�«Õ·P´µ

B
Û�´]Û�«Õsºs·�«Õ¹T«±³c»�³
°

D Þ °�´ Ó±Ó ´]®V¯(´�Ø
Ù�Ú

[BId,D]
´µs° Ó Ü «zÛ�á�³
°�«�°�á]»�Û�Û�«�°�«Õè�´ ãäCÚ«´ Ü »µÝ�Ý Ó «zºP»�°�«z²�³�®s¯C«�´�³4è ²nm�´

[B] → [ν(B)]
´��°c¯?³T¸C²�¹�²�¹�²�·,Ý
¸?«x�¹|´�Û�´$ì�·g²�¯ÂÝ(´µ

Û�»�³( Ó ´jì�·g²�¯�Ý4´�Û�´µ]ºs¯4ÖP´µfÝc·½²g×V´gº�°�« åµ Ú
É`Ê�Ë�Ì
Í Î?Ï0Ð�Ñ ËIÒµÓ ´PÔ�«xs°�´�¯?³�´�Ös« ×�´gºV°�«z²�³�ºP»�³�²�³4«z®s¯(´_´�³
°�·P´ Ó Ü ´�³(�´�¹�Ö Ó ´�Û?´µ

SL2(Z)×
SL2(Z)

à ²�·�Ö�«�°�´µ%³c²�³�Û�ázì?á�³�á�·PáP´µ]Û�»�³( Ó Ü ´µ�ÝD»�º�´
Z2 ⊗Sym2Z2 Þ ´s° Ó Ü ´�³(V´s¹|Ö Ó ´`Û�´µ

º Ó »��V´�¬Û�Ü «Õs²�¹|²�·�Ý
¸�«Õµ¹�´`Û�´µ`ºP²�¯ÂÝ Ó ´µ
(S, (I1, I2, I3)) Þ ²�ß S

´µs°A¯C³©»�³4³�´g»�¯�®V¯D»�à
Û�·½»�°�«�®s¯4´<²�·�«,´�³
°�áM³c²�³ÀÛ�á,ì�á�³�á�·Pá�´s°

(I1, I2, I3)
´µs°j¯C³�´Æº Ó » µV´<Û�Ü ág®s¯C«±èÄ» Ó ´�³cº�´1Û�´

°�·µ«ïÝ Ó ´s°±�áP®s¯?« Ó «zÖ�·Páµ�Û�´
S

°�´ ÓÕÓ ´�®V¯(´
I2 = I3

Úd9 ²�¯�<º�´s°z°�´�Ö�« ×�´gºV°�«z²�³ Þ Ó ´�Û�«ÕsºV·µ«±¹T«Õà
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