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We shall work with the Hardy-Sobolev spaces H?. For 1 < p < oo and
s € R, H? is the space of holomorphic functions in the unit ball B in C™ such
that the following expression is finite

nfnip:::supm/ (1 + R)*F(r2) do(2),
r<l1 JoB

where [ is the identity, do is the Lebesgue measure on 0B and R is the radial
derivative
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We shall work with the Hardy-Sobolev spaces H?. For 1 < p < oo and
s € R, H? is the space of holomorphic functions in the unit ball B in C™ such
that the following expression is finite

1£]17, = sup / (1 + R)*F(r2) do(2),
r<l1 JoB

where [ is the identity, do is the Lebesgue measure on 0B and R is the radial
derivative
Rf(z) = szy(z).
=1 %
For s € N, this norm is equivalent to

IFIP, = max / R £(2)]” do(2).

0<<s
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Let p’ the conjugate exponent for p ; the Hilbert space Hf is equipped
with reproducing kernels :

1
(1—a- 22

ie. Ya€B, Vf € HP, fla) = (f ka),

Va €B, ka(z) = lkally p 2= lkall gz = (1 = Jaf*)*~"/¥'



Let p’ the conjugate exponent for p ; the Hilbert space Hf is equipped
with reproducing kernels :

1
(1—a- 22

ie. VaeB, Vfe HY, f(a) = (f, ka), where (-,-) is the scalar product of the
Hilbert space 2.

Va € B, ka(z) = Ikall,, = Ilkall gp == (1 —|al?)*=/%
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Let p’ the conjugate exponent for p ; the Hilbert space Hf is equipped
with reproducing kernels :

1
(1—a- 22

ie. VaeB, Vfe HY, f(a) = (f, ka), where (-,-) is the scalar product of the
Hilbert space 2. In the case s = n/2 there is a log for k.

Va € B, ka(z) = Ikall,, = Ilkall gp == (1 —|al?)*=/%
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Definition

The sequence S of points in B is dual bounded (or minimal, or weakly
interpolating) in H? (B), DB, if there is a bounded sequence {p,}acs C HY
such that

Va,b € S, pa(b) = dabllkall, -
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A. Bernard”
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The sequence S is Carleson, CS,in H?(B), if the associated measure

= 3" keall;% 00

a€S
is Carleson for HP(B).
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Let S be a sequence of points in B such that
e there is a sequence {p,}acs in HY such that

Va,b €S, pa(b) ~ 5ab||/’a||s,p||ka||s,p"

1
OI]"0<s<ﬁmin(—/7
p

1 1 1
—) with — =—+—, ie. s < — and
2 r p q

q/ 2/
p
— < r < p, we have

2 ) )
Vi <5, |l S 1R Gk, = Ioall
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Definition

The sequence S is Carleson, CS,in H?(B), if the associated measure

= 3" keall;% 00

a€S
is Carleson for HP(B).

Theorem

Let S be a sequence of points in B such that
e there is a sequence {p,}acs in HY such that

Va,b €S, pa(b) ~ 5ab||/’a||s,p||ka||s,p"

1
OI]"0<s<ﬁmin(—/7
p

1 1 1
—) with — =—+—, ie. s < — and
2 r p q

q/ 2/
p
— < r < p, we have

2 : :
Vi <s [|R(pa)ll,, S | B (ko) = llpall
e S is Carleson in HI(B).

Then S is H. interpolating with the bounded linear extension property,
provided that p < 2.

AnOunceOfProbability
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The table relative to Carleson sequences is

H?(D) H”(B) HP(B),s > 0
) )
IS H” = CS s —cos | O iCQSS .
by L. Carleson by P. Thomas® -

by A.R.S

DB H? = IS H? = CS
by Shapiro & Shieds

8Indagationes Math. (1987)
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The table relative to Carleson sequences is

H?(D) H”(B) HP(B),s > 0
) )
IS H” = CS IS H” = CS fsrs f iczss Zn
8 - <
by L. Carleson by P. Thomas by AR.S
DB H? = IS H? = CS DB H? = CS
by Shapiro & Shieds by E.A.

8Indagationes Math. (1987)
I icrpolating sequences and Carleson m
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by Shapiro & Shieds by E.A. o
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Definition

The multipliers algebra M? of H? is the algebra of functions m on B such
that
Vh € H?, mh € HY.
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The multipliers algebra M? of H? is the algebra of functions m on B such
that

Vh € H?, mh € HY.

The norm of a multiplier is its norm as an operator from HY into HY.
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Definition

The multipliers algebra M? of H? is the algebra of functions m on B such
that

Vh € H?, mh € HY.

The norm of a multiplier is its norm as an operator from HY into HY.

7 (D) 7 (B)

HY(B) |
MP=H>B)NC.C.
characterized for

MG(D) = H*(D), vp | MG(B) = H>(B), Vp n—1<ps<n




Definition
The multipliers algebra M? of H? is the algebra of functions m on B such
that

Vh € HP, mh € H?.

The norm of a multiplier is its norm as an operator from HY into HY.

HP(D) HP(B) H(B)
MP=H>B)NC.C.
characterized for
n—1<ps<n
and for p =2 by V. W.
Depending on p

M{(D) = H*(D), Vp | M{(B) = H*(B), Vp
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Definition

The sequence S of points in B is interpolating, IS, in the multipliers
algebra M? of H?(B) if there is a C > 0 such that
VYA€ £(9), Im e ME :Va € S, m(a) = A, and |[m|p < ClA[| .




Definition

The sequence S of points in B is interpolating, IS, in the multipliers
algebra M? of H?(B) if there is a C > 0 such that
VA €L2(S), Im e MY =Va € S, m(a) = Ay and ||m|| yp < ClA| -

Definition

Let S be an interpolating sequence in MY ;




Definition

The sequence S of points in B is interpolating, IS, in the multipliers
algebra M? of H?(B) if there is a C > 0 such that
VA €L2(S), Im e MY =Va € S, m(a) = Ay and ||m|| yp < ClA| -

Definition

Let S be an interpolating sequence in M¥ ; we say that S has a bounded

linear extension operator, BLEO, if there is a a bounded linear operator
E : (°°(S) - MY and a C > 0 such that

VA€ £2(S), E(N) e ME, |IE(N)|pe < ClMly : Ya €S, E(N)(a) = Aa-
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MP

S

(B)

IS characterized
by L. Carleson
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MP

S

(B)

IS characterized
by L. Carleson

No characterisation




H>(D) H>(B) ME(B)

Characterized for p = 2
IS characterized No characterisation andn—1<2s<n
by L. Carleson by A.R.S. and the

Pick property
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Characterized for p = 2
IS characterized No characterisation andn—1<2s<n
by L. Carleson by A.R.S. and the

Pick property

IS = BLEO
by P. Beurling




H> (D) H>(B) ME(B)
Characterized for p = 2

IS characterized No characterisation andn—1<2s<n
by L. Carleson by A.R.S. and the
Pick property
IS = BLEO IS = BLEO
by P. Beurling by A. Bernard
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(D) = (E) MI(E)
Characterized for p = 2
IS characterized No characterisation andn—1<2s<n
by L. Carleson by A.R.S. and the
Pick property
IS = BLEO IS = BLEO IS = BLEO for p > 2
by P. Beurling by A. Bernard by E. A.
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(D) = (E) MI(E)
Characterized for p = 2
IS characterized No characterisation andn—1<2s<n
by L. Carleson by A.R.S. and the
Pick property
IS = BLEO IS = BLEO IS = BLEO for p > 2
by P. Beurling by A. Bernard by E. A.
Theorem

If S is interpolating for ML and p > 2, then S has a bounded linear extension
operator.
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Definition

The sequence S of points in B is dual bounded (or minimal, or weakly
interpolating) in the multipliers algebra ME of HP(B) if there is a bounded
sequence {pg}acs C MP such that




Definition

The sequence S of points in B is dual bounded (or minimal, or weakly
interpolating) in the multipliers algebra ME of HP(B) if there is a bounded
sequence {pg}acs C MP such that

Va,b € S, pa(b) =dap and 3C > O : Ya € S, |pa| < C.




Definition

The sequence S of points in B is dual bounded (or minimal, or weakly
interpolating) in the multipliers algebra ME of HP(B) if there is a bounded
sequence {pq tacs C MPE such that

Va,b €S, pa(b) =04 and AC > O : Va € S, ||pa] < C.

If S is interpolating in M? then it is clearly dual bounded.
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Definition

The sequence S of points in B is dual bounded (or minimal, or weakly
interpolating) in the multipliers algebra ME of HP(B) if there is a bounded
sequence {pq tacs C MPE such that

Va,b €S, pa(b) =04 and AC > O : Va € S, ||pa] < C.

If S is interpolating in M? then it is clearly dual bounded.

Definition

The sequence S of points in B is 0 separated in HY if

Va,b€ S, a#b, 3f € HY = f(a) =0, f(b) = |lkall,p, IIfll,, <071
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ME(B)
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S

DB H* = 1S H?
Vp < oo with BLEO
by Carleson,
Shapiro & Shields
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Mp

S

DB H* = 1S H?
Vp < oo with BLEO
by Carleson,
Shapiro & Shields

DB H* = IS H”
Vp < oo with BLEO
by E. A.




H=(D)

H=(B)

ME(B)

DB H* = 1S H?
Vp < oo with BLEO
by Carleson,
Shapiro & Shields

DB H* = IS H”
Vp < oo with BLEO
by E. A.

IS MZ = IS H?
for p > 2 with BLEO
by E. A.




H>(D) H™(B) ME(B)
DB H* = 1S H”

. DB H*™ = 1S H” IS M? = IS H?
< ) ]
7p = oo with BLEO | ) = o with BLEO | for p > 2 with BLEO
y ; by E. A. by E. A.

Shapiro & Shields

IS H** = CS
by Carleson
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H=(D)

H=(B)

ME(B)

DB H* = 1S H?
Vp < oo with BLEO
by Carleson,
Shapiro & Shields

DB H* = IS H”
Vp < oo with BLEO
by E. A.

IS MZ = IS H?
for p > 2 with BLEO
by E. A.

IS H** = CS
by Carleson

IS H>* = CS
by Varopoulos®

9CRAS (1972)
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ME(B)

DB H* = IS H?
Vp < oo with BLEO
by Carleson,

DB H* = IS H”
Vp < oo with BLEO

IS MZ = IS H?
for p > 2 with BLEO

Shapiro & Shields by £ A. by E. A.
IS H** = CS
IS H>* = CS by Varopoulos®
by Carleson DB H* = CS
by E. A.

9CRAS (1972)
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H> (D)

H™(B)

ME(B)

DB H* = IS H?
Vp < oo with BLEO
by Carleson,

DB H* = IS H”
Vp < oo with BLEO

IS MZ = IS H?
for p > 2 with BLEO

Shapiro & Shields by £ A. by E. A.
IS H>* = CS
IS H>* = CS by Varopoulos® IS M? = CS H?
by Carleson DB H* = CS by E. A.
by E. A.

9CRAS (1972)
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Theorem

Let S be an interpolating sequence for the multipliers algebra MP of H?(B)
then S is also an interpolating sequence for HY provided that p > 2.
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Let S be an interpolating sequence for the multipliers algebra MP of H?(B)
then S is also an interpolating sequence for HY provided that p > 2.

Theorem
Let S be an interpolating sequence for MY then S is Carleson H(B).
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H=(B)

ME(B)




H> (D)

H™(B)

ME(B)

Separated union of IS
is IS, by L. Carleson




H> (D) H™(B) ME(B)

Separated union of IS Separated union of IS
is IS, by L. Carleson is IS, by Varopoulos'®

10CRAS (1971)
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H™> (D) H>(B) ME(B)
Separated union of IS

Separated union of IS Separated union of IS is IS for s = 1,Vp
is IS, by L. Carleson is IS, by Varopoulos'® and for p = 2, Vs
by E. A.

10CRAS (1971)
I icrpolating sequences and Carleson m
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H=(D)

H=(B)

ME(B)

Separated union of IS
is IS, by L. Carleson

Separated union of IS
is IS, by Varopoulos'®

Separated union of IS
is IS for s =1,p
and for p = 2, Vs

by E. A.

Theorem

Let Sy and Sy be two interpolating sequences in ML such that S := S; U Sy is
separated, then S is still an interpolating sequence in MY,

10CRAS (1971)
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H™> (D) H>(B) ME(B)
Separated union of IS

Separated union of IS Separated union of IS is IS for s = 1,Vp
is IS, by L. Carleson is IS, by Varopoulos'® and for p = 2, Vs
by E. A.
Theorem

Let Sy and Sy be two interpolating sequences in ML such that S := S; U Sy is
separated, then S is still an interpolating sequence in ML, provided that s = 1.

10CRAS (1971)
I icrpolating sequences and Carleson m

En ’honneur de Aline Bonami, Or}éz{ﬁé
25






Theorem

Let o1 and o5 be two interpolating sequences in the spectrum of the

commutative algebra of operators A, such that o := o1 U oo is separated, then
o is an interpolating sequence for A.




Theorem

Let o1 and o5 be two interpolating sequences in the spectrum of the
commutative algebra of operators A, such that o := o1 U oo is separated, then
o is an interpolating sequence for A.

Corollary

Let Sy and Sy be two interpolating sequences in M? such that S := S; U Sy is
separated, then S is still an interpolating sequence in M?2.

HarmonicAnalysis
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Theorem

Let S be a dual bounded sequence of points in B for H”(B).
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Then S is H" interpolating with the bounded linear extension property,
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An ounce of probability.

We shall prove :

Theorem

Let S be a dual bounded sequence of points in B for H”(B).
Then S is H" interpolating with the bounded linear extension property,
provided that r < p < 2.

Proof.
we already know that S DB = S is Carleson, which means

Z Vaka,q

a€S

Vv € £1(9), S v llges

Ha
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An ounce of probability.

We shall prove :

Theorem

Let S be a dual bounded sequence of points in B for H”(B).
Then S is H" interpolating with the bounded linear extension property,
provided that r < p < 2.

Proof.
we already know that S DB = S is Carleson, which means
Vv € 1S), (D vakag| S Vil
a€esS Ha
with the reproducing kernel :
kq
k, =

T Fag = :
L—a-2)"" " kall g
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The hypothesis means that there is a sequence {p,}ocs C H” such that
3C >0, Va €S, |pall, <C, V0 €S, pa(b) = daslkall,-



The hypothesis means that there is a sequence {p,}ocs C H” such that
3C >0, Va €S, |pall, <C, V0 €S, pa(b) = daslkall,-

Let A € £"(S) to have that S is IS H" means that there is an
heH": YaesS, hia) = Aallkall,.-



The hypothesis means that there is a sequence {p,}ocs C H” such that
30> 0, Ya € S, pall, < C. W€ S, pa(b) = bupllkall

Let A € £7(S) to have that S is IS H" means that there is an
he H": YaeS, hla) =kl

1
Choose ¢ such that — = — + — which is possible because r < p, and set
r . p 4q
h(z) :== Z AaPa(2)ka,q(2).
acsS
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The hypothesis means that there is a sequence {p,}ocs C H” such that
30> 0, Ya € S, pall, < C. W€ S, pa(b) = bupllkall

Let A € £7(S) to have that S is IS H" means that there is an
he H": YaeS, hla) =kl

1
Choose ¢ such that — = — + — which is possible because r < p, and set
q

r.p
h(z) := Z Aapa(2)ka q(2).

acs
We have h(b) = Appp(b)kp,q(D) =~ Ap||ks||,.. by a simple computation.
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The hypothesis means that there is a sequence {p,}ocs C H” such that
30> 0, Ya € S, pall, < C. W€ S, pa(b) = bupllkall
Let A € £7(S) to have that S is IS H" means that there is an
he H": YaeS, hla) =kl

1
Choose ¢ such that — = — + — which is possible because r < p, and set
q

r.p
h(z) := Z Aapa(2)ka q(2).

aes
We have h(b) = A\ppp(D)kp q(b) ~ Ap||ks|,.. by a simple computation. So it
remains to evaluate the norm of h in H".
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Write A\, = (4, with

r Aa T
o= Dal”"” i al”" 25 =l = s = AT then
h(z) := Z taPa(2)Vakaq(2)

a€sS



Write A\, = (4, with

T T A(I. T
o = al"? ) va = ] g = Iellee = 1% = Al 5 then
h(z) := Z taPa(2)Vakaq(2)

acsS
and the idea is to write this sum of products as a product of sums



Write A\, = (v, with

T T >\a T
Ha = |)‘a| /p, Vg = |)‘a‘ a |/\ ‘ = ”/“L”gp - ||V||Zq - ”)‘”ér ; then
h(z) := Z,uapa(z)uaka’q(z)

acsS
and the idea is to write this sum of products as a product of sums by use of a

Rademacher sequence {¢, },cs of Bernouilli random variables.
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Write A\, = (v, with

T T )\(l
o= Dl vai= Al 3
h(z) := Zﬂapa(z)yakaﬁq(@
acsS
and the idea is to write this sum of products as a product of sums by use of a

Rademacher sequence {¢, },cs of Bernouilli random variables.

= [lullze = llwllzs = [IAllg- 5 then

h(z) = E((Zaes Ha€aPa(2))X (Zaes Vaeaka,q(z)))
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Write A\, = (v, with

r T >\G. T
pa = al”7, v = ] g = Iellee = 1% = Al 5 then
h(z) := Zﬂapa(z)yakaﬁq(@

acsS
and the idea is to write this sum of products as a product of sums by use of a

Rademacher sequence {¢, },cs of Bernouilli random variables.

h(z) = E((X,es Ha€aPa(2)) % (e Vataka,q(2))) =t E(f (€, 2)g(e, 2)),

because E(e,€,) = 0a.p-
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Write A\, = (v, with

T T >\a T
Ha = |)‘a| /p, Vg = |)‘a‘ a |/\ ‘ = ”/“L”gp - ||V||Zq - ”)‘”ér ; then
h(z) := Z,uapa(z)uaka’q(z)

acsS
and the idea is to write this sum of products as a product of sums by use of a

Rademacher sequence {¢, },cs of Bernouilli random variables.

h(z) = E((Zaes :uaﬁapa(z))x(zaes Vaeaka,q(z))) =:E(f(e,2)g(e, 2)),

because E(e,€,) = 0a.p-
So, by Fubini and Holder,
12/l = E(Sfop 1fI" 9" do) = [oom | 191" dP ® do
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Ha = |)‘a| /p, Vg = |)‘a‘ a |/\ ‘ = ”/“L”gp - ||V||Zq - ”)‘”ér ; then
h(z) := Z,uapa(z)uaka’q(z)

acsS
and the idea is to write this sum of products as a product of sums by use of a

Rademacher sequence {¢, },cs of Bernouilli random variables.
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So, by Fubini and Holder,
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Write A\, = (v, with

T T >\a T
Ha = |)‘a| /p, Vg = |)‘a‘ a |/\ ‘ = ”/“L”gp - ||V||Zq - ”)‘”ér ; then
h(z) := Z,uapa(z)uaka’q(z)

acsS
and the idea is to write this sum of products as a product of sums by use of a

Rademacher sequence {¢, },cs of Bernouilli random variables.

h(z) = E((Zaes Ha€aPa(2))X (Zaes Vaeaka,q(z))) =:E(f(e,2)g(e, 2)),
because E(e,€,) = 0a.p-
So, by Fubini and Holder,

1Bl = B(fop 11" 191" do) = [ om 1fI" 19]" dP @ do <

r/p r/q
< (/ |fI7 dP®do'> (/ Pk dP@da) . pie e,
QxOB OxOB
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For I we have
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Integrating on 0B we get
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For I we have
I= fo@B [fIP dP ® do = faﬂa; (L£17),

but, by Khintchine inequalities,
p/2
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p/2
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Integrating on 0B we get
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For I we have
I= fo@B [fIP dP ® do = faﬂa; (L£17),

but, by Khintchine inequalities,
p/2
) (Z |ttal” pa( )
a€sS

E(I£17) ( > Ha€apa(2)
p/2
<Z |ttal? Ipa(z)2> Sl lpa ()P = E(FP) S el [pa ()P

acs
and, for p < 2,
a€S a€es acs

Integrating on 0B we get

! </ (Z |al” |pal )p>d0( )<sup||pa|| e lullee < CPllullze
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k times
Moreover we have

lak _NZJ 19 J (],ak)zélk.
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We have by Plancherel on this group

N
Vz € B, Z!’y lz = Z
1=1 j=1

This allows us to get

k times

Lemma
We have, for j <s, ke N,

N 3 2 1Y
SR (R (1, )h( :NZ F(BxBx---xB()h())
=il k=1

k times

And this is the ”"miracle lemma” we use to get our results.
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