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Two model problems

Let o be a probability measure on RY.

Problem A: Convolution f — fx o

Problem B: Restriction f — fdo



Two model problems: Problem A

Problem A: Convolution f — fx o

e Preserves LP(RY) spaces
Question: For which o does f — f x o map LP to L9 for some q > p?

e If 5 € L" for some r < oo, then o is LP improving.



Two model problems: Problem A contd

S c RY a k-dimensional submanifold

o =1dS

e 0 is LP improving if and only if 7 € L" for some r < oo if and only if
5(€)| < C|¢|7° for some § > 0 if and only if some curvature of S does
not vanish (io infinite order).



Nondegenerate surfaces — convolution case

Ifxollg < Clifllp (1)

Proposition

Let S be a smooth hypersurface (the case k =d — 1) inR?, o a
compactly supported measure on S, and b € S.

If (1) holds for some o non-vanishing at b € S, then (1/p,1/q) lies in
the closed triangle with vertices (0,0), (1,1), and
(d/(d+1),1/(d+1)).

There exists a smooth measure o, non-vanishing at b € S, such that
(t) holds forp = (d +1)/d and g = 1/(d + 1) if and only if the
gaussian curvature at b € S is nonzero.




Two Model Problems: Problem B

Problem B: Fourier restriction H?HLq(dU) < Cllfll o(rey-

o Trivial for p = 1 since |[f||1a(do) < [Fllec < [If]l1-

Question: For which o is there a p > 1 such that the inequality holds
for some q?

e If 7 € L for some r < oo, then the Fourier restriction phenomenon
holds for o.

Proof: ||f||L2 do) = = [f(x)fxa(x)ax < ||f||p|f* T < Cy|f||§ for some
p>1by Holder and Young’s inequalities.

e However 5 € L" for some r < o is also necessary!

Dual formulation: ||b/d\o—||L,,/(Rd) < C||b||Lq/(dU). Taking b = 1 shows that
necessarily € LP (R9).



Nondegenerate surfaces — fourier restriction case

Fllaeoy < Cllflomey (1)

Proposition

Let S be a smooth curve (the case k = 1) inR9, o a compactly
supported measure on S, and b € S.

If (1) holds for some o non-vanishing atb € S, then q < [2/d(d +1)]p'.

There exists a smooth measure o, non-vanishing at b € S such that (1)
holds for some p > 1 and q = [2/d(d + 1)]p’ if and only if all d — 1
curvatures of S are nonzero at b.




Hausdorff measure

If S is a smooth k-dimensional submanifold with surface measure o,
then o = ch\S where H¥ is k-dim’l Hausdorff measure.

¢ Recall a - Hausdorff measure H*(E) = lims_,o H§'(E) where

Hy =inf{> |G*/?: E c U;C}, diam(C)) < 4}
J

where each C; = x; + r;C is a cube.

e Recall dimp(E) = inf{la > 0 : HY(E) < oo}.



Affine measure

We define « - Affine measure A*(E) = lims_,o A§(E) where

Ay =inf{> |R)|*?: E C UiR;, diam(R;) < 6}
i
where each R; = L;(C) is a rectangle — affine image of the unit cube.

o dimy(E) = inf{a > 0 : A%*(E) < oo} is the affine dimension of E.

e E smooth curve in R?: dimy(E) = 0 if E is a line segment and
dimg(E) = 2/3 otherwise.



Examples of affine measures

If S a C? hypersurface in R?, then
AYE=DNaH)(EY ~ o(E), EC S

where do = |Ks|'/(9+1)dS and Kj is the Gaussian curvature of S.

If Iis a C(@ curve in RY, then
AP/@HN(EY ~ o(E), ECT

where do = |Lr(t)[%/9@+ ) dt and Lr(t) = det(I" (), ..., T9(1)).



Affine measure cont'd

Proposition

Let o be a positive Borel measure on RY.
(a) If |f x o||q < c||f|lp holds, then o < C(c)Ad(1/P=1/q) |
(b) If 1|l La(doy < ClIfllp(gay, then o < C(c)A%/P',

| \

Proof.
Note that o < cA“ if and only if o(R) < ¢|R|*/ for all rectangles R.

Assume ||f * o||q < c]||f||, holds. Let R be a rectangle in RY and set
R' =R — R. Then

|Rlo(R) < /XH*XR’(X)dU(X) = (xm *0,xr) < c|R|"P|R"/Y.




Affine-invariant questions

Let S by any smooth hypersurface and let do = |K|'/(9+1)dS be affine
surface measure.

() For pg = (d +1)/d and gy = d + 1, does

| f UHL‘?d(Rd) < CHfHLPd(Rd) hold?

(I Forg=1[(d—1)/(d+ 1)]p, does

Ifllacs,doy < [IfllLo(roy

hold for some 1 < p?



Affine-invariant questions

Let I by any smooth curve and let do = |L(t)|'/(@+1) dt be affine
arclength measure.

() For pg =(d+1)/2and gy = d(d + 1)/2(d — 1), does

| f UHL‘?d(Rd) < CHfHLPd(Rd) hold?

(IV) For g = [2/d(d + 1)]p/, does

Ifllas,doy < Cllfllo(ro

hold for some 1 < p?



Some results — fourier restriction

e (Sj6lin, 1972) Let I be a smooth convex curve in R?. Let
do = |K(t)|"/3dt. Then [|]| a(r ae) < ClIfll1p(ge) for g = p//3 and
1<p<4/3.

e (Dendrinos, W — Stovall) Let " be a polynomial curve in RY and let &
be affine arclength measure. Then [|f{| a(r go) < C||f|p(roy for
g=1[2/d(d+ 1P and 1 < p < (d? 4+ d +2)/(d? + d).



Some results — convolution

e (D. Oberlin, P. Gressman) Let I' be a smooth convex curve in R?. Let
do = |K(l’)|1/3dl'. Then ||f % U||L3(]R2) < C||f||L3/2(R2)-

e (Dendrinos, Laghi, W — Stovall) Let I' be a polynomial curve in R¢
and let o be affine arclength measure. Then

[f# ol Lagray < CllF|| Lpa(rery

where py = (d+1)/2and gy = d(d +1)/2(d — 1).
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