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• Since 2015

• A longstanding collaboration between A. Collin, P. Moireau (Analysis,Num Anal,Scientific Comp) about Kalman based estimators for “large 
dimensional” (classically distributed in our case) systems.

• Since 2018

• A joint work with M. Prague (Biostatistics) on alternative to non-linear mixed effect model approaches (NLME) for estimating mechanistic models 
in pharmacokinetics, epidemiology 
 
 

• End of march 2020

• A. Collin, P. Moireau test kalman estimation for COVID models

• While M. Prague is using SAEM methods for COVID predictions with B. P. Hejblum, L. Wittkop, R. Thiébaut, D. Dutartre, Q. Clairon.

• Early June 2020

• Can we give some supplementary grounds with our Kalman-based approach about some of the modeling choices and estimation assumptions 
used the NLME approach? 

• Early July 2020

• Submission of a paper with supplementary materials 

History and disclaimer
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A. Collin, M. Prague, P. Moireau — Estimation for dynamical systems using a population-based Kalman filter — Applications to pharmacokinetics models 
hal-02869347 — Submitted.

M. Prague, L. Wittkop, A. Collin, Dan Dutartre, Q. Clairon, P. Moireau, R. Thiébaut, B. P. Hejblum — Multi-level modeling of early COVID-19 epidemic 
dynamics in French regions and estimation of the lockdown impact on infection rate — Submitted.



A little bit of context
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SARS-Cov-2 appeared in Wuhan (China) in December 2019
No Vaccine until December 11th 2020

Worldwide implementation of Non-pharmaceutical Intervention
from less stringent (masks, hand washing…) to most stringent complete lock-down. 



Main goals
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How to estimate the effect of lock-down on first wave?



Main goals
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Can it inform and predict the second, third … and so on … waves ?



• Statistical analysis only so good as the data :

« Garbage in, garbage out »

• Data is crucial, but hardly a hospital priority when there are not enough respirators…

• Public / Semi-Public data on Covid-19: 
• Multiple sources
• Multiple formats
• Multiple geographical resolutions
• Multiple interpretation (phase 2 vs phase 3, cf # of tests…)
• Background noise

Available data
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Percent of hospitalization data by departments 
Means clustering with 3 clusters



• Infection Data (# positive tests)
• Sante Publique France: March 1st -> March 25th
• SI-dep: May 15th -> now

• Infection Data (Sentinelle)
• Number of individual seen by GP with COVID-19 related symptoms

• Hospital Data (SurSaUD)
• Admission through urgent care

• Hospital Data (SI-VIC available June 1st)
• Hospitalisation Admission
• ICU
• Death

Available data 
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Partial data collection with  
change of sources &  

change of collection mode
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Data source
Santé Publique France

SurSaUD

France

Multiple sources & format 
With inconsistencies 

Multiple geographic levels 
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France



Estimation paradigms
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Uncertainties on 
parameters 𝜽 and 

initial conditions …

Strategies for coupling 
the informations 

Variational, Sequential

Model
Data 

assimilation

Data

Observations y

Observation operator h]̇ = I(], W) + %ҋ
\ = K(], W) + ҕ
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Goal: minimize a 
discrepancy 

comparing z and y

State  
Exposed (E) 

Infectious (I, A) 
Removed (R) 

Hospitalized (H) 
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Mixed effect dynamical model
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• The SEIRAH model : An extended Susceptible-Exposed-Infectious-Recovered (SEIR) model

The mathematical model
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• We assume that non-pharmaceutical intervention (NPI) reduces the transmission b. 

Definition of the transmission change over time
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• Major contribution of this work consist in using sequential methods to inform the parametric shape of the effect of NPI
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• We use a mixed effect model on parameters to account for inter-department / inter-region variability (denoted i). 

The statistical model

12

<latexit sha1_base64="4LVa7VVbifzNl+k4oXCC9BXIzAU="></latexit>

ORJ(EL(W)) = J(W) + XEL , ZLWK XEL ' N (�,ґ�
E)

ORJ('TL) = 'T� + X'T
L , ZLWK X'T

L ' N (�,ґ�
'T)

ORJ((L(�)) = ((�) + X(�L , ZLWK X(�L ' N (�,ґ�
(�)

ORJ(,L(�)) = ,(�) + X,�L , ZLWK X,�L ' N (�,ґ�
,�)

ORJ(+L(�)) = +(�) + X+�
L , ZLWK X+�

L ' N (�,ґ�
+�
)

Each geographical unit has a  
different parameter value 

with variability constrained by a normal law



The observation model
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We observe five variables : 
: Incident number of cases tested positive

: Incident number of hospitalized

: Prevalent number of hospitalized

: Prevalent number of cases in ICU

: Number of deaths

Y1

Y2

Y3

Y4

Y5

Y1(t) =
rE
De

Y2(t) =
I

Dq

Y3(t) = H

<latexit sha1_base64="mmIpQo0VGc2iLXFJgvQFeJ25w+U="></latexit>8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

6̇ = �E(W)6(,+ ѿ$)
1

(̇ =
E(W)6(,+ ѿ$)

1 � (
'H

,̇ = U(
'H

� ,
'T

� ,
'L

,

5̇ =
,+ $
'L

+
+
'K

$̇ =
(�� U)(

'H
� $

'L

+̇ =
,
'T

� +
'K

.

Y4(t) = 0.25 × H

Y5(t) = 0.005 × R



Reduced-order population Unscented 
Kalman filter



• Minimize the criterion with respect to the uncertainties under the constraint of the model dynamics

Maximum likelihood estimation (variational approach)
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Iteration 0

...

Iteration n

t

Target parameters

Identified parameters

t

Target system

Limit system

Iteration 0

...

Iteration n
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Rk: It is possible to rewrite this 
functional  in order to take into 
account mixed-effects model 
(SAEM algorithm)with

• Corresponds to least-square minimisation when Gaussian laws are considered

<latexit sha1_base64="aqwK6QDs5v2yjD27xXfseZABKUI="></latexit>

]̇ = )(], W) + %ҋ
](�) = ]� + Ҍ

comparison between y and z

uncertainties priors model error
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• Correct the dynamics by a feedback based on the discrepancy combining  the data and the model state  

• Rk: Allow also to estimate initial conditions and model error. 

Sequential Approach
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Target parameters

Var. limit
Final estimation

t

Target system
Final estimation

Var. limit

t
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The parameters have a dynamics too !
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• More precisely we consider a reduced-order version of a population Unscented Kalman filter: 
i) Define a population criterion: we need a least square criterion 
ii) Introduction to Kalman filter in a linear context 
iii) Presentation of the Unscented Kalman filter  (UKF) 
iv) Presentation of the reduced-order version

state

parameters



• Population approach: compensate the lack of data by an available population  
• A population made of groups indexed by i 

 

• Criterion: 
 
 

• Assuming that the population share the same weighted mean value:

i) A population criterion
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• Rewriting
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Mixed-effect approach: pooling all the patients 
together and estimating a global distribution of 
the model parameters in the population.



• We obtain a classical estimation framework: Minimize

i) A population criterion

18

(
]̇(W) = )(](W), W) + %(W)ҋ(W), 8W 2 [�, 7]
](�) = ]�,

<latexit sha1_base64="1GHrG3IOj1FI5AikgC3ZvWR9Mjw="></latexit><latexit sha1_base64="1GHrG3IOj1FI5AikgC3ZvWR9Mjw="></latexit><latexit sha1_base64="1GHrG3IOj1FI5AikgC3ZvWR9Mjw="></latexit><latexit sha1_base64="1GHrG3IOj1FI5AikgC3ZvWR9Mjw="></latexit>

\N = +N(](WN)) + ҕN, �  N  17,REV,
<latexit sha1_base64="xlG5QHEANlfHcdAG4poMQy6jFnI="></latexit><latexit sha1_base64="xlG5QHEANlfHcdAG4poMQy6jFnI="></latexit><latexit sha1_base64="xlG5QHEANlfHcdAG4poMQy6jFnI="></latexit><latexit sha1_base64="xlG5QHEANlfHcdAG4poMQy6jFnI="></latexit>

] = (]� · · · ]13)|
<latexit sha1_base64="lOKfNrKnpPNbkYPkE8Y5FeV53H8="></latexit><latexit sha1_base64="lOKfNrKnpPNbkYPkE8Y5FeV53H8="></latexit><latexit sha1_base64="lOKfNrKnpPNbkYPkE8Y5FeV53H8="></latexit><latexit sha1_base64="lOKfNrKnpPNbkYPkE8Y5FeV53H8="></latexit>

)(](W), W) =

0

B@
)(]�(W), W)

���
)(]13(W), W)

1

CA DQG ]� = ]⇧ ⇥

0

B@
�
���
�

1

CA+ Ҍ,

<latexit sha1_base64="ZXnqCndAjDPZ0gGGWFYKYqlboo0="></latexit><latexit sha1_base64="ZXnqCndAjDPZ0gGGWFYKYqlboo0="></latexit><latexit sha1_base64="ZXnqCndAjDPZ0gGGWFYKYqlboo0="></latexit><latexit sha1_base64="ZXnqCndAjDPZ0gGGWFYKYqlboo0="></latexit>

Ҍ =

0

B@
Ҍ�
���

Ҍ13

1

CA 2 (Z)13 ' R1] ,

<latexit sha1_base64="M9OZyae8SUk9+YqdW36FbJjdHa4="></latexit><latexit sha1_base64="M9OZyae8SUk9+YqdW36FbJjdHa4="></latexit><latexit sha1_base64="M9OZyae8SUk9+YqdW36FbJjdHa4="></latexit><latexit sha1_base64="M9OZyae8SUk9+YqdW36FbJjdHa4="></latexit>

+N(](WN)) =

0

B@
KN(]�)

���
KN(]13)

1

CA

<latexit sha1_base64="7nZFiAwVE0HsxH5lVBnEA4PHzjE="></latexit><latexit sha1_base64="7nZFiAwVE0HsxH5lVBnEA4PHzjE="></latexit><latexit sha1_base64="7nZFiAwVE0HsxH5lVBnEA4PHzjE="></latexit><latexit sha1_base64="7nZFiAwVE0HsxH5lVBnEA4PHzjE="></latexit>

 with

with

• The key of our uncertainty modeling is that P0 couples the population members since indeed 
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ii) The Kalman and Bucy filter (linear context)
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•  Kalman and Bucy in 1961 have shown that the minimizer of the following least-square minimisation 

with
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when the model and the observer operator are linear corresponds to the solution of (time discrete version!)

discrete transition operator
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• And if it is not linear? It is classical to rely on approximate optimal sequential estimator based on the generalization of the Kalman fi lter to 
non-linear operators.

(population or not criterion)

<latexit sha1_base64="dawPj1EZW2mupKGLhWA4aRrShjE="></latexit>

/O = 4O,8
O(,O4O,8

O +;)��

Observer model

Covariance matrix 
(full matrix of size Nz x Nz)

<latexit sha1_base64="OXa8r0+YKIZjLR2O3/SPuZsUPU4="></latexit>⇢
ˆ̂O+� = *O+�|Oˆ̂O + /O(]O � ,Oˆ̂O)
4O+� = *O+�|O4O*8O+�|O � /O,O4O,

with

<latexit sha1_base64="o5sOatp0Jl47oZpA5/yGbKX2MYc="></latexit>

PLQ
Ҍ,ҋ

(
J7(Ҍ, ҋ) =

�
�
⌦
Ҍ,3��

⇧ Ҍ
↵
+
�
�

Z 7

�

⌦
ҋ(W),4(W)��ҋ(W)

↵
GW +�

�

17,REVX

N=�

⌦
\N � K

�
](WN)

�
, (:N)

��(\N � K
�
](WN)

�↵
#9=

;

z state and parameters

H observation operator


y observations

W covariance matrix of the 

observation error

P covariance matrix of the 

estimation error 



iii) The Unscented Kalman Filter
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Time: tn

Generate p particles around the mean value using 
the covariance reduced to parametric space

Apply the stabilized model to this particle to 
compute one time step

Compute the discrepancy w.r.t the observations for 
each particle

Gather the errors the parameter sensitivity hence 
the feedback correction

Prediction

Innovation

Correction

• Here we consider an Unscented Kalman Filter. 
• The non linear operators are replaced by finite difference approximations based on sampling points. 
• Sampling points can be seen as well-chosen “interpolation points”  which propagate the mean and covariance of a random variable 

 S. Julier, J. Uhlmann and H. Durrant-Whyte, A new 
approach for filtering nonlinear systems, in American 
Control Conference (1995).

θ2

θ1



iv) A reduced order version
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• The main idea behind the reduced order strategy is to consider a SVD decomposition of the covariance matrix P of the form 

with U an invertible matrix of small size and L an extension operator.  

• For linear operators, this decomposition is stable over time and the equation on P leads to the two following systems with admissible 
computational times: 

• In non-linear cases, extensions of these two systems have been developed. 

• Missing step: define the initial reduced covariance matrix  and the initial extension matrix  from the initial covariance matrix . 
Our strategy is based on a clustering approach applied to the observations sequence using the k-means algorithm.

U−1
0 L0 P0

P. Moireau, D. Chapelle,  Reduced-Order 
Unscented Kalman Filtering with Application to 
Parameter Identification in Large-Dimensional 
Systems — COCV 2011.
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Means clustering with 12 clusters on H/Npop for 94 departments
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Application to the COVID crisis



• “State” variable for the dynamics with a Backward-Euler time scheme by regions without the S variables  

Details about the estimation
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as the shape of b 
is undetermined

• b(t) modeled by a logistic function during the first lockdown

E(W) = *(W) GHI
= E0 � (E0 � EP)

�+ H�
(W�W`)

Ғ
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• State transformation (“Twisted" UKF)

• Observations: Incident number of cases tested positive rE/DE and Incident number 
of hospitalized I/Dq for each region

Wiener process
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For estimation of initial conditions

Covariance per department / region

• Parameters 
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1. Estimation of region-wise model parameters and national weighted averages using logistic function b

Estimation using our Kalman filter in 3 steps (first lockdown + regions)
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G(ORJE) = J(W)GW

2. Estimation of b without the logistic function a priori
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3. Estimation of region-wise model parameters and national weighted averages using logistic function b

Estimation using our Kalman filter in 3 steps (first lockdown + regions)
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Choice of a step 
function

G(ORJE) = J(W)GW+ Gҋ(W)
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➡  Final prediction of effective reproductive 
number 
 
 
 
and attack rates = people at risk / population

Our results are comparable to the results 
obtained by Salje et al. (Pasteur institute); 
Crepey et al. (EHESP); Alizon et al. (ETE CNRS)



Estimation using SAEM approach (first lockdown + regions)
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• In order to validate our Kalman estimation approach, an estimation using SAEM approach with a step function for b has been done. 

Fitting curves of incident number of cases tested 
positive (rE/DE) and Incident number of hospitalized (I/

Dq) for each region  with the SEIRAH model
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Region specific Re compared to the national 
average. Lockdown started on March 17 .

Our results are comparable to the results 
obtained by Salje et al. (Pasteur institute); 
Crepey et al. (EHESP); Alizon et al. (ETE CNRS)

Model estimation for the proportion of 
Immunized individual in the population 

(deaths not taken into account), also referred 
as attack rate, on May 11th, 2020 (end of the 

first lockdown)



End of first 
lockdown

First 
lockdown

September 1st

Second 
lockdown

End of second 
lockdown

Beginning of 
curfew

mean of b

±1.96 std

• Since the first lockdown, new data are available (Hospitalizations H and Incident number of hospitalized Hin) 

• Refined level (94 departments instead of 12 regions) 

•  Reduced-order version of our population Unscented Kalman filter (on 12 clusters)

Departments results until today
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• Prediction assuming b stays constant (different values for each department) … 

Essone (Île-de-France)

Ain (Auvergne-Rhône-Alpes)

January 25th ->

February 1st

January 25th ->

February 8th

Number of 
hospitalisations 2378 4987+ +



• Conclusions 
• Validation of our reduced-order population-based Kalman filter 

• Able to deal with mixed effects 
• Able to deal with error model 
• Very efficient in terms of computational times 

• Very interesting results obtained on the first lockdown in terms of immunity and effective reproducer number 
• Main limitation: dot not take into account travels between regions / departments   

• Perspectives for the application 
• Evaluate the acceptability of lockdown strategy  
• Evaluate the predicting of second- and third- waves of COVID-19 using only the information of first wave 
• Account for vaccination and waning immunity 

• Perspective for methodological developments 
• Deal with large systems (ODE or even PDE systems)

Conclusions and Perspectives
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