
.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

A variational model for computing the effective
reproduction number of SARS-CoV-2

Luis Alvarez1, Miguel Colom2 and Jean-Michel Morel2
1University of Las Palmas of Gran Canaria, Spain

2 Université Paris-Saclay, ENS Paris-Saclay, CNRS, Centre Borelli,
France

https://www.ipol.im/ern

Seminaire Infectious Disease Outbreaks
2020/12/09

L.Alvarez-M.Colom-J.M.Morel R(t) estimate. www.ipol.im/ern 2020/12/09 1 / 26

https://www.ipol.im/ern


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Content

1 The renewal equation

2 EpiEstim estimate of R(t)

3 A variational model to compute R(t)

4 Removing weekly administrative noise

5 The online interface at https://www.ipol.im/ern

6 Conclusions

L.Alvarez-M.Colom-J.M.Morel R(t) estimate. www.ipol.im/ern 2020/12/09 2 / 26



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Content

1 The renewal equation

2 EpiEstim estimate of R(t)

3 A variational model to compute R(t)

4 Removing weekly administrative noise

5 The online interface at https://www.ipol.im/ern

6 Conclusions

L.Alvarez-M.Colom-J.M.Morel R(t) estimate. www.ipol.im/ern 2020/12/09 3 / 26



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

The renewal equation

Nishiura 2007:
i(t) =

∫ t

0
i(t − s)R(t − s)Φ(s)ds.

where
i(t) : incidence curve, the number of daily tested positive registered.
R(t) : Effective Reproduction Number defined as the expected
number of secondary cases produced by a primary case at each time t.
Φ(s) : The serial interval which gives the probability distribution of
the time between the onset of symptoms in a primary case and the
onset of symptoms in secondary cases.
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EpiEstim estimate of R(t)

EpiEstim (Cori et al. 2013): If it is Poisson distributed with mean
Rt
∑t

s=1 it−sΦs, and Rt ≡ Rt,τ is constant in the time interval [t − τ + 1, t]
and Gamma distributed prior, Γ(a, b), then the posterior distribution of
Rt,τ is also Gamma distributed with a posterior mean given by

E(Rt,τ ) =
a +

∑t
s=t−τ+1 is

b−1 +
∑t

s=t−τ+1
∑f

k=1 is−kΦk
,

default value of the parameters: τ = 7, a = 1, b = 5.

Alvarez el al 2020: If a, b are time-variant and satisfy:

E(Γ(a, b)) = ab =
∑t

s=t−τ+1 is∑t
s=t−τ+1

∑f
k=1 is−kΦk

→ E(Rt,τ ) =
∑t

s=t−τ+1 is∑t
s=t−τ+1

∑f
k=1 is−kΦk

that is, the means of the prior and posterior distributions are the same.

L.Alvarez-M.Colom-J.M.Morel R(t) estimate. www.ipol.im/ern 2020/12/09 6 / 26



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

EpiEstim estimate of R(t)

EpiEstim (Cori et al. 2013): If it is Poisson distributed with mean
Rt
∑t

s=1 it−sΦs, and Rt ≡ Rt,τ is constant in the time interval [t − τ + 1, t]
and Gamma distributed prior, Γ(a, b), then the posterior distribution of
Rt,τ is also Gamma distributed with a posterior mean given by

E(Rt,τ ) =
a +

∑t
s=t−τ+1 is

b−1 +
∑t

s=t−τ+1
∑f

k=1 is−kΦk
,

default value of the parameters: τ = 7, a = 1, b = 5.

Alvarez el al 2020: If a, b are time-variant and satisfy:

E(Γ(a, b)) = ab =
∑t

s=t−τ+1 is∑t
s=t−τ+1

∑f
k=1 is−kΦk

→ E(Rt,τ ) =
∑t

s=t−τ+1 is∑t
s=t−τ+1

∑f
k=1 is−kΦk

that is, the means of the prior and posterior distributions are the same.

L.Alvarez-M.Colom-J.M.Morel R(t) estimate. www.ipol.im/ern 2020/12/09 6 / 26



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Serial interval

Du et al. Nishiura et   Ma et al. (shifted log-normal approximation)
-10 0.00150663

-9 0.00421856
-8 0.00150663
-7 0.00150663
-6 0
-5 0.00401768
-4 0.01024508 1.55E-07
-3 0.01687425 1.89E-04
-2 0.01506629 3.50E-03
-1 0.01506629 1.60E-02
0 0.05423865 1.26E-04 3.77E-02
1 0.10305344 3.57E-02 6.19E-02
2 0.08768582 0.16679318 8.15E-02
3 0.107272 0.20594949 9.30E-02
4 0.07864604 0.17559687 9.62E-02
5 0.107272 0.13004109 9.29E-02
6 0.06388108 9.07E-02 8.54E-02
7 0.07051025 6.18E-02 7.56E-02
8 0.04881479 4.17E-02 6.51E-02
9 0.04308959 2.82E-02 5.49E-02

10 0.03435115 1.91E-02 4.56E-02
11 0.03435115 1.31E-02 3.75E-02
12 0.03033347 9.01E-03 3.05E-02
13 0.00843712 6.27E-03 2.46E-02
14 0.01305745 4.41E-03 1.98E-02
15 0.01305745 3.12E-03 1.58E-02
16 0.01506629 2.23E-03 1.26E-02
17 0.0081358 1.61E-03 1.01E-02
18 0.00632784 1.17E-03 8.01E-03
19 0 8.58E-04 6.38E-03
20 0.00241061 6.34E-04 5.07E-03

4.71E-04 4.03E-03
3.53E-04 3.21E-03
2.66E-04 2.56E-03
2.02E-04 2.04E-03
1.54E-04 1.63E-03
1.18E-04 1.30E-03
9.14E-05 1.04E-03
7.09E-05 8.36E-04
5.53E-05 6.71E-04
4.33E-05 5.40E-04
3.41E-05 4.35E-04
2.70E-05 3.51E-04
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1.71E-05 2.30E-04
1.37E-05 1.86E-04
1.10E-05 1.51E-04
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Nishiura et al. (log-normal approximation)
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Significance of the
non-positive values in

the serial interval

Du et al.∑
s≤0

Φs= 1.2425 · 10−1

Nishiura et al.∑
s≤0

Φs= 1.2558 · 10−4

Ma et al.∑
s≤0

Φs= 5.7317 · 10−2
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A variational model to compute R(t)

Extending the Nishiura formula

i(t) =
∫ t

0
i(t − s)R(t − s)Φ(s)ds → i(t) =

∫ ∞

−∞
i(t − s)R(t − s)Φ(s)ds

Variational model
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A variational model to compute R(t)

Extending the Nishiura formula

i(t) =
∫ t

0
i(t − s)R(t − s)Φ(s)ds → i(t) =

∫ ∞

−∞
i(t − s)R(t − s)Φ(s)ds

Variational model

E({Rt})=
tc∑

t=0

( it −
∑

s it−sRt−sΦs
p90(i)

)2
+

tc∑
t=1

wt(Rt − Rt−1)
2 +

M∑
m=0

βm(Rtm − R̄tm)
2,

where tc is the current time
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A variational model to compute R(t)

Extending the Nishiura formula

i(t) =
∫ t

0
i(t − s)R(t − s)Φ(s)ds → i(t) =

∫ ∞

−∞
i(t − s)R(t − s)Φ(s)ds

Variational model

E({Rt})=
tc∑

t=0

( it −
∑

s it−sRt−sΦs
p90(i)

)2
+

tc∑
t=1

wt(Rt − Rt−1)
2 +

M∑
m=0

βm(Rtm − R̄tm)
2,

p90(i) is the 90th percentile of {it}t=0,..,tc used to normalize the energy with
respect to the size of it
boundary conditions: Rt = R0 for t < 0 and Rt = Rtc for t > tc

it =
{

I0eat − I0ea(t−1) if t < 0;
m7 · t + n7 if t > tc.

where It ≡
∑t

k=0 ik ≈ I0eat.
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A variational model to compute R(t)

Extending the Nishiura formula

i(t) =
∫ t

0
i(t − s)R(t − s)Φ(s)ds → i(t) =

∫ ∞

−∞
i(t − s)R(t − s)Φ(s)ds

Variational model

E({Rt})=
tc∑

t=0

( it −
∑

s it−sRt−sΦs
p90(i)

)2
+

tc∑
t=1

wt(Rt − Rt−1)
2+

M∑
m=0

βm(Rtm − R̄tm)
2,

wt = ŵ0
Gσw ∗ i(t)

p90(i)
where ŵ0 > 0 and Gσw ∗ i(t) represents the convolution of it with a Gaussian
kernel of standard deviation σw.
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A variational model to compute R(t)

Extending the Nishiura formula

i(t) =
∫ t

0
i(t − s)R(t − s)Φ(s)ds → i(t) =

∫ ∞

−∞
i(t − s)R(t − s)Φ(s)ds

Variational model

E({Rt})=
tc∑

t=0

( it −
∑

s it−sRt−sΦs
p90(i)

)2
+

tc∑
t=1

wt(Rt − Rt−1)
2+

M∑
m=0

βm(Rtm − R̄tm)
2,

we can use any “a priori” estimate of R0 as the prescribed value R̄t0 (with
t0 = 0). For instance if we assume that It ≡

∑t
k=0 ik ≈ I0eat then:

R0 ≈ 1 − e−a∑
s(e−sa − e−(s+1)a)Φs
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A variational model to compute R(t)

Extending the Nishiura formula

i(t) =
∫ t

0
i(t − s)R(t − s)Φ(s)ds → i(t) =

∫ ∞

−∞
i(t − s)R(t − s)Φ(s)ds

Variational model

E({Rt})=
tc∑

t=0

( it −
∑

s it−sRt−sΦs
p90(i)

)2
+

tc∑
t=1

wt(Rt − Rt−1)
2+

M∑
m=0

βm(Rtm − R̄tm)
2,

to obtain a more robust estimate of Rtc we can combine the values of Rtc

computed the last 3 days to obtain an initial estimate of Rtc that we use as R̄t1 .
Notice that the parameter βm determines the confidence we assing to such
estimate. Moreover comparing this last estimate of Rt and the three ones
obtained in the last 3 days provides a measure of the variability of Rt in the last 3
days.
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we show the Rt estimate obtained by EpiEstim (dotted line) and the variational
model (solid line). The vertical line represents the 9-day shift applied to the

EspiEstim estimate to fit the results of the variational technique.
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EspiEstim estimate to fit the results of the variational technique.

L.Alvarez-M.Colom-J.M.Morel R(t) estimate. www.ipol.im/ern 2020/12/09 10 / 26



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

0.25
0.5

0.75
1

1.25
1.5

1.75
2

2.25
2.5

2.75
3

3.25
3.5

3.75
4

4.25
4.5

28
-F

eb
6-

M
ar

13
-M

ar
20

-M
ar

27
-M

ar
3-

Ap
r

10
-A

pr
17

-A
pr

24
-A

pr
1-

M
ay

8-
M

ay
15

-M
ay

22
-M

ay
29

-M
ay

5-
Ju

n
12

-Ju
n

19
-Ju

n
26

-Ju
n

3-
Ju

l
10

-Ju
l

17
-Ju

l
24

-Ju
l

31
-Ju

l
7-

Au
g

14
-A

ug
21

-A
ug

28
-A

ug
4-

Se
p

11
-S

ep
18

-S
ep

25
-S

ep
2-

O
ct

9-
O

ct
16

-O
ct

23
-O

ct
30

-O
ct

Spain

we show the Rt estimate obtained by EpiEstim (dotted line) and the variational
model (solid line). The vertical line represents the 9-day shift applied to the

EspiEstim estimate to fit the results of the variational technique.
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we show the Rt estimate obtained by EpiEstim (dotted line) and the variational
model (solid line). The vertical line represents the 9-day shift applied to the

EspiEstim estimate to fit the results of the variational technique.
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Why do we have a shift between the EpiEstim and the
variational technique estimates of R(t)?

i(t) =
∫ t

0
i(t − s)R(t − s)Φ(s)ds︸ ︷︷ ︸

Nishiura

→ i(t) = R(t)
∫ t

0
i(t − s)Φ(s)ds︸ ︷︷ ︸

EpiEstim

We can expect approximately a shift between both estimates of R(t) close
to the mean of the serial interval Φ(s) (6.7 in the case of Ma et al.).

Moreover in EpiEstim R(t) is assumed to be constant in the last 7 days
(from t − 7 to t). That introduces an extra shift.

France United Kingdom Spain USA
shift 8.60 8.46 9.18 8.33

RMSE 0.073807 0.091506 0.081461 0.019639
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In the case of Germany, we plot it between September 9 and October 28. We
observe a clear weekly periodic pattern. For instance, on Monday, the number of
cases is systematically underestimated and on Saturday the opposite.
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In blue we plot the result of applying the Nishiura renewal equation
īt =

∑
s it−sRt−sΦs. Our main assumption is that the ratio īt/it follows a 7-day

periodic dynamic.
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In red we plot the ratio
∑

s it−sRt−sΦs
it and in black its approximation using a 7-day

periodic function. In the case of Germany we can observe that this ratio follows
quite well a 7-day periodic dynamic.
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Capturing the 7-day periodic dynamic

q̂(i,R,Φ) = argmin
q=(q0,q1,q2,q3,q4,q5,q6)

E(i,R,Φ,q) ≡
tc∑

t=tc−T+1

(∑
s

it−sRt−sΦs − qt%7it

)2

where T represents the number of days used in the estimation (in our
experiments we use T = 56, that is 8 weeks). We point out that the value
ît = q̂t%7it can be considered as an update of it where we have removed
the weekly administrative noise. To preserve the number of accumulated
cases in the period of estimation, we add to the minimization problem the
constraint

tc∑
t=tc−T+1

it =
tc∑

t=tc−T+1
ît =

tc∑
t=tc−T+1

q̂t%7it.
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it,Φs,
R̂t =Rt

compute
q̂(i,R̂,Φ)

update it
ît = q̂t%7it

stop it-
erations?

final ît, R̂t,
q̂(i,R̂,Φ)

YES

compute R̂t
from ît,Φs

NO

Flowchart of the iterative update of ît, R̂t and q̂(i, R̂,Φ). First Rt is computed
from it and Φs using the variational method and R̂t = Rt is initialized. Next,
q̂(i,R̂,Φ) is obtained using the explained strategy. Then it is updated as
ît = q̂t%7it. The iteration is stopped when the efficiency measure I defined below
does not improve in the current iteration. Otherwise, R̂t is updated by the
variational method from ît and Φs and the iteration goes on.
We use as efficiency the ratio of the RMSE after and before the application of the
weekly noise removal given by:

I =

√
E(̂i, R̂,Φ, q̂(̂i, R̂,Φ))
E(i,R,Φ, q̂(i,R,Φ))
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For Germany we plot, in black, the incidence curve it, in blue, the Nishiura
formula

∑
s it−sRt−sΦs, and in green ît = q̂t%7it. (I = 0.2717).
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Conclusions

Based on the Nishiura formulation of the renewal equation we propose a
variational technique to compute Rt.
The method can use serial intervals with negative days (as it is the case for
the SARS-CoV-2). Thus, it avoids an artificial truncation of the distribution.
The method computes a point estimate of Rt up to the current date. It
seems to provide a more to date (by more than 8 days) estimate of Rt than
EpiEstim.
The method does not assume any statistical distribution for Rt. The main
assumptions are that the Rt estimate should follow the renewal equation but
keeping Rt regular enough. We include this regularity hypothesis in the
model using standard techniques of calculus of variations.
we propose to capture and to remove the weekly administrative noise
assuming that the ratio of the evaluation of the Nishiura formula and the
incidence curve follows a 7-day periodic dynamics.
An implementation of the method is available online at
https://www.ipol.im/ern.
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