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Abstract

This article is devoted to investigate some dynamical properties of a
structured population dynamic model with random walk on (0, +00). This
model has a nonlinear and nonlocal boundary condition. We reformulate
the problem as an abstract non-densely defined Cauchy problem, and use
integrated semigroup theory to study such a partial differential equation.
Moreover, a Hopf bifurcation theorem is given for this model.
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1 Introduction

In this paper we investigate a Hopf bifurcation for the following system describ-
ing a random walk process on (0, +00):

Aut(t,x) + cTOuT(t,x) = —oTut(t,2) + oTu" (t,x) — put(t,x),x >0,
Ou (t,x) — e Opu™ (t,z) = otut (t,x) — o u™ (t,z) — pu(t,z), >0,
ctut(t,0) = cmu (8,0) + af (7 v(@) (ut (t, ) + u (t,2)) dz),
(u*(0,.),u(0,.)) = (ug,ug ) € L} ((0,4+00) ,R) x L} ((0,+00) ,R), W
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where ¢ >0,¢” >0,0<o0" <o, p>0and
Y e LT (0, +00) ).

In model (1.1), the variable x is maturity of the individuals (i.e. the ability of
individuals to reproduce). Depending on the context, in population dynamics
the maturity can be measured by using the age of individuals, but also their
size or their weight. We refer to Arino [5], Arino and Sanchez [6], Calsina and
Saldana [10], Calsina and Sanchén [11], Webb [56], and Ackleh and Deng [1]
(and references therein) for studies on size-structured models in the context of
ecology and cell population dynamics. In this article we are interested in the
maturity measured by size or the weight of individuals.

At the individual level the growth in maturity can be viewed as a stochastic
process. The point in such a model is to combine both the stochastic growth
in maturity and the reproduction y(x). The combination of this two processes
will influence the dynamical properties of the population. The constant ¢™ > 0
(respectively ¢~ > 0) is the speed at which the maturity increases (respectively
decays) at the individual level. The function & — u™(¢,z) (respectively z —
u~ (t,2)) is the density of population with growing maturity (respectively with
decreasing maturity) at time t. The growing velocity is ¢, and the decaying
velocity is —¢™. The multiplicative terms o™ > 0 and ¢~ > 0 are called turning
rates in the context of random walk (see [29]). This means that, individuals
pass alternatively from the growing speed ¢ to the decaying speed —c~ (and
conversely). The time spent by an individual in the u*-class (respectively u™-
class) follows an exponential law with mean 1/07 (respectively 1/07). In other
words, once individuals are born the maturity grows as a succession of increases
and decreases with eventually an advantage or a disadvantage driven by the
parameters o and ¢, and/or driven by the speeds ¢ and —c¢™. The mortality
of individuals is described by the parameters p. The total density of population
is

u(t,x) :=ut (t,x) +u (t,1),

that is to say that for each x1,z9 € [0, 4+00) with z1 < 29, the quantity

T2
/ u(t, x)dx
Ty

is the number of individuals with maturity = in between x; and zo at time ¢.
As far as we know the model (1.1) has not been considered in the context
of population dynamics, while it seems very natural to introduce stochastic
fluctuations between individuals to describe their growth in maturity. One
may observe that when ¢~ = 0, the u~-class corresponds to a resting phase
or a non growing phase. Models with resting phase have been studied in the
context of cell population dynamic to describe the quiescences of cells. We
refer to Gyllenberg and Webb [28], and Dyson, Villella-Bressan and Webb [21,
22] (and references therein) for results on this subject. In this article we will
focus on the case ¢~ > 0 (the case ¢~ = 0 will be investigated elsewhere). In



this case, the maturity can be understood as the weight of individuals, since
at the individuals level the maturity can increase and decrease. The maturity
may then stochastically fluctuate due to availability of food, or environmental
fluctuations (temperature, etc...). The case ¢~ > 0 corresponds mathematically
to a random walk process. Since the work of Kac [35], random walk model
have been extensively used in the context of population dynamics. We refer
to Hadeler [29] and references therein for a nice survey. For example, random
walk model has been used to model chemotaxis phenomenon Hillen [30, 31, 32],
or more recently to study pattern formation Eftimie et al. [23, 24, 25]. We
also refer to Chalub et al. [14], Bellomo et al. [7] for more results going in that
direction.

In usual size structured model (see [56] and references therein), given a
group of individuals with the same size zo € (0,+00) at a given time ¢g, all
the individuals of this group will also have the same size in the future. The
goal of model (1.1) is to describe the fact that given a group of individuals
with the same maturity zg at a given time ¢y, their maturities are likely to be
different after a period of time. Indeed, due to the exchanges between the class
uT and the class u~, and since the time spent in the class u* and the class u~
is stochastic, the model (1.1) allows to describe such a phenomenon. So given
a group of individuals with the same maturity zo € (0,+00) at a given time,
their maturities will be distributed around some mean value after a period of
time (i.e. the density of population will not be concentrated at one point in the
future). This type of phenomenon has been previously considered in [15] by
using a diffusion process. Here our goal is to reconsider this problem by using a
random walk process.

In order to understand further the model (1.1), we now consider some special
cases. First, by integrating system (1.1) with respect to x, we obtain

‘W —af ( /O - fy(x)u(t,x)dx> — /0 e, 2.

It follows that «f <f0+oo 'y(x)u(t,x)dx) is the flux of new born individuals at

time ¢. Through this article, we will assume that f(z) is a Ricker’s type birth
function [46, 47], defined by

f(x) == wexp (=Ex),

for some constant £ > 0. This type of birth function has been commonly used in
the literature, to take into account some limitation of births when the population
increases. The function ~y(z) takes into account the minimal size necessary for
individuals to reproduce. When « = 1, then the total number of individuals

U(t) == O+°O u(t, z)dz satisfies the following ordinary differential equation
{ WO _ W) - w(e), v > 0,
U(0) =0, >0.



Hence, the positive equilibrium (when it exists) is globally asymptotically stable,
and no oscillations can occur around the positive equilibrium. This first shows
that the oscillating properties strongly dependent on the specific choice of the
function ~(x).

Set

When the turning rate o+ = 0, we obtain

AU~ ()
dt

“+oo
/0 Oy (t,2)dx — (0= + U~ (1)
= eu (60) — (0 WU () < (o™ + WU (1),

hence -
U™(t) <e @ = (0) = 0 as t — +oo.

Thus when ¢ = 0, the dynamical properties of system (1.1) are captured by
the following system

Ot (t,z) + ctout(t,x) = —pu(t, ),
b (t,0) = af (™ y(@)ut (¢ 2)dw),
ut(0,+) = ud € L1 (0,+00).

After the change of variable x = ¢*ta and v(¢,a) = u™(¢,c"a), the above equa-
tions corresponds exactly to the age-structured model considered in [43]. In this
case, we can derive an Hopf bifurcation theorem under certain assumptions for
the function «(z). One can note that the assumptions in [43] made on ~(z) are
only needed to analyze the characteristic equation. The same will be true for
the present article.

Due to the large number of parameters, the mathematical analysis of model
(1.1) is difficult in general. Here we will make some simplifying assumptions in
order to obtain an approximation of the model (with convection and diffusion)
presented in [15]. In what follows, we will make the following assumption.

Assumption 1.1 We assume that
ch=c :=¢>0, and0 <ot <o™.
Throughout the paper we will use the following notations

ot +o~ d o~ —ot
(= — and o0y = ——
Tlo 2 0 2 )

which is equivalent to
ot = Mo + 0o-

Then the above assumption on o and o~ are equivalent to

N9 > g > 0.



Under Assumption 1.1, system (1.1) can be considered as a formal approxima-
tion of the following reaction diffusion equation

Ou(t, z) = 202u(t, x) — pdyu(t, ) — pu(t, ),
—&20,u(t,0) + pu(t,0) = af( 0+°° y(z)u(t, z)dz), (1.2)
u(0,.) = up :==ug +uy € LY ((0,+00),R).

To be more precise, fix the mortality ;1 > 0 and assume

2

lim ——— =¢2>0 and lim €70
no—-+00 2 (10 + 1) Mo—+00 1o + i

=p>0, (1.3)

which means that when 79 — +o00, both of ¢ and g increase as a positive
constant times ,/79. We introduce

v(t,z) = c(ut(t,x) —u (t,2)).

With our notations, we have

+oo
v(t,0) = af(/o ~y(z)u(t, z)dx), (1.4)
Opu(t, x) + Ov(t, x) = —pu(t, ), (1.5)
do(t,x) + 2 Opu(t,z) = —2¢ (o Tut —o7u™) — po(t, z). (1.6)

Assuming that u(t,z) and v(¢,z) are C* ([0,+oo)2,R), differentiating (1.5)

with respect to ¢ and (1.6) with respect to x, then by eliminating 02,v(t, ) and
note that
0, v(t, x) = —pu(t, x) — dul(t, ), (1.7)

we obtain the following telegraph equation

fu(t, ) + 2 (no + p) Opult, x)
= 202u(t,z) — 2co00ult, x) — (2n0 + p) pu(t, z).

For fixed p > 0, letting 79 — +oo and assuming (1.3) be satisfied, we formally
obtain the following limit equation:

Opu(t, ) = e202u(t, x) — pdyu(t,r) — pu(t,x). (1.8)
Tt follows from (1.7) and (1.8) that
v(t, ) = —pu(t, z) — dpu(t, x) = —202u(t, ) + pdyult, ). (1.9)

Integrating both sides of (1.9) with respect to x over (0, 400) and assuming that
v(t,.) € WE(0, +00),u(t,.) € W21(0,+00), we obtain

v(t,0) = —e20,u(t,0) + pu(t,0). (1.10)



The following boundary condition is derived by putting (1.10) into (1.4)

“+o00
~20,u(,0) + put0) =af( | A(oult. o))

From the above computation, we can conclude that the distribution of the popu-
lation u(t, x) of our model (1.1) formally approximates to the solution of reaction
diffusion system (1.2).

The existence of Hopf bifurcation has been studied for system (1.2) in [43]
whenever ¢ = 0, and in [15] whenever ¢ > 0 and p > 0 (which is a parabolic
system). The goal of this article is to extend the analysis to study the existence
of Hopf bifurcation for hyperbolic system (1.1). This work is based on the
Hopf bifurcation theorem proved in [39, Theorem 2.4] for semilinear non-densely
defined abstract Cauchy problems.

We would like to point out that there are few results concerning the existence
of non-trivial periodic solutions in the context of age/size structured models. We
refer to Cushing [17, 18], Priiss [45], Swart [50], Kostova and Li [38], Bertoni
[8], Magal and Ruan [44]. It is believed that such periodic solutions in age
structured models are induced by Hopf bifurcations (Castillo-Chavez et al. [13],
Inaba [33, 34], Zhang et al. [57]).

Hopf bifurcation analysis has been considered for various classes of partial
differential equations in Amann [2], Crandall and Rabinowitz [16], Da Prato
and Lunardi [19], Guidotti and Merino [27], Koch and Antman [37], Sandstede
and Scheel [48], and Simonett [49]. However, since there is a nonlinear and
nonlocal boundary condition in our model (1.1), their results and techniques do
not apply to (1.1).

The paper is organized as follows. In Section 2, we reformulate (1.1) as
a non-densely defined Cauchy problem, and the existence and uniqueness of
the semiflow generated by (1.1) are investigated. The existence of the positive
equilibrium is studied in Section 3. In Section 4, we linearize system (1.1) at
the positive equilibrium, investigate the spectral properties of the linearized
equation, and give the characteristic equation. The stability of the system is
considered in Section 5. In Section 6, the Hopf bifurcation is studied when « is
considered as the bifurcation parameter. In Section 6.1, we study the existence
of purely imaginary eigenvalues of the characteristic equation. The transver-
sality condition is studied in Section 6.2, and an Hopf bifurcation theorem is
presented in Section 6.3. Finally, in Section 7 we summarize the results of the
paper, and some bifurcation diagrams are presented, as well as some numerical
simulations of (1.1).

2 Preliminary

In this section we follow the approach used by Thieme [51] for age structured
model. We also refer to Arendt [3], Thieme [52], Kellermann and Hieber [36],
the book of Arendt et al. [4] and Magal and Ruan [41, 42, 43] for details on



the theory of integrated semigroups. Firstly, we rewrite the system (1.1) as a
non-densely defined abstract Cauchy problem. Consider the Banach space

X =R x L* (0, +00) x L' (0, +00)

endowed with the usual product norm

(67
H P+ H = |O“ + HQD-"-HLl(O,—&-oo) + ||90—||L1(0,+oo) :
Y—

The positive cone of X is
Xy =Ry x L} (0,+00) x L} (0,+00).

We introduce the linear operator A : D(A) C X — X defined by

0 —ep4(0) + e (0)
Al e+ | = —cly
Y- cpl

with
D (A) = {0} x WH (0, +00) x W (0, +00) .

It is easy to see that A is non-densely defined since
D(A) = {0} x L* (0, +00) x L' (0, +00) # X.

Set

Xo:=D(A) and Xy := Xo N X
Let Ag : D(Ap) C Xo — Xo be the part of A in Xy, which is defined by

Apx = Az,Va € D(Ap),

with
D(Ag) = {x € D(A): Az € W} .

It is readily checked that
0
D(Ag) =3 | o1 | €{0} x W (0,4+00)" : —cp1.(0) + cp(0) =0
o

Define the linear operator L : D(A) — D(A) by

0 0
L{ or | = —otor+o0 9o —pps
P ot — 0T — pp-



and the map F : D(A) — X by

0 af (fy (@) (o (@) + - (2)) da)
Fl ooy | = 0
P 0
ut(t,) :
By identifying ( u’(t7 ) ) tov(t)= [ wu™(¢.) |, under Assumption 1.1, we
o u= (t,.)
rewrite the problem (1.1) as the following abstract Cauchy problem
do(t) 0 —
T Av(t) + Lo(t) + F(v(t)), for t >0, and v(0) = | ug | € D(A).
Uy

(2.1)
Since the range of L is include in Xy, (A4 L)g the part of A+L: D(A) C X — X
is defined by
(A + L)().’E = (A + L){E7V$ € D((A + L)()),

with
D((A+ L)o) = D(Ay).

Lemma 2.1 The linear operator A is Hille-Yosida operator. More precisely,
the resolvent set p (A) of A satisfies

(0, +00) Cp(4),

and

H()\IfA)_" < Ain,vwo,\mzy

L(X)

Moreover for each A > 0 we have

« 0
(M — A)fl Yy | = er
(O P

=
o (z)=cle %" [ 0+OO e elyp_(1)dl + a} +e [y e @y, (1),
p-(y)=c [T ety (Dl

Furthermore Ay is the infinitesimal generator of {Ta,(t)},~, the strongly con-
tinuous semigroup of bounded linear operator on X defined by

0 0
T, (t) ( o4 ) = ( Tay(t)+ (94, 0-) )
P Ty (t)- (¥-)

Tay(t)- (p-) () = p—(z +ct),

where



and
S R R A

In what follows, for z € C, y/z denotes the principal branch of the general
multi-valued function z'/2. The branch cut is the negative real axis and the
argument of z, denoted by arg(z), is 7 on the upper margin of the branch cut.
So if z = pe'?, § € (—m,m), p > 0, then \/z = ,/pe’®/2. In what follows, we will
use the following notation:

Q:={AeC:Re(N) > —u}, (2.2)

and
A= (00)" + A+ )" + 2n0(A + ), VA€ C. (2.3)

We now establish some inequalities which will be used in the following.
Lemma 2.2 Let Assumption 1.1 be satisfied. Then for each A € Q, we have
Re(\) + p+ 1m0 > ReVA > 09 + Re (\) + p.

Proof. Set
VA = a+ib, with a > 0.
Then
Re(A) = a? — b2 = (0)* + (Re (A) + 1)* — (Im (\))? + 2 (Re (A) + 1), (2.4)

Im(A) =2ab=2(Re(A) Im (A\) + pIm (X) +nolm (N)). (2.5)
Since by assumption 1y > oo > 0, so by using (2.4) we obtain
a®> < (Re(\) + pu+m0),

thus
ReV'A < Re (\) + i + 1.

From (2.5) we deduce that

ab

Im) = —2
m () Re (X)) +p+mno
and then from (2.4) we obtain

ab

2
) 4o (Re(n B,

@ = (60)* + (Re () + 1)* — (

or equivalently

o= (v (o) )

x ((00)” + (Re (A) + )" + 210 (Re (A) + ) + 0% .



For \ € Q, we have

a2—(00+R€()‘)+“)2: <1+ (Re()\)ilﬂrno) )
2
<(sommeamem e e (1 (R555R) ) ) 2o

Re (A) + p+ 1o

o\ —1
(Re(N) + pi+1m0)* —a? = (1 + (Re()\)—l;u—kno) ) X ((770)2 - (00)2) > 0,

and the result follows. [
In the following lemma, we summarize some properties of A + L, and we
obtain an explicit formula for the resolvent of A + L.

Lemma 2.3 The linear operator A+ L : D(A) ¢ X — X is Hille-Yosida
operator. We have the following inclusion

QCp(A+L)=p((A+L)y),

H()\I (At L))" VAS —pu,¥n > 1,

< N T A\

cx) = (A4 p)n
and

(M — (A+ L)' X, € X4 ,Y\ > —u (large enough).

Moreover {T(A+L)O (t)}tzo
operator on Xq generated by (A + L), satisfies

the strongly continuous semigroup of bounded linear

wo ((A+ L)) = o 2, @)

t—+oco t

(2.6)

Furthermore, for each A € Q we have the following explicit formula:

Q@ 0
M —=A+L) | vy | = o+
(U P
s equivalent to

%(x);(g_ll_@)/;“eglz 5 (m( 5) <<2+A+gc > >d5
(U Y—(

(o ; N Cz(x—s) <+(S)( )\+U++IJ’)
+at s [ — (o~

e

10



+
oot = = (G AECEN)

- C
1 T sy (V+(8) Aot +p\ | -(s)
1(z—s) +
cmral (P e ) )

NS S ey 1 C)) Aot +p) | ¢-(s)
X<e 02—1—;(41_@)/0 ¢ (o Gt c T ds |,

where /i s

oo+ VA oo — VA
Go= = L= , (2.7)

c c
+o0 +
&) :c;/ 67415 (W (<2+)\+0— +/‘)+¢(5))d8’
o= (€1 —¢2) Jo o c c
(2.8)
R e (e e
Cy = N n . (2.9)
1— < (@ 4 M)

Proof. The proof is straightforward. -

By using the results in Thieme [51], Magal [40], and Magal and Ruan [42],
we have the following theorem.

Theorem 2.4 (Existence) There exists a unique continuous semiflow {U(t)},,
on Xoy such that Vo € Xo., t — U(t)x is the unique integrated solution of

dU (t)x
dt

= (A+L)U(t)x + F(U(t)z),U(0) = ,

or equivalently,

Ult)r = o+ (A+ L) /Ot U (1)ad + /Ot F(U()z)dl,vt > 0.

3 Positive equilibrium
Now we consider the positive equilibrium of (2.1).

Lemma 3.1 (Equilibrium) There exists a positive equilibrium of the system

(1.1) (or (2.1)) if and only if

Ry :=ayxy > 1,

11



where

L= (o + ) pre
(1= = (@) + =) / e

Moreover, when it exists, the positive equilibrium is unique and s given by

0
o= | ut with
—

ﬂ+(x) = e(CZ)[J(E (02)0 R

T (@) = 5 (@ ) x (¢ (e2))

where VS
gog — A()
(C2)g ==, (3.1)
Ag = (00)* + 1 + 2nop, (3.2)
and
1 In RQ

Proof. 1t is obvious that

0 0 0
A(u+ +L| " | +F| ut | =0

0 [ @fUST @) (@ (@) + T (@) da)
s | at | =(-(A+1) 0

T 0

According to the explicit formula of the resolvent of A 4+ L obtained in Lemma
2.3, taking A = 0, we have

0 @l (@) (@ (@) + () de)
ut | =(-(A+1L) 0
- 0

or equivalently

ut(z) = 6“2)01 (c2)o

(@) = 5= (G + TE2) x (0 (@2)y)

where

12



and

(3.4)

Since

ut(x )+u

(1 +— ( Al +”)) x (e<<2>o” (02)0)

14 o= (G + 222)

- (=)

it follows that

— 6(42)0

+oo
ut +u- #£0iff /0 v (z) (uh () + 7 (x)) do # 0.

Integrating both sides of (3.5) after multiplying by v (z), we have

/0+°° v (z) (@t (z) + 7 (x)) do = xouf (/()+OO v (@) (@ (2) + 7 () dx) .

So we obtain

1 = yaexp (—g /;Do v (z) (T (z) + T (x)) dac) ,

which is equivalent to

oo n (xo
/0 v(z) (@ (z) + T (z)) do = In (x ) (3.6)

Substituting (3.6) into (3.4) yields
( ) 1 In RO
C2)g = ’
A ERED I

and the result follows. ™

4 Linearized equation and spectral properties

0
From now on, we set the positive equilibrium v = | @' |, where " and w—
_—
are given in Lemma 3.1 with Ry > 1.

13



The linearized system of (2.1) around v is

dz(tt) =(A+ L)v(t)+ DF(v)v(t) for t > 0,v(t) € Xy, (4.1)

where

0 (@) 7 (@) (o4 (@) + o () da

DF(@) [ ¢+ | = 0 ,

$— 0

with oo
n(a) = af’ (/0 v(z) (T (z) +u () dx) .

Note that

fl(a) = e (1 — €x).
Using (3.6) it follows that

n(a) = (1 —InRy) = . (1 —In(ay)).

Ry

This Cauchy problem (4.1) corresponds to the following system of linear hyper-
bolic partial differential equations

O™ (t,z) + copu™(t,x) = —O’+ T(t,z)+o u (t,x) — put(t,x),

6tu (t, x)—cau (t,x) =0o" (t x)—o u (t,x) — pu (¢, ),
ut(t,0) = ( 0) +n(e) [y () (u* (t, @) +u~ (t,2)) da,

( 0,.),u ( (uar,u_) € LY ((0,400) ,R) x L% ((0,+00),R).

(4.2)
Next we study the spectral properties of the linearized equation (4.2). To sim-
plify the notation, we define B, : D(B,) C X — X as

Byx = Az + Lz + DF(v)z with D(B,) = D(A),
and we consider (By)o the part of B, in D(A), then

(Ba)yx = Bax = Az + Lo + DF (v)x

with
0
D ((Ba)o) = o1 | €0 x WHH0,4+00) x WH(0, +00) :
o

+
ep1(0) — ep-(0) = n(@) fo"™ (@) (4 () + o (2)) da}.
In the following lemma we mainly obtain an explicit formula for the resolvent

of B,. In what follows, this formula will be used to compute the order of the
eigenvalue of B,.

14



Lemma 4.1 For each A € Q ={X € C: Re(\) > —u}, we have

A€ p(Ba) & A, A) #0,

with
Ao, N) =1 1+%(42+@> @)
(o, ) = ﬂ(a)c (1 s (Cz N L:JHL)) /O v(x)e* " dx.
where
G @ and A = (00)° + (A + 1)® + 20\ + ).

Moreover, we have the following explicit formula:

S 0
(M — Boc)_l Py = P+
(O -
&
o4 (2) = wi(z) + wa(@) + ws(x) + A, \)~ eczxc(l,géafﬂﬁw»,
po(2) = = (cwi*“’**“) o (G + A7) (1 (a) + ()
A+0 i) plow [+ (W)
A(a,/\) (C + £ e (17 < E]C +,\+U++”))
where
wi(e) = me (‘”+ (o + 2ttt ) 4 220 erte—igs,

g
Aot 4u
¢

i) = e (50 (M) - 220)

-1
ws(z) = 62 T
(@) 1- = (G Mt

W) = [ (@) ((1 + = (cl + A+"7”“)) wi ()
+ (1 + = (Cz + @)) (wa(x) + wa(x))> dx,

and c1,(1, (s are defined in Lemma 2.3.

C1,

Proof. Since X\ € Q, by Lemma 2.3, the linear operator (Al — A — L) is invert-

ible. It follows that
A — B, is invertible < I — DF(0) (Al — A— L)~ " is invertible
and

-1

M —By) "= -4-10)" [I —~DF@®) (M —A—L)!
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-1
We start by computing [I — DF(0) (M — A— L)_l} . So we consider the sys-

tem - )
[1— DF(v) ()\I—A—L)_l] = v
P [

which is equivalent to

( < ) (n(a) o a) (80+(1‘)+<P—(33))d55) ( < )
P+ - 0 = 77[’+ )
o= 0 (CE
where
0
( o ) =M-A-L)" ( or ) .
P o

)

It follows that

@- - ¢+a
oo =1,
and it remains to consider
+oo
cnle) [ (o) + @) do =, (4.3)
0

where the formula of ¢ (x) and ¢_(z) can be obtained by Lemma 2.3

@4 () =wi () + wa(x) + ws(x) + €52°

Hence, (4.3) is equivalent to
c Aot +
i (o )

c(l—%(@—l—m)

+oo
e an(a) ] /O (@)e da = n(a)W (A) + .

We deduce that {I — DF(v) (M — A— L)fl} is invertible if and only if A(a, \) #
0. Moreover, we have

4 S 3
[I—DF(@) (AI—A—L)*} ET =| &
- o_

16



is equivalent to

Py =y,
=y,
S=Ala, ) (@)W () +¢].
Therefore,
S 1 s
M-Bo) ' | vy |=(\M-A-L)"" [I—DF(@) (M —A)~! s
(= (e
<
=M -A-L) ' | &3
o=
A, \) 7 s +n(e)W (V)]
=M -A-1)" Uy ;
P
and by Lemma 2.3, the result follows. [

By using the above explicit formula for the resolvent of B, we obtain the
following lemma.

Lemma 4.2 If \g € 0(Ba) NQ, then Ao is a simple eigenvalue of B, if and

only if
dA(C)[7 >\0) ?é 0
dX '

Since DF(?) is a bounded linear operator, and (A + L) is a Hille-Yosida
operator, it follows that B, = A+ L+ DF(v) is a Hille-Yosida operator. Conse-
quently, (Bq), is the infinitesimal generator of a strongly continuous semigroup

{T(Ba)g (t>}t20 on Xy.

Lemma 4.3 The essential growth rate of {T(Ba)o<t)}t>o satisfies the following
estimation: -

Wo,ess ((BO‘)O) S — .

Proof. Since DF(v) is compact, and wg ess ((A+ L)) < wo((A+L),) < —p
(see Lemma 2.3), by using the result in Thieme [53] or Ducrot, Liu and Magal
[20, Theorem 1.2], we obtain wg ess ((Ba)y) < Wo,ess ((A+L),) < —p. [

Lemma 4.4 We have
0((Ba)o) N2 =0,((Ba)o) N2 ={X € Q:A(a,\) =0}.

Proof. By Lemma 4.3 and results on spectral theory (see Webb [54, 55], Engel
and Nagel [26]) we have

o((Ba)o) N2 = 0p((Ba)o) N2

Then by Lemma 4.1, the result follows. ]

17



5 Local stability

This section is devoted to the local stability of the positive steady state v. Recall
that this positive equilibrium v exists and is unique if and only if Ry > 1. Since
the essential growth rate wo css ((Ba),) < 0, we apply the local stability result
proved in Thieme [51] or in Magal and Ruan [42]. So it is sufficient to prove
that all the eigenvalues of B, have a strictly negative real part.

Lemma 5.1 If Ry > 1, then A = 0 is not a root of the characteristic equation
Ao, A) =0.

Proof. Since

"
2)el$2)o gy
c(lc((gz)0+"+j“)>/o v(x) d

=1 (1= In(ax) % x
=In(ayx) =InRy >0,
the result follows. ]
Lemma 5.2 If A is a root of the characteristic equation such that
Re(X) = 0,

then we have

Re (¢2) < (C2)g s

Re (\/K) > /Ao + Re (\) > /Ao

and

Proof. Set
VA = a+ ib, with a > 0.

By the proof of Lemma 2.2, it follows that

ab = Re (X) Im (X) + pdm (X) + nolm (X) . (5.1)

N -

X ((00)2 + (Re(\) + 1)? + 20 (Re (A) + 1) + b2) .

18



Hence
2 o
a® — (VAo + Re (V)" = (1 + (m)

VAo+Re(N))?
X (2Re(/\) (1 +mo — Vo) + (1 - W) b2> .

If Re(A\) = 0 and b = 0, then by using (5.1), we have Im (\) = 0, so A = 0,
which is impossible by Lemma 5.1. Thus if Re (A) > 0, we have

(5.2)

(Re (M) + % > 0.

Consequently, from (5.2) we obtain

- (\/ATJJrRe(A))2 >0,

ie.,
Re (\/K) > /Ao + Re (\) > /A,.
Since Vi
(o= y and ((2), = UO%‘/A*O’

we deduce that
Re (G2) < (G2)g

which completes the proof. [

The main result of this section is the following theorem. One may observe
that the condition obtained here is similar to the one obtained in [15, Theorem
5.3].

Theorem 5.3 If
1< Ry <eé?,

then the positive equilibrium U of the system (1.1) is locally asymptotically stable.
Proof. We consider the characteristic equation
142 (CQ " ,\+oc++u)

c(l—ﬁ((z-&-“‘jicﬂ'“)

+o0
Ala,N) =1 —n(a) ) /0 v(z)e*®dx = 0.

Since
c Aot +pu *RE(\/K>+R6(>\)+2170+00+H
Re<1+(§2+)>= - >0,
g C g
the above characteristic equation is equivalent to .
c(l—%(CﬁM)) oo
’ : = 7](@)/ v(z)es2* dx. (5.3)
0

(15 = (G + 2imi))
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By Lemma 5.2, if Re (\) > 0, we must have

Re (¢2) < (¢2)o -
Then it is derived from (5.3) that

c(1;(§2+“":+ﬂ))| ’ oo

= [n(a) y(@)e** da

14+ < Aot + K /

e ermm) |
|/ Re(gzdx

—+oo
< n(a)| / (@) Dov dg
0

( (@ s =24))

= ((Co)g + =)

= |n(a)] x

We claim that if Re (\) > 0, then

¢ (1 — < (42 +A“:’+C”)) ‘ N C( ((Cz) :+ +M)> . (5.4)
(e (a=m) |7 (=)

Since Ag = 02 + u? + 2o,

T+ +pu— /A
1+UC_<(<2)0+0 - “)—1+77°l;_°>0

ot — /A /Ay —
1_<(C2) C"‘N):l_no—F/; O:UO+0-7 /’['>0

inequality (5.4) is satisfied if

(o)

A
>’1+JC<(:2+ +o7 )

(o)
(- (@ *”f“))’
<50+Re<ﬂ) Re()) — N) (00 — VAo + 200 + 1)’

+ (1m (VA) = Im ()\)>2 (00 — VKo + 200 + 1)

> (Uo—Re (\/K) +Re()\)+2no+u)2 (00+W—u)2
+ (Im (\/K) —Im()\))2 (o0 +\/1T—u)2.

(5.5)
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Since ng + p > /Ao, we obtain

00— VAo 420 + > 09+ /Ao — pu > 0.
It follows that
(1m (V) = 1m (/\))2 (70 — v/Bo + 200 + u)2
> (1m (VA) = Im (A))2 (70 + VAo - M)Q.
Then (5.5) will be proved if
(o0 + Re (VA) = Re (3) —u)g (70 = VAo + 210 +u)2
> (00 — Re (\fA) + Re (\) + 2no +u)2 (ao + ﬁ—u)Q

Since p? > ¢®> < (p+ q)(p — q) > 0, after some simplifications, the above
inequality is equivalent to,

[(Uo—l—Re(\/K) Re()) )(ao—\ﬁ+2no+u)
+ (ao — Re (\fA) + Re(\) + 2o + u) (oo + /Ay — u)} (5.6)
% 2 (110 + ) (Re (JK) “Re(\) — \/AT)) > 0.
Remember that Ag = (00)? + p? + 2nop and 19 > oo > 0, we have
00—/ Ao+ 200+ > o+ i — /Ay >0, (5.7)
o0+ v/Ao—p>0. (5.8)

By Lemma 5.2 we have
2 (o +00) (Re (VA) = Re (\) = V/Ao) > 0. (5.9)
By using again Lemma 5.2 and (5.8) we also have

0—0+Re(\/K)—Re(A)—u>Jfo+ao—u>o. (5.10)

By Lemma 2.2 we have Re (\) + u + 19 — Re (\/K) > 0, and by noting that
No > oo > 0, we obtain

00— Re (VA) + Re (\) + 20 + 1> Re (\) +m + p — Re (VA) > 0. (5.11)

It follows from (5.7)-(5.11) that (5.6) is satisfied. Consequently, inequality (5.4)
is satisfied. Now we observe that if

(oo (@or 7o) _e(tos= (@nr =)

L+ 3= (@ + Z52) 7 14 5= (@) + =52)

In(a)lx
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i.e.,
() x <1, (5.12)

there will be no roots of the characteristic equation with non-negative real part.

Since
«

Ry
the above inequality (5.12) is equivalent to

n(a) = (1-InRy) = i (1 -InRy),

|1DRO - 1| S 1,

and the result follows. ™

6 Hopf bifurcation

In this section, regarding « as the bifurcation parameter we will study the
existence of Hopf bifurcation by using the Hopf bifurcation theory developed by
Liu, Magal and Ruan [39, Theorem 2.4]. In order to apply this Hopf bifurcation
theorem to system (2.1), we need to show the four following properties:

(i) the essential growth rate of (B, ), is strictly negative;

(ii) the existence of a unique pair of purely imaginary eigenvalues of B, for
some fixed parameter ag;

(iii) the purely imaginary eigenvalues of B,, are simple;
iv) the transversality condition.
y

Notice that wo ess ((Ba)y) < 0 has already been proved in Lemma 4.3. So we
only need to focus on the three last properties.

By Theorem 5.3 we already know that the positive equilibrium o of the
system (1.1) is locally asymptotically stable if

1< Ry < 62,
that is
a e (aO;al} )

where

62

~ 1 ~
Ry = ay, ag:= — and a; := —.
X

So we will study the existence of bifurcation value in (&, +00). Recall the
characteristic equation

1+%<CQ+M)

OzA(O‘?}‘)Zl_n(a)c(l—gc(<2+)\+GC++#)

>/O+Oo’y(x)e<”dx, (6.1)
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where

g0 — VA
G o= PR A= (o) O ) 2m(A ),
oo — VA
()y = - Cﬁv Ao = (00)” + 12 + 2mop, oF =19 % 00,
e’ 1
= —(1—-InRy)=—(1-1
Wo) = (R =1 (-l

e (@ )
v C( —%((Cz)ﬁ“*%)

It is clear that

“+o0
) / 7 (z) €S20,
0

n(a) <0 for o > ay.

6.1 Existence and uniqueness of purely imaginary eigen-
values

This subsection is devoted to the existence and the uniqueness of purely imag-
inary roots of the characteristic equation (6.1) under the following assumption
on the function ~.

Assumption 6.1 Assume that
v (@) = (2= 7)" e T ) (@)
forB>0neN,T7>0, or=0,n=0,7>0.

Let Assumption 6.1 be satisfied. In order to obtain the explicit formula for
the characteristic equation, we first give the following computation

+0oo too
/ v (x) e2%dx = 7 / (x —7)"ele2=P2 gy
0 T

“+oo
_ B / eGP+ g
0

__657'@((2—5)7'/0< ! )nel L
o \G2— B G—p

—ebaT /+°° ( )

= -1 " 1’”67$d$
(G —=B)" " o

(—=1)" ! el nle¢™

G-8"" B-e)"Y

So the characteristic equation (6.1) becomes

ot
1+3= (CQ + H%) nlet™

T (o M) B

23



If we set
\/K:a+ibwitha>0,

by noting that o* = 1y T 0o and the expression of (5, we arrive at the following

characteristic equation

219 + 09 —a — ib+ X\ + pexp ((O’O —a—ib)chl)
go+a+ib—A—p  (cB—og+a+ib)" "]

1 —nlc"n(w) =0. (6.2

Now we are in the position to look for purely imaginary roots A = wi with w > 0
in (6.2).
Since

VA = \/(ao)2+ (iw + 1) 4 2no(iw + ) = a + ib with a > 0,

by the proof of Lemma 2.2 we obtain b > 0,

a=a(b):= <1 + ( b )2> h ((00)2 + 1 4 2mop + bQ)% , (6.3)

K+ 1o
and
_a(b)b
f+’
that is to say that both of a and w are functions of b. So in order to obtain

A =iw with w > 0, it only remains to determine b in (6.2).
By Lemma 2.2, we have p+ 19 —a > 0 and a — o9 — p > 0, which imply

w=uw(b): (6.4)

ab  ptn—a

b—w=0b-— b>0,

Ko JIE

2o+ oo +p—a>0,

cf—oo+a>0.
Let

(2n0 +oo+pu—a)—i(b—w) : =ri(b)e®),
(a+oo—p)+i(b—w) : =ro(b)e?2®,
cf—og+a+ib : = 1"3(1))@“93((’),
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Then we have

r1(b) \/(2770 +oo+p—a)’+(b-w)?

( —
ra(b) = y/(a+ 00— p)” + (b —w)’,
(b) =

ra(b) = \/(c8 — 0o + a)> + 12, (6.5)
01(b) = arctan 5, +_£0++WM et

02(b) = arctan a—i—bc;iow—u’

03(b) = arctan e pp—t

Hence it follows from (6.2) that

r1(b)e () exp ((0g — a —ib) ¢ 1) B

1 —nlc"n(a) rz(b)ew?(b) (T3(b))n+1 ci(n+1)05(b) )
_ nterp(a) 0L exp (00 —a)7eT) 1(01(5) — 0a(b) — (n+ 1) Bs(b) — T
L T B iyt PO RO DR =50

Since n(a) < 0 for a > @y, taking norm of both sides of the above equation we
deduce that

r1(b) exp ((O’o —a) chl)
RO ()"

1= —nlc"n(a)

i

and consequently we have

L= —expi(0a(b) — 0a(8) — (n+ 1) O(8) — 7).

It follows that

ra(b) (r3 ()"
nlry(b)en

n(a) = — exp ((—oo +a)Tc!) (6.6)

and )
01(b) — O2(b) — (n+1)03(b) — = = —1 — 2k, k € Z.
&

Because
«
Ry

combining with (6.6) we obtain

ra(b) (r3 ()"
nlry(b)e™

n(a) = 2 (1~ n Ro) = i“ “ln(ayx)).

1
o = —exp <1+X exp ((0'0+CL)T01)> ,
X
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where

1+ 3= ((@)o + 0+c+u) nle(¢2)o”
¢ (1= = (@) + 722)) (B= (@)

c

(6.7)

Through the above computation we obtain the following proposition to show
the existence of purely imaginary eigenvalues.

Proposition 6.2 Let Assumptions 1.1 and 6.1 be satisfied. Then the charac-
teristic equation (6.1) has a pair of purely imaginary solutions +iw, with w > 0
if and only if there exists b > 0 satisfying

O(b) 1= 01(b) — O2(b) — (n+ 1) O5(b) — b% = — — 2k, (6.8)

for some k € Z and

n+1
a = ab) = %exp <1 + XM exp ((—oo + a(b)) TC_1)> , (6.9)

nlry(b)c®
where a(b),w(b),r1(b),r2(b), r5(b), 01 (D), 02(b), 05(b), x are defined in (6.3)-(6.5)
and (6.7). Moreover, there exists a sequence b, — +00 as k — 400, k € N

satisfying (6.8), and the characteristic equation (6.1) admits at least one pair
of purely imaginary solution +iwy, := +iw(by) for ag = a(by).

Proof. Tt is sufficient to prove that there exists a sequence by satisfying (6.8)
and by — 400 as k — 4o0. Clearly, ©(0) = 0, O(+00) = —o0, and O is a
continuous function with respect to b. Then for any k& € N there exists some
b, > 0 such that (6.8) is satisfied, and by, — +o0 as k — +o0. ]

In what follows, we will consider the case for by — +oo. Firstly, we give the
following lemma which can be easily proved.

Lemma 6.3 Let

b 2\ 2 2 2
=1+ + pu” 4+ 2 +b ,
¢ ( (M + 770> > ((UO) : ok )

ab
w= )
K+ 1o

-
vl

and
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Then we have

lim a = p+ o,

b—+oo
.da da . oda . 3@_( 2 2)
JIm gy = by = im gy =0 lim b = ()" = (00)”) (e +mo)

b (b—w) =0, Tim b(b—w) = M (00

)

b—+o00 b—+o0 2
. dw . dw
Jm gy =L im0 (1 - db) =0
d%a d*w
b =0 I g =0

Next we give the following lemma to show that under Assumption 6.1, for
any given a > 0 large enough, there exists at most one pair of purely imaginary
solutions of the characteristic equation.

Lemma 6.4 (Uniqueness) Let Assumptions 1.1 and 6.1 be satisfied. Then
for each o > 0 large enough, A(a,iwy) = Alq,iws) = 0 with wy,ws > 0 implies
W1 = Wa.

Proof. By Proposition 6.2, we know that if A(a,iw) = 0, then we have the
following expression for «

n+1
o= Lo (l OO )> |

nlry(b)e

where

_ 1+ 5= <(<2)0 + U+c+u> nle($2)o™
(1= (@ + =) (B (@)™

c

which is independent of w, and r1(b), r2(b), r5(b),a,b can be seen as functions
of w. To be more precise, we have the following formulae for r1(b), 72(b), r3(b), a
and b

ri(b) = \/(2770+00 +p—a)+(b—w),

ra8) = /(@ + 00 — 1) + (b — )2,

+
_1
b\ ° 3
a:<1—|—< >> ((00)2+u2+2n0u+b2) ,
M=+ 1o
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In order to prove this lemma, we will prove that dc;—gb) > 0 for all b > 0 large

enough, and d“;—gb) > 0,Vb > 0. So one deduce that we can construct a map
w — a(w). Moreover for each w > 0 large enough, we will prove that
da(w)
—= >0,
dw
and the result will follows.
Step 1: We claim that

do(b)
db

> 0, for b large enough,

ie.,

exp (T)) > 0, for b large enough. (6.10)

where
A=) ((Gr2®)) a®ra0) + (-4 1) ra0) ( ra(®)) 1(8) = raraco)
) s 0)

Thus in order to prove (6.10) we only need to show that A > 0 for b large
enough. By Lemma 6.3 we have

a — W+ no, as b — +o0,
r1(b) and r2(b) — No + 0o, as b — 400, (6.11)
r3(b) — +00, as b — +o0,
b
— = 1, as b — +o0, 6.12
T'3(b) ( )

and a basic calculation leads to

%m(b) = %(b) ((2770 + 00+ — a) (j‘;) +(b—w) <1 - Z‘Z)) (6.13)

— 0, as b — 400,

d 1 da dw

%Tg(b) ) ((a—i—ao—u)db—l—(b—w) (1_db>> — 0, as b — 400,
d 1 da

%Tg(b) 0 <(cﬁ —o00+a) 7 + b) — 1, as b — +o0. (6.14)
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Because

d, P
i (ra®) (a0 =t 2O~y 2D

b btoo (rg(b)) "L b=too — (r(D) 2 g (b)
- () (o) G

(oro=n () < 00- (0 (1-5)))

— A (’"3?))2 nl(b) (Z, (b)) .

da\\? ,d%a dw\\? dPw
2 _ _ _ _ 2
<b (db) + (a + o¢ — p) b? 2t (b (1 db)) (b—w) <b e

then by Lemma 6.3, (6.11), (6.12), (6.13) and (6.14) we obtain that

Jim ((ijQ(b)) (rs(b)) = 0.

b—+o00

Similarly, we can deduce that

Jim (jbrl(b)> (r3(b)) = 0.

Therefore, we have

r

b——+o0 b——+o0

lim A= lim <(r1(b))2 ((n+ 1) ra(b) <jbr3(b)) rl(b)> + (D) ra ()
= lim (ry(b)) > <(n + 1) 75(b) ((Z)r;:,(b)) rl(b)> =n+1>0,

b——+o00

which completes the proof for this step.
Step 2: By using the limits (6.11) and (6.12) obtained in Step 1, and by using
the expression for a (i.e. (6.9)) we deduce that

a — +0o, as b — +oo.

Step 3: We prove

dw
0.V > 0.
ab

29
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N|=
Nl=

N -
. @ 2
Since w = HJFZ;O and a = (1+ (MTbno) ) ((00) +M2+2WON+b2) , wWe

have
do _ d( ab
db db \ p+mno
B a n b o @
p4mnm  ptmn  db
_ @ 4 b < b (m0)* — (00)”
ptmno  ptno s A2\ (et o)’
a (1 + <#+770) )
and the result in Step 3 follows.
Step 4: Finally by using the formula w (b) = zﬁ?ﬁ, and since a(b) — p+ 1o, as

b — 400, we deduce that

w(0) =0, and lim w(b) = +o0,

b——+o00

and the proof is completed. [

6.2 Transversality condition

The aim of this section is to prove a transversality condition for model (1.1)
under Assumptions 1.1 and 6.1.

Lemma 6.5 If a > ai, A € Q and A(a, \) =0, then

OA(a, \)

0.
O <

Proof. We have

s (G M) e
e =10 ey [ weas,

1
n(e) = X (1—In(ax)),
where y is independent of o, then
dn(e) 1
da  ay’

14+ 2 (G + Motu +o0
aAéZ, e 7d7c71(0(j) c (1 _ UC((; 4 >\+U:+ﬂ)>> /0 v(z)e? " d.
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Since A(a, A) = 0, we obtain

OA(a, A) _ dn(a) » - 1
da  da n(a)  a(l—In(ay))’
Moreover, if a > @y, then % < 0. =

Lemma 6.6 Let Assumptions 1.1 and 6.1 be satisfied. For each k > 0 large
enough, let A\, = iwg, wi > 0 be the purely imaginary root of the characteristic
equation associated to ay > 0 (provided in Proposition 6.2), then we have

6A(O¢k, iwk)

Re B\

> 0.

Proof. Under Assumption 6.1, substituting ¢* = 19 F o in the expression of
the characteristic equation, we have

210 + cCo + A+ nlet2”
c(200 —cCa — A —p) (B — )"

After a simple of computation, we obtain

A, A) =1 = ()

OA(a, \) nle2™ d 2y +cle+ A+ p
o\ (5_@)”“50(200—6@—)\—,@

20 +cCa+A+pu d o nlet2T

(200 — cCa — A — ) dA (B— )"t

—n(a) -

ag
d 2m+cCa+A+u 7(CT;+1>(2770+200)

dxc(200 —cCo—A—p) (200 — cCo — A —p)°

d nle2™  pletT < N n+1 ) déy
AA@E-¢)" T B-)"T B/ AN
¢ d (90— \/(00)24'(/\4'#)24'2770()\4'/1) A+t
d\ — d\ c N VA
If A(a,iw) = 0, we deduce
21 + ¢Co + iw + nleS2T
1= na) 2T TR T
¢ (200 = cCo —iw — ) (8 — Ca)
It follows that
OA(,iw) (*7“4_;{% + 1) (2n0 + 2090)
I (—ao—\/T\—l—iw—i—,u) (2no+ao—\/K+iw+u)

oot ().
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where
A = (00)% + (iw + 1) + 2ng (iw + p1)
Set
VA = a +ib, with a > 0.

Through the proof of Lemma 2.2, we have

-1
b 2

2= 1+< ) P p? + 2mop + b2

a ( ot ((0’0) H Tok )

ab

w = ,
K+ 10
and by Proposition 6.2, we obtain that

and

b — 400, as k — +oo.
It follows that
w — 400, as b — 400,
a — W+ng, as b — 4o0.
We have

(5w (2R)
7 a(p+mo) + bw + i (aw — b (pu+10))

a? + b2
+(n+1) (CC;_ ;]Ojaa)z +be2 a(p+mno)+ bwa:i(;;w b (1 +m0)) 7
and
(_M% + 1) (210 + 200) _ 2mo + 209
(—ao—\/K—H'w—ku) (2n0+ao—\/K+iw+,u> G
" [a(a— (p+m0))+b(b—w)]+i(b—w)(atp+m) .
(=00 = a+p) @m0+ 00— at ) = (= 1)) +32(w=b) (u+ 10— )

Hence

el (e ovm) ()

za(#+n0)+buil;o
c a? + b?
(cB =00 +a) (a(u-i-??o)—f—buj’r’fm) +b(a#ffj70 —b(,u-f-??o))

((cﬁ oo+ a)’+ b2) (a2 + b2)

+(n+1)

-
— —, as b — +o0.
c
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By Lemma 6.3, we have

_>

(—“*#*” ¥ 1) (210 + 200)

(—00—\/K+iw+u) (2770+00—\/K+iw+p)

27}0 + 20’0
a? + b2

x [(woam)(znowoaw)<wb>2)2+4<wb>2<u+noaﬂ_l

Re

x (@@= (utm0)) +b (b = w)) (=00 = a+ ) (20 + 00 — a+ ) = (w = b)°)

~2(b—w)” (a+ -+ o) (1 + 10 — )]
0, as b — 4o0.

Thus we deduce that

. 0A(a,iw) T
pdm Re—g— =220,

and the result follows. [
Now, we are in position to derive the transversality condition.

Theorem 6.7 (Transversality condition) Let Assumptions 1.1 and 6.1 be
satisfied. For each k > 0 large enough, let A\, = iwg, wr > 0 be the purely
imaginary root of the characteristic equation associated to ay, > 0 (defined in

Proposition 6.2), then there exists pr, > 0 (small enough) and a C*-map P
(g — pr, o + pr) = C such that

(k) = iwg, Ao, Ae(@)) =0, Vo € (o — pr, o + pi),

satisfying the transversality condition

A (o)

R
eda

> 0.

Proof. By Lemma 6.6 we can use the implicit function theorem around each
(g, iwy) provided by Proposition 6.2 for each k > 0 sufficiently large, and

obtain that there exists p; > 0 and a C''-map X; (g — pr, g + pr) — C such

that

j\;(ak) = iwg, Aa, 5\;(04)) =0, Va € (o — pr, o + pr)-

Moreover, we have

oA (a,fk(a)) A (aafk(a)) A ()

e + B\ dor =0, Va € (akfpk,akqtpk).
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It follows that

dX;(a) ]_ 8A (O[7 )\k(a))
—_ — — V _ )
do ~ AGm@) 6o STty
oA

By using Lemma 6.5, we deduce that Vo € (o — pg, g + pi)

OA (a,ﬁ(a))

d —
Re—M\g(a) > 0 < Re X

0.
do -

In particular, we have

d — 0A (ak,iwk)
RedaAk(ak)>O©Re( Y > 0.

By Lemma 6.6, the result follows. [

6.3 Hopf bifurcations

For a large enough, the existence of a unique pair of pure imaginary eigenval-
ues of B, and transversality condition have been obtained by Proposition 6.2,
Lemma 6.4 and Theorem 6.7 in subsections 6.1 and 6.2. Moreover, according to
Lemma 4.2, the simplicity of these eigenvalues follows directly from Lemma 6.6.
Remember that wo ess ((Ba)y) < 0, has been obtained in Lemma 4.3. Now all
the four aspects mentioned at the beginning of this section have been studied.
Hence by using the Hopf bifurcation Theorem proved in [39, Theorem 2.4], we
obtain the following Hopf bifurcation result.

Theorem 6.8 (Hopf Bifurcation) Let Assumptions 1.1 and 6.1 be satisfied.
Then there exists ko € N (large enough) such that for each k > ko, the number
oy (defined in Proposition 6.2) is a Hopf Bifurcation point for system (1.1)
parametrized by o, around the equilibrium point © given in Lemma 3.1.

7 Summary and numerical simulations

In this section, we first summarize the main results of this paper, then we will
present some numerical simulations.
First, we proved that the positive equilibrium exists if and only if

Ry :=ayxy>1.

Moreover when it exists, the positive equilibrium is unique. Then we have inves-
tigated the local asymptotic behavior around the positive equilibrium. Namely,
we proved that:

(a) The positive equilibrium is locally asymptotic stable if 1 < Rg < 2.
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(b) Hopf bifurcation may occur whenever

y(@) = (=) e PET L (@),
for 6>0,neN,7>0,0r =0,n=0,7>0.
Then regarding « as a bifurcation parameter, we obtain an infinite number
of Hopf bifurcation points ay. More precisely, Proposition 6.2 we obtain a
sequence by going to +oo and satisfying (6.8), and the bifurcation points are
given by

ra(br) (rs(bi))""
nlry (bg)c™

1
ap = ; exp (1 + x exp ((—00 + ay) T61)> ,

where ag, x,r1(bg), 72(br), 73 (bx,) are defined as before (see section 6).

1010

10

10

10

///

10

L L L L L L L
100 200 300 400 500 600 700 800
n 0

Figure 1: In this figure, we plot some bifurcation curves given by (6.8) and (6.9)
in the (1o, Ina)-plane for =2, u=1,¢c=1,n=1, =3 and 0o = 1.

Figure 1 allows to understand the influence of 79 on the bifurcation points.
It can be observed that when k is large the bifurcation parameter a grows
extremely fast with respect to some relatively small interval of 7.

Now we can also compare the system (1.1) with system (1.2). So we let 1
goes to infinity and we assume that (1.3) is satisfied. Set

1 +
c=¢e\/2(ng+ p) and oo = - 7702 =y

Then in Figure 2 we consider ¢ and « as the parameters of the system, we draw
the bifurcation diagrams in the (e, «)-plane with large value of 79. Formally
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this provides an approximation of the bifurcation diagram obtained for system
(1.2) in [15].

Figure 2: In this figure, we plot some bifurcation curves given by (6.8) and (6.9)

with ¢ = £1/2(no + p) and oo = 1,/ in the (e, a)-plane for 7 = 2, pu = 5,

n=1,5=0.1,n = 10°.

Next we provide some numerical simulations of the solutions of system (1.1),
in order to show that the theoretical results can be observed numerically. In
Figures 3, 4, and 5, we fix v (z) = (x — 0.75) e’o'lx(zfojg‘)1[0,75)1,5)(:5),cro =
0.5,¢ =1, =0.05, and ¢ = 0.5, and the parameter « varies from 40 to 80.

In Figure 3 and Figure 4 we plot the total number of individuals growing
in maturity (respectively decaying in maturity) (i.e. the L' norm of u™(¢,.)
respectively the L' norm of u=(¢,.)). We observe that when « increases, the
system passes from a stable to an oscillating regimen.
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Figure 3: Graph of the evolution of the L'-norm of the solutions u™(t,z) in
function of time.
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Figure 4: Graph of the evolution of the L'-norm of the solutions u~(t,z) in
function of time.

To conclude this article, we plot the distribution u*(¢,.) and u™(¢,.) of the
system in maturity in Figure 5. We can see that the largest oscillations take
place for the small maturity and decay rapidly when the maturity increases.
Intuitively, if the oscillations can persist for large maturity values then the
system can produce some undamped oscillation, namely some periodic solutions.
Actually, the problem is much more delicate then that, and one needs a rigorous
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mathematical analysis to understand the influence of the parameters on the
oscillating properties of the system.
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Figure 5: Surface of solutions u™* (¢, z),u™ (¢, z)
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