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Abstract

This work is devoted to the study of a class of singularly perturbed
non-densely defined abstract Cauchy problems. We extend the Tikhonov’s
theorem for ordinary differential equations to the case of abstract Cauchy
problems. Roughly speaking we prove that the solutions rapidly evolve
and stay in some neighbourhood of the slow manifold. As a consequence
we conclude that the solutions of the problem converge on each compact
time interval, as the singular parameter goes to zero, toward the solutions
of the so-called reduced problem. These results are applied to an exam-
ple of age-structured model as well as to a class of functional differential
equations.
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1 Introduction

In this work we study a class of singularly perturbed non-densely defined ab-
stract Cauchy problems of the form

ε
duε (t)

dt
= Auε (t) + F (uε (t) , Lvε (t)) ,

dvε (t)

dt
= Bvε (t) +G (uε (t) , vε (t)) ,

, t ≥ 0, (1.1)

and supplemented with initial data

uε (0) = xε ∈ D (A) and vε (0) = yε ∈ D (B). (1.2)
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Here ε > 0 is a small parameter and the initial data satisfies

lim
ε→0+

xε = x0 ∈ D (A) and lim
ε→0+

yε = y0 ∈ D (B). (1.3)

In (1.1), A : D (A) ⊂ X → X and B : D (B) ⊂ Y → Y are two given
Hille-Yosida linear operators (see Definition 2.1 below) acting respectively on
the Banach spaces (X, ‖.‖X) and (Y, ‖.‖Y ) while L ∈ L (Y,Z) is a bounded
linear operator from (Y, ‖.‖Y ) into the Banach space (Z, ‖.‖Z). The maps F :
D (A) × Z → X and G : D (A) × D (B) → Y are Lipschitz continuous on
bounded sets. The semilinear system of equations (1.1) is referred as a non-
densely defined problem because the domain of the operator A (respectively B)
is not supposed to be dense in X (respectively in Y ).

The goal of this article is to study the convergence as ε→ 0 of the solution
of system (1.1)-(1.2) toward the solution of the so-called reduced system, that
is formally obtained by setting ε = 0 into (1.1)-(1.2) and that reads as

(Reduced system)

{
0 = Au (t) + F (u (t) , Lv (t)) ,
dv (t)

dt
= Bv (t) +G (u (t) , v (t)) , v (0) = y0.

(1.4)

Note that questions related to singular perturbation analysis have been ex-
tensively studied in the context of ordinary differential equations. As a special
case of the so-called Tikhonov’s theorem has been proved for ordinary differ-
ential equations and we refer for instance to [29, 30, 31, 32]. Here we aim at
extending such a result in the case of abstract Cauchy problems of the form
described in (1.1)-(1.2).

Our motivation to study such a class of singularly perturbed problems comes
from age-structured models arising in population dynamics and also from delay
differential equations.
As an illustration one may come back to the model proposed by Magal and
McCluskey in [23] to describe a criss-cross transmission of bacteria between
patients and health care workers within a hospital unit (see also [5] for more
information about this topic). The model reads as the following age-structured
system of equations

ε
dHC (t)

dt
= −νHHC (t) + βH

∫ ∞
0

γ(a)i(t, a)da(1−HC(t)), (1.5)

and 
dS(t)

dt
= νPNP − νPS(t)− βPHC(t)S(t),

∂iP (t, a)

∂t
+
∂iP (t, a)

∂a
= −νP iP (t, a),

iP (t, 0) = βPHC(t)S(t).

(1.6)

The above problem is supplemented with initial data

HC (0) = HC0, S (0) = S0, and iP (0, .) = iP0 ∈ L1
+ (0,+∞) .
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In the above system of equations HC(t) denotes the number of health care
workers colonized by the bacteria at time t while the function iP (t, a) represents
the density of the population of patients infected by the bacteria since a period
of time a and at time t. All the parameters of the problem are positive while
0 < ε � 1 is a small parameter describing the fast dynamics of health care
workers contamination with respect to the length of stay of patients. A detailed
scaling analysis of this singularly perturbed problem (1.5)-(1.6) has been given
by Ducrot et al. in [7].
As an other motivating example, we consider the following class of functional
differential equations 

ε
dx (t)

dt
= f (t, xt,ε, yt) ,

dy (t)

dt
= g (t, xt,ε, yt) ,

t ≥ 0, (1.7)

and supplemented with the following initial data

(x0,ε, y0) =
(
ϕ (ε·) , ψ

)
∈ C ([−r, 0] ,Rn)× C ([−r, 0] ,Rm) with n,m ∈ N\ {0} ,

wherein ϕ,ψ ∈ C ([−r, 0] ,Rn) are two given functions. In (1.7) we have set

xt,ε (θ) = x (t+ εθ) and yt (θ) = y (t+ θ) , ∀t ≥ 0 and θ ∈ [−r, 0] ,

while the maps g : [0,+∞) × C ([−r, 0] ,Rn) × C ([−r, 0] ,Rm) → Rn and
f : [0,+∞)×C ([−r, 0] ,Rn)×C ([−r, 0] ,Rm)→ Rm are both Lipschitz contin-
uous on bounded sets. Such a problem has already been considered by Artstein
and Slemrod in [3] where the authors derived a general finite time convergence
result. In this work we do not extend the general results proposed in the afore-
mentioned work but we show that such a problem enters the general framework
of system (1.1) and we obtain the finite time convergence to the reduced system
by completely different methods.

Let us finally mention that the class of problems described by (1.1) may
cover many other classes of finite and infinite dimensional dynamical systems.
In addition to the two above examples one may observe that our framework can
also be applied to study the following class of singularly perturbed functional
differential equations in L1 for t ≥ 0,

ε
dx (t)

dt
= f (ε, xt, Ly(t))

dy (t)

dt
= B1y(t) + g (ε, xt, y(t))

(1.8)

with initial data

(x0, y(0)) = (ϕ, y0) ∈ R× L1([−r, 0],Rn)× Y1 and x(0) = x̄.
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One can first incorporate the parameters epsilon into the state variable as follows
ε
dx (t)

dt
= f (z(t), xt, Ly(t))

dy (t)

dt
= B1y(t) + g (z(t), xt, y(t))

dz(t)

dt
= 0,

(1.9)

with initial data

(z(0), x0, y(0)) = (ε, ϕ, y0) ∈ R× L1([−r, 0],Rn)× Y1 and x(0) = x̄,

wherein r > 0, L ∈ L(Y1, Z) and the maps f : R × L1([−r, 0],R) × Y1 → Rn
and g : R× L1([−r, 0],R)× Y1 → Y1 are both Lipschitz continuous on bounded
sets while B1 : D(B) ⊂ Y1 → Y1 Hille-Yosida linear operators. In order to re-
write the above problem in the framework of (1.1) we follow the methodology
developed in [17] and we set

w(t, θ) := x(t+ θ), ∀t ≥ 0, ∀θ ∈ [−r, 0].

Using this notation (1.9) re-writes as

ε
dx (t)

dt
= f (z(t), w(t, ·), y(t)) ,

∂w(t, θ)

∂t
− ∂w(t, θ)

∂θ
= 0, for θ ∈ (−r, 0)

w(t, 0) = x(t),
dy (t)

dt
= By(t) + g (z(t), w(t, ·), y(t)) ,

dz(t)

dt
= 0,

together with the set of initial conditions

(z(0), x(0), w(0, ·), y(0)) = (ε, x̄, ϕ, y0) ∈ R× Rn × L1([−r, 0],Rn)× Y1.

Hence we can rewrite the system as

ε
dx (t)

dt
= f (z(t), w(t, .), y(t)) ,

dy (t)

dt
= B1y(t) + g (z(t), w(t, ·), y(t)) ,

d

dt

(
0Rn

w(t, .)

)
= B2

(
0Rn

w(t, .)

)
+

(
x(t)
0L1

)
dz(t)

dt
= 0,

(1.10)

where B2 : D(B2) ⊂ Y2 → Y2 is a linear operator on Y2 := Rn × L1([−r, 0],Rn)
and

B2

(
0Rn

ϕ

)
:=

(
−ϕ(0)
ϕ′

)
with D (B2) := {0Rn} ×W 1,1([−r, 0],Rn).
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Hence by using similar techniques as the ones developed in Section 5 one can
reformulate (1.10) into the suitable form of system (1.1) and then apply the
results derived in this work.

Despite their importance for applications, singular perturbations for struc-
tured population models have been scarcely studied. We refer to [2, 11, 8] for
the study of few examples going in that direction. To our best knowledge the
results presented in this article are not known in the context of age-structured
models.

However perturbed functional differential equations and more specifically
singularly perturbed delay differential equations have attracted a lot of interest
and we refer to Hale in [12] for a nice survey on this topic. Such questions have
also been studied by Magalhaes [24, 25, 26] in the case of linear perturbation.
We also refer to [3, 7, 9, 10, 13, 16, 27] for more results on singularly perturbed
delay differential equations.

Let us also mention that general results have been obtained for some specific
classes of singularly perturbed abstract Cauchy problems. In particular Buck-
dahn and Guatteri consider in [4] similar questions in the context of stochastic
differential equations in infinite dimensional Hilbert spaces. This work is de-
voted to stochastic densely defined Cauchy problems and their results do not
cover the case of non-densely defined abstract Cauchy problems.
Moreover Henry in [14, Chapter 9 p. 275] considered a special case of system
(1.1) where A is a sectorial operator and B is a bounded linear operator. Note
that his analysis of such a problem strongly relies on the boundedness of the
linear operator B. Indeed such an assumption allows to transform the singular
perturbation problem into a regular one (by using a suitable change of time
scale). Here we would like to emphasize that it is of particular interest to con-
sider (1.1) with non-densely defined operators. Indeed, coming back to the above
example of age-structured models, namely (1.5)-(1.6), one may observe that it
reformulates as system (1.1) with a bounded operator A and a non-densely de-
fined operator B (see Section 5). Moreover problem (1.7) also reformulates as
system (1.1) and the corresponding operators A and B are both unbounded and
non-densely defined linear operator (see also Section 5). The paper is organized
as follows, in Section 2 we state and discuss our main assumptions and present
the results of this paper. Sections 3 and 4 are concerned with the proof of
our main results while Section 5 is devoted to the application of our results to
the age-structured model and to the system of functional differential equations
presented in this introduction.

2 Assumptions, main results and corollaries

Before going to our assumptions and results, let us recall the definition of a
Hille-Yosida operator.

Definition 2.1 Let A : D(A) ⊂ E → E be a linear operator on a Banach space
(E, ‖.‖E). Let ωA ∈ R and MA ≥ 1 be given. We say that (A,D(A)) is a
Hille-Yosida operator on E if
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(i) (ωA,∞) ⊂ ρ(A) the resolvent set of A.

(ii) For each λ ∈ ρ(A), Rλ(A) := (λI −A)
−1

the resolvent operator of A
satisfies the following estimate:∥∥Rλ(A)k

∥∥
L(E)

≤MA (λ− ωA)
−k
, ∀λ > ωA, k ≥ 1.

Assumption 2.2 Let (X, ‖.‖X) , (Y, ‖.‖Y ) and (Z, ‖.‖Z) be three Banach spaces.
Let A : D(A) ⊂ X → X and B : D(B) ⊂ Y → Y be two Hille-Yosida
operators satisfying the Hille-Yosida condition respectively with the constants
(ωA,MA) and (ωB ,MB). Since these operators are possibly not densely defined
(i.e. X 6= D(A) or Y 6= D(B)) we define

X0 := D(A) and Y0 := D(B).

Let F : X0 × Z → X and G : X0 × Y0 → Y be Lipschitz continuous on bounded
sets. We assume in addition that (u, z) 7→ F (u, z) is continuously differentiable
on X0 × Z and the map (u, z) 7→ ∂uF (u, z) is Lipschitz continuous on bounded
sets from X0 × Z into L (X0, X).

Remark 2.3 In what follows we will use the notation ‖.‖ instead of ‖.‖X , ‖.‖Y
and ‖.‖Z to denote the norm in the Banach spaces X,Y and Z whenever no
confusion is possible.

By using Assumption 2.2, the results in Magal [19] or in Magal and Ruan
[21] ensures that for each ε > 0 system (1.1) generates a maximal semiflow Sε on
X0×Y0. In other word, for each ε > 0 and for each initial data (xε, yε) ∈ X0×Y0,
problem (1.1) has a maximal mild solution t 7→ Sε(t)(xε, yε) = (uε(t), vε(t))
defined on some time interval [0, τε(xε, yε)) with the maximal time of existence
τε(xε, yε) ∈ (0,+∞]. Moreover if τε(xε, yε) is finite we have

lim
t↗τε(xε,yε)

‖Sε(t)(xε, yε)‖ = +∞.

Next we will assume the following set of conditions for the maximal semiflow
Sε.

Assumption 2.4 We assume that the following properties are satisfied

(a) We assume that the maximal time of existence of solutions τε(xε, yε) is
bounded from below uniformly with respect to ε. That is to say that there
exists τ̂ ∈ (0,+∞] (τ̂ can be +∞) such that

τ̂ ≤ τε(xε, yε),∀ε ∈ (0, 1].
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(b) We assume that all the trajectories belong to a bounded set which is a
Cartesian product. That is to say that there exist τ ∈ (0, τ̂ ] (τ can be +∞)
and a closed bounded set

M :=MX ×MY ⊂ X0 × Y0

such that
Sε(t)(xε, yε) ∈M, ∀t ∈ [0, τ), ∀ε ∈ (0, 1].

Remark 2.5 Note that Assumption 2.4-(b) in particular implies that

M0 := {(xε, yε) : ε ∈ [0, 1]} ⊂ M.

Hence M0 is a bounded set.

Now to simplify the notations we define

(uε(t), vε(t)) := Sε(t)(xε, yε) ∈MX ×MY , ∀t ∈ [0, τ), ∀ε ∈ (0, 1].

Using this notation and since L is a bounded linear operator, Assumption 2.4-(b)
also implies that

MZ := L(MY ) ⊃ {Lvε(t) : t ∈ [0, τ) and ε ∈ (0, 1]} (2.1)

is a bounded set in Z.
In our application to system (1.5)-(1.6), the set of initial data M0 will be

chosen in a positively invariant bounded set so that, in that case, the corre-
sponding set M will be a bounded set and τ = +∞.
In order to deal with the application to the non-autonomous problem (1.7), we
shall extend the system to include the time variable into the state space. As
a consequence the corresponding trajectory are not uniformly bounded for all
time. In that case we will work on a finite time interval, namely τ <∞.

Besides the above technical assumptions and notations, our main assumption
is related to the dynamics of the fast component of system (1.1). Let z ∈MZ be
given, the fast dynamics corresponds to the following z-parametrized evolution
equation

du(t)

dt
= Au(t) + F (u(t), z), t ≥ 0, u (0) = x ∈ D (A). (2.2)

We are now in position to state our first main assumption in order to derive a
Tikhonov like theorem in the general context of (1.1).

Assumption 2.6 (Tikhonov like conditions) For each z ∈MZ we assume
that system (2.2) generates a unique globally defined nonlinear semiflow {Uz(t)}t≥0

on X0. Moreover we assume that this semiflow satisfies the following properties:
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(a) (Equilibrium points) For each z ∈ MZ there exists an equilibrium solu-
tion H (z) ∈ X0 of {Uz(t)}t≥0 in X0. That is to say that for each z ∈MZ

there exists H (z) ∈ D (A) satisfying

AH(z) + F (H(z), z) = 0. (2.3)

Moreover we assume that the map z 7→ H(z) is bounded from MZ into
X.

(b) (Global exponential stability) There exist two constants κ ≥ 1 and α >
0 such that for all x ∈ X0 and z ∈MZ one has

‖Uz (t)x−H (z)‖ ≤ κe−αt ‖x−H (z)‖ , ∀t ≥ 0. (2.4)

Remark 2.7 Combining (a) and (b) we deduce that {Uz(t)}t≥0 has a unique
equilibrium in X0.

The above assumption contains the usual ingredients of the Tikhonov theo-
rem for ordinary differential equations. We refer to [29, 32] for more details.

In infinite dimensional spaces, we shall need an extra assumption to deal with
the compactness of the family of trajectories. This assumption is stated in term
of uniform regularity. More precisely, we will need to combine the properties
of the bounded linear operator L ∈ L(Y,Z) together with the solutions of the
following non-homogeneous abstract Cauchy problem

dv(t)

dt
= Bv(t) + g(t), t > 0, v(0) = y ∈ Y0, (2.5)

where g ∈ L1 ((0, τ) ;Y ). Since B is a Hille-Yosida operator, the mild solution
of (2.5) can be expressed by using the constant variation formula involving
the integrated semigroup {SB(t)}t≥0 generated by B, and the C0-semigroup
{TB0

(t)}t≥0 generated by the linear operator B0 : D (B0) ⊂ Y0 → Y0, the part
of B in Y0. We refer to [21] for more details on integrated semigroup associated
to Hille-Yosida operators (and for some other classes of linear operators). In
that context, the solution of (2.6) can be written as follows

v(t) = TB0
(t)y + (SB � g) (t), t ∈ [0, τ),

with

(SB � g) (t) =
d

dt

∫ t

0

SB(t− s)g(s)ds = lim
λ→+∞

∫ t

0

TB0 (t− s)λRλ(B)g (s) ds.

Moreover the following estimate holds true

‖v(t)‖ ≤MBe
ωBt ‖x‖+MB

∫ t

0

eωB(t−s) ‖g(s)‖ ds,∀t ∈ [0, τ) .

Using the above notation and recalling that τ ∈ (0,∞] is given and fixed, our
regularity assumptions reads as:
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Assumption 2.8 (Regularity conditions) We assume that the following prop-
erties are satisfied

(a) The family of maps {L ◦ TB0
(.)yε : ε ∈ (0, 1]} is uniformly equicontinuous

from [0, τ) into Z.

(b) There exists a closed subspace YG ⊂ Y such that

G (X0 × Y0) ⊂ YG

and the family of maps{
L ◦ (SB � g) (.) : g ∈ L∞ (0, τ ;YG) with sup

t∈[0,τ)

‖g(t)‖Y ≤ 1

}
,

is uniformly equicontinuous from [0, τ) into Z.

We are now able to present the main result of this work that roughly asserts
that the solution of (1.1) approaches the graph of H in the short time and then
stays close to the graph up to the time τ , that is possible for all time if we have
chosen τ =∞. Our precise statement reads as follows.

Theorem 2.9 (Slow manifold approximation) Let Assumptions 2.2, 2.4,
2.6 and 2.8 be satisfied. Let t0 ∈ (0, τ) be given. Then for each δ > 0 there
exists ε̂ := ε̂ (δ) > 0 such that the solutions (uε(t), vε(t)) = Sε(t)(xε, yε) for
ε ∈ (0, ε̂) satisfy:

sup
t∈[t0,τ)

‖uε (t)−H (Lvε (t))‖ ≤ δ, ∀ε ∈ (0, ε̂) .

Remark 2.10 It is important to note that if τ is finite then the supremum in
[t0, τ) in Theorem 2.9 can be replaced by the supremum in [t0, τ ].

As a consequence of the above theorem we will derive the following corollary,
that roughly asserts the convergence of the solution of system (1.1)-( 1.2) to the
solution of system (1.4). The result reads as follows.

Corollary 2.11 (Finite time convergence) Let Assumptions 2.2, 2.4, 2.6
and 2.8 be satisfied. Assume in addition that

(i) τ is finite;

and

(ii) there exists a unique solution t→ v (t) ∈MY on [0, τ ] of

dv (t)

dt
= Bv (t) +G (H (Lv (t)) , v (t)) , t ∈ [0, τ ] and v (0) = y0,

where y0 is the limit defined in (1.3).
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Then the following convergence results hold true

lim
ε→0+

sup
t∈[t0,τ ]

‖uε (t)−H (Lv (t))‖ = 0, ∀t0 ∈ (0, τ), (2.6)

and
lim
ε→0+

sup
t∈[0,τ ]

‖vε (t)− v (t)‖ = 0. (2.7)

The above corollary only ensures the local uniform convergence of vε to
v. Without specific assumption on the dynamical behaviour of the reduced
problem, one cannot expect to get a more refined convergence property. However
a uniform convergence property on the unbounded time interval [0,∞) as well
as convergence to an heteroclinic orbit have been obtained by Ducrot et al. [7]
for some specific singularly perturbed delay differential equation by coupling a
slow manifold approach estimate reminiscent from Theorem 2.9 together with
the dynamical properties of the reduced system.

Remark 2.12 We would like to note that the above results also hold true in
the case where the maps F and G smoothly depend on the small parameter ε,
namely F ≡ F (ε, x, Ly) and G ≡ G(ε, x, y). Indeed, as for the reformulation of
(1.8), such a parametrized case can be re-written as a special case of (1.1) by
extending the problem as follows

ε
duε (t)

dt
= Auε (t) + F (zε (t) , uε (t) , Lvε (t)) ,

dvε (t)

dt
= Bvε (t) +G (zε (t) , uε (t) , vε (t)) ,

dzε (t)

dt
= 0,

together with the initial data

uε (0) = xε ∈ D (A), vε (0) = yε ∈ D (B) and zε(0) = ε.

3 Proof of Theorem 2.9

This section is devoted to the proof of Theorem 2.9. We firstly state a prelimi-
nary result on abstract Cauchy problems. Then we derive some basic regularity
properties of the graph H before investigating the short time behaviour of the
solution of (1.1). Then a suitable fixed point reformulation for the solution
of (1.1) is obtained and used together with a contraction property around the
graph to complete the proof of the theorem.

3.1 Preliminary

Let ẑ ∈MZ be given. Recalling the definition of the semiflow Uz in Assumption
2.6, the map t→ Uẑ(t)x is a mild solution of

du(t)

dt
= Au(t) + F (u(t), ẑ), t ≥ 0, u (0) = x ∈ D (A).
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Since x→ F (x, ẑ) is continuously differentiable, by using Proposition 5.1 in [21]
we deduce that x→ Uẑ(t)x is continuously differentiable, and if we set

V (t)y := ∂xUẑ(t) (H (ẑ)) y, ∀y ∈ D(A),

then {V (t)}t≥0 is a strongly continuous semigroup of bounded linear operators

on D(A) and t→ V (t)y is a mild solution of

dV (t)y

dt
= AV (t)y + CV (t)y, t ≥ 0 with V (0) y = y ∈ D (A).

Here we have set
Cy := ∂uF (H (ẑ) , ẑ) y,∀y ∈ D(A).

Now since for all h ∈ D(A) one has

‖V (t)h‖ = lim
δ↘0

‖Uẑ(t) (δh+H (ẑ))− Uẑ(t) (H (ẑ))‖
δ

= lim
δ↘0

‖Uẑ(t) (δh+H (ẑ))−H (ẑ)‖
δ

,

we deduce by using Assumption 2.6-(b) that

‖V (t)h‖ ≤ κe−αt ‖h‖ ,∀t ≥ 0.

Since A is a Hille-Yosida operator and C is bounded linear, the linear operator
A + C : D(A) → X is also a Hille-Yosida operator (see Arendt et al. [1]) with
respect to the constants (ωA+C ,MA+C). Moreover one has

ωA+C ≤ −α < 0.

Indeed, {V (t)}t≥0 is the strongly continuous semigroup generated by (A+ C)0

(the part of A + C in D (A)). We deduce that the growth rate of {V (t)}t≥0

satisfies

ω ((A+ C)0) := lim
t→+∞

ln (‖V (t)‖)
t

≤ −α.

Let α̂ ∈ (0, α) be given and fixed. We obtained that (−α̂,+∞) ⊂ ρ ((A+ C)0)

the resolvent set of (A+B)0 , and we can find M̂ ≥ 0 such that∥∥∥(λI − (A+ C)0)
−n
∥∥∥
C(D(A))

≤ M̂

(λ+ α̂)
n ,∀λ > −α̂,∀n ≥ 1. (3.1)

Moreover since A+ C is a Hille-Yosida operator, the resolvent set ρ (A+ C) of
(A+ C) is non empty. Let µ > ωA+C be given. By using Lemma 2.1 in [22]
ensures that

ρ(A+ C) = ρ ((A+ C)0) ,

and for each λ > −α̂ one has

(λI − (A+ C))
−1

= (µ− λ) (λI − (A+ C)0)
−1

(µI − (A+ C))
−1

+(µI − (A+ C))
−1
.
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Therefore we get∥∥∥(λ+ α̂) (λI − (A+ C))
−1
∥∥∥ ≤ [|(µ− λ)| M̂ + (λ+ α̂)

] ∥∥∥(µI − (A+ C))
−1
∥∥∥ ,

whenever λ ∈ (−α̂, ωA+C + 1), and∥∥∥(λ+ α̂) (λI − (A+ C))
−1
∥∥∥ ≤ (λ+ α̂)

(λ− ωA+C)
,

whenever λ ≥ ωA+C + 1. Hence this yields

sup
λ>−α̂

∥∥∥(λ+ α̂) (λI − (A+ C))
−1
∥∥∥ < +∞. (3.2)

Combining (3.1) and (3.2) we obtain the following lemma.

Lemma 3.1 Let Assumptions 2.2, 2.4 and 2.6 be satisfied. Then A + C is a
Hille-Yosida operator and we can choose the constants (ωA+C ,MA+C) such that

MA+C ≥ 1 and ωA+C ∈ (−α, 0).

By using the above lemma it follows that replacing A by A+C and F (x, z) by
F (x, z)−C, we can assume (without loss of generality) that A is a Hille-Yosida
operator with the constants (ωA,MA) satisfying

MA ≥ 1 and ωA ∈ (−α, 0).

3.2 Short time behaviour

In this part, we investigate the short time behaviour of the solutions. Roughly
speaking we will show that the solution uε(t) quickly approaches the graph
of H(Lvε(t)). In order to prove this result, let us first derive some regularity
properties of the graph of H.

Lemma 3.2 Let Assumptions 2.2, 2.4 and 2.6 be satisfied. Then H is Lipschitz
continuous from MZ into D(A) endowed with the graph norm, that is there
exists a constant CH > 0 such that for all z, z̄ ∈MZ

‖AH (z)−AH (z̄)‖X + ‖H (z)−H (z̄)‖X ≤ CH ‖z − z̄‖Z ,

and
‖H(z)‖ ≤ CH .

Proof. Let z, z̄ ∈MZ be given. Recall κ and α are defined in (2.4), and set

ν :=
ln (2κ)

α
⇔ κe−αν =

1

2
. (3.3)

12



First note that due to (2.4) one has

‖H (z)−H (z̄)‖ ≤ ‖H (z)− Uz (ν)H (z̄)‖+ ‖Uz (ν)H (z̄)−H (z̄)‖
≤ κe−αν ‖H (z)−H (z̄)‖+ ‖Uz (ν)H (z̄)−H (z̄)‖ .

Hence it follows from (3.3) that

‖H (z)−H (z̄)‖ ≤ 2 ‖Uz (ν)H (z̄)−H (z̄)‖ . (3.4)

Let us now derive an estimate for ‖Uz (ν)H (z̄)−H (z̄)‖. Note that as a con-
sequence the variation of the constants formula one obtains that for all t ≥ 0,

Uz (t)H (z̄) = TA0 (t)H (z̄)+ lim
λ→+∞

∫ t

0

TA0 (t− s)λRλ(A)F (Uz (t)H (z̄) , z) ds,

(3.5)
and

Uz̄ (t)H (z̄) = TA0
(t)H (z̄)+ lim

λ→+∞

∫ t

0

TA0
(t− s)λRλ(A)F (Uz̄ (t)H (z̄) , z̄) ds.

(3.6)
Next observe that

Uz̄ (t)H (z̄) = H (z̄) , ∀t ≥ 0.

Then replacing Uz̄ (t)H (z̄) by H (z̄) into (3.6), subtracting (3.5) to (3.6) and
recalling that A is a Hille-Yosida operator with type (ωA,MA) yield for each
t ≥ 0,

‖Uz (t)H (z̄)−H (z̄)‖ ≤MA

∫ t

0

eωA(t−s) ‖F (Uz (s)H (z̄) , z)− F (H (z̄) , z̄)‖ ds.

Since by Assumptions 2.6 the map z → H(z) is bounded, by using (2.4) we
deduce that

sup
t≥0,z,z̄∈MZ

‖Uz (t)H (z̄)‖ ≤ sup
z,z̄∈MZ

[κ ‖H (z̄)−H (z)‖+ ‖H (z)‖] < +∞.

Since F is Lipschitz continuous on bounded sets, we can find a constant CF > 0
such that for each t ∈ [0, ν]

‖Uz (t)H (z̄)−H (z̄)‖ ≤MACF

∫ t

0

eωA(t−s) [‖Uz (s)H (z̄)−H (z̄)‖+ ‖z − z̄‖] ds,

so that

e−ωAt ‖Uz (t)H (z̄)−H (z̄)‖ ≤ MACF νe
|ωA|ν ‖z − z̄‖

+MACF
∫ t

0
e−ωAs ‖Uz (s)H (z̄)−H (z̄)‖ ds.

Hence applying Gronwall’s inequality provides

‖Uz (ν)H (z̄)−H (z̄)‖ ≤MACF νe
2|ωA|νeMACF ν ‖z − z̄‖ ,
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and by plugging this last inequality into (3.4) we obtain

‖H (z)−H (z̄)‖ ≤ 2MACF νe
2|ωA|νeMACF ν ‖z − z̄‖ .

The proof is completed by using again the fact that F is Lipschitz on bounded
sets and equation (2.3).

Using this regularity property we will prove a first lemma which express the
fact that the solutions are approaching rapidly the graph of H.

Lemma 3.3 (Fast approach to the graph of H) Let Assumptions 2.2, 2.4
and 2.6 be satisfied. We can find a constant C0 > 0 such that (uε(t), vε(t)) a
mild solution of system (1.1) satisfies

‖uε (εt)−H (Lvε (εt))‖ ≤ κe−αt ‖xε −H (Lyε)‖
+C0(1 + t)eC0t sups∈[0,εt] ‖Lvε (s)− Lvε (0)‖ .

whenever ε ∈ (0, 1] and t > 0.

Proof. By Assumption 2.6 and since Lvε(0) = Lyε ∈ MZ , for each ε ∈ (0, 1],

we can find ūε ∈ C
(

[0,+∞), D (A)
)

a mild solution of

dūε(t)

dt
= Aūε(t) + F (ūε(t), Lvε(0)), t ≥ 0 and ūε (0) = xε.

Define ûε ∈ C
(

[0,+∞), D (A)
)

by

ûε (t) := ūε

(
t

ε

)
= ULyε

(
t

ε

)
xε, ∀t ≥ 0,

the mild solution of

ε
dûε(t)

dt
= Aûε(t) + F (ûε(t), Lvε(0)), t ≥ 0 and ûε (0) = xε.

Therefore recalling that uε ∈ C
(

[0, τ), D (A)
)

is the mild solution of

ε
duε(t)

dt
= Auε(t) + F (uε(t), Lvε(t)), t ≥ 0 and uε (0) = xε,

and setting
∆ε (t) := uε (t)− ûε (t) , ∀t ∈ [0, τ),

one has for all t ∈ [0, τ)

∆ε (t) = ε−1 lim
λ→+∞

∫ t

0

TA0

(
t− s
ε

)
λRλ(A) [F (∆ε (s) + ûε (s) , Lvε (s))− F (ûε (s) , Lvε (0))] ds.
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Since F is Lipschitz on bounded sets, by using the boundedness Assumption
2.4-(b), and (2.1) we deduce that we can find a constant CF > 0 such that for
all t ≥ 0 and all ε ∈ (0, 1]

‖∆ε (t)‖ ≤ MACF
ε

∫ t

0

e

ωA
ε

(t−s)
[‖Lvε (s)− Lvε (0)‖+ ‖∆ε (s)‖] ds.

By making a change of variable l = s/ε in this integral, we obtain for all t ≥ 0
and all ε ∈ (0, 1],

‖∆ε (εt)‖ ≤ C1

∫ t

0

eωA(t−l) [‖Lvε (εl)− Lvε (0)‖+ ‖∆ε (εl)‖] dl,

where C1 := MACF .
It follows that for all t ∈ [0, ν] (since we can assume that ωA < 0) we have

e−ωAt ‖∆ε (εt)‖ ≤ C1ν sup
l∈[0,ν]

‖Lvε (εl)− Lvε (0)‖+ C1

∫ t

0

e−ωAl ‖∆ε (εl)‖ dl.

By applying the Gronwall’s lemma we obtain for each t ∈ [0, ν]

e−ωAt ‖∆ε (εt)‖ ≤ C1ν sup
l∈[0,ν]

‖Lvε (εl)− Lvε (0)‖ exp (C1t) ,

that provides that

‖∆ε (εν)‖ ≤ C1ν sup
s∈[0,εν]

‖Lvε (s)− Lvε (0)‖ exp ([ωA + C1] ν) . (3.7)

Finally we observe that

‖uε (εν)−H (Lvε (εν))‖ ≤ ‖uε (εν)− ûε (εν)‖
+ ‖ûε (εν)−H (Lvε (0))‖
+ ‖H (Lvε (0))−H (Lvε (εν))‖ ,

(3.8)

and due to Assumption 2.6-(b) we also have

‖ûε (εν)−H (Lvε (0))‖ ≤ κe−αν ‖ūε (0)−H (Lvε (0))‖ . (3.9)

Hence using the fact that H is Lipschitz continuous on MZ the result follows
from (3.7)-(3.9).

3.3 Fixed point reformulation of the uε-equation

The proof of Theorem 2.9 will be performed by a fixed point argument. To do
so, we will reformulate the uε-equation of (1.1) into a more convenient form and
derive a fixed point problem. Define

C (z) := ∂uF (H(z), z),∀z ∈MZ ,
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and

K (u, z) := F (u, z)− F (H (z) , z)− C (z) [u−H (z)] ,∀z ∈MZ . (3.10)

First note that one has

F (u, z)− F (H (z) , z) =

∫ 1

0

∂uF (θu+ (1− θ)H (z) , z) [u−H (z)] dθ,

so that

K (u, z) =

∫ 1

0

[∂uF (θu+ (1− θ)H (z) , z)− ∂uF (H(z), z)] [u−H (z)] dθ.

(3.11)
By using Assumption 2.6-(a) we have AH(z) + F (H(z), z) = 0 therefore

Au+ F (u, Lv) = A(u−H(Lv)) +AH(Lv) + F (u, Lv)
= A(u−H(Lv))− F (H(Lv), Lv) + F (u, Lv)
= A(u−H(Lv)) +K(u, Lv) + C(Lv)(u−H(Lv)).

Therefore the uε-equation of (1.1) re-writes as ε
duε(t)

dt
= [A+ C (Lvε(t))] [uε(t) −H (Lvε(t))] +K (uε(t), Lvε(t)) , for t ≥ 0,

uε (0) = xε ∈ D (A).

We also have for any v, w ∈ Y and u ∈ X

(A+ C(Lv))(u−H(Lv)) = (A+ C(Lw))(u−H(Lv))− (C(Lw)− C(Lv))(u−H(Lv))

= (A+ C(Lw))u− (A+ C(Lw))H(Lv)

+ (C(Lv)− C(Lw))(u−H(Lv)),

hence for each l ≥ 0, uε is a mild solution of the following abstract Cauchy
problem

ε
duε (t)

dt
= [A+ C (Lvε (l))]uε (t)

− [A+ C (Lvε (l))]H (Lvε (t))
+K (uε (t) , Lvε (t))
+ [C (Lvε (t))− C (Lvε (l))] [uε (t)−H (Lvε (t))] ,

(3.12)

with
uε (0) = xε ∈ D (A).

In the sequel we will concentrate our study on system (3.12) parametrized by
l ∈ [0, τ). For more simplicity in the notations we define for each l ∈ [0, τ)

Tl (t)x := T(A+C(Lvε(l)))0
(t)x, ∀t ≥ 0 and ∀x ∈ D (A+ C (Lvε (l))) = D (A),
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where
{
T(A+C(Lvε(l)))0

(t)
}
t≥0
⊂ L

(
D (A)

)
is the strongly continuous semi-

group generated by (A+ C (Lvε (l)))0 the part of A+ C (Lvε (l)) in D (A).

By Assumption 2.4-(b) and Assumption 2.6-(a) the subset

M̂1 =MX ∪ {H(z) : z ∈MZ},

is closed and bounded and the solutions of system (1.1) satisfies

uε(t) ∈ M̂1 and H (Lvε (t)) ∈ M̂1 ∀t ∈ [0, τ), ∀ε ∈ (0, 1].

We also note that since F and ∂uF are Lipschitz continuous on bounded sets
it follows that there exists a constant CF > 0 such that for all (u, z) , (ū, z̄) ∈
M̂1 ×MZ{

‖F (u, z)− F (ū, z̄)‖ ≤ CF ‖u− ū‖+ CF ‖z − z̄‖ ,
‖∂uF (u, z)− ∂uF (ū, z̄)‖L(D(A),X) ≤ CF ‖u− ū‖+ CF ‖z − z̄‖ , (3.13)

and for all (u, z) ∈ M̂1 ×MZ

‖F (u, z)‖ ≤ CF and ‖∂uF (u, z)‖L(D(A),X) ≤ CF . (3.14)

Note that by using (3.11) and (3.13)-(3.14) we obtain for all (u, z) , (ū, z̄) ∈
M̂1 ×MZ

‖K (u, z) ‖ ≤ CF ‖u−H(z)‖2, (3.15)

while using (3.10) combined with (3.13)-(3.14) yields

K (u, z)−K (ū, z) = F (u, z)− F (ū, z)− ∂uF (H(z), z)[ū− u]

=

∫ 1

0

[∂uF ((1− θ)(ū− u) + u, z)− ∂uF (H(z), z)][ū− u]dθ,

so that

‖K (u, z)−K (ū, z) ‖ ≤ CF [‖u− ū‖+ ‖u−H(z)‖] ‖u− ū‖. (3.16)

Let us now prove the following two lemmas that are crucial in obtaining the
fixed point formulation.

Lemma 3.4 Let Assumptions 2.2, 2.4 and 2.6 be satisfied. Then the following
two properties hold true

(i) For each l ∈ [0, τ) and ε ∈ (0, 1] the semigroup {Tl (t)}t≥0 ⊂ L
(
D (A)

)
satisfies

‖Tl (t)x‖ ≤ κe−αt ‖x‖ , ∀t ≥ 0, ∀x ∈ D (A), (3.17)

and we have
(−α,+∞) ⊂ ρ (A+ C (Lvε (l))) . (3.18)
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(ii) The resolvent Rλ (l) := [λ−A− C (Lvε (l))]
−1

with λ ∈ ρ (A+ C (Lvε (l)))
satisfies

lim sup
λ→+∞

‖λRλ (l)‖L(X) ≤MA.

Proof. Assertion (i) is proved in section 3.1 and it remains to prove (ii). To
that aim note that due to (3.14) one has

sup
ε∈(0,1],l∈[0,τ)

‖C (Lvε (l))‖L(D(A)×D(B),X×Y ) ≤ CF ,

so that for all l ∈ [0, τ) and λ > ωA +MACF , the resolvent Rλ (l) exists and it
is the unique fixed point of

Rλ (l) = Rλ (A) +Rλ (A)C (Lvε (l))Rλ (l) .

For l ∈ [0, τ) and λ ∈ ρ (A+ C (Lvε (l))) large enough one has

‖Rλ (l)‖ ≤ MA

λ− ωA
+

MA

λ− ωA
CF ‖Rλ (l)‖ =⇒ ‖Rλ (l)‖L(X) ≤

MA

λ− ωA −MACF
,

and the result follows.
The second lemma is the following

Lemma 3.5 Let Â : D
(
Â
)
→ X be a Hille-Yosida operator such that 0 ∈

ρ
(
Â
)

. Then for each x ∈ X and each t ≥ 0 one has

Â−1x = TÂ0
(t) Â−1x− lim

λ→+∞

∫ t

0

TÂ0
(t− l)λ

(
λI − Â

)−1

xdl,

where Â0 denotes the part of Â in D(Â) and
{
TÂ0

(t)
}
t≥0
⊆ L

(
D
(
Â
)
, X

)
is

the strongly continuous semigroup generated by Â0.

Remark 3.6 By using the above formula we deduce that for each t, s ∈ R with
t ≥ s

Â−1x = TÂ0
(t− s) Â−1x− lim

λ→+∞

∫ t

s

TÂ0
(t− l)λ

(
λI − Â

)−1

xdl.

Proof. This lemma follows by observing that u (t) = Â−1x, t ≥ 0 is a mild
stationary solution of the problem

du (t)

dt
= Âu (t)− x, t ≥ 0 and u (0) = Â−1x,

and since the mild solution of the above equation is also given by

u(t) = TÂ0
(t) Â−1x+ lim

λ→+∞

∫ t

0

TÂ0
(t− l)λ

(
λI − Â

)−1

xdl,
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the result follows.
To define our fixed point problem we will use a variation of constants formula.

In fact applying the results in [21] to equation (3.12) yields for each t ≥ t0

uε (t) = Tl

(
t− t0
ε

)
uε (t0) +

1

ε
lim

λ→+∞

∫ t

t0

Tl

(
t− r
ε

)
λRλ (l)K (uε (r) , Lvε (r)) dr

−1

ε
lim

λ→+∞

∫ t

t0

Tl

(
t− r
ε

)
λRλ (l) [A+ C (Lvε (l))]H (Lvε (r)) dr (3.19)

+
1

ε
lim

λ→+∞

∫ t

t0

Tl

(
t− r
ε

)
λRλ (l) [C (Lvε (εr))− C (Lvε (l))] [uε (r)−H (Lvε (r))] dr.

Due to (3.18) one obtains from Lemma 3.5 that for all t ≥ t0 and x ∈ X

[A+ C (Lvε (l))]
−1
x = Tl

(
t− t0
ε

)
[A+ C (Lvε (l))]

−1
x− lim

λ→+∞

∫ t
ε

t0
ε

Tl

(
t

ε
− s
)
λRλ (l)xds,

hence that for x = [A+ C (Lvε (l))]H (Lvε (t)) one has

H (Lvε (t)) =Tl

(
t− t0
ε

)
H (Lvε (t))

− lim
λ→+∞

∫ t
ε

t0
ε

Tl

(
t

ε
− s
)
λRλ (l) [A+ C (Lvε (l))]H (Lvε (t)) ds.

Next the change of variables r = εs in the foregoing integral provides that

H (Lvε (t)) =Tl

(
t− t0
ε

)
H (Lvε (t))

− 1

ε
lim

λ→+∞

∫ t

t0

Tl

(
t− r
ε

)
λRλ (l) [A+ C (Lvε (l))]H (Lvε (t)) dr.

(3.20)

Finally plugging (3.19) into (3.20) and setting

wε (t) := uε (t)−H (Lvε (t)) , ∀t ∈ [0, τ),

yields for each t ≥ t0

wε (t) = Tl
(
t−t0
ε

)
(uε (t0)−H (Lvε (t)))

+ 1
ε limλ→+∞

∫ t
t0
Tl
(
t−r
ε

)
λRλ (l)K (wε (r) +H (Lvε (r)) , Lvε (r)) dr

− 1
ε limλ→+∞

∫ t
t0
Tl
(
t−r
ε

)
λRλ (l) [A+ C (Lvε (l))] [H (Lvε (r))−H (Lvε (t))] dr

+ 1
ε limλ→+∞

∫ t
t0
Tl
(
t−r
ε

)
λRλ (l) [C (Lvε (r))− C (Lvε (l))]wε (r) dr.

(3.21)

3.4 Proof of Theorem 2.9

This section is devoted to the proof of Theorem 2.9. To do so note that this
result will follow from the following claim.
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Claim 3.7 Let t0 ∈ (0, τ) be given. For each δ > 0 we can find ε1 := ε1 (δ) > 0
satisfying

sup
t∈[t0,τ)

‖wε (t)‖ ≤ δ, ∀ε ∈ (0, ε1) .

Proof. We will prove the claim for each δ > 0 small enough. Let {tε}ε∈(0,1] ⊂ R+

be a given family such that

tε → 0 as ε→ 0+.

At this stage of the proof the family {tε}ε∈(0,1] ⊂ R+ does not need to be
specified. This will be done at the final step of the proof after fixing some
parameters. Consider the following Banach spaces

BCε :=

{
w ∈ C

(
[tε, τ), D (A)

)
: ‖w‖∞ := sup

t∈[tε,τ)

‖w (t)‖ < +∞

}
.

We now re-write equation (3.21) as

wε = Γε (wε) with wε ∈ BCε,

where the map Γε is defined by

Γε (w) (t) := T ε1 (t) + Sε1 (w) (t) + T ε2 (t) + Sε2 (w) (t) , ∀t ∈ [tε, τ), (3.22)

with

T ε1 (t):=Tl

(
t− tε
ε

)
(uε (tε)−H (Lvε (t))) , (3.23)

Sε1 (w) (t):=
1

ε
lim

λ→+∞

∫ t

tε

Tl

(
t− r
ε

)
λRλ (l)K (w (r) +H (Lvε (r)) , Lvε (r)) dr,

(3.24)

T ε2 (t) := −1

ε
lim

λ→+∞

∫ t

tε

Tl

(
t− r
ε

)
λRλ (l) [A+ C (Lvε (l))] [H (Lvε (r))−H (Lvε (t))] dr,

(3.25)

Sε2 (w) (t) :=
1

ε
lim

λ→+∞

∫ t

tε

Tl

(
t− r
ε

)
λRλ (l) [C (Lvε (r))− C (Lvε (l))]w (r) dr.

(3.26)
Next we derive some estimates of T ε1 , T ε2 , Sε1 and Sε2 .

By using the formula C (z) = ∂uF (H(z), z), Lemma 3.2 and equation (3.13)
we obtain for all t, s ∈ [tε, τ)

‖C (Lvε (t))− C (Lvε (s))‖L(D(A)×D(B),X×Y ) ≤ CF (CH + 1) ‖Lvε (t)− Lvε (s)‖ ,
(3.27)
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and for all t ∈ [tε, τ ]

‖C (Lvε (t))‖L(D(A)×D(B),X×Y ) ≤ CF . (3.28)

Furthermore for each ε ∈ (0, 1] we denote by ω (.;Lvε) : [0, τ − tε) → [0,+∞)
the modulus of continuity of Lvε that is

ω (δ;Lvε) := sup
s,t∈[tε,τ):|t−s|=δ

‖Lvε (s)− Lvε (t)‖ ,∀δ < τ − tε,

so that
‖Lvε (s)− Lvε (t)‖ ≤ ω (|t− s| ;Lvε) ,∀s, t ∈ [tε, τ).

Due to Assumption 2.8 one has

lim
h→0+

ω (h;Lvε) = 0.

Estimate for T ε1 : For each t ∈ [tε, τ) by writing

T ε1 (t) = Tl

(
t− tε
ε

)
(uε (tε)−H (Lvε (tε)))

+Tl

(
t− tε
ε

)
(H (Lvε (tε))−H (Lvε (t))) ,

and using (3.17) combined with the fact that H is Lipschitz continuous onMZ

it easy to obtain that for all t ∈ [tε, tε + ε |ln ε|] (up to reduce ε such that
[tε, tε + ε |ln ε|] ⊂ [tε, τ))

‖T ε1 (t)‖ ≤ κ ‖uε (tε)−H (Lvε (tε))‖+ κCHω (ε |ln ε| ;Lvε) , (3.29)

and for all t ∈ [tε + ε |ln ε| , τ) by using (3.17) combined with the uniform
boundedness of H on MZ one gets

‖T ε1 (t)‖ ≤ κe−α|ln ε| ‖(uε (tε)−H (Lvε (tε)))‖+ 2κCHe
−α|ln ε|. (3.30)

Therefore one obtains for all t ∈ [tε, τ)

‖T ε1 (t)‖ ≤ κ ‖uε (tε)−H (Lvε (tε))‖+ κCHω (ε |ln ε| ;Lvε) (3.31)

+κe−α|ln ε| [2CH + ‖(uε (tε)−H (Lvε (tε)))‖] .

Estimate for Sε1 : By using (3.24) we obtain for all t ≥ tε

‖Sε1 (w) (t)‖ ≤ κ2

ε

∫ t

tε

e−
α
ε (t−r) ‖K (w (r) +H (Lvε (r)) , Lvε (r))‖ dr.

By using (3.15) we obtain for all r ∈ [tε, t]

‖K (w (r) +H (Lvε (r)) , Lvε (r))‖ ≤ CF ‖w (r)‖2 ,
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providing that

‖Sε1 (w) (t)‖ ≤ κ2

α
CF ‖w‖2∞ , ∀t ∈ [tε, τ). (3.32)

Estimate for T ε2 : By using the fact that H is Lipschitz continuous on MZ

with respect to the graph norm of A combined together with (3.28) we obtain

‖T ε2 (t)‖≤κ
2

ε
(CH + CF )

∫ t

tε

e−
α
ε (t−r) ‖Lvε (r)− Lvε (t)‖ dr, ∀t ≥ tε.

Hence if t ∈ [tε, tε + ε |ln ε|] we have

‖T ε2 (t)‖ ≤ κ2

ε
(CH + CF )

∫ t

tε

e−
α
ε (t−r)drω (ε |ln ε| ;Lvε) , (3.33)

≤ κ2

α
(CH + CF )ω (ε |ln ε| ;Lvε) ,

and if t ∈ [tε + ε |ln ε| , τ) we have

‖T ε2 (t)‖ ≤ κ2

ε
(CH + CF )

∫ t−ε|ln ε|

tε

e−
α
ε (t−r) ‖Lvε (r)− Lvε (t)‖ dr (3.34)

+
κ2

ε
(CH + CF )

∫ t

t−ε|ln ε|
e−

α
ε (t−r) ‖Lvε (r)− Lvε (t)‖ dr

≤ 2 ‖Lvε‖∞
κ2

ε
(CH + CF )

∫ t−ε|ln ε|

tε

e−
α
ε (t−r)dr

+
κ2

ε
(CH + CF )

∫ t

t−ε|ln ε|
e−

α
ε (t−r)drω (ε |ln ε| ;Lvε)

≤ 2 ‖Lvε‖∞
κ2

α
(CH + CF ) e−α|ln ε| +

κ2

α
(CH + CF )ω (ε |ln ε| ;Lvε) .

Thus combining (3.33) with (3.34) yields for all t ∈ [tε, τ)

‖T ε2 (t)‖ ≤ 2 ‖Lvε‖∞
κ2

α
(CH + CF ) e−α|ln ε| +

κ2

α
(CH + CF )ω (ε |ln ε| ;Lvε) .

(3.35)
Estimate for Sε2 : By using (3.26) combined with (3.27) one obtains

‖Sε2 (w) (t)‖≤κ
2

ε
CF (CH + 1)

∫ t

tε

e−
α
ε (t−r) ‖Lvε (r)− Lvε (l)‖ ‖w (r)‖ dr, ∀t ∈ [tε, τ).

Since l ∈ [tε, τ) is arbitrary by setting l = t and proceeding similarly as for the
estimate of T ε2 we obtain for all t ∈ [tε, τ)

‖Sε2 (w) (t)‖ ≤ 2 ‖Lvε‖∞
κ2

α
CF (CH + 1) e−α|ln ε| ‖w‖∞ (3.36)

+
κ2

α
CF (CH + 1)ω (ε |ln ε| ;Lvε) ‖w‖∞ .
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Final step (estimate of Γε and fixed point argument): We first fix some
constants that will appear in the sequel. This allows us to make clear the choice
of δ ∈ (0, 1) and ε ∈ (0, 1]. To do so define

C1 := (1 + 2 sup(MZ))
κ2

α
max{CF + CH ;CF (CH + 1); 3CF ;CH}. (3.37)

From now on let δ ∈ (0, 1) be given and fixed such that

C1δ <
1

4
. (3.38)

To prove our claim we will use a fixed point argument on

BBCε (0, δ) := {w ∈ BCε : ‖w‖∞ ≤ δ} ,

with a careful choice of ε ∈ (0, 1] and tε. To do this note that by using (3.37)
we obtain respectively from (3.31)

‖T ε1 (t)‖ ≤ κ‖uε(tε)−H(Lvε(tε))‖+C1

[
ω(ε| ln ε|;Lvε) + e−α| ln ε|

]
, ∀t ∈ [tε, τ),

from (3.32)
‖Sε1(w)(t)‖ ≤ C1‖w‖2∞, ∀t ∈ [tε, τ),

from (3.35)

‖T ε2 (t)‖ ≤ C1

[
ω(ε| ln ε|;Lvε) + e−α| ln ε|

]
, ∀t ∈ [tε, τ),

and from (3.36)

‖Sε2 (w) (t)‖ ≤ C1

[
ω(ε| ln ε|;Lvε) + e−α| ln ε|

]
‖w‖∞,∀t ∈ [tε, τ). (3.39)

We now show that Γε maps BBCε (0, δ) into itself for ε ∈ (0, 1] small enough and
tε = O(ε). Recalling that

Γε (w) (t) = T ε1 (t) + Sε1 (w) (t) + T ε2 (t) + Sε2 (w) (t) , ∀t ∈ [tε, τ),

it follows that for all w ∈ BBCε (0, δ) and t ∈ [tε, τ)

‖Γε (w) (t) ‖ ≤ κ‖uε(tε)−H(Lvε(tε))‖+(2C1+C1)
[
ω(ε| ln ε|;Lvε) + e−α| ln ε|

]
+C1δ

2.

Observe that from Lemma 3.3 we have for all ν > 0

‖uε (εν)−H (Lvε (εν))‖ ≤ κe−αν ‖xε −H (Lyε)‖+ C0(1 + ν)eC0νω(εν;Lvε),

with C0 > 0. Then since ‖xε −H (Lyε)‖ is uniformly bounded with respect to
ε ∈ (0, 1], there exists ν0 > 0 large enough such that

‖uε (εν0)−H (Lvε (εν0))‖ ≤ δ

2
+ C0(1 + ν0)eC0ν0ω(εν0;Lvε),
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so that for
tε = εν0, ∀ε ∈ (0, 1],

we obtain for all t ∈ [εν0, τ)

‖Γε (w) (t) ‖ ≤ δ

2
+C0(1+ν0)eC0ν0ω(εν0;Lvε)+(2C1+C1)

[
ω(ε| ln ε|;Lvε) + e−α| ln ε|

]
+C1δ

2,

Now we infer from (3.38) combined with limε→0 ω (εν0;Lvε) = 0 and limε→0 ω (ε| ln ε|;Lvε) =
0 that there exists ε1 := ε1(δ) > 0 such that for all ε ∈ (0, ε1)

(2C1 + C1)
[
ω(ε| ln ε|;Lvε)e−α| ln ε|

]
<
δ

8
,

C0(1 + ν0)eC0ν0ω(εν0;Lvε) <
δ

8
,

C1δ
2 <

δ

4
.

(3.40)

That yields

‖Γε (w) (t) ‖ ≤ δ, ∀t ∈ [εν0, τ) and w ∈ BBCε (0, δ) .

Next we will show that Γε is Lipschitz continuous on BBCε (0, δ) wherein tε =
εν0, ε ∈ (0, ε1) is now given and fixed.
Since T ε1 and T ε2 do not depend on w, the Lipschitz estimate of T ε is given
by those of Sε2 and Sε1 . Thus using the fact that Sε2 is linear with respect to
w ∈ BCε we obtain from (3.39) that for all w, w̄ ∈ BBCε (0, δ)

‖Sε2(w)− Sε2(w̄)‖∞ ≤ C1

[
ω(ε| ln ε|;Lvε) + e−α| ln ε|

]
‖w − w̄‖∞, (3.41)

and by using (3.16) and (3.24) we obtain

‖Sε1(w)(t)− Sε1(w̄)(t)‖ ≤ κ2

ε

∫ t

εν0

e−
α
ε (t−r)CF [‖w − w̄‖∞ + ‖w‖∞]‖w − w̄‖∞dr

≤ κ2

ε
3δCF

∫ t

tε

e−
α
ε (t−r)dr‖w − w̄‖∞

≤ κ2

α
3δCF ‖w − w̄‖∞, ∀t ∈ [εν0, τ),

that is

‖Sε1(w)− Sε1(w̄)‖∞ ≤
κ2

α
3δCF ‖w − w̄‖∞. (3.42)

Therefore we deduce from (3.41), (3.42) and (3.37) that for all w, w̄ ∈ BBCε (0, δ)

‖Γε (w)− Γε (w̄)‖ ≤ C1

[
ω(ε| ln ε|;Lvε) + e−α| ln ε| + δ

]
‖w − w̄‖∞.

Finally it is easy to see from (3.37) and (3.40) that Γε define a contraction on
BBCε (0, δ) for all ε ∈ (0, ε1). The proof of the claim is completed.
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4 Proof of Corollary 2.11

In this section we will give the proof of Corollary 2.11. To do so we will first
show that ‖vε (t)− v (t)‖ converges uniformly to 0 in [0, τ ] as ε goes to zero.
Then we end the proof by using a simple argument combined together with the
fact that H is Lipschitz continuous on MZ .

Proof of Corollary 2.11. The mild solutions v(t) and vε(t) are defined for
all t ∈ [0, τ ] by

v(t) = TB0
(t)y0 + lim

λ→+∞

∫ t

0

TB0
(t− s)λRλ(B)G (H (Lv (t)) , v (t)) ds, (4.1)

and

vε(t) = TB0
(t)yε + lim

λ→+∞

∫ t

0

TB0
(t− s)λRλ(B)G (uε(t), vε (t)) ds. (4.2)

By subtracting (4.1) to (4.2) yields

‖vε(t)− v(t)‖ ≤ ‖TB0
(t)(yε − y0)‖

+ lim
λ→+∞

∫ t

0

‖TB0 (t− s)λRλ(B)[G (uε(s), vε (s))−G (H (Lv (s)) , v (s))]‖ ds

≤ ‖TB0(t)(yε − y0)‖

+ lim
λ→+∞

∫ t

0

‖TB0
(t− s)λRλ(B)[G (uε(s), vε (s))−G (H (Lvε (s)) , v (s))]‖ ds

+ lim
λ→+∞

∫ t

0

‖TB0
(t− s)λRλ(B)[G (H (Lvε (s)) , v (s))−G (H (Lv (s)) , v (s))]‖ ds.

(4.3)
Recall that Lv(t), Lvε(t) ∈ MZ = L(MY ) and uε(t) ∈ MX . Recall also that
H is Lipschitz continuous on MZ and G is Lipschitz continuous on bounded
sets, therefore there exists CG > 0 such that for all t ∈ [0, τ ]

‖G (H (Lvε (t)) , v (t))−G (H (Lv (t)) , v (t))‖ ≤ CGCH‖L‖L(Y,Z) ‖vε (t)− v (t)‖ ,
(4.4)

and

‖G (uε (t) , vε (t))−G (H (Lvε (t)) , v (t))‖ ≤ CG [‖uε(t)−H(Lvε (t))‖+ ‖vε (t)− v (t) ‖] ,
(4.5)

Then since B is a Hille-Yosida operator with constants (ωB ,MB) by using (4.3)-
(4.5) we obtain for all t ∈ [0, τ ]

‖vε(t)− v(t)‖ ≤MBe
ωBt‖yε − y0‖

+M2
B [CG + CGCH‖L‖L(Y,Z)]

∫ t

0

eωB(t−s)‖vε (s)− v (s) ‖ds

+M2
BCG

∫ t

0

eωB(t−s)‖uε(s)−H(Lvε(s)‖ds.
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Thus by setting N0 := max{M2
B ,M

2
B [CG+CGCH‖L‖L(Y,Z)]} we obtain for each

η > 0 (small enough) and t ∈ [0, τ ]

e−ωBt‖vε(t)− v(t)‖ ≤ N0‖yε − y0‖+N0

∫ t

0

e−ωBs‖vε (s)− v (s) ‖ds

+N0

∫ t

0

e−ωBs‖uε(s)−H(Lvε(s)‖ds

≤ N0‖yε − y0‖+N0

∫ t

0

e−ωBs‖vε (s)− v (s) ‖ds

+N0

∫ η

0

‖uε(s)−H(Lvε(s)‖ds+N0

∫ t

η

‖uε(s)−H(Lvε(s)‖ds.

Since ‖uε(t) − H(Lvε(t)‖ is uniformly bounded with respect to t ∈ [0, τ ] and
ε ∈ (0, 1], by denoting N1 its upper bound we get for all t ∈ [0, τ ]

e−ωBt‖vε(t)− v(t)‖ ≤ N0‖yε − y0‖+N0

∫ t

0

e−ωBs‖vε (s)− v (s) ‖ds

+N1η +N0τ sup
t∈[η,τ ]

‖uε(t)−H(Lvε(t)‖.

Next Gronwall’s lemma applies and ensures

‖vε(t)− v(t)‖ ≤ N0e
(N0+ωB)t[‖yε − y0‖+

N1

N0
η + τ sup

t∈[η,τ ]

‖uε(t)−H(Lvε(t)‖], t ∈ [0, τ ].

Now using Theorem 2.9 combined with the fact that η is arbitrarily small it
follows that

lim
ε→0+

sup
t∈[0,τ ]

‖vε(t)− v(t)‖ ≤ N1

N0
η =⇒ lim

ε→0+
sup
t∈[0,τ ]

‖vε(t)− v(t)‖ = 0,

Finally the proof is completed by observing that for each t0 ∈ [0, τ ]

sup
t∈[t0,τ ]

‖uε(t)−H(Lvε(t))‖ ≤ sup
t∈[t0,τ ]

‖uε(t)−H(Lvε(t))‖+ sup
t∈[t0,τ ]

‖H(Lvε(t))−H(Lv(t))‖.

and using the fact that H is Lipschitz continuous on MZ .

5 Applications

This section is devoted to the application of our general results to the system
(1.5)-(1.6) and to the problem (1.7).

5.1 Application to the age-structured model

In this section we will apply our main result to system (1.5)-(1.6). We recall it
here for more convenience

ε
dHC (t)

dt
= −νHHC (t) + βH

∫ ∞
0

γ(a)i(t, a)da(1−HC(t)), (5.1)
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and 
dS(t)

dt
= νPNP − νPS(t)− βPHC(t)S(t),

∂iP (t, a)

∂t
+
∂iP (t, a)

∂a
= −νP iP (t, a),

iP (t, 0) = βPHC(t)S(t),

(5.2)

supplemented with the initial conditions

HC (0, .) = HC0, S (0) = S0, and iP (0, .) = iP0 ∈ L1
+ (0,+∞) .

Then we make the following assumptions.

Assumption 5.1 We assume that νH , νP , βH , βP , NP > 0 and γ ∈ L∞+ (0,+∞).

Age-structured models have been considered first by using Volterra’s integral
equations (see Webb [34] and Iannelli [15]). Here we will use an abstract Cauchy
problem reformulation introduced by Thieme [28] (see also Magal [19]).
Abstract reformulation : We first reformulate the linear part of (5.2). To
that aim define the Banach space

Y := R× R× L1 ((0,+∞) ,R) ,

endowed with the usual product norm and set

Y0 := R× {0R} × L1 ((0,+∞) ,R) .

Consider the linear operator B : D (B) ⊂ Y → Y given by

B

 ζ(
0R
ψ

)  =

 0R(
−ψ (0)
−ψ′ − νPψ

)  , (5.3)

with
D (B) = R× {0R} ×W 1,1 ((0,+∞) ,R) , (5.4)

and observe that
D(B) = Y0.

Since the linear part of the fast component (5.1) is defined on R we obviously
have

D(A) = R = X = X0 and Ax = −νHx, ∀x ∈ R.

In order to reformulate the non linear part of (5.2) as well as the non linear part
of (5.1) we introduce respectively the maps G : R× Y0 → Y

G

x,
 ζ(

0R
ψ

)  =

 νPNP − νP ζ − βPxζ(
βPxζ
0L1

,

)  .

and F : R× R→ R
F (x, z) = βHz(1− x),
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while L : Y0 → R is defined by

L

 ζ(
0R
ψ

)  :=

∫ +∞

0

γ(a)ψ (a) da. (5.5)

Hence the Banach space Z is equal to R. Therefore by setting

u (t) := HC(t) and v (t) :=

 S (t)(
0R

iP (t, .)

)  , t > 0, (5.6)

and

x0 := HC0 ∈ R and y0 :=

 S0(
0R
iP0

)  ∈ Y0, (5.7)

system (5.1)-(5.2) re-writes as the following non-densely defined Cauchy problem
ε
du (t)

dt
= Au (t) + F (u (t) , Lv (t)) ,

dv (t)

dt
= Bv (t) +G (u (t) , v (t)) ,

(5.8)

with the initial data

u (0) = x0 ∈ R and v (0) = y0 ∈ D (B).

Note that here we use the subscribe 0 for the initial data since in this example
they do not depend on ε.

Checking the assumptions : In order to deal with the existence and the
positivity of the solutions, we denote by

Y+ := R+ × R+ × L1
+ ((0,+∞) ,R) ,

the positive cone of Y and we set

Y+0 := Y+ ∩ Y0 = R+ × {0R}+ × L1
+ ((0,+∞) ,R) .

Then the following lemma holds true.

Lemma 5.2 For each λ > 0 the following estimates for the resolvent of A and
B are satisfied ∣∣∣(λI −A)

−1
∣∣∣ ≤ 1

λ
and

∥∥∥(λI −B)
−1
∥∥∥
L(Y )

≤ 1

λ
.

Furthermore one has

(λI −A)
−1 R+ ⊂ R+ and (λI −B)

−1
Y+ ⊂ Y+, ∀λ > 0.
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Proof. The proof of this lemma is classical. We refer for instance to [23].

Next define the following closed bounded set

M :=MX ×MY

with
MX := [0, 1]

and

MY :=

y :=

 ζ(
0R
ψ

)  ∈ Y+0 : ζ +

∫ ∞
0

ψ(a)da ≤ NP

 .

By using the results in [19, 21, 28] we obtain the following lemma.

Lemma 5.3 There exists a unique semiflow {Sε (t)}t≥0 on M such that for
each (x, y) ∈M

(uε (t) , vε (t)) := Sε (t) (x, y) , t ≥ 0,

is the unique mild solution of system (5.8). Moreover M is positively invariant
with respect to the semiflow {Sε (t)}t≥0 that is to say that

Sε(t)M⊂M, ∀t ≥ 0 and ε ∈ (0, 1].

In this example with Z = R and for each (x, y) ∈ M the linear operator L :
Y0 → R defined in (5.5) satisfies

Lvε (t) ∈ [0, ‖γ‖∞NP ] , ∀t ≥ 0 and ε ∈ (0, 1].

Therefore MR := L(MY ) is included into [0, ‖γ‖∞NP ].
In order to define our graph we need to solve the following equation

Au+ F (u, z) = 0, ∀z ∈MR ⊂ [0, ‖γ‖∞NP ] ,

that is equivalent to

−νHu+ βHz(1− u) = 0, ∀z ∈MR ⊂ [0, ‖γ‖∞NP ] .

Thus the map H :MR → R = D (A) is defined by

H(z) =
βHz

νH + βHz
, ∀z ∈MR.

Let us now focus on the z-parametrized system

du (t)

dt
= Au (t) + F (u (t) , z) , t ≥ 0, (5.9)

with
u (0) = x ∈ D (A) = R and z ∈MR.
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This equation can simply be re-written as a scalar ordinary differential equation

du (t)

dt
= −νHu (t) + βHz(1− u(t)).

The following lemma is devoted to the exponential stability condition of system
(5.9) and the existence of a globally defined semiflow. The proof is classical and
thus omitted.

Lemma 5.4 For each z ∈MR the ordinary differential equation (5.9) generates
a unique semiflow {Uz (t)}t≥0 on R that satisfies

|Uz (t)x−H (z)| ≤ e−νHt |x−H (z)| , ∀t ≥ 0 and x ∈ R.

Next we will investigate the regularity conditions of Assumptions 2.8. Denote
by {TB0

(t)}t≥0 ⊂ L (Y0) the strongly continuous semigroup generated by B0 the
part of B in Y0. Let {SB (t)}t≥0 ⊂ L (Y ) be the integrated semigroup generated
by B. Moreover

G (R× Y0) ⊂ YG
where

YG := R× R× {0L1} .

Lemma 5.5 Let y0 ∈ Y0 be fixed. The map t → L ◦ TB0
(t) y0 is uniformly

continuous from [0,+∞) into R.

Proof. Let y0 =

 S0(
0R
iP0

)  ∈ D(B) be given. Recall that for each t ≥ 0

one has

TB0
(t)

 S0(
0R
iP0

)  =

 S0(
0R

T̂B0(t)(iP0)

)  , (5.10)

with

T̂B0(t)(iP0)(a) :=

 e−νP tiP0(a− t) if a ≥ t,

0 if a < t.
(5.11)

The map t→ T̂B0(t)(iP0)(a) is uniformly continuous from [0,+∞) into L1(0,+∞),
since this map is continuous on [0,+∞) and converges to 0 as t goes +∞. Hence
the result follows by using the boundedness of L.

Lemma 5.6 The family of maps
{
L ◦ (SB � g) (t) : g ∈ YG with supt≥0 ‖g (t)‖ ≤ 1

}
is uniformly equicontinuous from [0,+∞) into R. More precisely for each h ≥ 0
and t ≥ 0 we have

|L ◦ (SB0 � g) (t+ h)− L ◦ (SB0 � g) (t)| ≤ |h| ‖γ‖L∞+
∥∥∥e−νP (h+.)γ(h+ .)− e−νP γ(.)

∥∥∥
L1
.
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Proof. Let g ∈ L∞ ([0,+∞), YG) be given. Recall that t → (SB0 � g) (t) is the
mild solution of

dv (t)

dt
= Bv (t) + g (t) , t ≥ 0 and v (0) = 0. (5.12)

Set v (t) =

 y1 (t)(
0R

y2 (t, .)

)  and g (t) =

 g1 (t)(
g2 (t)

0

)  ∈ YG then system

(5.12) becomes equivalent to the PDE
y′1 (t) = g1 (t) ,
∂y2 (t, a)

∂t
+
∂y2 (t, a)

∂a
= −νP y2 (t, a) ,

y2 (t, 0) = g2 (t) .

(5.13)

with initial conditions

y1 (0) = 0R and y2 (0, .) = 0L1 .

For the sake of simplicity recall the definition of L in (5.5) and set

L̂ (t) := L

 y1 (t)(
0R

y2 (t, .)

)  =

∫ ∞
0

γ (a) y2 (t, a) da.

By integrating (5.13) along the characteristics curves one gets

y2 (t, a) =

{
e−νP ag2 (t− a) , if t > a,
0, if t ≤ a.

Then for each h ≥ 0 and t ≥ 0 one has

L̂ (t+ h)− L̂(t) =

∫ t+h

0

e−νP aγ (a) g2 (t+ h− a) da−
∫ t

0

e−νP aγ (a) g2 (t− a) da

=

∫ t

−h
e−νP (a+h)γ (a+ h) g2 (t− a) da−

∫ t

0

e−νP aγ (a) g2 (t− a) da

=

∫ 0

−h
e−νP (a+h)γ (a+ h) g2 (t− a) da

+

∫ t

0

[
e−νP (a+h)γ (a+ h)− e−νP aγ (a)

]
g2 (t− a) da,

and the result follows.
Convergence result: With the above verifications, we are now able to obtain
a convergence result. Here the initial distribution does not depending on ε,
therefore the subset M0 is reduced to the single point

M0 :=


HC0,

 S0(
0R
iP0

)  ⊂M,

and by applying Theorem 2.9 and Corrolary 2.11 provide the following result.
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Theorem 5.7 Let t ∈ [0,+∞) → (Hε
C (t, ·) , Sε (t) , iε (t, ·)) be the unique mild

solution of (5.1)-(5.2) associated with the initial condition (HC0, S0, iP0) ∈ R+×
R+ × L1

+((0,+∞),R) such that

HC0 ≤ 1 and S0 +

∫ ∞
0

iP0(a)da ≤ NP .

Let t ∈ [0,+∞) → (S (t) , i (t, ·)) be the unique mild solution of the reduced
system

dS(t)

dt
= νPNP − νPS(t)− βPH

(∫ +∞
0

γ(a)i(t, a)da
)
S(t),

∂iP (t, a)

∂t
+
∂iP (t, a)

∂a
= −νP iP (t, a),

iP (t, 0) = βPH
(∫ +∞

0
γ(a)i(t, a)da

)
S(t),

(5.14)
with initial conditions

S (0) = S0 and iP (0, .) = iP0 ∈ L1
+ (0,+∞) ,

and

H

(∫ +∞

0

γ(a)i(t, a)da

)
=

βH
∫ +∞

0
γ(a)i(t, a)da

νH + βH
∫ +∞

0
γ(a)i(t, a)da

.

Then for each τ > 0 we have

lim
ε→0+

sup
t∈[0,τ ]

‖(Sε (t) , iε (t, ·))− (S (t) , i(t, ·))‖ = 0.

Moreover, for each t0 ∈ (0, τ) we have

lim
ε→0+

sup
t∈[t0,τ ]

∥∥∥∥Hε
C(t)−H

(∫ +∞

0

γ(a)iε(t, a)da

)∥∥∥∥ = 0.

5.2 Application to the delay differential equations

In this section we will apply our result to the system of delay differential equation
ε
dx (t)

dt
= f (t, xt,ε, yt) ,

dy (t)

dt
= g (t, xt,ε, yt) ,

(5.15)

with initial condition

(x0,ε, y0) =
(
ϕ (ε·) , ψ

)
∈ C ([−r, 0] ,Rn)× C ([−r, 0] ,Rm) .
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In order to state our assumptions, let us formally set ε = 0 in system (5.15) in
order to define the reduced problem{

0 = f (t, xt,0, yt) ,
dy (t)

dt
= g (t, xt,0, yt) ,

(5.16)

with the initial condition

y0 = ψ ∈ C ([−r, 0] ,Rm) .

In the rest of this section the parameter τ > 0 is given and fixed. Then our
assumptions concerning system (5.15) and (5.16) are the following.

Assumption 5.8 Assume that

(i) There exists a unique continuous solution t ∈ [0, τ ]→
(
xεt,ε, y

ε
t

)
∈ C ([−r, 0] ,Rn)×

C ([−r, 0] ,Rm) of system (5.15) with

xεt,ε (θ) = xε (t+ εθ) and yεt (θ) = yε (t+ θ) , ∀t ∈ [0, τ ] and θ ∈ [−r, 0] .

(ii) There exists a unique continuous solution t ∈ [0, τ ]→ (xt,0, yt) ∈ C ([−r, 0] ,Rn)×
C ([−r, 0] ,Rm) of system (5.16) with

xt,0 (θ) = x (t) and yt (θ) = y (t+ θ) , ∀t ∈ [0, τ ] and θ ∈ [−r, 0] .

(iii) There exists a closed bounded subset M̂1×M̂2 ⊂ C ([−r, 0] ,Rn)×C ([−r, 0] ,Rm)
such that(
xεt,ε, y

ε
t

)
∈ M̂1×M̂2 and (xt,0, yt) ∈ M̂1×M̂2, ∀t ∈ [0, τ ] and ε ∈ (0, 1].

(iv) (Equilibrium points) There exists a uniformly bounded map Ĥ : [0, τ ]×
M̂2 → Rn such that for each (t, ψ) ∈ [0, τ ] × M̂2 there exists a unique

Ĥ (t, ψ) ∈ Rn with

0 = f
(
t, Ĥ (t, ψ)1[−r,0](·), ψ

)
.

(v) (Global exponential stability) For each ψ ∈ M̂2 and t ∈ [0, τ ] the
Cauchy problem

dx (s)

ds
= f (t, xs, ψ) , x0 = ϕ ∈ C ([−r, 0] ,Rn) , (5.17)

generates a unique semiflow {Uψ,t (s)}s≥0 on C ([−r, 0] ,Rn) . Moreover
there exists two constants α > 0 and κ ≥ 1 such that∥∥∥Uψ,t (s)ϕ− Ĥ (t, ψ)

∥∥∥
C
≤ κe−αs

∥∥∥ϕ− Ĥ (t, ψ)
∥∥∥
C
, ∀s ≥ 0.
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In order to apply our result to system (5.15)-(5.16) we will re-write it as
an autonomous non-densely defined Cauchy problem by adding the time t as a
state variable.
Abstract reformulation: Define for each s ∈ [0, τ ], θ ∈ [−r, 0] and ε ∈ (0, 1]

iε (s, θ) := xε (s+ εθ) , lε (s, θ) := yε (s+ θ) and t (s) := s.

Then s→ (iε (s, .) , lε (s, .) , t (s)) satisfies formally for each s ∈ [0, τ ], θ ∈ [−r, 0]
and ε ∈ (0, 1] the following partial differential equation (see for instance [6])

ε
∂iε (s, θ)

∂s
− ∂iε (s, θ)

∂θ
= 0, for t ≥ 0 and θ ∈ [−r, 0] ,

∂iε (s, 0)

∂θ
= f (t (s) , iε (s, .) , lε (s, .)) ,

dt (s)

ds
= 1,

∂lε (s, θ)

∂s
− ∂lε (s, θ)

∂θ
= 0,

∂lε (s, 0)

∂θ
= g (t (s) , iε (s, .) , lε (s, .)) ,

(5.18)

with the initial conditions

iε (0, θ) = ϕ (εθ) , t (0) = 0, lε (0, θ) = ψ (θ) , ∀θ ∈ [−r, 0] .

Next we use the approach introduced in Liu, Magal and Ruan [18] to reformu-
late the above partial differential equations as an abstract Cauchy problem by
defining the Banach spaces

X := Rn × C ([−τ, 0] ,Rn) and Y := R× Rm × C ([−τ, 0] ,Rm) ,

endowed with the usual product norm. We also set

X0 := {0Rn} × C ([−τ, 0] ,Rn) and Y0 := R×{0Rm} × C ([−τ, 0] ,Rm) .

To re-write (5.18) as an autonomous non-densely defined Cauchy problem we
introduce the linear operators A : D (A) → X and B : D (B) → Y given
respectively by

A

(
0Rn

ϕ

)
=

(
−ϕ′ (0)
ϕ′

)
with D (A) = {0Rn} × C1 ([−τ, 0] ,Rn) , (5.19)

and

B

 t
0Rm

ψ

 =

 0
−ψ′ (0)
ψ′

 with D (B) = R×{0Rm} × C1 ([−τ, 0] ,Rm) .

(5.20)
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Finally we introduce the non linear maps F : X0×Y0 → X and G : X0×Y0 → Y
defined respectively by

F

( 0Rn

ϕ

)
,

 t
0Rm

ψ

 =

(
f (t, ϕ, ψ)

0C

)
,

and

G

( 0Rn

ϕ

)
,

 t
0Rm

ψ

 =

 1
g (t, ϕ, ψ)

0C

 .

Hence by setting

uε(s) :=

(
0Rn

iε (s, .)

)
and vε (s) :=

 t (s)
0Rm

l (s, .)

 , t ≥ 0

and

xε =

(
0Rn

ϕ (ε·)

)
and y0 =

 0
0Rm

ψ

 , ∀ε ∈ (0, 1],

we formally obtain the following autonomous non-densely defined Cauchy sys-
tem 

ε
duε (s)

ds
= Auε (s) + F (uε (s) , vε (s)) , s ∈ [0, τ ] ,

dvε (s)

ds
= Bvε (s) +G (uε (s) , vε (s)) , s ∈ [0, τ ] ,

(5.21)

with
uε (0) = xε and vε (0) = y0, ∀ε ∈ (0, 1].

The relationship between system (5.15) and (5.21) is given by the following
lemma.

Lemma 5.9 Let Assumption 5.8 be satisfied. Then system (5.21) admits a
unique integrated solution s → (uε (s) , vε (s)) defined on [0, τ ] . Moreover for
each ε ∈ (0, 1], s ∈ [0, τ ] and θ ∈ [−r, 0] we have the following relationship

uε (s) =

(
0Rn

ûε (s) (.)

)
and vε (s) =

 s
0Rm

v̂ε (s) (.)

 ,

with

uε (s) (θ) =

 xε (s+ εθ) , if s+ εθ ≥ 0,

ϕ (s+ εθ) , if s+ εθ ≤ 0,
and v̂ε (s) (θ) =


yε (s+ θ) , if s+ θ ≥ 0,

ψ (s+ θ) , if s+ θ ≤ 0,
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while

xε (s) =


ϕ (0) +

∫ s

0

ε−1f (l, xεl , y
ε
l ) dl, if s ≥ 0,

ϕ (εs) , if − r ≤ s ≤ 0.

and

yε (s) =


ψ (0) +

∫ s

0

g (l, xεl , y
ε
l ) dl, if s ≥ 0,

ψ (s) , if − r ≤ s ≤ 0.

Checking the assumptions: It is important to observe that for system (5.21)
we have

L = IL(Y ) and Z = Y.

Due to condition (iv) of Assumption 5.8 one can define the set MZ as

MZ := [0, τ ]× {0Rn} × M̂2,

and the map H :MZ → D (A) by

H

 t
0Rn

ψ

 =

(
0Rn

Ĥ (t, ψ)1[−r,0](·)

)
,

where Ĥ (t, ψ) is defined in (iv) of Assumption 5.8. Then for each z :=

 t
0Rn

ψ

 ∈
MZ we have H(z) ∈ D(A) and

AH (z) + F (H (z) , z) = 0, ∀z ∈MZ .

Furthermore the boundedness of H intoMZ follows directly from condition (iv)
in Assumption 5.8. Next note that the unbounded linear operators A and B
are Hille-Yosida operators. We refer for instance to [6] where such verification
were already done. Now consider the following parametrized Cauchy problem

du (s)

ds
= Au (s) + F (u (s) , z) , s ≥ 0, u (0) = u0 ∈ X0 and z ∈MZ . (5.22)

Recall that z :=

 t
0Rn

ψ

 ∈ MZ and this last equation corresponds to the

solution of the delay differential equation (5.17) where t and φ are regarded as
parameters of this last equation. Then the following lemma holds true.

Lemma 5.10 Let Assumption 5.8 be satisfied. Then system (5.22) generates
a unique globally defined nonlinear flow {Uz (s)}s≥0 on X0. Furthermore for all
x ∈ X0 and z ∈MZ one has

‖Uz (s)x−H (z)‖ ≤ κe−αs ‖x−H (z)‖ , ∀s ≥ 0.

36



Proof. The proof of this lemma follows directly from condition (v) stated in
Assumption 5.8.

Next define the sets

M := M̂1×M̂2 and M0 :=


( 0Rn

ϕ (ε·)

)
,

 0R
0Rm

ψ

 : ε ∈ [0, 1]

 , (5.23)

and observe that due to condition (iii) in Assumption 5.8 one has

(uε (s) , vε (s)) ∈M, ∀s ∈ [0, τ ] and ε ∈ (0, 1].

Finally it remains to verify the regularity assumption. To do so let {TB0 (s)}s≥0 ⊂
L (Y0) be the strongly continuous semigroup generated by B0 the part of B (de-
fined in 5.20) in Y0. Let {SB (s)}s≥0 be the integrated semigroup generated by
the linear operator B. Then we have the following result

Lemma 5.11 Let Assumption 5.8 be satisfied. Then

i) The map t→ TB0
(t)y0 is uniformly continuous from [0, τ ] into Y .

ii) Let YG := R× Rm × {0C} be the closed subspace containing G (X0 × Y0).
Then the family of maps{

(SB � g) (.) : g ∈ L∞ (0, τ ;YG) with sup
s∈[0,τ ]

‖g(s)‖Y ≤ 1

}
,

is uniformly equicontinuous from [0, τ ] into Y .

Proof. The property i) is a direct consequence of the strong continuity of TB0
.

Proof of ii). Let g ∈ L∞ (0, τ ;YG) with sups∈[0,τ ] ‖g(s)‖Y ≤ 1. Since g(s) ∈ YG
for all s ∈ [0, τ ] one can define

g(s) :=

 β
χ(s)
0C

 ∈ YG = R× Rm × {0C},

with
|β|+ sup

s∈[0,τ ]

‖χ(s)‖Rn ≤ 1.

Then using the results in [18], the map s→ (SB �g)(s) ∈ C([−r, 0],Rm) is given
by

(SB � g)(t) =

 βt
0Rm

u(t, ·)

 ,

with

u(t, θ) =


∫ t+θ

0
χ(l)dl, if t+ θ ≥ 0,

0, if − r ≤ t+ θ < 0.
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Then for each h ≥ 0 and each t ∈ [0, τ ] with t+ h ∈ [0, τ ] we have

‖(SB � g)(t)− (SB � g)(t+ h)‖Y ≤ h+ sup
θ∈[−r,0]

‖u(t, θ)− u(t+ h, θ)‖Rm .

However one has

u(t+ h, θ)− u(t, θ) =



∫ t+h+θ

0
χ(l)dl −

∫ t+θ
0

χ(l)dl, if t+ θ ≥ 0,∫ t+h+θ

0
χ(l)dl, if t+ θ ≤ 0 and t+ h+ θ ≥ 0,

0, otherwise ,

therefore we conclude that

‖(SB � g)(t)− (SB � g)(t+ h)‖Y ≤ 2h.

This completes the proof of the lemma.
Convergence result: With the above verifications we are ready to state our
convergence result for the delay differential equation (5.15). By using the def-
inition of M0 and M in (5.23), Corollary 2.11 applies to system (5.21) and
provides the following result.

Theorem 5.12 Let Assumption 5.8 be satisfied. Let η ∈ (0, τ) be given. Then
we have

sup
t∈[η,τ ]

‖xεt,ε − Ĥ (t, yεt )1[−r,0](·)‖∞ → 0 as ε→ 0.

Assume in addition that for each ψ ∈ M̂2 ⊂ C ([−r, 0] ,Rm), there exists y ∈
C([−r, τ ],Rm) a solution of the reduced equation

dy (t)

dt
= g

(
t, Ĥ (t, yt)1[−r,0](·), yt

)
,∀t ∈ [0, τ ], and y0 = ψ.

Then we obtain
sup
t∈[0,τ ]

|yε(t)− y(t)| → 0 as ε→ 0.
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