J.evolequ. 0 (2001) 000 — 000 J | of Evoluti
1424-3199/01/000000 — 00 $ 1.50 + 0.20/0 ournal of Evolution
© Birkhiuser Verlag, Basel, 2001 Equations

Mutation and recombination in a model of phenotype evolution

P. MAGAL

Abstract. A model of phenotype evolution incorporating mutation and recombination is investigated. The model
consists of an ordinary differential equation for the population density with respect to a continuous variable
representing phenotype diversity. We prove that each solution converges for the weak™ topology to a Radon
measure.

1. Introduction

In this paper we investigate the following model for the evolution of a population with
a continuously varying phenotype structure

& — YILu(®) — u@®] + TIR@®) — u@®] +r(1 — % fo u@®(F)dF)u()

u(0) = up € LL(0, 1), ()

where u(#)(y) is the density of population, y > 0 is the mutation rate, T > 0 is the
recombination rate, r > 0 is the growth rate, and K > 0 is the carrying capacity. The
bounded linear operator L € L(LY(0, 1), L'(0, 1)) is defined by

1
L)) = /0 Ko(y. )e(3)d5.

the nonlinear operator R : L' (0, 1) — L. (0, 1) is defined by

o K13, 9)92y—3)¢(3)dy
R(@)(y) = JFeGhHdy
0

, if ¢ € L} (0, D\{0},
if ¢ =0.
The kernels are defined by

ﬁif 0<y<l,and ay<y<ay+1—a,

K 3) =
00 ¥) {0 elsewhere,

Received November 29, 2000; accepted August 30, 2001.
2000 Mathematics Subject Classification: 34A35, 4TH20, 92D15.
Key words: Semigroups, asymptotic behavior, evolution, mutation, recombination.



2 P. MAGAL J.evol.equ.

with 0 < a < 1, and

2if0<y<iand0 <73 <2y,
Ki(y,) ={2if y <y<land2y—1<y <1,
0 elsewhere.

In (1) u(z, y) is the density of a population with respect to a phenotype variable y € (0, 1)
at time 7. The subpopulation of phenotypes at time ¢ in the range [y1, y2] C [0, 1] is
given by | yyl 2 u(t, y)dy. The population is viewed as evolving over time due to the two
separated processes of mutation, and recombination. In (1) y represents the proportion of
population which mutates, and the mutation process is represented by the kernel operator
[L(u(®)—u(t)]. Also, t represents the proportion involved in DNA exchange in phenotype
evolution, which is represented by the term [R(u(#)) — u(#)]. The recombination operator
R corresponds to the average rate at which two parent phenotypes y; and y, hybridize to
yield offspring with phenotype % In (1) there is also a density dependent mortality
independent of phenotype represented by the crowding term F(u(t)) = & fol u@®)(y)dy.
Problem (1) thus models the evolution of phenotype structure from the initial phenotype
distribution ug € X = L'(0, 1) at time 0 by these processes.

In [4] the asymptotic behavior of the model was studied when mutation is modeled by
diffusion (with Neumann boundary conditions) and dominates recombination (i.e. when
T is small). In this case it was shown in [4] that the distribution converges in X to a
unique equilibrium independent of ug € X4 \{0}. Here, in order to be able to investigate
the asymptotic behavior when recombination dominates mutation, we simplify the model.
First, we replace the diffusion operator dzg%‘ in [4] by the kernel operator y(L — Id),
and we assume that there is no natural selection (this assumption will be discussed in
Section 5).

We now explain why the new model for the process of mutations is qualitatively similar
to the previous one. The idea for this change is that we consider a kernel operator that: 1) has
some convenient mathematical properties; and 2) generates a semigroup that asymptotically
converges to the semigroup generated by the diffusion operator. More precisely, in both
cases (i.e. diffusion operator and kernel operator) the semigroup has the property of asyn-
chronous exponential growth (see [4], and Theorem 3.2 in Section 2 for this result). We
have

1
(e — / @(3)dYgo(y) as t — +ooin L'(0, 1),
0

where ¢ is a positive integrable function which is normalized, i.e. fol do(¥)dy = 1.
In the case of the diffusion operator (with Neumann boundary conditions) we have

¢o(y) =1, a.e.in (0, 1).
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But for the kernel operator, when o = 0, it is easy to see that Lpy = ¢g. So when o = 0,
both semigroups asymptotically coincide. Furthermore, when 0 < « < 1, one can see
that Lgg = ¢o implies ¢p(0) = ¢o(1) = 0 (since L(¢)(0) = L(¢)(1) = 0 for any ¢
in L'(0, 1)). So, the case 0 < o < 1 corresponds to a “diffusion” process with Dirichlet
boundary conditions.

Making these simplifications, we obtain the convergence of all the moments of the
distribution when time goes to infinity. More precisely, in Section 3 we will prove that if
y = 0, then

E1(u(®) = E1(up) YVt = 0,
Ex(u()) = E;(ug)X as t — +o0, Vk > 2,

where

) Yoy
11 d(ydy

From this result we will deduce that

Ei(p) = , Vo € LL(O, D\{0}, Vk > 1.

u(t) =* K8g, (uy) as t — 400,

which is equivalent to the assertion

1
/0 Ju@(ydy — K8g, ) (f) as t - +00,Vf € C([0, 1], R),

where §.(y) = ¥(c), Ve € [0, 1],V¢ € C([0, 1], R). So, when there is no mutation the
distribution of the population converges to a Dirac measure, and the limit distribution only
depends on the mean of the initial value.

In Section 4, we will consider the case y > 0. We will prove that

E\(u(t)) — S ast — +00
Er(u(t)) — Ej as t — +oo, Vk > 2,

where Ej does not depend on the initial distribution #g € X\{0}. From this result we
deduce the convergence of all solutions of (1) to a unique Radon measure (for the weak*
topology). It is important to note that when y > 0 the limit does not depend on the initial
distribution ug. Moreover, one can see that the smaller y > 0 is, the slower the speed of
convergence to the limit. This result means that in the absence of natural selection, the
asymptotic distribution of the population does not depend on the founding population, if
there is some mutation. But when the mutation is weak (i.e. when y is small), and when
we start with two different founding populations, the differences in the observations may
be only due to the speed of convergence to the limit.
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An example of phenotype evolution (in which the phenotype is a continuous variable)
is the colonization of Helicobacter pylori, a bacteria inhabiting the human stomach. This
bacteria displays phenotype diversity in its expression of Lewis type antigen, which varies
continuously through a range of optical density measurements. Experiments in [8] and [9]
demonstrate that during the colonization of Helicobacter pylori the phenotype population
migrates and stabilizes through successive generations subject to selection, mutation, and
recombination process in the host.

2. Preliminary results

In the sequel, we denote
X=L"0,1),X; =LL0, 1), and S0, ) = {x € X : ||x|| = r}.

We start with some properties of the operator R.

THEOREM 2.1. R is a nonlinear operator from X to X satisfying the following
properties:

1) R is positive homogeneous, i.e. R(cp) = cR(¢p), V¢ € X,Vc > 0.
il) R is Lipschitz continuous in X 4.
iii) R preserves normin X, i.e., /01 R(9)(y)dy = fol o(y)dy, Vo € X
iv) supp(R(@)) is contained in the closed convex hull of supp(¢),V¢ € X 4.
V) R preserves mean in X, i.e, if ¢ € X \{0} and if E\(¢p) := /01 yo(y)dy/
Jo ®()dy, then E\(R(@)) = E1($), ¥ € X.
vi) If ¢ € L2.(0, 1)\{0}, then

0. ify# Ei(9),

1imn—>+ooRn (®) (y) = { +o00,if y = E1 ().

vii) Vk > 1, V¢ € X, \{0}

1 1 INFL K Lt ] 1
kR d :-(-) c-’/ =ig()d / Ip(ydy | .
/0 Y ROy = 0 ( 3 ]:ZO () @z | ey

k!

where Cli = ST
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Proof. We refer to Theorem 2.1 p. 223 in [4] for i)-vi). We now prove vii). Without
loss of generality we can assume that ||¢|| = 1. Let k > 1, then

N "R<¢)<y>dy—f0 K3, )02y — DG )dydy
=y fy Y2y —9)2dyp(3)dy
=/ fo (kP (2)dzp(3)dT
k

=Dk fy fy Sl gy dep(3)dy

‘We now consider the operator L.

THEOREM 2.2. The bounded linear operator L € L (X, X) satisfies the following
properties:

i) L is compact.
ii) For each ¢ € Xy, one has

Je L@ dy = [} oy,
[ YL@ dy = a [ ypdy + 552 [ p(v)dy,
and for each k > 1,

1 I
fo YL@ (dy = o /0 Yomdy+) KZyd; / Yoy,

where

k k+1—j k—j Jj
a; = k—i—le 1—a)al.

iii) L is irreducible.

iv) The spectrumof Liso(L) = {oF 1k =0,1,2,...3U{0}, and Yk > O the eigenvalue

of is simple.

Proof. When o = 0, assertions 1), ii), iii), and iv) are trivially satisfied, because L is the
one dimensional projector

1
L(p)(y) = /0 e(y)dy.

Now we assume that o > 0. In this case, we have the formula

min(l,a™"y) 1
Lip)(y) = / —w(y )dy.
max (0,01 y—(a~ 1_1) 1—
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Then the compactness of L follows from the fact that L is bounded from L'(0,1) to
W10, 1), and from the fact that the imbedding from wbh10, 1) to L'(0, 1) is compact.
We now prove assertion ii). We remark that for all ¢ € L'(0, 1), and for all k € N,

Jo L@y = [y ¥ [ Ko(3.5)9(3)d dy
= Lo o ST Y dyp(3)d
= 1 fo mrl@d + 1 — ! — @) p(3)dy
= aTla) f()1 ﬁ[cllﬂ @1 =) + Cl%+l
@A —)? + -+ (1 — ) e(3)d7,

soforall k > 1
1 1 k-1 1
/0 YL@ (dy = o /0 Yody+ ) d /O Y$()dy,
j=0

k _ ~ktl1=j 1 k—j j
whereaj_Ck+1 m(l—a) ol

From this, we deduce that we can construct a unique (normalized) family of polynomials,

k—1
pr(y) = y* + ) byl ¥y e 0,11,
Jj=0
such that
1

1
/0 P L(@)(y)dy = Olk/O P(NP(y)dy, Vo € X, Vk € N,

This implies that {o* : k € N} C o (L*), so {o* : k € N} C o(L). Furthermore, since
L is compact, we have 0 € o (L) in infinite dimensional spaces (see Brezis [1],
Theorem VL.8 p. 95).

Assume now that there exists A € o (L)\ {0}, and assume that A # ok Vk € N. We
assume that XA is real, the complex case being similar. From the spectral properties of
compact linear operators, we know that there exists v, € X\ {0} such that

ka = )»U)L.

But then

1 1 1
o /0 P (y)dy = /0 PV L(v)(Mdy = A /O P (y)dy, Vk € N,

S0,

1
/ Pk(Mvi(y)dy =0, Vk € N.
0
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But since v), = %L(vx), v, also belongs to L*° (0, 1) . As the family { py }x>0 generates the
set of all polynomials, and as the set of polynomials is dense in L' (0, 1), we deduce that

1
/0 f)udy =0,¥f € L' (0, 1) = v; = 0.

To prove iii) it is sufficient to remark that V¢ € X, Va, b € (0, 1) with a < b, there exists
an integer m > 1, such that [a, b] C supp(L™(¢)).

Let us now prove that each eigenvalue of is simple. Let be k € N, and assume that there
exists ¢1, ¢ € L'(0, 1)\ {0} such that

L(¢;) = of ¢, Vi=1,2.

One can easily see that fol PN (Ndy = 0,V1 # k. If /01 ()i, ()dy = 0, then as ¢,
is continuous, we have

1
/0 fO)eiy(dy =0,Yf € L' (0,1) = ¢;, =0,

which gives a contradiction. So fol Pr(Moi(y)dy # 0 Vi = 1,2, and by setting

w = ?1 _ 053
Jo Gy [ pr()1()dy

then (p;, w) = 0,VI € Nso w = 0. We deduce that dim(Ker(akId — L)) = 1. The proof
for dim(Ker(o*1d — L)?) = 1 is similar. O

We are now interested in the linear part of equation (1). So, we consider the bounded
linear operator

A =y(L - 1d).
From Theorem 2.2, the spectrum of A is
o(A)={y* —=1):k=0,1,2,...}U{=y}.
We denote

X ={x"eX :x"(x) =0,Vx € X, }.

THEOREM 2.3. The bounded linear operator A generates a uniformly continuous semi-
group (T(t))s>0 (see Pazy [T]) which satisfies the following properties:

D Jo TO@dy = fy d()dy, ¥ € X+
ii) T(1) = e "' 1d + C(t), where C(f) € L(X) is compact ¥Vt > 0.
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iit) (T(#))s>0 is irreducible, more precisely we have
x*(T(nx) > 0,Vx € X4 \{0},Vx* € X3 \{0},Vr > 0.
iv) (T())s>0 has the property of asynchronous exponential growth, that is,

PyT(t) = T(t) Pp = Py, Vt > 0,

limy— 400 TP = Po(9), V¢ € X,

and

IT(t) Pro|| < Me "1 =9" || ||, V¢ € X,

for some M > 1, with Py(¢) = [, $()dydo, ¥ € X, for some ¢y € X4 \{0)
(with [} po(y)dy = 1), and Py = Id — P,

REMARK. We have
T(r) = L7 yr > 0,
so by changing the time scale, we see that M > 1 is independent of y.

Proof. Assertion i) is a simple consequence of the fact that

1
f Ap(y)dy = 0,V¢ € X.
0

Assertion ii) follows from the fact that L is compact, and from the variation of constants
formula

t
T(p =e "¢+ / e " yL(T(s)$)ds, Vi > 0.
0

So if we denote C(f) = [y e "= yL(T(s)¢)ds = L( [y e 7"~ yT(s)¢ds), ¥t > 0, then it
is clear that C() is a compact operator.

Assertion iii) is an immediate consequence of the fact that 7(r) = e V'l Vi >0, and
assertion iii) in Theorem 2.2.

From assertion ii) it is clear that (7(#));>0 is a quasi-compact semigroup (see Nagel [6],
Definition 2.7, p. 214). Moreover, s(A) —def sup {ReA : A € o(A)} = 0, so we can apply
Theorem 2.1, p. 343, and Remark (d), p. 344 in Nagel [6], and iii) and iv) follow. O

THEOREM 2.4. For eachuy € X, there existsu € C'(Ry., LL_(O, 1)) such that u is a
solution of (1). Moreover, if ug # 0, then

d “Z;(t)” _, <||u(¢)|| - % IIu(f)||2) ’
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N

lim |u(®)| = K.
——+00
Proof. Let us denote by S(¢) the nonlinear semigroup solution of

BUe — (L — 1d) S + T(R(S(DP) — SO)P) + rS(®),
S0)¢p = ¢.
Then, since R is Lipschitzian, it is clear that S(#)¢ is defined for all # > 0. Now, by noting

that for each r > 0 the map ¢ — S(#)¢ (from X into X ) is homogeneous, one deduces
that the solution of (1) is given by

B S(tug
T 1+ [y F(S(suo)ds”

V>0

u(?)
where

1
r ~
F@& =1 [ 95)ds.
0
Now by using iii) in Theorem 2.1, and ii) in Theorem 2.2 one immediately deduces that

d IIZt(t)II — <||u(t)|| — % ||M(t)”2) V0.

We are now interested in the existence of a nontrivial equilibrium.

THEOREM 2.5. Assume that

2 < 1.

Y+t

Then equation (1) admits a nontrivial equilibrium.

Proof. The nontrivial fixed point problem associated to equation (1) is given by

i= Y Iu+ i R(@) with @ € X4 N S0, K).
T

y+71 14

Dividing by ||z|| this equation, we obtain the fixed point problem

v= L ot — B, v F ) withve Xy NS0, 1),

Y+t Y+t

where B(¢1. 2)(9) = [y K1(3.3)¢12y — D2(3)d5. Y1, ¢ € X.
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One can prove that

1B(p1. Il < lp1ll lI2ll, Vo1, 2 € X,

SO

| B(¢1, ¢1) — B(d2, p) |l < 2 1lp1 — @21l , Vo1, 2 € X4 N SO, 1).

It is clear that F maps X N S(0, 1) into itself. Since L is a compact linear operator,
one deduces that 2% < 1, so that F is an y-condensing map, and the result follows by
applying Theorem 9.1, p. 71 in Deimling [2]. O

Let us now set for each ug € X\ {0},

U@
~ oI’

then it is not difficult to prove that v(¢) satisfies

(1)

WD — (L — Idyv(r) + T(R(v(1) — v(1)), Y = 0,
v(0) = vy = 22 € SO, 1) N X 4.

lluoll

@

Henceforth, we denote by v(f) the solution of equation (2).

THEOREM 2.6. Assume that
Mz(|RllLip+ 1D <y (1 —0a)

(where M > 1 is the constant introduced in assertion iv) of Theorem 2.3). Then equation (1)
has a unique nontrivial steady state i, € X4 with |[u || = K. Moreover, Vug € X {\{0},
one has

lim u(®) =u,,,
t—+00 @ 24

and Uy, is stable.

REMARK. We know that M > 1 is independent of y (see the remark following
Theorem 2.3). So, the condition

M(|RllLip + 1) < y(1 —a),

is satisfied when % is small enough. So, the previous theorem says that when mutation
is stronger than recombination, then the population globally stabilizes to a unique steady
state.
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Proof. Let be v(l), vg € §(0,1) N X4, and for each i = 1, 2, let v;(¢) be the solution of
equation (2) with initial value v?. We have

t
vi(f) = T(t)v? +/ T(t — s) [t(R(vi(s)) — vi(s))]ds, Vi = 0.
0

Then

Pi(wi () — v2()) = TPV — 1Y)
+ Jo Tt = )Py (T[R(v1(5)) — R(va(s)) — vi(s) + v2(s)]) ds, Ve > 0.

Since
Po(R(v1(s)) — R(v2(5))) = Po(vi(s) — v2(s)) =0,

we deduce that

| P1(z[R(v1(s)) — R(v2(s)) — vi(s) + v2()]l
= [[T[R(v1(s)) — R(v2(s)) — vi(s) + v2a()]Il,
and we have

1Py (v1 (1) — v2(0) | < Me™71=0| Py () — )|
+M(|[RllLip + 1) fo e IO | Py (v (s) — va2(s))lds, Vi = 0.

We apply the Gronwall lemma to obtain

1P (01 (8) — v2()) ]| < M| Py (0 — 09)[|e 71—+ MuURILpTIN! gy > 0,

O
3. Recombination
In this section we assume y = 0. So, we consider the ordinary differential equation
= t[R®) = u®1+r(1 = % fy u@®(Dd (o),
u(0)=up € LL (0, 1).
Let be ug € L1 (0, 1)\{0}. We denote
t
U(t) — &’ t >
u(l
Then it is not difficult to show that
& = t[R(®) — v(®)], Vi 2 0, 3
v (0) = vo.
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Moreover, from Theorem 2.4, we know that

d ”Zf’)” _r <||u(t>|| - ||u<r)||2) ,

SO
Jim e (@0l = K.
In the sequel, we denote
Jo Yeo(dy
Jo ¢y

THEOREM 3.1. Let be vg € X \{0}, and let v(t) be the solution of equation (3) with
initial value vg. Then

Ex (¢) = ¥g € X\ (0}, Vk = 1.

dE @) _ o
dt
and
dE (D) N o
dt = (5) - k(v
\KEL
+<§> ZCiEk—j(v(t))Ej(v(t)) , Vk > 2,
j=1
where
cl— k!
LTI Th
Furthermore,

lim E; (v(1) = Ey (vo), lim Ey (v(9) = Ey (vo)*, Vk > L.
t—+00 t—+00

Proof. From Theorem 2.1 we deduce that
g0
G = Tl = DE ()
+OF A OB 0@) E; (0], Yk = 2.
We consider

Ey (v(0)

E> (v(1)
Xn (@)= .

En (v(0)
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Then Xy (f) satisfies an ordinary differential equation of the following type:

dX (1)
dt

= ByXn(@®) + Gn(XN(D), V! =0, @

where the matrix By € My (R), and Gy : RN — RN is lipschitzian on bounded sets.
Moreover, if

denotes the unique equilibrium solution of equation (4) which satisfies
E| = E1(w),

then we must have

= WM AEGE)
Ei = (11‘9(%)1{—1) fork > 2,

and (5)

Ej = E1(v).

By induction on k, one deduces from (5) that
Ey = E1(vo)*, Vk > 1.

Let us prove Xy(f) — Xy ast — +oo, by induction on N. For N = 1, it is clear that
X1(f) > E; (vo) as t — 400. Assume that for some [ > 1, X;(t) — X; as t — +o00.
Since X741 (#) is the solution of equation (4), and

0<E1 (v®)) < E(v(0) <--- < E2 (v(0) < E1(v(D)),
the omega-limit set of X;11(7) is well defined by
® (X141 (0)) = Ny=0Ussr (X141 (9)},

and we know (see Hale [3]) that w (X} (0)) is invariant by the flow of the ordinary differential
equation (4). But, since we have assumed that X;(7) — X as t — +oo, we deduce that

E

E,
o (X141 (0)) C ;| where E€[0.E]} ¥ s.

E;
E
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But on S the (4 1) component of the solution of equation (4) satisfies the following linear
ordinary differential equation

L0 = «(HF = DO — En),
x(0) € [0, E/].

By using the invariance of the omega-limit set, we deduce that § = {X;}. O

In the sequel we denote by P [0, 1] the space of polynomial functions on [0, 1].

THEOREM 3.2. Assume y = 0 in equation (1). Let be uy € X \{0}, and let u(t) be
the solution of equation (1) with initial value ug. Then

u(t) =* K8g,(uy) as t — +00,

which is equivalent to the assertion

1
/0 SOu@(y)dy — Kég,wy(f) ast — +oo,Vf € C([0, 1], R).

Proof. From Theorem 2.4 we know that Vk > 1
Er(v(t)) = E;(vo)X as t — +oo.
Since Ei(v(t)) = Er(u(t)), vt > 0, we deduce that
1
/ yku(t)(y)dy — KEl(uo)k ast — +oo.
0

Now, by considering u(¢) as an element of the dual space of C([0, 1], R), we have

1
W), fi) =4 /0 FeO®OG)dy — K85y (fo) a5 t — +00,

where fi(y) = yk, Vy € [0, 1]. From this we deduce that for all p € P [0, 1]
(u@), p) = KSg,(ug)(p) as t — +o0.

Let be ¢ > 0, and let be f € C([0, 1], R). By Weierstrass’s theorem there exists
pe € P[0, 1] such that

. & €
— <mn|{— ———|.
/= Pl = <3K 3max<||uo||,1<>>
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We now have

{u(), f) = K8g,(up) (N < Hu(@®), f) — u(@®), pe)l + [{u(®), pe) — K8E, (uy) (Pe)l
+IKSE, (ug) (Pe) — KSE, (up) (DI,
< Z 4 (), pe) — K8, wp) (Po).

So we deduce that there exists 7y > 0 such that

[{u@®), f) — KSE up) (NI < &, V1 = 1o.

4. Recombination and mutation

In this section we consider the case y > 0. So, we consider the equation

d — Yy [Lu(®) —u®] + T [R®) —u@®] +r(l — % fol u(@®(y)dy) u(t)
u(0) = ug € LL(0,1).

Letbe ug € LL (0, H\{0}. We denote

t
= u(®) , Vi >0
lu@®Il
Then it is not difficult to show that

D =y [L(®) — v()] + T [R(©) — v()],Vt > 0,
v(0) = vg.

v(r)

(6)

Moreover from Theorem 2.4 we know that

d ”Zf’)” _r (nu(t)u - ||u<z)||2) ,

SO

Jim e (@0l = K.

THEOREM 4.1. Assume y > 0. Let be vg € X4\ {0}, and let v(t) be the solution of
equation (6) with initial value vo. Then

lim Ej (v(f)) = Ex, Vk > 1,

t—+00
where the constants E > 0 are independent of vy, and are given by the following difference
equation

tr Xiso Ej+1()F £ CiEr—iE;)

F = J=0"j k>2
k [7(1—0/‘)-5—1(1_(%)1«71)] fork =72,

and

Ei =1,
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where
i k! 1 _i o
J _ k _ k+1—j k—
Ck = m and aj = mck—H (1 —0() Jol

REMARK. Let us now consider the problem of the speed of convergence. One can
note that it depends on the scalar y (1 — «) (see equations (7) and (4.)). Also, the smaller
y (1 — @) is, the weaker mutation is. So, from the previous theorem we also deduce that
the weaker mutation is, the more time it takes for the distribution of the population to reach
the steady state.

Proof. Let be vg € X+ \{0}. Let v(¢) be the solution of equation (6) with initial value
vo. By using assertion vii) in Theorem 2.1, and assertion iv) in Theorem 2.2, we deduce

dE; (v(9) 1
—_— 1 — —F t -1, 7
T2y - -E o)+ 5] o
k—1
dELO) — o | (ak — 1) Ex(v(n) + Za’;Ej(v(t))
Jj=0
k—1 )
+7 ((%)k_l — I)Ek(U(l)) + (%)k Z C]iEk—](U(l))E](U(l‘)) , Vk > 2. (8)
Jj=1
The result follows by using the arguments of the proof of Theorem 3.1. O

We are now interested in the convergence of the solutions v(f) of equation (6). We now
prove the convergence (for the weak* topology) of each solution to a Radon measure which
does not depend of the initial value vy.

LEMMA 4.2. Foreachvy € (0, 1)N Xy andeach f € C([0, 1], R) there existsly € R
such that

1
/ FMv(@(dy — Ly ast — +oo.
0

Proof. Letbe f € C([0, 1], R). We now prove that for each ¢ > 0, there exists o > 0
such that

<eg Vt,s > 19.

1 1
‘ /O SfHv@®OMdy — /0 Sfvls)(dy
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Let be ¢ > 0. Then by Weierstrass’s theorem there exists p, € P [0, 1] such that

e
If = Pelloc,jo,1] < 3

Moreover, by Theorem 4.1, we know that there exists 7y > 0 such that

&
< E,Vt,s > 1.

1 1
‘ fo PeMv®(Mdy — /0 PeM(s)(Mdy

Then we have Vt, s > 1y

o Fvmdy — i v mMdyl < Ly (Fo) — pe() v@) (ydyl
+fy PeVOMAY = [y P V() )y
Ly (FO) = pe() v M)yl

and since [[v(#) .1, 1) = 1, we obtain

<e Vi, s> 1.

1 1
‘ /O FOv@(dy — /0 FOv(s)(ydy
O

LEMMA 4.3. Foreachvy € S0, 1)NX 4, andeach f € C([0, 1], R), [ is independent
of the initial value vy.

Proof. Letbe f € C([0, 1], R) and let be v;(¢) and v2(¢) be two solutions of (6) with
v;(0) € S0, )N X4+,Vi=1,2. Lete > 0, and p, € P[0, 1] such that

IM—prmufg
Then
o Fuidmdy — [ F)va@mdyl < |y (Fo) — pe()) vi () ()dyl
L P @O G) — v2()())dy
1y () = pe) 2Oyl

Since by Theorem 4.1 we have

lim
— 400

1
/0 P (W1 (D) — v2()(¥)dy| =0,

we deduce that

1 1
/Of(y)vl(t)(y)dy—fo S () (y)dy

lim sup <eg,
t——+00

and the result follows. O
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LEMMA 4.4. The map | : C([0,1], R) — R is linear and bounded and
lllcqo,1.m < 1-

Proof. Tt is clear that [ is linear. Let us prove that / is bounded. Indeed, let v(f) be a
solution of (6). Then

|f0l Simv@ (ydy — fol L2Mv@dyl < 1f1 = f2llei0.11 VDIl L10.1)
E ”fl - f2||oo,[(),]] 5Vf1’ f2 € C([Oa 1]’R)7Vt 2 O’

and the result follows by taking the limit in z. O
To summarize, we have the following theorem.

THEOREM 4.5. Assume y > 0. Let be ug € X;\[0}, let u(¢) be the solution of equation
(1) with initial value ug. Then there exists a Radon measurel € C([0, 1], R)* (independent
Ofl/l()) with ”l”C([O,l],R)* < 1 such that

u(t) ~* Klast — +oo,

which is equivalent to
1
/ JOu@®(y)dy — KI(f) ast — 400,V f € C([0, 1], R).
0

5. Concluding remarks

In this paper we have investigated a model for the evolution of a population when there
is no selection. In particular, we have proved a new result concerning convergence of the
population distribution when recombination dominates mutation. The model including the
selection process takes the following form

du — y [L(u(t)) — u(®] + Pu(®) + T [Ru(®) — u(®)]
Fr(l = & [ u@®)(F)dD) u@), ©)
u(0) =up € L1(0, 1),

where 8 € C([0, 1], R). The function B(y) represents the fitness of individuals with respect
to the phenotype. The assumption that 8(y) = 0 is equivalent to assume that the birth rate
and the death rate do not depend on the phenotype expression.

‘We have concentrated our attention to the case where recombination dominates mutation.
In fact, the results proved in [4] hold for equation (1). More precisely, by using a new
approach it is proved in [5] that, when S is not necessarily equal zero and y > 0 is large
enough, there exists a unique nontrivial equilibrium distribution that is a global attractor
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for non zero initial distributions. Moreover, when t > 0 is small enough, then under some
(natural) additional assumptions, there exists a non trivial equilibrium which is globally
stable.

The assumption that there is no natural selection (i.e. 8(y) = 0, Vy € [0, 1]) is strong.
Nevertheless, this assumption is very convenient to investigate the global asymptotic
behavior of the system. In a work in preparation, we investigate the case where B(y)
is polynomial and sup,.c(o 17 |B(») is small. Also for y > 0 fixed, when Supyeo,17 1B is
small enough, then there is a globally stable equilibrium in the space of Radon measures. It
means that the behavior will remain the same for small selection, and only the shape of the
asymptotic distribution will be modified by the selection. Moreover, when t > 0 is large
(with sup,.c(o, 1) |B(y)| non necessarily small), then the solutions asymptotically approach a
small neighborhood of the Dirac measure cd1,2 for some constant ¢ > 0. Finally the case
where y > 0, 7 > 0 and SUPye(0,1] |B(y)| is large remains to be investigated. In this case, it
would be interesting to find an example where one would find more complicated dynamics.
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