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Abstract

This study develops a generalized notion of sub tangential condition
to establish the positive invariance of a closed subset under the semiflow
generated by a semi-linear non densely defined Cauchy problem. We also
remark that the sufficient condition for the positivity of the semiflow im-
plies our sub tangentiality condition. In other words, our sub tangential
condition is more powerful since it can be used to show the positive in-
variance of a much larger class of closed subset. As an illustration we
apply our results to an age-structured equation in L? space which is only
defined on a closed subset of L?.
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Introduction

The current paper is a continuation of [11] in which we have developed the

monotonicity and comparison principle for the following abstract semi-linear

Cauchy problem

du(t) —_—
dt

= Au(t) + F(t,u(t)), for t > 0, with u(0) = up € D(A), (1.1)



where A : D(A) C X — X is a linear operator on a Banach space X, and
F :]0,00) x D(A) — X is continuous. We assume that the map x — F(¢,z) is
Lipschitz on the bounded sets of D(A) uniformly with respect to ¢ in a bounded
interval of [0,00). Here D(A) is not necessarily dense in X and A is not nec-
essarily a Hille-Yosida operator. The main purpose of this paper is to further
study the invariance of subset for system (1.1).

The invariance of subset for differential equation has a long history which
starts with the seminal paper of the Japanese mathematician Nagumo [13] in
1942. The result for ordinary differential equations was subsequently rediscov-
ered by Brezis [4] and Hartman [6], and it was further extended to ordinary
differential equation in ordered Banach spaces by Walter [19] and Redheffer
and Walter [15]. Several extensions to partial differential equations were pro-
posed later on by Redheffer and Walter [16] and Martin [10] for parabolic equa-
tions, etc. Martin and Smith [12] further investigated comparison/differential
inequalities and invariant sets for abstract functional differential equations and
reaction-diffusion systems that have time delays in the nonlinear reaction terms,
and their developed results have had many applications. We refer to the book
of Pavel and Motreanu [14] for an extensive study of densely defined semi-linear
Cauchy problem. In [14] the authors studied the positive invariance for general
closed subset subjected to tangency condition. They also conidered positive in-
variance of time dependent closed subset and extended their results to semilinear
differential inclusion problems. The case of closed convex subset for non-densely
defined Cauchy problems with a Hille-Yosida linear operator perturbed by Lip-
schitz continuous non linear map has been studied by Thieme [17]. The goal
of this article is to extend the results of Thieme [17] from the Hille-Yosida case
to the non Hille-Yosida case. It is worth noting that the non Hille-Yosida case
induces several difficulties due to the problem of non uniform boundedness of
A(A — A)~! whenever A\ becomes. To overcome these difficulties, we adopt an
approach which is somewhat different from Thieme [17]. Our key step is to
establish the estimates on the integrated semigroup with regulated functions
rather than continuous functions (see Lemma 3.3 and Remark 3.4). Combining
these new estimates with our generalized sub tangential condition (see Assump-
tion 3.5), we successfully establish the invariance of subset for system (1.1) (see
Theorem 3.7).

In section 4, we apply our results to the two species age structured model
with local competition in age (i.e. the competition for resources occurs in be-
tween individuals with the same age only)

Ou;(t,a) n Ou;i(t,a)
ot +Ooaa
wt0) = [ @it

0
u;(0,.) = ujo € LI ((0,00),R), pe[l,+00), i =1,2.

= —u;(t, a) (Mi (a) + u1 (2, a) + us(t, a)),

The paper is organized as follows. In section 2, we recall some basic re-
sults for non densely defined Cauchy problems. We develop the sub-tangential
condition to establish the positive invariance of a closed subset for non densely



defined non Hille-Yosida semilinear Cauchy problems in section 3, which is the
main part in this paper. In section 4, we apply our developed result to age-
structured models.

2 Preliminary results

For the convenience in the subsequent presentation, we first collect some ex-
isting results of integrated semigroups and non densely defined Cauchy problems
in this section.

2.1 Existing results of Integrated Semigroups
Let A: D(A) C X — X be a linear operator. Define

Xo = D(A)
and Ag : D(Ap) C Xo — Xo the part of A in X, that is
Aoz = Az, Vax € D(Ao),

and
D(Ao) = {.’II S D(A) Az € Xo}

We impose the following assumption:

Assumption 2.1 Suppose that

(i) There emist two constants wa € R and Ma > 1, such that (wa,+00) C
p(A) and

(AT — A <Ma(A—wa)", YA >wa, Vo> 1.

)7n||[:(X0) -
(i) limyo4oo(A — A)"lz =0, Vz € X.

In view of Assumption 2.1, we emphasize that A is not necessarily a Hille-
Yosida linear operator since the operator norm in Assumption 2.1-(i) is taken
into Xog € X (where the inclusion can be strict) instead of X. From Lemma
2.2.10 in [9], we see that p(A4) = p(Ap) if p(A) # 0. Combining this fact with
Assumption 2.1, we conclude that (4g, D(Ap)) is a Hille-Yosida linear operator
of type (wa, M) and generates a strongly continuous semigroup {74, (t)}+>0 C
L(Xo) with

1T, ()]l (x0) < Mae®a", vt >0.

As a consequence
lim AAM-A) 'z=2
A——+oco
only for z € X3. We note that the above limit does not necessarily exist
whenever x belongs to X (see also Lemma 2.2.11 and Lemma 2.4.4 in [9]).
We summarize the above discussions as follows.



Lemma 2.2 Assumption 2.1 is satisfied if and only if there exist two constants,
Ma > 1 and wa € R, such that (wa,+00) C p(A) and Ay is the infinitesimal
generator of a Co-semigroup {Ta,(t)},5o on Xo which satisfies [|[Ta, ()|l £ x,) <
M 4e*At vt > 0.

Next, we consider the non homogeneous Cauchy problem
V()= Av(t)+ f(t), t>0 and v(0)=vy € Xo, (2.1)

with f € L (R, X).

The integrated semi-group plays central roles in the study of non-homogeneous
Cauchy problems. This notion was first introduced by Ardent [1, 2]. For the
results of Hille-Yosida operator, we refer to the books Arendt et al. [3]. The
theory of integrated semi-group for Non-Hille-Yosida operator can be found in
[18, 7, 9]. We also refer to the book of Magal and Ruan [9] for more references

and results on this topic.

Definition 2.3 Let Assumption 2.1 be satisfied. Then {Sa(t)},~q € L(X) the
integrated semigroup generated by A is a strongly continuous family of
bounded linear operators on X, which is defined by

t
Sa(t)z = (M — AO)/ T, (VM — A) " 2dl, ¥t > 0, z € X,
0

where A € p(A).

In order to obtain existence and uniqueness of solutions for (2.1) whenever
f is a continuous map, we will require the following assumption.

Assumption 2.4 Assume that for any 7 > 0 and f € C ([0,7],X) there exists
vy € C([0,7],X0) an integrated (mild) solution of

dvy(t)
dt

that is to say that

= Avs(t) + f(t), fort >0 and vs(0) =0,

¢
/ ve(r)dr € D(A), ¥t >0
0
and

ve(t) :A/O vf(r)dr—i—/o f(r)dr, ¥Vt > 0.

Moreover we assume that there exists a non decreasing map § : [0,+00) —
[0,4+00) such that

lop (D)) < 6(t) sup |If(s)]l, vt =0,
s€[0,t]

with §(t) — 0 as t — 0T.



Remark 2.5 Note that Assumption 2.4 is equivalent (see [8]) to the assumption
that there exists a non-decreasing map ¢ : [0, +00) — [0, +00) such that for each
7 > 0 and each f € C([0,7],X) the map t — (Sa * f)(t) is differentiable in
[0, 7] with
I(Sae O < 50) s 16, %1 € 0.7,
s€[0,t

where (Sa * f)(t) and (Sa o f)(t) will be defined below in Theorem 2.7 and
equation (2.3).

Remark 2.6 [t is important to point out the fact Assumption 2.4 is also equiv-
alent to saying that {Sa(t)},~, C L(X,Xo) is of bounded semi-variation on
[0,2] for any t > 0 that is to say that

n—1
V>®(84,0,t) := sup{ > [Saltisr) — Salty)z; } < 400
i=0
where the supremum is taken over all partitions 0 =ty < --- < t, =t of [0,1]
and all elements x1,...,x, € X with ||| <1, for j = 1,2,...,n. Moreover

the non-decreasing map 6 : [0,+00) — [0, +00) in Assumption 2.4 is defined by

d(t) == sup V>°(S4,0,s), Vt>0.
s€0,t]

The following result is proved in [8, Theorem 2.9].

Theorem 2.7 Let Assumptions 2.1 and 2.4 be satisfied. Then for each T > 0
and each f € C([0,7],X) the map

SA*f /SAt—S

is continuously differentiable, (Sa x f)(t) € D(A),Vt € [0,7], and if we set
u(t) = % (Sa* f)(t), then

A/ ds—|—/f )ds, Vt € [0,7].
Moreover we have

[u(®)] < 6(t) sup [If(s)ll, vt €[0,7].
s€[0,¢]

Furthermore, for each A € (w,+00) we have for each t € [0, 7] that

(A —A4)~" % (Sa* f)(t) = /0 Ta,(t —s) (A — A)~" f(s)ds. (2.2)



From now on we will use the following notation

(Sao ) (0)1= = (Sax ) (1) (2.3)

From (2.2) and using the fact that (S4 ¢ f) (t) € Xo, we deduce the approxima-
tion formula

t

(Saof)(t)= lm [ Ta(t—s)A(M - A)~! f(s)ds.
—++o0 Jo

A consequence of the approximation formula is the following
(Sao f)(t+s)=Ta(s)(Saof) )+ (Sac f(t+.))(s),Vts=>0.

The following result is proved by Magal and Ruan [7, Theorem 3.1], which
will be used and applied to the operator A — vB in the subsequent section.

Theorem 2.8 (Bounded Linear Perturbation)

Let Assumptions 2.1 and 2.4 be satisfied. Assume L € L (Xo,X) is a bounded
linear operator. Then A+ L : D(A) C X — X satisfies the conditions in
Assumptions 2.1 and 2.4. More precisely, if we fix 7, > 0 such that

S (L) Ll £ xo,x) < 1,

and if we denote by {Sa+r(t)},~o the integrated semigroup generated by A+ L,
then for any f € C([0,71],X), we have

d 5 (1)
s, *f)H < sup [F(s)]], Vt € [0, 2]
H dt " 1= 0 () L] £ (x0 x) setonn L

The following result is proved in [8, Lemma 2.13].
Lemma 2.9 Let Assumptions 2.1 and 2.4 be satisfied. Then
lim |[(AT—A)" | zx) = 0.

A—+oo

It follows that if B € L£(Xg,X), then for all A > 0 large enough the linear
operator A\l — A — B is invertible and its inverse can be written as follows

-1

M—A—B) "=\ A" [I ~ B — A"

2.2 Existence and Uniqueness of a Maximal Semiflow

Consider now the non-autonomous semi-linear Cauchy problem
Ut s)z = 2+ A/t UL, s)zdl + /tF(l,U(l,s)x)dl, £>s>0,  (2.4)
and the following problem
U(t,s)x =Ta,(t — s)x + %(SA xF(.4+s,U(.+s,8)x)(t—38), t>s>0. (2.5)

We will make the following assumption.



Assumption 2.10 Assume that F : [0,+00) X D(A) = X is a continuous map
such that for each 79 > 0 and each & > 0, there exists K(79,£) > 0 such that

[E(t,z) — F(t,y)|| < K(70,8) lz —yll
whenever t € [0,70], y,x € Xo, and ||z] <&, |ly|| <&

In the following definition 7 is the blow-up time of maximal solutions of (2.4).

Definition 2.11 (Non autonomous maximal semiflow)
Consider two maps 7 : [0, +00) X Xg — (0,+00] and U : D, — X, where

DT:{(t,s,:p) € [0,400)? ><X0:5§t<5+7(5,x)}.

We say that U is a mazxzimal non-autonomous semiflow on Xy if U
satisfies the following properties

(i) 7(r,U(r,s8)x) +r=1(s,2) + s,Vs > 0,Vz € Xo,Vr € [s,s+ 7 (s,2)).

(ii) U(s,s)x = x,Vs > 0,Vz € Xo.
(ii) U, ")U(r,s)z = U(t,s)x,Vs > 0,V € Xo,Vt,r € [s,s+ 7 (s,x)) with
t>r.

(iv) If 7 (s,x) < 400, then

lim |U(t, s)z|| = 4o0.
t—(s+7(s,z))”

Set
D= {(t,s,ac) €0,+00)* x Xo: t > s}

The following theorem is the main result in this section, which was proved in
[7, Theorem 5.2].

Theorem 2.12 Let Assumptions 2.1, 2.4 and 2.10 be satisfied. Then there
exists a map T : [0,+00) X X9 — (0,400] and a mazimal non-autonomous
semiflow U : D, — Xo, such that for each x € Xy and each s > 0, U(.,s)x €
C([s,s+7(s,2)),X0) is a unique mazimal solution of (2.4) (or equivalently a
unique mazximal solution of (2.5)). Moreover, D, is open in D and the map
(t,s,2) — U(t, s)x is continuous from D, into Xo.

3 Positive invariance of a closed subset

In this section we will study the positive invariance of a closed subset by
imposing the so called sub-tangential condition. Our results extend those in
[14, 17] since we focus on the study of non densely defined non Hille-Yosida
semilinear Cauchy problems.



3.1 Statements of main results

We start with some lemmas that will be used in the subsequent discussions.

Lemma 3.1 Suppose that Assumptions 2.1 and 2.4 are satisfied. Let 0 < a < b
and x € X be given and define

f(t) = x]]-[a,b] (t), vVt >0.
Then t — (Sa * f)(t) is differentiable in [0,+00) and

(Sa0f)t) =5

where o7 := max(0,0),Vo € R.

Proof. We observe that

(Saxf)t) = Sa((t —a)")ax — Sa((t— b))z, vt >0,

[Vt —s)ads if € [a,b],
(Sax f)(t) = fZ” Su(t—s)zds if t>0b,
0

if 0<t<a,
which is equivalent to

Ot_aSA(s)xds if tela,b],

(Saxf)t) = tt__ba Sa(s)xds if t>0,

0 if 0<t<a.

Then the formula follows by computing the time derivative. m
By using similar arguments in the proof of Lemma 3.1 one can easily obtain the
following results.

Lemma 3.2 Suppose that Assumptions 2.1 and 2.4 are satisfied, and 0 < a < b
is given. Let a =ty < --- < t, = b be a partition of [a,b], and f : [a,b] — X be
the step function defined by

n—1
f(t) = Zx’i:ﬂ'[ti7ti+1)(t)’ vt € [aab) and f(b) = f(tnfl) =Tp—1-
i=0

Then t — (Sa * f(a + )t — a) is differentiable in [a,b] and for any t €
[tkstrt1], K=0,...,n—1 one has
k—1
(Sao fla+))(t—a)= Z[SA(t —t;) = Sa(t —tig1)]x: + Sa(t — t)xg.
i=0
Recall that f : [a,b] — X is a regulated function if the limit from the
right side lim+ f(s) exists for each t € [a,b), and the limit from the left side
s—t
lim f(s) exists for each t € (a,b]. For each 0 < a < b, we assume Reg([a, b], X)
st~

denotes the space of regulated functions from [a, b] to X, and we also denote by
Step([a, b], X) the space of step functions from [a,b] to X.

The following lemma extends the property described in Assumption 2.4 for
the space of continuous functions to the space of regulated functions.



Lemma 3.3 Suppose that Assumptions 2.1 and 2.4 are satisfied, and 0 < a < b
is given. Then for any f € Reg([a,b], X) we have

1(Sa o fla+-)(t —a)l <d(t—a) sup [[f(s)]l, Vt € [a,b].

s€la,t]

Proof. Since Step([a, b], X) is dense in Reg([a, b], X) for the topology of uniform
convergence (see Dieudonne [5, p.139]), it is sufficient to prove the result for
f € Step([a, b], X) and apply the linear extension theorem to the bounded linear
operator

VS Step([a, b]a X) = (SA < f)()

Let f € Step([a,b], X) be a non zero step function given by

n—1
f(t) = Z xi]l[ti,ti+1)(t)7 vt € [a’7 b)’ and f(b) = f(t’ﬂfl) = Tn-1
=0

with a =ty <t; < -+ <t, =0b. Let t € [a,b] be given and fixed. Then there
exists k € {0,...,n — 1} such that ¢ € [y, tx+1]. Hence by Lemma 3.2 we have

k—1
(Saofla+-)(t—a) = Z[SA(t —t;) — Sa(t —tiy1)]z + Salt — te)zk
1?0 X
= Z Salt —tp—i)Tp—i — Z Sa(t —th—it1)Th—i-
i=0 i=1
Setting
{i :t*tk—i—i-h 1= 1,...,k' and {0 =0
and

_ Ti—i .
T; = ,1=0,...,k
@

with o := max;—1,__x ||z;|| > 0. Then we obtain

k
(Saoflat Nt —a) = a [Salfin) — Sa(E)]z
1=0

Since 0 = fp < -+ < tg41 =t —a and ||Z;]| < 1for all i = 1,...,k, it follows
from Remark 2.6 that
[(Sae flat))(t—a)ll <aV>(54,0,t —a) < ad(t —a)

and the result follows by observing that

o= max |z = sup |f(s)
i=1,...,k s€la,t]



Remark 3.4 By Lemma 3.3, we remark that the results in Remark 2.5, Theo-
rem 2.7, and Theorem 2.8 are still valid when f is a requlated function rather
than a continuous function.

In order to prove the invariance property of a closed subset Cy C Xy we
need to make the following assumption.

Assumption 3.5 (Sub-Tangential Condition) Let Cy be a closed subset of
Xo. We assume that there exists a bounded linear operator B : Xg — X such
that for each &€ > 0 and each o > 0 there exists v = v(§,0) > 0 such that

.1
i +d (Tia—yp), (h)z + Sa—yp(h) [F(t,x) +7B1], Co) =0,

h—0t

whenever x € Cy with ||z|| < & and t € [0,0]. Here the map x — d(z,Cy) is the
Hausdorff semi-distance which is defined as

d(w.Co) = inf o= y]|

Remark 3.6 Recall that the usual assumption for the non negativity of the
mild solutions of (1.1) is covered by Assumption 3.5. In fact Xoy is positively
invariant with respect to semiflow generated by (1.1) if for each & > 0 and each
o > 0 there exists v = v(§,0) > 0 such that

Ta—~B),(h)x 4+ Sa_yp(h)[F(t,z) +vBx] € Xoy
whenever x € Xoi with ||z|]| < & and t € [0,0].

The main result of this article is the following theorem.

Theorem 3.7 (Positive invariant Subset) Let Assumptions 2.1, 2.4, 2.10
and 3.5 be satisfied. Then for each x € Cy and each s > 0, we have

U(t,s)x € Co,Vt € [s,s+7(s,2)).

3.2 Proof of Theorem 3.7

This subsection is devoted to the proof of Theorem 3.7. We fix the initial
condition zg € Cp and s = 0. Set p := 2(||zg|| + 1) and define

F,(t,x) := F(t,z) + yBx, Y(t,x) € [0,4+00) x Xo.
Let A := A(p) > 0 be the constant such that
IFy(t,2) — By (ty)ll < Alls — yll Ve € [0,p], Yo,y € BO,p).  (3.1)
Therefore by setting

[:=2Ap+ sup [|F,(t,z0)l,
tel0,p]

10



we obtain
[ Fy (¢, 2)|| < T, vt € [0,p], Vz € B(0,p). (32)

Let v := v(p) > 0 be a constant such that
. 1
T 2 (T(a i, ()2 + Sa oy (B)Fy (1,2),Co) =0,

whenever x € Cy, ||z]| < p and ¢ € [0, p].

Then by Theorem 2.8, A —vB : D(A) C X — X satisfies Assumptions 2.1
and 2.4. Hence combining Theorem 2.8 and Lemma 3.3 (see Remark 3.4) we
know that if we fix 7, > 0 such that

Y6 (T) 1Bl £ (x0,x) < 15
then there exists a non decreasing map 6 : [0, +00) — [0, 4+00) with
lim 6,(t) =0
t—l>I(IJ1+ ’Y()
such that for each f € Reg([a,b],X), 0<a<b<T,
1(Sa_yp o fla+) (t— o)l <by(t—a) sup [F(), VE€ (@b, (33)

s€la,t]
To shorten the notations we set

Wy =w, 5 and My :=M, ..

Let 7 € (0, min(7 (0, ), 7y, p)) be small enough to satisfy
wt
L6, (h) + My "h + | T, p)e (B0l < p, Yh € [0,7] (34)
with
wl = max(0,w,),

and
0 < Ady (1) < 1, (3.5)

where A has been defined as an upper bound for the Lipschitz norm of F, on
B(0,p) N Cp in (3.1).

Construction of the knots : Let € € (0,1) be fixed. We define by induction
a sequence (I, yx) € [0,7] x Cy where the index k is a non-negative integer
possibly unbounded. For k = 0 we start with

lp =0 and yg = xg € Cy.
In order to compute the next increment, we define for each integer k£ > 0
I ={ne(0,e7): |F{y) = Fy(lkye)ll <& V[l = l| <n, Vy € B(yx,n) N Co,
L (T, (0 + Samym (), (1), Co) < 5

and ||T(A—'~/B)o(77)yk — k|l < 5}
(3.6)

11



where £* := min(e, p).
Set

ri :=sup(ly) >0 and lxy; := min (lk + %,T) . (3.7

We define
Yk+1 = Yk € Cy if lk+1 =T.

Otherwise if Iy 11 = I + %k < 7, then
r
O<lk+1—lk=?k<7‘k

hence
lk+1 — g € I.

Thus, it follows that

1

md (Tta—m)o st = W)y + Sa—yp(lepr = be) Py (e 9a), Co) <
o

I3
5

Therefore, we can find yi+1 € Cy satisfying

1 €
1 Ta—B)o U1 — )y + Sa—yB(let1 — ) Fy (e, yr) — Yra |l < 5.
lev1 — I 2
Setting
1
Hy = T [Yer1 — Ta—vmyo 1 = be)yk — Sa—ys (lor1 — Ue) Fy (les yi) | € Xo.
=

Then it follows that

Hj, € Xy and ||Hk|| < (38)

| ™

and

Yk+1 = Ta—yByo (k1 — )Yk + Sa—yB (L1 — ) Fy (L, y) + (lep1 — le) Hy € Co.

Lemma 3.8 Let Assumptions 2.1, 2.4, 2.10 and 3.5 be satisfied. Then the
knots (lx,yr), k > 0 satisfy the following properties

(i) For all k >m >0 we have

k—1
U = Ta—yB)o(lk = lm)Ym + Z(Zi+1 — 1) T a—~B)o (I — liy1)H;

i=m

k-1
+ Z Ta—vB)o (ke = lix1)Sa—vB(liv1 — 1) Fy (L, ys)

i=m

(3.9)
(ii) yx € B(0,p) N Cy for any k > 0.

12



(iii) For all k > m >0 we have
5 wH (e —
1y = Tta—m)o (b = lm)ymll < 165 (lk — L) + 5 Mye Tt (1 — ).

Proof. Proof of (i): Let & > m > 0 be given. Recall that foralli =0,...,k—1
we have

Yir1 = Ta—yB)o (lixr — li)ys + Sa—yp(livr — L) Fy (L, ys) + (Liyr — 1) H;.
Define the linear operator L; : Xo — X by
Li = Toaoymy (liss — 1), i =0,k — 1.
Hence
Yivr = Liyi + Sa—yp(liv1 — L) Fy (L, yi) + (ligr — L) Hy, i =1,...,k — 1.

In order to use a variation of constants formula, we introduce the evolution
family
U(i,j) =Li—1---L; ifti>j and U(i,4) = Ix,.

Then it follows from the semigroup property that
U(i,j) = Tia—yB), (ls — 15), ifi>3j.

By using a discrete variation of constants formula, we have for integers k > m >
0

k—1
Uk, m)ym + Z U(k,i+ 1)[Sa—y(liv1 = L) Fy(liyyi) + (Liva — 1) H]

1=m

Yk

k-1
= Ta—B)lk = lm)ym + Z(li-H —)T(A-~B)o Ik — liv1)H,;

i=m

k=1
+ Z Ta—B)o Ik = lix1)Sa—yB(lix1 — 1) Fy (L, ys)-

i=m

Proof of (ii): We will argue by recurrence. The property is true for k = 0
since yg = xg € B(0, p) N Cy. Assume that for & > 1

Yo, - - -, Yk—1 € B(0, p) N Cp.

We are in a position to show that y; € B(0,p) N Cy. In view of (3.9), for any
m=0,...,k— 1, we have

k-1
Yr—T(a—~B)o Ik —lm)Ym = Z T a—B)o (le—lit1)[Sa—B(liv1—1:) Fy (i, yi) +(lig 1 —1;) Hi).

i=m

Then it follows that

”yk - T(AffyB)O (lk - lm)ym” S ||Wk:,m|| + HZk,mHa
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where

k—1
Wiom = Z Ta—B)o Uk — lix1)Sa—B(lix1 — 1) Fy (li, y;)
and
k=1
Zim = Z(Zi+1 — 1) T A= B)o Ik — lig1) H;.

€
Next, we do estimates of Wy, ., and Zg,,. Since H; € Xo and ||H;|| < 3 for
any ¢ =m,...,k — 1, it is easy to obtain from (3.8) that

k—1
8 . —.
||Zk,m|| < Z(ZH'I — li)iM»yew’Y(lH'l ;)
=m (3.10)
< %Myew’t(lkflm)(lk _ lm),

where
wl = max(0,w,).

In order to estimate W ,,,, we will rewrite it in a more convenient form. Using
the following relationship

T(AffyB)g(O')SA—'yB(h) = SA—WB(U + h) - SA—WB<0')> Yo > 0,Yh >0,

we see that

k-1
Wim = Z[SAffyB(lk —1i) = Sa—yB(lk — Lig1)]Fy (L, i)

By Lemma 3.2 we have
Wk,m = (SA—’YB < f'y(lm + '))(lk - ZM)

with step function

fy@) = Fy(li, i), Yt € [li,liva), i=m,....k—1 and fy(lk) = Fy(lk—1, Y1)

Therefore by using the inequality (3.3) with a = [,,, and b = [}, it follows that

= H(SA—’YB < f’y(lm + '))(lk - lm)” :
< 0y(lk —lm) sup [[f5(s)]

SE[Lm,lx

= Oylk =) _max [|F (i i)

||Wk:,mH
(3.11)

By using (3.2) and the induction assumption, we deduce that

max |5 (L, yi) | < T

i=m,....k—1

14



Then it follows from (3.10) and (3.11) that
€ -
lye = Tea—vByo (le = b )ym |l < Ty (lx = ln) + §Mveww Ge=tm) (1), — 1)
for m=0,...,k — 1. To conclude the proof of (ii) we note that

lyk — Tea—nmyo (b — lo)zoll = vk — Ta—ymyo (I)zoll < T, (Ik) + Myes vl

and
lyw — T(A*“/B)o(_fk)xon + 1T a—B)o () o
F(%(lk) + M,ye“"v l’“lk + HT(Ava)o (lk).T()H

Since Iy, € [0, 7], the inequality (3.4) implies that yi € B(0, p) N Cp.

e

IAINA

Proof of (iii): The proof follows the same lines in (ii). ®

Lemma 3.9 Let Assumptions 2.1, 2.4, 2.10 and 3.5 be satisfied. Then there
exists an integer ne > 1 such that l,,. = 7. That is to say that we have a finite
number of knots (I, yx), k =0,...,ne with

0:10<l1<"'<ln5—1<ln5:7 and y07yla"'7yn5600; Yo = To-

Proof. We will use proof by contradiction. Assume that I < 7 for all £ > 0.
That is to say that
et =l + o0 VE 2 0.
Since the sequence is strictly increasing, there exists [* < 7 such that [, — [*
as k — 400 and [l < [* for each k > 0. This also implies that
li =0. 3.12
k—g:[-loo "k ( )
In order to contradict (3.12), we will prove that there exists kg large enough and
n* > 0 such that n* € Iy for all k > ky. This will mean that iy, =sup I > n* >0
for all & > ko.
Let us show that {yx},~, is a Cauchy sequence. To this end, we let m > 0
be arbitrary and k& > j > m be given. Then from Lemma 3.8, for all k£ > j > m,
we have

lye —yill < lyk — Tea—yByo Uk — ln)yml|

+ T a—vB)o (I = ln)ym — T(a—yB)o (lj — lm)Ym|

+ 1Ty (G = ln)ym —
< T8, (Il — L) + Myes bm) (1, — 1,
+ T a—vByo (I = ln)ym — Tta—y)o (L = b )y |

+ T0, (1 — L) + Myes G=tm) (1 — 1),

15



Then

limsup [lye — 5l < 208, (1* = L) + 2M, 7 =l (15 — 1),

k,j—+o0

Since m is arbitrary and

lim (208, (I — ly,) + 2Moes =) (1 —1,,)] = 0,

m——+00o

we deduce that {y},~, is a Cauchy sequence in B(0, p) N Cy. Therefore there
exists y* € B(0, p) N Cp such that

lim yi = y* € Cp.

k—4o00

Since y* € Cy we have

. 1 * * *
Jim —d (Tiam), (My” + Sa—yp()F, (17, y7), Co) = 0.

By using the above limit, we can find n* € (0, Z) small enough such that

0<n" < §<s* (3.13)
and 1
k% * * % €
;d (Ta—vByo (0" )y* + Sa—yB(*)Fy(1*,y*),Co) < 1 (3.14)
and (by using the continuity of (I,y) = T(a—~m),(1)y)
*\ ok * €
ITta—m) (17)y" =yl < 5
and (by using the continuity of (I,y) — F,(l,v))
* * * * * * €
=l <2p” and [ly —y*|l < 20" = 1B (Ly) - By < 5 (3.15)

To obtain a contradiction, we will use the 1-Lipschitz continuity of z € X —
d(x, Cp) combined with the continuity of (1,y) — F,(l,y) and (I,y) = T(a—~n), ()Y
at (I*,y*). Thus there exists ky > 0 large enough such that for all & > k¢ one

has
€

15 i) = By (1%, )| < 5
* Y, % € 3.16)
1T 00 (7 e = Tia—n o (0"l < 5 (3.

lyr — y*|| <n* and 0 < |I* — Ix| < n*

since n* is fixed and y, — y* and [, — [*.
By using (3.14) and yr — y* and I, — I*, we obtain for each k > kq (taking
possibly kg larger)

1 €
—d (Ta—B)o ()Y + Sa—ys(*)Fy (L, yi), Co) < 2’ Vk > ko. (3.17)

*
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Next we note that for any k > ko
0<I—lp <y =l =01" <l —lg|+ [I* =1l <2n*
and

ly —well <0 = lly =yl < lly = wwll + ly™ — well < 20"
Combining (3.14)-(3.15) with (3.16), it follows that for any k& > ko

15 (s y) = By (s g | < 1E (L y) = B (5 y7) |+ 15,5 y7) = By (b we) || < €

whenever
l—lk| <n" and |y —ykll <"

In view of (3.13), (3.14) and (3.16), we further have

1Ta—~B)o (M)ye — Y&l < N T(a—~B)o (M) Yr — T(a—~B), (1) y"||

HTa—vmyo (1)y" =yl + Iy —yil <e.
(3.18)
Finally it follows from (3.17)-(3.18) that 0 < n* € Ij for all k > k¢ which
contradicts (3.12). m

Construction of the approximate solution: Recall that from property (i)

of Lemma 3.8 we have for each m =0,...,k —1 and each k > 1
k—1
ve = Tapyoe = lm)ym + > (lix1 — 1) T(a—yp)o (e — Lig1) H;
o1 r=m (3.19)
+ Z Ta—B)o Ik — lix1)Sa—vB(lix1 — 1) Fy (L, yi)-
For each t € [lg,lp4+1] and each £ =0,...,n. — 1, we set
ue(t) = Ta—yBy,(t —1lo)yo + Sa—~B(t — k) Fy Ik, yr) + (t — lx) Hy,
k—1

+ Z(liﬂ — 1) T (A= B) (t — lix1)H;
i=0

k1
+ Z Ta—~B)yo(t = lix1)Sa—(liv1 — L) Fy(li, y:)
=0

(3.20)

with the convention .

Z:O if p<m.

i=m

By using the semigroup property for t — T(a_.p),(t), we deduce from (3.19)
and (3.20) that

ua(t) = T(A—"YB)O (t—lk)yk+SA773(t—lk)F7(lk,yk) + (t—lk)Hk, YVt € [lk,lk;Jr]].
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Then it is clear that u.(t) is well defined and continuous from [0, 7] into X, and
ua(lk) = Yk, Vk = 07 ey e

Next we rewrite u.(t) into a form that will be convenient for our subsequent
discussions. By using the relationship

Sa—vyp(h+0) = Sa—yp(0) = T(a—5),(0)Sa—y5(h), YR >0, Yo >0

one can rewrite from (3.20) the formula of u. as

us(t) = Tia—yp),(t —lo)yo + Sa—yB(t — lk) Fy(lk, yk) + (£ — Lx) Hy
k-1
+ 3 (i1 = )T a—yp), (t — Liy1) H;
=
+ Y [Sa—yn(t = liv1) = Sasyp(t = L)]Fy (L, yi), VE € [l by ).
i=0
Setting
fv(t) = F’Y(li’yi)v Vt € [livli-‘rl)v 1= Oa ey Ne — 17 .f’y(lng) = Fv(lng—layng—l)
(3.21)
and remembering that yg = x¢, by Lemma 3.2 we obtain for each ¢ € [lx, lp+1],
ue(t) = Ta—yp)(t —lo)zo + (Sa—yp o f1(lo +-))(t — o)
— (3.22)
+(t — Ix)Hy, + Z(liJrl —1i)Ta—yB), (t = lix1)H;.
i=0

Similar arguments also give for any t € [lx, [x+1] and each integer m € [0, k|
uc(t) = T(Ava)o (t = L) ym + (SA—’YB < fw(lm + )t = lm)
k—1

+(t =) Hy + ) (lig1 = )T a—yB)o (t = lix1) H;.

=m

(3.23)

By using again (3.2), we also have the following estimate that for any ¢ € [l,,,, lx]
with £ > m,

1(Sa—rp © F Fn + ) = L) | < T6,(t — Lun)- (3.24)

Lemma 3.10 Let Assumptions 2.1, 2.4, 2.10 and 3.5 be satisfied. Then the
approzimate solution u.(t) in (3.22) satisfies the following properties

(i) There exits a constant My > 0 such that
e (t) = yull < Mo(e +6,(£)), Vt € [las ]

with k=0,...,n. — 1.

18



(i) ue(t) € B(O, p), Vit € [0,7].
(ili) There exists a constant My > 0 such that for all t € [0,7]

[ue(8) = Tia—ymyo ()20 = (Sa—yp © Fy (uc () (O] < Mi(e + 6, (€))-
(3.25)

Proof. We first prove that, for each t € [l,,,1,] with p > m > 0 and each
y € Xo, we have

~ _ £ (e
||u5(t) - yH < HT(Ava)o (t— lm)ym - y” + Fév(t —lm) + §M’Y(t - lm)e 7 (t=tm),

(3.26)
Let p > m > 0 be given. From (3.23) we have
us(t) -y = T(A—'yB)o (t - lm)ym —y+ (SAf’YB <& f’y(lm + ))(t - lm)
k—1
(=) He + Y (lipr — 1) T(a—yp)o (t = L) Hi, VE € [li, liga]

with m < k <p— 1. Hence

lue(t) =7l < NTia—yB)o (t = b )ym = Gl + [(Sa—yn © f3(lm + )t = L)

(= L) Hell + > Uir = Ty (t = liga)Hill, Yt € [li, ]

i=m

with m <k <p—1. In view of (3.24), and

H; € Xy and HHIHS , 1=0,...,n¢,

N ™

we see that, for any t € [lg, k1] with m <k <p—1,

_ _ €
lue®) =gl < 1 Tta—m)o(t = lm)ym = Gll + T, (t = L) + (t = l) 5
k-1
D€
+> M»yew”(tfll“)i(lwrl —1;)

i=m - c o
< HT(A*WB)O (t = lm)ym — 9l + Fé'v(t — ) + iM'y(t — Ly )€ (¢ lm)’
which proves (3.26).
Proof of (i): By using (3.26) with m = k, p = k+ 1 and § = yy, for each
t € [k, lg+1], it follows that
€ _
e (8) = yell < NT(a—ymyo (t = )y = yull + L0, (t = lie) + 5 My (t — li)es (=00,
Observing that

te[lk,lk+1]:>t—lk§lk+1—lk§%k<rk§s:>t—lkefk
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where I}, and r are defined respectively in (3.6) and (3.7). Then we deduce
that

| T a=~B)o (t = lk)yr — Y&l <€, Vt € [lg, lry1]

and
g
ue(t) — yill < &+ T8, (c) + inee“’;rE, Vit € [, lpta)- (3.27)

This proves (i).
Proof of (ii): In view of (3.26) with m = 0, p = n. and § = 0, and using the
fact o = 0 and yg = xg, we deduce that

lu@l < 1Tia—y), (o]l + L6, (1) + Mot vt € [0,7).
Then the fact 0 < ¢t < 7 together with the inequality (3.4) imply that
luec ()] < p, VE € [0, 7].
Proof of (iii): Let
Ve(t) = ue(t) = Ta—yp), (D)0 — (Sa—yp © Fy (-, ue())(t), Vt € [0,7].
We further define
gy (1) = f5(t) = F5(t, ue(t)), Vi € [0,7]

or equivalently

ga(t) = { Foy(lg,yi) — Fy (8, us(t)) it tellglg+1), k=0,....,n.—1
7 Fw(lng—layng—l) = Fy(lnosyn.) i t=1n,
(3.28)
where f, is defined in (3.21) and n. has been defined in Lemma 3.9.
Then using (3.23) we get

k—1

0e(8) = (Sa_ypogy (DO (1) Hyt S (iar—1)Toa sy (t—Lis1) Hy ¥t € [l D).
i=0

Since g € Reg([0, 7], X), it follows that

S wt
o=@ < 6,(t) sup llgy(s)ll + 5 M- (¢ = lo)e
s€[0,t]

5 wtr
< 55(7) swp gy ()] + Myt
s€0,t]

Therefore one can obtain (3.25) by estimating

sup |lg(s)l, vt € [0,7].
s€[0,t]

In view of (3.28), it follows that

19y O < N T yr) = 5 (& yi) |+ (15 (8 ye) = By (G ue (@) € [l il
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with k = 0,...,n.. Observing that if t € [ly,l}+1], then
t—lk§1k+1—lk§%<’I”k§p:>t—lk€I}c andte[O,p]

where I;, and rj are defined respectively in (3.6) and (3.7). This observation
together with the fact

us(t) € B(0,p), Vt € [0,7],

imply that
gy (D)l < €+ Allye — ue(B)ll, VE € [lg, lpta]-
Finally we infer from (3.27) that

lgv () < &+ Ale + T8, (6) + S Myee ], Vb € [l o).
The result follows. =

Existence of solution in Cjy: At this stage, the approximated solution ¢t —
ue(t) only belongs to Cy for t = i, (since u(ly) = yr € Cp). In this last part
of the proof, we take the limit when ¢ — 0 and after proving that the limit
exists (by using Cauchy sequences), we will prove that the limit solution takes
its value in Cj.

We first prove that the approximated solution (uc)ce(o,c+) forms a Cauchy
sequence in C([0, 7], Xo) and its limit is a solution of system (1.1). Indeed, by
using property (iii) of Lemma 3.10, we have

e (8)—uq (8)]| < Mile+6, (e)+0+0,(0)]+8, (1) sup, (1 (5, ue(5)) = Fy (s, uq ().

Since
ue(t),uq(t) € B(0,p), Vt € [0,7], 0 <7 < p,
we obtain

e (t) ~uo (t)|] < Mrle+6y () +0+0,(0)]+0, (7)A sup [ue(s)=uq (s)[l; VE € [0,7].

In view of (3.5), we have 0 < d,(7)A < 1, and hence,

M
il [[ue (t) = us (B)]| < mk +0,(e) + 0+ 6,(0)].

Therefore (uc).c(0,e+) € C([0,7], Xo) is a Cauchy sequence in C([0, 7], Xo) en-
dowed with the supremum norm. Then there exists u € C([0, 7], X() such that

lim sup ||ues(t) —u(t)|| = 0.
e—=0* tE[O,T]
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Letting ¢ tend to zero in (3.25), it is straightforward that

u(t) = Tia—p), ()0 + (Sa—yp o Fy (-, u(-))(t)
— Ta ()70 + (Sa o F(-u(-))(®), Vi € [0,7], Vi € [0,7].

That is to say that u € C([0,7], Xp) is a mild solution of (1.1) in [0, 7]. Finally
using property (i) of Lemma 3.10, we see that

d(uc(t), Co) < NMo(e + 6,(c)), Vt € [0,7] = lim d(uc(t),Co) =0, V¢ € [0, 7].

e—0t

By the continuity of x € Xo — d(z, Cy), we further see that

d(u(t),Cy) = lir(IJl+ d(ue(t),Co), Vt € 0,7] = u(t) € Cy, Vt € [0,7].

4 Applications

4.1 Single species model

We consider the following age structured model with local competition in
age

augt, a) . 8u§2 a) _ —u(t,a) (u(a) + u(t, a))

u(t,0) = /+OO Ba)u(t,a)da (4.1)
u(0,.) = o € L% ((0,00),R), p € [1, 400).

It is important to note that due to the intra-species competition term —u(t, a)?,

the right hand side of the model (4.1) is not well defined in L% ((0,00),R),
p € [1,400). However it is well defined in any subset of L ((0,00),R) N
L ((0,00),R). Let us denote by

(I, a) == exp ( /la,u(s)ds> ,a>0

the probability that an individual of age [ survives to age a if there is no ad-
ditional mortality. Therefore we define the basic reproductive number of (4.1)

as
—+oo

Ro = ; B(a)I1(0, a)da,

which represents the average number of offprints produced by one individual
during its life span.

Assumption 4.1 We assume that 3 and p belong to L°((0,00),R) and there
exist two constants ag > 0 and pg > 0 such that

p(a) > po, fora > ag.
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Equilibria: An equilibrium of (4.1) will have the following form

1(0, a)b
1+ [, 11(0,6)d6 b

a(a) =

with b > 0 satisfying

11(0, a)b
b*/ O 110, ya05

Therefore there exists a unique positive equilibrium if and only if

—+oo
1<Ro= B(a)II(0, a)da.
0

Moreover the positive equilibrium #(a) is defined by (4.2) where b > 0 is the
unique solution of the scalar equation

A(b) =1 with A(b 4.3

®)=1 wi /6 1+f0 oedeb“ (4.3)

Let us note that since the map b — A(b) is decreasing in [0, +00) we have
A(b) <1, Vb >b. (4.4)

This latter inequality (4.4) will be used in the proof of the main result of this
section.

Main result : For each b > 0 we define the sub domain of L% ((0,00),R) N
L3 ((0,00), R)

- ) ’ I1(0, a)b
Cb — {UO c L+((0,00>,R) :0< 'U/O((l) < 1 +f0al_[(079)d9b} .

Theorem 4.2 Let Assumption 4.1 be satisfied, and Ro > 1. Assume that BA> 0

is the unique solution of (4.3). Then for each b > b the sub domain Cy is
positively invariant by the semiflow generated by (4.1).

The proof of the main result will be decomposed into several steps. Before
proceeding let us define for each b > b the map a — @(a) by

I1(0, a)b

U = , Va >
(a) 1+ [T10(0,0)d00"  ~

and observe that due to Assumption 4.1 we have

ap € LL((0,00),R), ¢ € [1, +o0].
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Furthermore a — 1y (a) satisfies the following ordinary differential equation

{ duy(a) —ap(a) (u(a) + ap(a)), a >0 (4.5)

Step 1: (Truncated system) We introduce the truncation function y : R —
L ((0,00),R) defined by

X(s,+) = min(tp(-),s7), Vs €R
and observe that for each ¢ € L ((0,00), R) we have
0 < p(a) <ap(a), aea>0= x(p(a),a)=y(a), a.eca>0.

Next we consider the following truncated system

Oult.a)  dulta) _ _ . o)iu(a) + x(ult, a), a)]

u(t,0) = /O B(a)u(t, a)da
u(0,.) = up € L ((0,400),R), p € [1,+00)

(4.6)

which is well defined in L ((0,+00),R). The strategy is to prove that for each
ug € Cj there exists a unique mild solution of (4.6) lying in C} and since the

two systems (4.1) and (4.6) coincide in Cj, the result follows.
Step 2 : (Abstract reformulation) Set

X =R x L?((0, +0), R)

endowed with the usual product norm. Consider the linear operator A : D(A) C
X=X
(5)-()
¥ -

D(A) = {Og} x W'P((0, +00), R)

and

and note that the closure of the domain of A is
Xo := D(A) = {0g} x LP((0, +0), R).
Consider the non linear maps Fy : LP((0, +00),R) — R and Fy : L?((0, +00),R) —
L?((0,+00),R) defined respectively by
+oo
Fole)= | Blajp(a)da

and
Fi(p)(a) = —p(a)u(a) + x(¢(a), a)], forae. a>0.
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Next we consider F': Xy — X defined by
P(%)=(59).
@ Fi(p)

By identifying wu(t,.) with v(¢) := ( u?tR ) > we can rewrite the partial differ-

ential equation (4.6) as the following abstract Cauchy problem

Uo

v'(t) = Av(t) + F(v(t)), for t >0, v(0) = < Or > € Xop.

It is well known that the linear operator A : D(A) C Xg — Xj is not Hille-
Yosida for p > 1 but fulfills the conditions of Assumption 2.1 (see [7, Section
6]). By using similar arguments in [7] one can also show that Assumption 2.4
is satisfied. It can be easily checked that F' is Lipschitz on bounded sets of Xj.
Therefore in what follows we will only verify that Assumption 3.5 is satisfied.

Step 3 : (Verification of Assumption 3.5) We consider the following closed
subset as a candidate for the application of our results

Cb = {OR} X ab.

Since Cj, is a bounded set, by letting B = I, it is enough to show that there
exists v > 0 such that

. 1
hlg(rjl+ Ed (T =1y (h)x + Sa—y1(h) [F(x) + 2], Cy) =0, Vx € C.

Next we set

Tp = ( %ﬂi > € C,ND(A).

Let z = ( (Zf ) € Cy be given. Then we have
(Flo) + 7]~ (F(@) + ) = o~ ellele) —tufallda ).

Thanks to the boundedness of éb and Assumption 4.1 one can chose v > 0 large
enough depending only on %, and p such that for each x € Cj, we have

F(Zy) +yxp > F(z) +vx >0, in X, =Ry x LI ((0,+00),R).
Next we define
vp(h) = T a— 1), ()T + Sa—~yr(h) [F(Zp) + 2], YR >0
and

v(h) = Tia—~y1), (R)x + Sa—~r(h) [F(x) +yz], Yh > 0.
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Then we see that the continuous maps h — v(h) and h — vp(h) are mild
solutions respectively of

dvdb}(Lh) = Avp(h) + F(Zp), h >0, vp(0) = Tp
and i)
2 = Av(h) + F(z), h >0, v(0) = .

It is fairly standard to prove that A is resolvent positive that is (\[—A)~1 X, C
X, for large A. Therefore we infer from [11, Theorem 4.5] that

0 <w(h) < wp(h), Yh > 0.
Observing that Z, € D(A) N X1 we have

—1p(0) + Fo () )

Az, + F (7)) =
o+ F(@) (agab(umb)

hence using (4.5) we obtain

—b+ Fo(ﬁb)

Azy + F(fb) = < Ops

>§0®F0(ﬂb)§b

but by (4.4) one knows that Fy(@p) < b if and only if b > b. Therefore using [11,
Theorem 5.5] we obtain that the map h + vy (h) is decreasing for each b > b so
that

0< ’U(h) < Ub(h) < ’Ub(O) =T, Vh > 0.

Finally we deduce that for each b > b

1
v(h) € Gy, ¥h 2 0 = 2 d(v(h),Cy) = 0, ¥h > 0.

4.2 Two species model

We generalize the single species system (4.1) to the following two species
system

Ou;(t,a) n Ou;(t,a)

= —u;(t, a) (pi(a) + ur (¢, a) + ua(t, a))

u;(t,0) = / Bi(a)u;(t,a)da (4.7)

0
uz(07) = U € L?‘,-((O7OO)7R)3 pe [17+OO)7 1= 172

As in the single species model system, we note that system (4.7) is not well de-
fined in L% ((0, 00), R)?, due to the inter-species competition terms —us (¢, a)us(t, )
and the intra-species competition terms —u;(t,a)?, i = 1,2. Fortunately, we will
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be able to study the existence of solutions and invariant subsets by using a gen-
eral abstract framework. For convenience, we define

a
IL;(1,a) := exp (—/ ,ui(s)ds> ,a>0,i=1,2.
!

We note that II;(l, a) stands for the probability that an individual of species i
with age [ survives to age a. Therefore we define the basic reproductive number
of species type i as

+oo
Roi = Bi(a)I1;(0,a)da, i =1,2.
0

Assumption 4.3 Fori = 1,2, we assume that 3; and ji; belongs to L3°((0,00),R)
and there exist two constants ag > 0 and pg > 0 such that
pi(a) > po, fora > ag.
Equilibria: Assume that for i = 1,2
Roi > 1.
Then we have the following trivial and semi-trivial equilibria of (4.7)
(0p1,011), (@,,0p1), (0p1,13,)

where for each i = 1,2

I1;(0, a)b; Ya > 0
1+f0 :(0,0)dob;”

with b; > 0 the unique solution of

I1;(0, a)
1*/ Bila 1+f0 :(0,6)d6 b;

Define for ¢ = 1,2 and each b > 0 the characteristic equations

oy I1;(0, a)
A;(b) =1 with A,( / Bi(a 1+f0 0.0) dé)bda' (4.8)

Let us note that for ¢ = 1,2, the map b — A;(b) is decreasing in [0, 4+00) and
we have -
A;(b) <1, Vb > b;. (4.9)

This latter inequality (4.9) will be used in the proof of the main result of this
section.
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Main result : For each by > 0 and b, > 0 we define the sub domains of
LA ((0,00), R) NLE((0,00),R) as

abi _ {uio € LE((0,00),R) : 0 < ujp(a) < T 11; (0, g)g)deb }
0

Theorem 4.4 Let Assumption 4.1 be satisfied. For i = 1,2, we assume that
Roi > 1, and b; > 0 is the unique solution of (4.8). If by > by and by > by then

the sub domain Cbl X C’b2 is positively invariant by the semiflow generated by
(4.7).

The proof of the main result will be decomposed into several steps. Before
proceeding let us define for ¢ = 1,2 and each b; > b; the map a +— 4, (a) by

I1;(0, a)b; Va > 0
1+ J7T0(0,6)d0b,"  —

Up, (a) =

and observe that due to Assumption 4.1 we have
iy, € L4 ((0,00),R), ¢ € [1,+00].

Furthermore for ¢« = 1,2 the map a — y,(a) satisfies the following ordinary
differential equation

da

{ dap, (@) _ —tp, (a) (pi(a) + (@), a>0 (4.10)

Step 1: (Truncated system) For i = 1,2, we introduce the truncation func-
tions x; : R — L3°((0,00),R) defined by

xi(s,+) = min(ay, (-),sT), Vs € R
and observe that for each ¢ € L% ((0,00), R) we have
0 < p(a) <ap,(a), aea>0= x;(pla),a) =p(a), aea>0.
Next we consider the following truncated system for ¢ = 1,2

Ou;i(t,a) n Ou;(t, a)

ot e —u;(t,a)[pi(a) + x1(u1(t, a),a) + x2(u(at, a), a)]
+oo
Uy (tv O) = / Bi (a)ui (t, a)da

0
ui(oa ) = U0 € Lﬁ»((ov +OO)»R)7 pe [1a +OO)

(4.11)
which is well defined in L ((0,400),R)?. Next we will prove that for each

(uo1,ug2) € Cp, x Ch, there exists a unique mild solution of (4.11) lying in
Ch, X Cp,. Then using the fact that the two systems (4.11) and (4.7) coincide
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in 61)1 X ébQ we obtain the desired results.

Step 2 : (Abstract reformulation) We first recall that 4, X, X, and X
are defined in the previous subsection. Setting X := X x X, and we define the
diagonal matrix of linear operators A : D(A) C X — X as

(A Ox
e ().

D(A) x D(A) and D(A) = X, x Xo

Thus we have
D(A)

and we set

XO = D(A)
Consider for ¢ = 1,2 the non linear maps Fo; : LP((0,4+00),R) — R and Fy; :
L?((0,4+00),R)? — LP((0, +00), R) respectively by

+oo
Foi() / B:(a)p(a)da

and

Fii(¢1,92)(a) = —pi(a)[i(a) + x1(p1(a), a) + x2(p2(a),a)], for a.e a > 0.

Next we consider F : Xy — X defined by

Or

F (@1
Or
(@2

By setting

v(t) =

( Ul(z]i )

> _ ( Fi(zi;fl@)z) )
) ( Fi%ﬁff/zz) )

> (OR)
u
, t>0 and vg:= 10

(L) (o)

we can rewrite the partial differential equation (4.11) as the following abstract
Cauchy problem

v/(t) = Av(t) + F(v(t)), for t >0, v(0) = vo € Xo.

Verification of Assumptions 2.1 and 2.4 can be done by using similar arguments
in [7]. Furthermore one can easily prove that F is Lipschitz on bounded sets of
Xo. Therefore in what follows we will only verify that Assumption 3.5 is satisfied.
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Step 3 : (Verification of Assumption 3.5) We consider the following closed
subset as a candidate for the application of our results

Ch, v, = {0r} x Cp, x {Or} X Cy,.
Since Cy, p, is a bounded set, by letting B = [, it is enough to show that there
exists v > 0 such that

1
lim —d (T(Af'ﬂl)o (h)x + Ss—~1(h) [F(z) + va] 7Cb1,b2) =0, Vz € Cp, p,.

h—0+ h
Or
_ Up,
Lbyby *= O
Upy

Denote by X := X, x X the positive cone of X, and we also define the induced
cone in Xy as Xo4 1= Xg N X;. Using the same arguments for the proof in the
single species model one obtains that there exists v > 0 large enough such that
for each = € Cy, 3, we have

Next we set

€ Cbhbz n D(A)

[F(CL‘) + ’}Af] < [F<£b1>b2) + Fyi'bhbz] in X+'

Since A is a diagonal matrix of operators with diagonal entries that are resolvent
positive it follows that A is also resolvent positive. Set

Vby by () = T(a—~1)o (R)Zby by + Sa—y1(h) [F(Zb, 0,) + ¥Z0y 0] s VR >0

and
v(h) = T(a—~1), (h)x + Sa—y1(h) [F(z) +~vz], Vh > 0.

Then we can observe that the continuous maps h — v(h) and h — vy, p,(h) are
mild solutions respectively of

dvblglil;j(h) = Avbhbz (h) + F(i‘bhbz)’ h >0, Uby ,by (0) = Tby,by
and dulh
’il(h ) = Av(h) +F(z), h >0, v(0) =z € Cyp, p,

Using [11, Theorem 4.5] it follows that
0< ’U(h) < Vby by (h), Yh > 0.

Next recalling that Z, 3, € D(A) N Xy we have
—Up, (0) +Fox (abl)
_ubl — Up, (/1'1 + Up, + ﬂbz)
( _ubz (0) + Fo2 (abz)
(

— Up, (2 + Up, + U, )

A‘(zbl,bz +F(i’b1,b2) =

ba
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hence using (4.10) we obtain
( —by +F01(ﬂb) )
—Up, Up,

( —bo + Foa (s, ) )

—Up, Up,

AZp, b, + F(Th, 5,) = <0 if Fos(t,) < b, i=1,2

but by (4.9) one knows that Fo;(up,) < b; if b; > b;. Therefore using [11,
Theorem 5.5] we obtain that the map h +— vy, p,(h) is decreasing if b; > b; for
1= 1,2 so that

0 < v(h) < by by (h) < Vb, 0, (0) = Ty by, VR 2 0.

Finally we deduce that for each b > b
1
’U(h) € Cp, by Vh 2> 0= Ed<v(h)’cb1,b2> =0, Vh > 0.
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