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ABSTRACT. In this paper we investigate compactness properties for a semiflow
generated by a semi-linear equation with non-dense domain. We start with the
non-homogeneous linear case, and, and we derive some abstract conditions for
non-autonomous semilinear equations. Then we investigate a special situation
which is well adapted for age-structured equations. We conclude the paper by
applying the abstract results to an age-structured models with an additional
structure.

1. Introduction. In this paper, we consider an age-structured population model
of the form

_ Aa)u(t,a) + J(t,u(t,-)) (a) t>0,
(0 + GaJult, o) = —|—Bg (t,a,ua(t))ult,a), { 0<ac<e,
u(t,0) = / Bi(t,a,u1(t))u(t, a)da, t>0,
0, (1.1)
u;(t) = / C;(t,a)u(t,a)da, t>0,
u(0,a) = ug(a), 0<a<e,
u(t,a) = 0, t>0,a>c

The number ¢ denotes the maximum possible age and u(t, -) is the age distribution
of the population. The population may carry an additional structure which is coded
in a Banach space Y with Y > u(¢,a). We refer to the books by Webb [45], Metz
and Dieckmann [30], and Iannelli [23], Busenberg and Cooke [15], and Anita [7] for
nice surveys on age-structured models.

To investigate such a system, one can use solutions integrated along the char-
acteristics, and derive a nonlinear Volterra equation. One can also use nonlinear
semigroup theory. We refer to Webb [45] for more information about these two
approaches. Here we use integrated semigroup theory to study equation (1.1). This
paper is in the line of the works by Thieme [37, 40, 41, 39], Matsumoto, Oharu,
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Thieme [29], Magal [26], Thieme and Vrabie [42]. One can note that such a tech-
nique was also developed in the context of (neutral) delay differential equations.
We refer to Adimy [1, 2], Adimy and Arino [3], Adimy and Ezzinbi [4, 5] for more
precisions about the delay case.

As we will see in Section 6, under some assumptions on the family of (eventually
unbounded) linear operator A(a), one can find a Banach space X, a linear operator
A:D(A) C X — X, and a map F : [0,T] x D(A) — X such that (1.1) can be

written as

t t
U(t,s)xzx—!—A/ U(t,s)xds+/F(S,U(t,s)x)ds, YVt > s> 0,Vz € D(A).

(1.2)
The goal of the paper is to investigate compactness properties of the semiflow gener-
ated by (1.2). Under some conditions on F one has the uniqueness of the solutions of
(1.2), and the family of nonlinear operator {U(t, s)},~ .~ define a non-autonomous
semiflow, that is to say that o

U(t,t) =1d,¥t >0, and U(t,7)U(r,s) =U(t,s),Vt > r > s > 0.

If we assume that for some bounded set B C D(A), and some s > 0, U(t, s)x exists
for all t > s, and for all x € B. Then we look for conditions to verify that

a(U(t,s)B) — 0, as t — 400,

where « (.) is the measure of non-compactness of Kuratovski ( or ball measure of
non-compactness) (see Martin [28], and Deimling [19] for more information about
measures of non-compactness). In other words, we want to prove that the semiflow
is asymptotically smooth in the sense of Hale [20]. By using this property one is
then able to apply attractor theory. We refer to Hale [20], Temam [36], Babin and
Vishik [11], Robinson [34], Ladyzhenskaya [25], Sell and You [35], Zhao [46] for nice
surveys on global attractor theory.

The compactness properties of semiflows were first investigated in the dense
domain case (i.e. D(A) = X), by Ball [12, 13], Dafermos and Slemrod [17], Pazy
[32, 33], Webb [44], Henri [22], Haraux [21], Vrabie [43]. Here, the point is to prove
similar results for the non-dense domain case (i.e. D(A) # X). Let {To(t)},~q

denote the Cyp-semigroup of linear operator generated by the part of A in D(A).
In the case where {Ty(t)},~ is compact (i.e. To(t) is compact for each ¢ > 0) the
problem is well understood (see Bouzahir and Ezzinbi [14], and Theorem 3.9 of
this paper). In the case of age-structured models the semigroup {To(t)},~ is not
compact, and the problem becomes more complicated to study. In fact in the non-
compact case, we need some regularity condition for the maps ¢ — F(¢,U (¢, s)x) (see
Assumption 3.3 b) of Theorem 3.7, and Assumption 4.1 ¢) of Theorem 4.3). Because
of this, the problem becomes completely different compared with the compact case.
Also, from the case Y = R in age-structured model, it is clear that additional
conditions like Assumption 3.3 b) are necessary in the non-compact case.

In Thieme [40] this problem is investigated for linear age structured systems,
and for a general Banach space Y. In Magal [26] the case Y = R™, J = 0, and
¢ € (0,+00) is investigated. One can also compare Assumption 4.1 b) of this pa-
per, and Assumption 5.3 d) in Magal [26], to see that the condition given here
is more general. In particular with the condition given in Magal [26], one needs




EVENTUAL COMPACTNESS AND AGE-STRUCTURED MODELS 697

much stronger assumptions in the applications to obtain some compactness prop-
erties (because one cannot use the technics developed in section 5 of this paper).
In Thieme and Vrabie [42] this problem is investigated for a general Banach space
Y, but they assume that J = 0 and Bs = 0. Here we investigate the general situa-
tion. In the general case, one needs to work more to derive some time regularity of
t — F(t,U(t,s)x) (compare section 3 in [42], and section 5 of this paper). For age
structured problems, we also refer to Webb [45] for a nice treatment of this problem
in the case where Y = R™, ¢ = +00, and by using solutions integrated along the
characteristics.

The plan of the paper is the following. In section 2, we recall some classical results
about integrated semigroups. In section 3, we present some general compactness
results for an abstract non-homogeneous Cauchy problem. The main novelty in
section 3 is Theorem 3.7. Just for comparison between the case where {Ty (%)}, is
compact, and the non-compact case, we also prove Theorem 3.9 which corresponds
to the compact case. This will help the reader to compare both situations. In section
4, we derive a general result for non-autonomous semilinear systems. In section 5, we
mainly investigate the regularity of ¢ — F (¢, U(t, s)x), and we derive some abstract
conditions that will be more applicable in the context of age structured systems.
Finally in section 6 we apply the main result of section 5 to equation (1.1).

2. Preliminaries. In this section, we recall some classical results about integrated
semigroups. We refer to Arendt [8][9], Kellermann and Hieber [24], Neubrander
[31], Arendt et al. [10], and Thieme [38] for nice surveys on the subject. Let Y, Z
be two Banach spaces, in the sequel we denote by L(Y, Z) the space of bounded
linear operators from Y to Z.

ASSUMPTION 2.1. Let A: D(A) C X — X be a linear operator. We assume that
there exist real constants M > 1, and w € R such that (w,+00) C p(A), and

o

M
= A—w)r’ for allm € N\ {0}, and all X > w.
In the sequel, a linear operator A : D(A) € X — X satisfying Assumption 2.1

will be called a Hille-Yosida operator. We set Xo = D(A), and we denote by Ag
the part of A in X, that is

Aoz = Az for all € D(Ag) = {y € D(A) : Ay € Xo}.

Then D(Ap) is dense in Xp, and Ag generates a strongly continuous semigroup of
linear operators on Xy that is denoted by {To(t)},~ -

DEFINITION 2.2. A family of bounded linear operators S(t), t > 0, on a Banach
space X 1is called an integrated semigroup if and only if

i) S(0) =0.

1) S(t) is strongly continuous in t > 0.

iii) S(r)S(t) = [y (S +1t) = S(1))dl = S(t)S(r) for all t,r > 0.

The generator A of a non-degenerate integrated semigroup is given by requiring
that, for z,y € X,

¢
xED(A),y:Ax<:)S(t)x—tx:/ S(s)yds Vt>0.
0
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It follows from this definition that

t
S(t)x:A/ S(s)xds +tx Vt>0,Vre X.
0

Notice that the previous formula implies that fot S(s)xds € D(A),Vt > 0,z € X.
So in particular S(t)x € D(A),Vt > 0,z € X. It is well known that a Hille-Yosida
operator A generates an integrated semigroup {S(t)},~, € £(X, Xo). The family
{S(t)},>( is locally Lipschitz continuous. More precisely, we have for all ¢ and s
such that t > s > 0,

t
190 = S5 cox <M [ e

The map ¢ — S(t)x is continuously differentiable if and only if z € D(A), &-S(t)x =
To(t)x,Vt > O,Vl’ € )(07 and
To(r)S(t) =St +r)—Skr) VYr,t>0.

We also have the following explicit formula (see Magal [27]) for all z € X, and for
all p > w,

Sty =p / To(s) (1 — A) Lads+ (n— A o —To(t) (n—A) "o (21)

The main tool for nonlinear considerations is the following theorem which was
first proved by Da Prato and Sinestrari [18] by using a direct approach, and by
Kellermann and Hieber [24] by using integrated semigroups.

THEOREM 2.3. Assume that A is a Hille-Yosida operator, and f € L'((0,7),X).
We set

(S (1) = / S(t— 8)f(s)ds, vt € [0,7].
0
Then t — (S = f)(t) is continuously differentiable, (S = f)(t) € D(A),Vt € [0,7],
t — A(S «* f)(t) is continuous, and if we set u(t) = %(S x f)(t), then
t t
u(t) = A/o u(s)ds +/0 f(s)ds, vt € [0,7],
and

lu()l < M / e“0=9) || £(s)|| ds.

From now on, we define

d
(S0 f) (1) = 2 (5% f)(D).
One can prove (see Thieme [37]) the following approximation formula
t
(Sof)(t):= lim | To(t—s)A(M - A)7! f(s)ds, vt € [0,7].
—+oo Jo

From this approximation formula, we deduce that for all ¢ and § such that 0 < § <
t<T,

(Sof)(t) =To(0) (Sof)(t—=08)=(Soflt—04.)) (). (2.2)
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Consider now the non-homogeneous Cauchy problem

du(t)
{ = Au(t) + f(1).t > 0; (2.3)
u(0) =z € Xo.

DEFINITION 2.4. : A continuous function u € C ([0,7],X) is called an integrated
solution of (2.3) if and only if

t t
u(t) =z + A/o u(s)ds +/0 f(s)ds, for allt € [0,7].

One can note that in the previous formula we implicitly assume that fot u(s)ds €
D(A),Vt € [0,7]. So we must have u(t) € Xo,Vt € [0,7]. From Theorem 2.3, we
deduce that

u(t) =To(t)x + (So f) (1)

is the unique integrated solution of (2.3), and

t
lu(®)] < M [e“’t ] +/0 U f(s) ] ds| Wt € [0, 7]

3. Compactness for Non-homogeneous Problems. In this section we present
some compactness results for a non-homogeneous Cauchy problem. More precisely
we consider the following Cauchy problem

% = Au(t) + f(t), for t € [0,7], and u(0) =0,

and we investigate the compactness properties of the following set

{(SeNt):tel0,7],feF},

where F is a subset of C ([0,7],X). From now on, we assume that A : D(A) C
X — X is a Hille-Yosida operator. We start by the classical situation where f(¢)
belongs to Xy = D(A).

ASSUMPTION 3.1. Let F C C ([0,7],Xo) be such that the subset
{r@):te0,7],f €7}

is bounded, and there exists 6* € (0,7), such that for each § € (0,5*), the subset
{To(0)f(s) : s € [0,7], f € F}

is relatively compact.

The following Theorem summarizes ideas from Webb [44].

THEOREM 3.2. Let Assumption 3.1 be satisfied. Then
{(Sof)t):tel0,7],feF}

is relatively compact.

Proof. We set

ve(t) == (S0 f)(2) :/0 To(t — s)f(s)ds, Vi e [0,7],Vf e F.
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Let § € (0,6%), be fixed. We have for each t € [0, 7], and each f € F,
t t t—6
/ To(t — 5) f(s)ds :/ To(t — ) f(s)ds +/ To(t — 5 — s)To(6) f(s)ds
0 t—9 1) (3 1)
s .
+ / To(t — s) f(s)ds.
0
By Assumption 3.1, for each 6 € (0,0*), the set
Mys :={To(0)f(t): t € [§,7],2 € E}

(
is compact. Moreover, as the map (¢, ) — Tp(¢)x is continuous from [0, +00) X Xy
into X, we deduce that for each 6 € (0,7), the set

Mss :={To(t)x : t € [0,7],x € Mys}

is compact. Therefore, for each ¢ € (0,7) and each t € [J, 7],

t—6
/5 To(t — 6 — $)To(6) £ (s)ds € [0, 7] 70 (Mas) =: Mg,

where €0(Mas) is the closed convex hull of Mss. By Mazur’s theorem, Mss is
compact. For each § € (0,7), we set

My = Mss U {O} ,
and
My ={vs(t):xz € E,t €[0,7]}.
Then by using equation (3.1), the fact that 0 € Mj, and the fact that {f(¢) :
t €[0,7], f € F} is bounded, we deduce that there exists k > 0, such that for each
d€(0,7),
Vz € Mo,y € Ms, such that ||z —y| < k9. (3.2)

Let € > 0 be fixed, and let 6 > 0 be fixed such that kd < e/2. Since Mj is compact,
we can find a finite sequence {y;},_,  such that

.....

€

M5 c Uj:l,...,pB (yja 5) )

and by (3.2) we also have My C Uj=1,. ,B (y;,¢) . So My is relatively compact. [
The following lemma will be useful in section 5.

LEMMA 3.3. Let Assumption 3.1 be satisfied. Thent — (So f)(t) is uniformly right
continuous on [0,7), uniformly in f € F.

Proof. We set
ve(t) == (So f)t) = /0 To(t — s) f(s)ds, Vit e [0,7],Vf e F.

Let bet € [0,7), h € [0,7 —t), and f € F. We have

t+h t
ve(t+h) —vp(t) = /0 To(t+hfs)f(s)dsf/0To(tfs)f(s)ds

t+h t
/t To(t+h—s)f(s)ds + (To(h) — Id) /0 To(t —s)f(s)ds.
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So
Jog(t + h) — s (1)) < kb + H(%(h) ~10) [ Tt - 95(s)as

where k = Me®' ™ SUP ez teo,r) |f (D), and w* = max(0,w). By Theorem 3.2, the
subset

C— {AtTo(t—s)f(s)ds:te [O,T],fe}"}

is relatively compact. The map (¢, z) — To(t)x is continuous from [0, +00) X X into
X, so this map is uniformly continuous on [0, 7] x C, and the result follows. O

We now consider the case where f(t) belongs to X.

AsSUMPTION 3.4. a) Let be F C C ([0,7],X). We assume that there exists \* > w,
such that the subset

[ —a) @) tefo,n]. f e F}

is relatively compact.
b) For each Ty € (0,7), we assume that

1 1 s+h
), o=z ) 0
LEMMA 3.5. Let Assumption 3.2 be satisfied. Then, for each 11 € (0,7), the set
{(Sef)t):tel0,n],feF}

ds = 0.

is relatively compact.
Proof. We set
vi(t) = (Se f)(t),  Vte[0,7],Vf € L((0,7),X).

Let 71 € (0,7) be fixed. For each h € (0,7 —71), we define K, : L'((0,7),X) —
C([0,m], X) by

t+h
Kn(f)(t) = %/t F(s)ds, Ve [0,r—Hh].
Then
SEWNO) = 3 S+ = fO], e 0,7 —h.YS € (0,71, X)

For all t € [0, 7], and f € C([0,7],X), we have

v ) = (SO Kn(NO) = 5 [ SR =),
|
ey () = SOKANO) + [ S (=5 = fle=o)lds. (33)

By using equations (2.1), (3.3), Assumption 3.2 a), and by Mazur’s theorem, we
deduce that

ATl,h = {UKh(f)(t) 1t e [037-1] af S f}
is a compact subset. We set

ATl,O = {Uf(t) . f S f,t S [0,7'1]}.
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By Theorem 2.3, for each h € (0,7 — 71), and each t € [0, 7], we have
|05 (8) = v, (@] = 1(Sof—=EKn(f) @)

t
M / ew(t—s)
0

s+h
fo) - [ swa

1 s+h
_E i

ds

IN

IN
<
o
S
o
3
c\\‘

f(s) fydl| ds,

where w™ = max(0,w). So by using Assumption 3.2 b), we deduce that, for each
e > 0, there exists h. € (0,7 — 71) such that

Ve € Ao, eEA n : |z—yl<e

By using the same arguments as in the proof of Theorem 3.2, we conclude that
Az, o is relatively compact. O

AssUMPTION 3.6. a) Let F C C(|0,7],X) be such that {f(¢t) :t €[0,7],f € F} is
a bounded set, and assume that there exists \* > w, such that for each § € (0,7),
the subset

{(A* AT te ], f e }'}

is relatively compact.
b) For each 71 € (0,7), and each § € (0,71), we assume that

T1
lim sup/
ANO feF Js

The main result of this section is the following theorem.

1

s+h
f(s)—ﬁ/ £l ds = 0,

THEOREM 3.7. Let Assumption 3.3 be satisfied. Then, for each 11 € (0,7), the set
{(SeN)t):tel0,n], feF}
is relatively compact.

Remark: In applications, the main difficulty is to verify Assumption 3.3 b). It
is clear that if F is a family of equicontinuous maps, then Assumption 3.3 b) is
satisfied. Moreover, if F is a bounded set in W' ((0,7),X), then one can prove
that Assumption 3.3 b) is satisfied. In section 5, we will study this question for a
class of semi-linear problem.

Proof. Let 71 € (0,7) be fixed. We set

vos(t) = (So f)(t), Vt€[0,n],VfeF,
and

a1 = SuPserieo,r 1F (O]

For each ¢ € (0,71), and each f € F, let vsy : [§,7] — X be the unique solution of

¢ ¢
vsf(t) = A/ vsf(s)ds +/ f(s)ds, YVt € [d,7].
5 5
By using Lemma 3.5, we deduce that
Cs = {vss(t) :t € [0, 7], f € FyU{0} is compact.
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By using Theorem 2.3, we have
lvos ()] < Me* "a1d, vt €[0,4].

+
where g = Me* Ty, and wt = max(w,0). Moreover, for ¢ > §, we have

t

w0 (8) = vs(6) = 005 (8) + A [ ung(s) = vss(5)ds

5

so by using again Theorem 2.3, we obtain for ¢ > §,

lvos (t) = vss (DI < Me"7 [loos ()| < Me*""and,
We set

C() = {’U()f(t) 1t e [O,Tl],f S f}
Since 0 € Cs, we deduce that for 6 € (0,7),
Vz € Cy,Jy € Cys, such that ||z — y|| < asd,

where ag = M e‘”+7a2. The relative compactness of Cy follows. O

AssumPTION 3.8. Let F C C ([0,7],X) be such that {f(t):t € [0,7],f € F}isa
bounded set, and assume that {Ty(t)},>, is compact.

The proof of the following Theorem is adapted from Bouzahir and Ezzinbi [14].
THEOREM 3.9. Let Assumption 3.4 be satisfied. Then the set
(SonW):ter, feF}
is relatively compact.

Proof. From equation (2.2) we have for all ¢ and § such that 0 < § <t < 7,

(Sof)(t) =To(0) (So f)(t=06)+ (Sof(t—d+.))(9).
We set
Co={(Seof)t):telo,7],feF},
and
Cs ={To(0) (So f)(t—0):teldr],feFru{o}.
Then by using Theorem 2.3, we deduce that there exists £ > 0, such that for all
5 € (0,7),

Vz € 007 Ely € 05 : ||117 - y” < k57
and as Cj is compact for all § € (0,7), the result follows. O

4. Compactness for the Semilinear Problem. From now on, we assume that
X is a Banach space, and A : D(A) C X — X is a Hille-Yosida operator. We
consider

t t
ug(t) =2+ A/ ug(8)ds —|—/ F(s,uz(s))ds, for t € [0,7]. (4.1)
0 s
where F' : [0,7] x D(A) — X is a continuous map. Let Y and Z be two Banach
spaces, and let ¥ : Y — Z be a map. We will say that ¥ is compact, if ¥ maps
bounded subsets of Y into relatively compact sets of Z.
The following lemma is adapted from Thieme [40], Theorem 7, p:698.
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LEMMA 4.1. Let Y be a Banach space, and ¥ : [0,7] x D(A) =Y be a continuous
map satisfying:
a) For each 0 < s <t < 7, the map © — U (¢, To(s)x) is compact, the map t —

U(t,x) is continuous on [0, 7], uniformly with respect to x on bounded sets of D(A),
and for each C > 0, there exists K(C) > 0, such that

[W(t,2) =¥t y)ll < K(C) [z =yl

whenever t € [0,7], |||, ||yl < C.

b) There exists a bounded subset E C D(A), such that for each x € E, (4.1) has a
solution ug(t) on [0,7], and {F(t,u;(t)) : t € [0,7],2 € E} is bounded.

Then for each n € (0,7], the subset {¥(t,u,(t)):x € E,t € [n,7]} has a compact
closure.

Proof. By Theorem 2.3, the set {u,(t) : © € E,t € [0, 7]} is bounded. We set

ap= sup |luz ()], and e = sup [|F(t,us(2))] -
te(0,7],zEE tel0,7],zEE

Let n € (0, 7] be fixed. By equation (2.2) we have for all ¢ and ¢ such that 0 < § <
t<T,

(SoF(,u() @) —To(d) (So F(,u()(t—08)=(SoF{t—0+.,ult —35+.))) (0).
Then by Theorem 2.3, for each § € [0, 7], and each t € [4, 7], we have

[(SoF(t—38+.ult—36+.))) ()| < M/: O | F(t — 6+ s,u(t — 6+ s))| ds

s
§Ma1/ e“%ds.
0

We set v = Me® Tay, with wt = max(0,w). Then we obtain
1S o F(.,u(.)) () = To(6) (S o F(,u(.)) (t =)l < 07,6 € [0,7],Vt € [5,7].
So, for each 0 < § <t < 7, we have

U(t,To (t) x + To(d) (S o F(.,u(.)) (t —9))
=V(t,To(0) [To (t —6)x + (S o F(.,u(.)) (t —9)]).

By using Theorem 2.3, we deduce that for ¢t > 6,
[To (t = 6) z + (S o F(.,u(.)) (t = d)
< Me* (=) [ap+ (t—08) ay] < Me'™ [ag + Ta1] =: .

(4.2)

So
ITo (t) & + To(0) (So F(.,u(.)) (t=9)| < Me* Tay =t as.

Moreover, since the map ¢t — U(¢,x) is continuous on [0, 7], uniformly with respect

to z on bounded sets of D(A), we deduce that for each § € (0,7), the set
Cs = { (. Ty(9)2) : v € D(A), |la]| < s, t € [o,7]}
is relatively compact. So by (4.2), for each 6 € (0,7), the set
Cs ={9(t,To (t) z +To(0) (So F(,u(.)(t—90)) :xz € E,t €[s,7]}
is compact. For each ¢ € (0,7), let v, 5(t) be the unique solution of

vg,s(t) =T (t) x +To(8) (So F(.,u(.)) (t—9), for t € [6,7].
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Then for each § € (0,7), and each t € [n, 7], we have

[W(t ua(t) = Wt v s ()] < K () [|(SoF(t =06+ .,ult—0+.)) )
< K (asz)~o.

We set
Coy ={Y (t,ugy(t)) :x € E,t € [, 7]},
and
7 =K (a3) 7.
We deduce that for each ¢ € (0,7),

Va € Co,yy,Jy € Cs, such that ||z —y|| <76.

So Cy,y, is relatively compact. O

ASSUMPTION 4.2. We assume that F : [0,7] x D(A) — X is a continuous map,
which satisfies
F(tax) = Fl(tax) + H(t,(ﬂ).% + F(t,.’ﬂ),

where Fy : [0,7]x D(A) — X, H : [O,T]XD(A)HE(D(A)) andT : [0,7]x D(A) —

D(A) are continuous maps, with the following:

a) There exists a bounded set E C Xy such that, for each x € E, there exists a
continuous solution uy : [0,7] — Xo of (4.1) such that

{Fi(t,us (1)) : t € [0, 7],z € B}, {T(t,us(t)):t€0,7],z € E},
and {H(t,u,(t)) : t € [0,7],2 € E}

are bounded sets.
b) There exists \* > w, such that for each é € (0,7), the set

{()\* — AT Rt ug(t) i te 6,7,z € E}

is relatively compact.
c) For each 1 € (0,7), and each § € (0,71),

lim su

h\0 zég /5

d) The map t — I'(t,x) is continuous from [0,7] into D(A), uniformly with
respect to x in bounded subsets of D(A), and for each t,s € [0,7], with s > 0,

the map x — Ty (s) ['(t, z) is compact from D(A) into D(A).
e) For each § € (0,7), the set

{H(t,u.(t)): t €6,7],x € E}

1

s+h
Fl(s,uw(s))—ﬁ/ Py, wa(1))dl|| ds = 0.

is relatively compact.
f) We assume that there exists 0 < 7/ < 7" < 7, such that for each x € E, if
us, € C([0,7],X0) is the solution of

wsa(t) = To () + /0 To(t — s)H (s, 1a(5)) (s (5))ds, Vi € [0, 7],

then the subset {us,(t) : t € [7/,7"],x € E} is relatively compact.
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From now on, for each « € E, and each t € [0, 7], we define
u(t) = (SoF(Lug())) )+ /0 To(t — s)H(s,uz(8))(u1(s))ds
Uge (1) = /0 To(t — s)T'(s,uz(s))ds + /0 To(t — s)H (s, uz(s))(uzs(s))ds

usg(t) = To(t)x+/0 To(t — s)H(s,uz(s))(usz(s))ds.

By uniqueness of the solution of
¢ ¢
v(t) =z + A/ v(s)ds + / Fy (s,ug(s)) + T(s,uz(s)) + H(s,uz(s))(v(s))ds,
0 0
we deduce that
U (t) = U1 (t) + u2p (t) + usy(t), Ve [0,7],Vz € E.
The main result of this section is the following theorem.

THEOREM 4.3. Let Assumptions 4.1 a)-e) be satisfied. Then for each 7 € (0,7),
the set

{u12(t) +ugz(t) : t € [0,71],z € E}

has compact closure. If in addition Assumption 4.1 f) is satisfied then the set
{ug(t) : t €7, 7"],x € E}

has compact closure.
Remark: 1) One can use Lemma 4.1 to verify Assumptions 4.1 b) and e). One can
also relax the Lipschitz condition in Lemma 4.1 by using similar idea as in Lemma
5.4.
2) In the applications, the main difficulty is to verify Assumption 4.1 ¢). The section
5 is devoted to this question.
3) The component us,(t) corresponds to the non-compact part of the semiflow. Also
the first part of Theorem 4.3 can be used to prove the existence of a global attractor

when the semiflow is not eventually compact, but contracting for some measure of
non-compactness (see Sell and You [35] for a definition of contracting semiflows).

Proof. First by using Assumption 4.1 a), Theorem 2.3, and Gronwall’s lemma, we
deduce that {u,(t):t € [0,7],2 € E} is a bounded set. Moreover by taking into
account Assumption 4.1 f), it remains to prove the compactness of

{uig(t) 1t € [0, 7],z € E}, fori=1,2,71 € (0,7).
Let 7 € (0,7) be fixed. By Assumptions 4.1 a)-c), and Theorem 3.7, the set
{(SoF1(,ug()(t):t€[0,nn],xz € E}
is relatively compact. By Assumption 4.1 d), for each ¢ € (0,7), the set
{To(O)T(t,uy(t)) : t €10,7],2 € E}

is relatively compact. So by using Assumption 4.1 a), and Theorem 3.2, we deduce
that

{/Ot To(t — s)I'(s,uz(s))ds : x € E,t € [O,T]}
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has a compact closure. We set for each 2 € E, and each t € [0, 7],
v12(t) = (S o F1 (L uz(.))) (1), and vor(t) = /O1t To(t — s)T'(s, uz(s))ds.
For ¢« = 1,2, we obtain that

wia(t) = 3 LA (0ia())(0),
k=0

where
Lo (4())(¢) =/0 To(t — s)H (s, uz(s))(¥(s))ds.

So for each integer m > 1,

wie(t) = > LE((ia) (DO + Y LE((via) ())(1), V¢ € [0,7].
k=0 k=m+1

By using Assumption 4.1 e), we deduce that for each § € (0,7), the set
Mos == {H(s,uz(5))(viz(8)) : x € E, s € [0, 1]}

is relatively compact. So by using Theorem 3.2 we deduce that for each ¢ = 1,2,
there exists a compact set C§ C D(A) such that

Lw(’l}m())(t) € Cé,Vt c [0,7’1] .

By using induction arguments we deduce that for each m > 1, and each i = 1,2,
there exists a compact subset C}, C Xj, such that

> LE(vie())(t) € Cl, VE € [0,71].
k=1
Moreover, we have

Tk
ILE((via) (D] < s b

k!’
where M > 1, w € IR the constants from Theorem 2.3,
wt =max(0,w), 7, :=  sup |Jvi(t)]],
tel0,7],z€E
anda : =M sup HH(t,M(t))H[;(W) .
te[s,7]),x€E

We deduce that Vt € [0, 7],

> = (ar)” + — (ar)"
I 2 (O < e’ 3 O <petreor 30T

k=m+1 k=m+1 ’ k=0

and 7, — 0 as m — +oco. We let
C(Z)o = Ut€[0,71]7er {um(t)} fOI‘ Z = 1, 2

Then for all z € C% there exists y € C?, such that ||z — y|| < vm. So for i = 1,2,
C?_ is relatively compact. O
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5. More about the Semi-linear Case. In this section we derive abstract condi-
tions which imply in particular Assumptions 4.1 ¢). Consider the equation

ug(t) =z + A/o ug(s)ds +/O F(s,uz(s))ds, fort € [0,7]. (5.1)

ASSUMPTION 5.1. There exists a bounded set E C Xy such that, for each x € E,
there exists a continuous solution ug : [0,7] — Xo of (5.1), F : [0,7] x D(A) — X
s a continuous map, which satisfies

F(t,x) = Fy(t,z) + H(t,x)x + (¢, x),

where Fy : [0,7]x D(A) — X, H : [0,7]x D(A) — L (D(A)) andT : [0,7]x D(A) —

D(A) are continuous maps, satisfying the following:
a) The maps t — Fi(t,z), t — [(t,x), t — H(t,z) are continuous on [0,7],
uniformly with respect to x in bounded sets of D(A).
b) There exists a bounded set E C Xy such that, for each x € E, there exists a
continuous solution uy : [0,7] — Xo of (5.1), and the sets

{Fi(t,u,(t)) : t €[0,7],xz € E}, {T(t,uy(t)):t€[0,7],2 € E},
and {H(t,u,(t)):t€[0,7],2 € E},

are bounded.

As in section 4, for each z € E, and each ¢ € [0, 7], we define

uz(t) = (SoF1(,u()) @)+ /0 To(t — s)H(s,uz(8))(u1(s))ds

U2y (t)

/0 To(t — s)T'(s,uz(s))ds + /0 To(t — s)H(s,uz(s))(uz.(s))ds

us(t) = To(t)x—i—/o To(t — s)H (s, uz(s))(us(s))ds.

LEMMA 5.2. Let Assumption 5.1 be satisfied. Then {u,(t):t € [0,7],2 € E}, and
{F(t,uy(t)) :x € E,t €[0,7]|} are bounded sets.

Proof. The result follows from Assumption 5.1 b), and Gronwall’s lemma. O

ASSUMPTION 5.3.  For all ¢,e > 0, and all t € [0,7), there exist n € N, bounded

linear operator H; from D(A) into Banach spaces Z;, 1 < j < n, and continuous
maps G from Z; into a Banach spaces Y}, such that the following holds:

IH (t,2) = H(t, D) < 35 1G5 (Hjz) — G (H;T)| + e
whenever z,T € D(A), ||z||, ||Z]] < c.
Foreach j =1,...,n, H;To(t) is compact fort > 0.
The following lemma allows to suppress the Lipschitz condition of Lemma 4.1.

LEMMA 5.4. Let Assumptions 5.1 and 5.2 be satisfied. Then, for each 6 € (0,7],
the set
{H(t,u,(t)): t € [0, 7], € E},

is a relatively compact set.
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Proof. Let 6 € (0,7] be fixed. Let {ti},~, € [0,7] and {zx},~, € E be two se-
quences. We define y, = H (t, uz, (tx)),Vk > 0. It is sufficient to show that for each
€ > 0, we can extract a sequence {ykp }pZO , such that there exists pg > 0, such that
Hykp — Y, H < &,Vp,l > pg. Then by setting ¢ = j%,j € IN, and by diagonalization
procedure, we can extract a converging subsequence.

Let € > 0 be fixed. Since {tx},~, C [0, 7], we can extract a subsequence (for
which we use the same index) such that t, — t € [6,7], as k — +o0. Since
{F(t,uz(t)) : x € E,t € [0,7]} is bounded, there exists ap > 0, such that

l[ug(t)]| < a0, Vt € [0,7],V2 € E.
We have Vk,1 > 0,
LH (t1y i, (t1)) — H(t1, 100, (00)) | < || H (b, 0y (t1)) = H(E, g (£))
+ HH(tN’ U, (1)) — H(E, g, (tl))H + HH(tN, Ug, (1)) — H(t,ua, (1)),

and since t — H(t, x) is continuous on [0, 7] , uniformly with respect to = in bounded

sets of D(A), we can find ko > 0, such that for all k,1 > ko,

[ (ts iy, (81)) = H (b1 vy, (82))]] < g + [ H (s, (1)) = H (E ug, (1)) -

Choose n € IN, operators H;, and maps G; according to Assumption 5.2, for

rather than e, t = ¢ € (0,7), and ¢ = . Then
n
~ ~ €
[ H (v (t)) = H (8w, (0))]| < DGy (Hyuay (b)) — Gy (Hjug, (1)) + 7
j=1

By Lemma 4.1 (with Y = Z;, and ¥(¢,2) = H;x), we deduce that for each j =
1,...,n,
{Hju,(t) : t € [6,7],x € E}
is relatively compact. So, we can find a converging subsequence of { Hjug, (tx)},~,
(that is denoted with the same index), and Hjuy, (t;) — 2; as k — +oo, for each
j=1,...,n. For each j =1,....,n, we have
1G5 (Hjug, (tr)) — G (Hjuq, (1))
< G; (Hjue, (tr) — G ()| + 1G5 (Hjua, (t)) — G ()l
and since G is continuous, we can find k; > 0, such that for each £,1 > k;, and
each j =1,...,n,
€

1G5 (Hjua, (th)) — G5 (Hjua @) < -

Finally, for all k,1 > k1, we obtain

[H (t, ua, (tr)) — H(t, ua, (0))]] < €.
O
ASSUMPTION 5.5. Forallt,s € [0,7], s > 0, the map x — Ty (s) (¢, x) is compact
from D(A) into D(A).

LEMMA 5.6. Let the Assumptions 5.1-5.3 be satisfied. Then {ua.(t) : t € [0,7],
x € E} is a relatively compact set, and the map t — wuo,(t) is right continuous,
uniformly with respect to x € E.
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Proof. By using Lemma 5.4, and the same arguments as in the proof of Theorem
4.3, we deduce that
{ugy(t) :t €10,7],2 € E}
is a relatively compact set. By using again Lemma 5.4, we deduce that for each
6 € (0,7], the set
{H(t,uz(t))us(t) : t € [6,7],z € E}
is a relatively compact set. Since
T(t,ug(t)) + H(t, ug () (u2s(t)) € Xo,Vt € [0,7],Vz € E,

we have
Ung (t) = /0 To(t — 8) [D(s,ux(s)) + H (s, uz(s))(u2:(s))] ds, vt € [0, 7],

and the result follows from Lemma 3.3. O

ASSUMPTION 5.7. Fy(t,x) is of the form Fy(t,x) = K1G(t, ), with X1 a Banach
space, G : [0,7] x D(A) — X3 a continuous map, K1 : X1 — X a bounded linear
operator, with the following:

c) There exists \* > w, such that for each 6 € (0,7), the set

{()\* — A Fi(tug(t) e [8,7],x € E} ,

1s relatively compact.

d) There exists a Banach space ()A(, ||H)?) , with X C D(A) such that, for all
c,e >0 and allt € [0,7), there exist n € N, bounded linear operators H; from
D(A) into Banach spaces Y,, 1<j<n, and continuous maps L; from Yu,

mnto L (D(A)7YLJ.), the space of bounded linear operators from D(A) into a
Banach spaces Yy,,, such that the following holds:
1|yt ) = Pu(t, D) < 357 (1L, (Hyw) o — Ly (H;2) T + &
whenever x, T € D(A), ||z], ||z]] < e
2. H;Ty(t) is compact from D(A) to Yy, forallj=1,..,n,t>0.
3. If Ke{H;:j=1,..,n} U{Lj(2):2€Yu,,j=1,...,n}, then KTy(t)
€ L(X,Yg) forallt >0, andt — KTy(t) is operator norm continuous

from (0, +00) into E()?, Yi), and we have for all sufficiently large X > 0
that

KA—A) 'K, = / e MW (s)ds on X,
0

with W(t) forming an exponentially bounded operator-norm Borel mea-
surable family of bounded linear operators.

e) There exists T* € [0,7) such that Vx € E,\Vt € [7*,7],
(w1 + use) (7%) € X, and H(t,ug(t)) (urs + uss) (t) € X,

and

sup || (u1z + use) (77)[| g < +o0,
zEE

Sup N H(tua(t)) (ure +132) (1) g < o0,
zeE te[T*,7]
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Remark: If for each K € {Hj:j=1,...,n}U{Lj(2): 2€Yy,,j=1,...,n}, t —
KTy(t) is operator norm continuous from (0, +00) into L(D(A),Y%), then we can

choose X = D(A) and 7* = 0. But in the example of section 6, we will need to
choose a Banach X # D(A), to obtain such operator norm continuity.

We now prove that Assumption 4.1 c) is satisfied.
LEMMA 5.8. Let Assumptions 5.1 and 5.4 be satisfied. Further let Ko be a bounded
linear operator from X into a Banach Xo such that, for sufficiently large A > 0,
—+oo
Ky(A—A) 'K, :/ e MW (t)dt on X,
0

with W (t) forming an exponentially bounded operator-norm Borel measurable family
of bounded linear operators. Assume that KoTo(t) € E()/(\',XQ)N?& >0, and t —
KyTy(t) is operator norm continuous from (0,+00) into C()?,Xg). Then for each
§ € (0,7 —7*), the map t — Ka (uy(t)) is uniformly right-continuous on [7* + 0, 1),
uniformly in x € E.

Proof. Let 6 € (0,7 —7*) be fixed. We set
Vg (t) = w12 (t) + use(t),Vo € E,Vt € [0,7].

By taking into account Lemma 5.6, it is sufficient to show that ¢ — Ka (v,(t)) is
uniformly right-continuous on [7* + ¢, 7), uniformly in € E. We have for each
t€[0,7 —7*], and each z € E,

Vet +7°) = To)va(t*) + So Fy(T" + - us (7" + ) (t)
+ /Ot To(t — s)H (7" + s,u. (7" + 8)) (v (7" + 8))ds
The uniqueness property of the Laplace transform implies that for all ¢ > 0,
KyS(t) Ky = /Ot W(s)ds on Xi.
So for each t € [0,7 — 7*], and each x € E,

Kovg(t+7") = V(t)v (%) + / W(t—s)G(T" + s,us (7" + 5))ds

0
+A¥%—$ﬁ@%,

where f,(t) = H(7" +t,ug (7% + 1)) (vx (7" + 1)), V(t) = K2To(t) for all ¢ > 0. Since
V (t) is operator-norm continuous from (0,+00) into £(X, X5), and {||v,(7%)|5 :
re kb } is bounded, we deduce that

t— V(t)vg (%)

is uniformly continuous in ¢ on [§,7 — 7*], uniformly in € E. So it remains to
consider Vt € [0,7 — 7],

L(t) =‘AV@—$ﬁ@%7

®
=]
o
=
8
=<
S~—
Il

/Ot Wt —s)G(T" + s, u (7" + 8))ds.
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ForY:XorY:)?, we set
Cy =suwp{||fa()lly :z € E,t € (0,7 —77]}.
Let ¢ > 0 be fixed, let be t € [0, 7 — 7*), and h € (0,7 — 7* — t). Then

t t+h
1a(t) — Lat + )], < / V(t— 5)fuls)ds - / V(t+h— 8)fo(s)ds

X2

t+h t
/t V(t+h— ) fu(s)ds /0 V(t=8) = V(E+h—8)] fuls)ds

!

X X2

In addition, let v € (0,0). Then

l:(t) = le(t + h)lx, < Oxh||Ka| Me*T + H/o V(t—s)—V(Et+h—s) fz(s)ds

X2

S thHKQH Me“T + ‘

/t_ V(t—8) = V(t+h—8)] fuos)ds

X2

t—vy
+H/ V(t—s)—V(t+h—s)] fz(s)ds
< C’Xh ||K2H Me“T + 2Cxy || Ka|| Me“™

X2

+/ [V(t—s)=V(E+h—s)fo HX
< Cxh||Ky|| Me®™ 4+ 2Cx~ || Ka|| Me®™
+(t =) supecpo sy IV(E=5) =V({E+h = 3)l 2z x,) SWPsefo.t— 1f2(5)] 5

If we choose v > 0 small enough, we have

e (t) = La(t+ R < 5 +th||K2||M6“T+tC;2 sup [[V(1) =V I+ M)l x,) -

y<I<t

But ¢ — V/(t) is operator norm continuous from [y, — 7*] into £(X, X), so it is
uniformly operator norm continuous on [y, 7 — 7*]. We deduce that

Il (t+ h) —1:(t)]] — 0 as h — 0, uniformly in ¢t € [§,7 —7"),z € E.

We now consider k,(t). For t € [0,7),and 0 < h < T — ¢,

t+h
ke(t+h) = / W(t+h—s)G(s,uz(s))ds + W(t+h—s)G(s,uz(s))ds

/ W(h+ s)G s,um(tfs))der/ W(h —s)G(t+ s, ug(t + s))ds.
0
So for some M > 0,
T __rh
lka(t4 )~ kOl <5 [ [W(h-+5) = W)l ds+ 37 [ [W(s)]ds,
0 0

Since W (t) is Borel measurable with respect to operator-norm, we have
lkx(t+ h) — kx(t)]] — 0 as h — 0, uniformly in ¢ € [0,7),z € E.
O
PROPOSITION 5.9. Let Assumptions 5.1-5.4 be satisfied. Then, for each t € [0, 7]

and each 6 € (0,7 —7%), s — F1(t,u(s)) is uniformly right-continuous on [7* + 6,
7], uniformly in x € E.
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Proof. Let ag > 0 such that
luz ()] < e, vVt € [0,7],Vz € E.

Let ¢ > 0, t € [0,7]. Choose n € N and operators H; and maps L; according
to Assumption 5.4 d) for /2 rather than ¢, and ¢ = . Set G;(z) = L;(H;x)x.
Obviously it is sufficient to show that, for any § € (0,7 — 7*), G, o u, is uniformly
right continuous on [7* + §, 7], uniformly with respect to = € E.

Let K be an operator in {H; : j =1,...,n} U {Lj(z) cz €Yy, )= 1,...,n}. By
Lemma 5.8, for each § € (0,7 — 7*), t — Ku,(t) is uniformly right-continuous on
[7* + §, 7], uniformly with respect to = in E.

Let § € (0,7 —7*), and j € {1,...,n} be fixed. By Assumption 5.4 d)-2), H;Ty(t)
is a compact operator for ¢ > 0. So by Lemma 4.1 (with Y = Yg,, and ¥(¢,z) =
Hjz), the subset

Ms; = {Hju,(s) : s € [t*+0,7],z € E}

is compact.

Suppose that G o u, is not uniformly continuous on [7* + §, 7), uniformly with
respect to € E. Then there exist sequences (si) in [7*+6,7), (z;) in E and (hy)
in (0,1) such that si + hx < 7, b \, 0 as k — oo, and

likmngGj(umk (sk + hi)) — Gj(uzk(sk))H > 0.
After choosing a subsequence, s — s € [7* + 6, 7|. Since Ms; is compact, we

can choose another subsequence such that Hju,, (s) — y € Yu,. Since Hjug, is
uniformly continuous on [7* 4 4, 7] uniformly in £,

Hjiug, (si) =y, Hjug, (s + hi) — v, k — oo.
Since L; is continuous from Z; to £L(D(A),Y;),
Lj(Hjug, (sk)) — Lij(y), L(Hjug,(sk+ hi)) — Lj(y), k — oo,

with the convergence holding in operator norm. Since t — L;(y)u,(t) is uniformly
right-continuous on [7* + §, 7] , uniformly with respect to x in F, we have

Lj(y)uzk (Sk + hk) - Lj(y)uwk (sk) — 0, k — oo.

By definition of G,
1G5 (tay, (55 + hi)) = G (g (s8) || < (1L (Hjthay Juay (s + i) = Lj(y)tay, (sk + ha) |

FILj (), (& + ) = L (y)thay, (si) | + 115 ()t () — Lj (Hjtia, Jua, (sk)|

<L (Hjuay) — Li(y)lleo + 125 (Y) vy (s + i) — L (y) v, (k)|

+ 1L (y) — Lj(Hjug,)|| — 0,k — oo,

and we obtain a contradiction. O
COROLLARY 5.10. Let Assumptions 5.1-5.4 be satisfied. Then, if 6 € (0,7 — %),
t — Fi(t,uy(t)) is uniformly right-continuous on [7* + §,7) , uniformly in x € E.

Proof. Let 6 € (0,7 —7*), and € > 0 be fixed. By Assumption 5.1, the map ¢t —
Fi(t,z) is uniformly continuous on [0, 7], uniformly with respect to = in bounded
sets. So, we can choose some 79 > 0 such that

[ (¢ ua(s)) — F1(r, ua(s))|| < /4,
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whenever |t — r| < ng,r,s,t € [0,7],z € E. Further we choose a partition 7* + § =
to < - <tpy1 =T such that t; —tj—1 < o, j=1,...,n+1. Then, if 0 < h <n
and s € [7* 4+ 0,7), with s + h < 7,

[F1(s+ h,ua(s + h)) = Fi(s, ua(s))|| <e/4+ |[Fi(s,ua(s + h)) — Fi(s, ua(s))] -

For each s € [7* + 6, 7) we find some j € {1, ...,n} such that |s —t;| < 7. Hence
3e

1F1(s + s ua(s + h)) = Fi(s, us () < 1 + [1F1(E5, uals + h)) = Filty, ua(s))l -

By Proposition 5.9, for each j =1, ...,n, there exists some 7; > 0 such that
[F1(tj, ua(s + R)) — Fi(t, ua(s))| < /4
whenever 0 < h < n;,s € [T*+6,7), with s + h < 7,2 € E. Set n = min;—q .., 7;,
then
[F1(tj, ua(s + h)) — Fi(ty ua(s))|| < e

whenever 0 <h < d,s € [t*+6,7),x € E,s+h<T. O

ASSUMPTION 5.11. We assume that there exist 7/, 7" : 0 < 7* < 7/ < 7" < 7, such
that for each x € E, if ugy .~ € C ([7%, 7], X0) is the solution of

U3, 7+ (t -+ ’T*) = To(t)’u,z(’r*)
t

+/ To(t — s)H (" + s,us (7" + 8)) (usg - (s +77))ds, ¥Vt € [0,7 — 77],
0

then the subset {usy - (t) : t € [7',7"],x € E} is relatively compact.

THEOREM 5.12. Let the Assumptions 5.1-5.4 be satisfied. Then for each T € (7%,7),
the set

{u1(t) + uge(t) : t € [7",711], 2z € E}
has compact closure. If in addition Assumption 5.5 is satisfied then the set
{ug(t): te[r',7"],z € E}
has compact closure.

Proof. We have for each z € E, and each t € [7*, 7],

t

wa(t) = un(7) + A / (s + /T t Fls, ua(s))ds,

T

so by replacing the initial time 0 by 7, the result follows from Theorem 4.3. O

6. Application to an Age-structured Population Model with an Addi-
tional Structure. Let Y be a Banach space that represents the distribution of a
population with respect to a structure different from age, e.g., induced by space
or body size. It can also represent the distributions of several populations with or
without a structure different from age. The additional structure would then come
from the multi-species composition. Let u(t,a) denote the structural distribution
(with respect to this structure) of the individuals with age a at time ¢t. More pre-
cisely u(t,-) € L*(0,¢,Y) where the latter denotes the space of integrable functions



EVENTUAL COMPACTNESS AND AGE-STRUCTURED MODELS 715

on (0,c) with values in Y. We consider the following model:

Aa)u(t,a) + J(t,u(t,-))(a) { t>0,

) +B(t, a,u(t))u(t, a), 0<ac<e,
u(t,0) = [y Bi(t,a,u1(t))u(t,a)da, t>0, 6.1
u;(t) = [, C;(t,a)u(t,a)da, t>0, (6.1
u(0,a) = wug(a), 0<a<eg,
u(t,a) = 0, t>0,a>c.

The number ¢ € (0, 00) denotes the maximum age of an individual. The operators
A(a) describe how individuals of age a change with respect to the other structure
and also to what extent they die a natural death (i.e. a death not depending
on the distribution of the population(s)) or emigrate. J(¢,x) can be interpreted
as an immigration rate which depends on the number and age distribution of the
resident population described by o € L1(0,¢,Y). The operators Ba(t, a,u;(t)) may
represent additional mortality factors that depend on the density (or densities) of
the population(s). If the populations are counted as biomasses, also biomass gains
through predation may be incorporated here. The boundary condition describes
the birth of individuals. The operators Bj(t,a, z) represent the per capita birth
rates of individuals with age a where z is the competition by other individuals. The
operators Cf(t,a) may describe to what degree individuals compete or cooperate
for the resources necessary for reproduction.

ASSUMPTION 6.1. a) For j = 1,2, let C; : [0,7] x [0,¢) — L(Y, Z;) have the
following properties:
i) For everyt € [0,7], y €Y, C;(t,a)y is Borel measurable in a € [0,c).
i) For every tg € [0,7], ess — sup ||C(to,a)| < oo and

<a<c

ess — sup ||C(t,a) — C(tg,a)| — O, t — tp.
0<a<c

iii) For everyt € [0,7], r € [0,¢), and y € Y, there exists a subset N = Ny, of
[0, ¢) with Lebesque measure 0 such that {C;(t,a)y;a € [r,c)\ N} has compact
closure in Z;.

b) The map J : [0,7] x L*(0,¢,Y) — LY(0,¢,Y) is continuous. Further, if E is
a bounded subset of LY(0,¢,Y) and t > 0, J(t,v) is continuous in t € [0, 7],
uniformly in v € E, and the following hold:

i) Ifbg,b1,b2 € [0,¢), by > by, and by — bg, by — by, then fbblz IJ(t,v)(a)||da — 0O
uniformly in v € E. B

ii) f{ae[070);”J(tjv)(a)”>m} |J(t,v)(a)]|da — 0 as m — oo, uniformly for v € E.

iii) For anyn € (0,c¢—s),

/On |U(s +a+h,a+h)J({t,v)(a+h) = U(s + a,a)J (¢, v)(a)|| da — 0,

as b\, 0, uniformly in v € E.
c) Forj=1,2,let Bj:[0,7]x[0,c)xZ; — L(Y,Y') have the following properties:
i) For everyt € [0,7], y € Y, z € Z;, Bj(t,a,2)y is Borel measurable in a €
[0,¢), and

ess — sup | B;(to,a,2)| < 0.
0<a<c
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ii) For every ty € [0, 7],
ess — sup | B;(to,a,2) — Bj(to,a, z0)|| — 0, z— 20
0<a<c
and for every 6 > 0,
sup ess — sup ||Bj(t,a,z) — Bj(to,a,z)|| — 0, t — to.
llzll<é 0<a<e
iii) For everyt € [0,7], z € Z;, r € [0,¢), and y € Y, there exists a subset N =
Ni.zry 0f [0,¢) with Lebesgue measure 0 such that {B;(t,a,z)y;a € [r,c)\ N}
has compact closure in Z;.

There are various assumptions and procedures under which the operators A(a)
can be generators of an evolutionary system U(t,7) : Y — Y, ¢ > r > 0 such that
1
lhi%lE(U(t,tfh)a:f:c) = A(t)z, t> 0,z € D(A(?)).

We will take the point of view that an evolutionary system U is given and interpret
the operators A(a) in a generalized sense by looking at the associated evolution
semigroup.

ASSUMPTION 6.2. LetU(t,s), 0 < s <t < c, be a family of bounded linear operators
on Y with the following properties:

a) U(t,s)U(s,r) =Ul(t,r), 0<r<s<t<e

b) U(s,s)x =, zeY,0<s<ec

¢) U(t, s)x is a continuous function of s andt for 0 < s<t<candz €Y.

d) supg<s<icc UL 5)]| < 00
e) U(t, s) is compact for each 0 < s < t.
f) Forallr €10,¢), y €Y, {U(a,r)y;a € [r,c)} has compact closure in'Y .

Here
X =Y x L'(0,¢),Y), and Xy = {0} x L*((0,¢),Y).
Let
To(t)e = Oxib(ﬂv), Va = (0,v) € Xo,
where {fo (t)} . is the evolutionary semigroup on L'(0,¢,Y) associated with U,
t>
defined for each v € L'(0,¢,Y), and almost every a € (0,c), by
=~ _f Ula,a—t)v(a—t), fa>t
@) ={ o Ge )

We refer to Chicone and Latushkin [16](and the references therein) for a nice

overview about this type of semigroups. It is readily checked that fo is a Cy-
semigroup on L!(0,c,Y).
By Assumption 6.2 d) there exists A > 1, such that

U s)|| <AVO<s<t<ec

It follows from the considerations in [41], Sec. 5, that there exists a Hille-Yosida
operator A : D(A) C X — X such that

Q—Ar%@m:mﬂma

w(a) = e U (a,0)z + /0 e U(a,a — s)v(a — s)ds,
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and there exists M > 1, such that
H()\ — A" <, vasonem.

Then D(A) = Xy, and A generates an integrated semigroup S(.).
We define Hj : [0, 7] x Xg — Z;, for j = 1,2, for each = (0,v) € Xy, and each
t€[0,7], by

H;(t)x = /0c C;(t,a)v(a)da.

We define F : [0,7] x Xg — X, F1 : [0,7] x Xo — X, and H : [0,7] x Xo — L (Xo),
for each z = (0,v),y = (0,w) € Xo, and each t € [0, 7], by

Fi(t,z) = </Oc Bi(t,a, Hi(t) (O,v))v(a)da,O) ,

H(t,z)y = (0,Ba(t,a, Ha(t) (0,v))w(a)),
L(t, x) (0, J(t,v)),

and
F(t,x) = Fy(t,z) + H(t,x)x + T (¢, ).
We now consider equation (6.1) under the following abstract form
du, (1)
dt
The main result of this section is the following theorem.

= Aug(t) + F(t,uz(t)), t>0,  uy(0) =z (6.2)

THEOREM 6.3. Let the Assumptions 6.1-6.2 be satisfied and T > 2c. Assume that
there ezists a bounded set E C X such that for each v € E, (6.2) has an integrated
solution u,(t) on [0, 7], the subset {Fy(t,u,(t)) :t € [0,7],2 € E} is bounded,

SUPg<i<rrep €55 — sup [|Ba (t,a, Ha(t)(0,ux(1)))[| < oo,
O<a<c

SUPg<i<racr Jy 14t ua(t))(a)|da < oo.
Then for each T € [2¢,T), the set {u,(t): x € E,t € [2¢,7]} has a compact closure.
To prove the previous theorem we now apply Theorem 5.12. In order to apply

Theorem 5.12, we need some preliminary results. The following result will be used
to verify Assumption 5.3.

LEMMA 6.4. Let M C L'(0,¢,Y), s > 0. Then fo(s)/\/l is compact if the following
holds:
i) ]f bo,bl,bg € [O,C), by > bl, and by — bo, by — bo, then fbblz ||f(a)||da — 0
uniformly in f € M.
ii) f{ae[O,c);Hf(a)H>m} IIf(a)|][da — 0 as m — oo, uniformly for f € M.
iii) For anyn € (0,c—s), [||U(s+a+h,a+h)f(a+h)—U(s+a,a)f(a)||da— 0
as h '\, 0, uniformly in f € M.

Proof. For f € L'(0,¢;Y), we define

a++
Ei(f)(a):i/ U(s+r,r)f(r)dr, a>0,i€ N,

where U(s +r,r)f(r) :== 0 for r > ¢ — s, further

[ @, @) <m
o) ={ TG NS fme
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Let ¢« € IV, % < 7. We want to apply the Arzela-Ascoli theorem to the sets
{Ei(f) : f € M}. By i) and by Assumption 6.2 d), {Z;(f) : f € M} is an equicon-
tinuous set.

We claim that, for all a € [0,¢), {Z;(f)(a) : f € M} is a compact set in Y.

To prove this claim, let a € [0,¢). After a substitution,

_ ! r r r
Ei(fim))(a) = ; Uls +a+ - a+ 2)fim(a+ -)dr
{Zi(fim))(a) : f € M} is contained in the closed convex hull of the set

MO = {U(S“‘G‘f’%,a‘f’;)‘f{m](az‘i‘g)T€[071]af€M}

C {U(s+a+§,s+a)U(s+a,§+a)y:ye./\/,re[0,1]}

where

N:{U(§+a,a+§)f[m](a+g);re[o,l],feM}.

Notice that 5 > % for all 7 € [0,1] by our choice of i. By Assumption 6.2 d) and
the definition of ff,,,), N is a bounded set. By Assumption 6.2 ), U(s +a, 5 +a) is
a compact operator and so Ny = U(s + a, 5 + a)N has compact closure. Since the
map (r,y) — U(s +a+ %,s+ a)y is continuous,

Mo {Uls+a+ s +a)yiyeNore 01}

has compact closure. By a theorem by Mazur, the closed convex hull of M, is
compact and so is {Ei(f[m])(a) 1 fe /\/l} - By definition of f{,,,},

HE'l(f)(a) — Zi(fym)(a)|| = U(s+r,r)f(r)dr| .

3!
[a,a+2]n{re(0,c):]| f(r)|>m}
By Assumption 6.2 d), there exists some constant A > 0, such that

||Ez(f)(a) - Ei(f[m])(a)H <A f{re(o,c);|\f(r)”>m} £ (r) |l dr

— 0, m — oo, uniformly for f € M.

Here we have used ii). Since {Z;(fj)(a): f € M} has compact closure, so has
Ef@): femr.

In order to show that Tj(s)M has compact closure, let (fi) be a sequence in
M. Tt follows from our previous considerations and Arzela-Ascoli theorem that,
for any i € IV, there exists a subsequence of (Z;(fx)),c Which converges locally
uniformly on [0,c — s), i.e. uniformly on [0,c — s — 7] for every sufficiently small
n > 0. By a diagonalization procedure, we have, after choosing a subsequence, that
(Zi(fx))pe converges locally uniformly on [0,c— s) for every i € IN. It follows
from ii) and Assumption 6.2 d) that the functions =;(f) are bounded on [0,c — s),
with a bound that does not depend on k or i. Thus we have for every i € IN that

/O B @) — ()@ da— 0, k1 oo,



EVENTUAL COMPACTNESS AND AGE-STRUCTURED MODELS 719

Now

[T~ Tatsis] = [ 106+ aita) - Uls + aca) i) da
/0 U + a,a) fila) — Zu(fi)(@)] da
+ / IZ:(fe) (@) — Zi(f) (@) | da

n / IZ:(fi)(a) — U(s + a,a) fi(a) | da.

IN

Hence, for any i € IV,
i o | Bo) i~ (o)1 < Jfim sup [ [0(s + 0,0 fula) = Zi() (@) da
- 0

+ Jim sup / UG + 4, a)fi(a) — Zi(fi)(a) | da.
lim sup |

(6.3)
By definition of Z;(fx) and Assumption 6.2 d), there exists some constant A > 0,
such that

| w6+ ea@ - Z) do
<A/C_ (/ [v6s +asa)sue) - U(5+a+:aa+2)fk(a+2)“dr> da

A

By iii), [y " |U(s + a,a)fr(a) — Ei(fi)(a)|| da — 0, as i — oo, uniformly in k € IN.
Takmg the limit ¢ — oo in (6.3), we have

s+a,a)fk(a)—U(s+a+:,a+Z)fk(a—i—?;)“da) dr.

lim sup Hfo(s)fk — fo(s)le =0.

k,l—o0

O

We now prove some results that will be used to verify Assumptions 5.4 d)-2) and
d)-3.

PROPOSITION 6.5. Let Q2 be a set and p a non-negative measure on a o-algebra of
measurable subsets of Q. Further let Z,Y, Zy be normed vector spaces, K : Z —'Y
a compact linear operator, and V' a bounded linear operator from'Y to L (), Zy).
Assume that, for every y € Y, there exists a subset Ny, of Q such that u(N,) = 0
and (Vy)(2\ Ny) has compact closure in X.

Then there exists a bounded measurable map W : Q — L(Z, Zy) and a measurable
subset N of 2 such that u(N) = 0 and W(a)z = (VKz)(a) for all z € Z and all
a € Q\ N. Further, for every e > 0, there exist n € N and measurable sets Qq,...,

Q, CQ and elements a1 € 1, ...,a, € Qy such that Q=1 Q;WN and
=1

HW(CL)*W((ZJ')||<E VGEQj,j:L...,n

We write @ for a disjoint union.



720 P. MAGAL AND H.R. THIEME

Proof. Let ¢ € IN. Since K is a compact operator, there exist my, € IN and
Z1y.ey2m, € Z with ||Zk|| < 1 such that, for all z € Z with ||z]| < 1, there exists
some k € {1,...,my} such that |Kz — KzZ|| < 64%1 By assumption, for every
k=1,...,my, there exists a measurable set Ny in Q such that [V EKz](Q\ N )
has compact closure in Zo. Set Ny = [J; Nex, N = Upey Neo Then p(N) = 0
and [VKz,](Q\ N) has compact closure for all k = 1,...,my. Let us fix ¢ for a
moment and set m = my. We define

Wi(a) = (VKz(a),...,VKzy(a)), a€Q\N.
Then W : Q — Zy", where Zg* is the m-fold Cartesian product of Zy with itself,

endowed with the maximum norm. Further

W(Q\N) CIVEKzJ(Q\N) X ... x [VEKz,](Q\ N).
The latter set has compact closure as the Cartesian product of sets with compact
closure. Hence W (2 \ N) has compact closure itself. Thus there exist n € IV

and elements aq, ..., an € Q \ N such that for every a € Q\ N there exists some
je{l,...,n} with |[W(a) — (aJ)H<€+1,1e.
1
VK z](a) — [VEz](a;)|| < — 1 k=1,...,m.
We set
~ n 1
0; = (e e Q\N; ||[VEz](a) — [VEz)(a))]| < — T

Then Q = U?Zl ﬁj and a; € Qj. Since VKz, € L>®(, Zy), ﬁj is a measurable set.

Now let a € ﬁj, je{l,...,n}, z€ Z, ||z|| < 1. We choose k € {1,...,m} such
that |Kz — Kzg| < H%l' Then

[IVEI(@) - VE@)]| <|VE)@) - VK@) + [V - VEa@)]
+ H[Vsz](aj [VKzil(a ||
L _2v)+1
(+1 {41

We set W(a)z = [VKZz|(a) for a € Q\ N and W(a) = 0 for a € N. Notice that
this definition does not depend on £. For every j =1,...,n, [W(a) — W(q;)| <

2|V + I)ZJrl for all a € Q We set 0 = Q1 \ U {a;} and
i>1

L2V Kz = Kzl +

Qj+1 j+1 UQU U {CLZ 5 ]:1,,’[171
1>7+1
Then Q2 = L+J;7:1 QW N, a; € Qj, for j =1,...,n, (since a; € QJ— for j =1,...,n),

and
2|V +1

+1
W : Q — L(Z,Zy) is measurable because for every £ € IN we find a finite-valued
measurable function Wy : Q — L(Z, Zy), W¢(a) = W {(a;) for all a € Q;, Wy(a) =0
for all @ € N, such that

W (a) = Wi(a)|| <

[W(a) — W(a;)|| < Va € Q;.

2V|I+1

) Va € Q.
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O

LEMMA 6.6. Let Assumption 6.2 be satisfied. Let Zy be a Banach space, and C :
[0,¢) — L(Y, Zy) be strongly measurable,

ess — sup [|C(a)| < oco.
O<a<c

Let r € (0,¢). Assume that for every y € Y, there exists a subset N, of [0,c) with
Lebesgue measure 0 such that {C(a)y;a € [r,c) \ Ny} has compact closure in Zj.
Then, for every y € Y, there exists a subset Ny of [0,¢) with Lebesgue measure 0
such that {C(a)U(a,m)y;a € [r,c) \ ]\ny} has compact closure in Zy.

Proof. We choose a Borel set N C [0,¢) with Lebesgue measure 0 and a number
Ac > 0 such that

IC)l <Ac  Vae[0,e)\N.

Let r € [0,¢) and y € Y. By Assumption 6.2 f) the set V. = {U(a,r)y;r < a < ¢}
is separable and we choose a countable dense subset Y. By assumption, for every
§ € Y, there exists a subset Nj of [r,¢) such that the set {C( )sa € [ric) \ Ny}

has compact closure. We set N =NuU Uer Nj. Since Y is countable, N is a

Borel set with Lebesgue measure 0. Moreover {C(a)j;a € [r,¢) \ N, y} has compact
closure for every § € Y. Let (a;) be a sequence in [r, ¢)\ N,,. By Assumption 6.2 f),
there exists some § € Y such that U(a;, )y — 9, after choosing a subsequence. We
choose a sequence () in Y such that ||z — g < - By assumption, for each k € IN,
the sequence (C'(a;)yx) e has a converging subsequence. Using a diagonalization
procedure we can assume that, after choosing a subsequence, C(a;)gr — 2z as
j — oo for every k € IN. Further,

2k — zell <llz — Cay)gell + |C(ay)gx — C(az)all + [[Claz)i — 2|l
<llzk = Clay) gl + Aclgr — @il + [1C(az)G — 2|
Taking the limit 7 — oo in this inequality we have
2k — 2]l < Acl|Fk — Tll-
Since (k) is a Cauchy sequence, (zi) is a Cauchy sequence and has a limit z. Now
1Ca)U sy — 2|

<)1C(a)Uaz, )y = Clay)ill + 1C(a;)i — Clay)iell + 1C(a )i — 22l + 12 — 2|

<Ac|Ulaj,r)y — gl + Acllg — gl + 11C(az)gr — zill + 2 — 2]|-
For every k € IN,

lim sup [ C(a;)U (a5, 7Yy — 21| < Aclli — Gl + 126 — 211

Jj—o00
Taking the limit for £ — oo,
limsup ||C(a;)U(a;,r)y — z|| = 0.

Jj—0o0

O

PROPOSITION 6.7. Let Assumption 6.2 be satisfied. Let Zy be a Banach space, and
C :[0,¢) — L(Y, Zy) be strongly measurable,

ess — sup [|C(a)| < cc.
O<a<c
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Assume that, for every r € [0,¢) and y € Y, {U(a,r)y;a € [r,c)} has compact
closure in'Y and that there exists a subset Ny, of [0,c) with Lebesque measure 0
such that {C(a)y;a € [r,c) \ Ny} has compact closure in Zj.

Then the operators Q(s) : L*(0,¢,Y) — Zo with

/ C(a)U(a,a — s)v(a —s)da, 0<s<c,
’ 0, s>c,

Qs)v =

are compact for every s > 0. Moreover the restrictions of Q(s) from L*(0,¢,Y) to
Zy are operator-norm continuous in s > 0.

Proof. To show the compactness of Q(s) for s > 0 we can assume that s < ¢,
otherwise Q(s) = 0. So let s € (0, ¢) be fixed but arbitrary. After a substitution,

Q(s)v = /OC_S Cla+s)U(a+ s,a)v(a)da.

We combine Proposition 6.5 with the approach in [40], pp. 709-710. We choose a
partition of 0 = by < -+ < by, = ¢ — s such that by — b1 < J for k=1,...,m.
Obviously it is sufficient to show that each operator

br

Qrv = C(a+s)U(a+ s,a)v(a)da

br—1
is compact. Set 2 = [br_1,bx). Since U is an evolutionary system we can write Qv
as

ka:/QC(a—l—S)U(a+s,bk)U(bk,a)v(a)da.

Set (Vy)(a) = Cla+s)U (a+s,bp+5)yfory €Y and a € Q, and K = U(by +
5,br). By Lemma 6.6 and Assumption 6.2 e), V' and K satisfy the assumptions of
Proposition 6.5 and (VKy)(a) = C(a + s)U(a + s,b,)y for all y € Y, a € Q. So
there exist a bounded Borel measurable function W : Q — L(Y, Zy) and a Borel set
N C Q of Lebesgue measure 0 such that

W(a)y =Cla+s)U ((a+s,by)y VYaeQ\N,yeY.

Hence

Qrv = W (a)U (b, a)v(a)da.
Q\N

Moreover, for every e > 0, there exist Borel sets Q1,...,Q, in Q\ N and elements
a1 € N, ...,a, € Q, such that |W(a) — W(a;)|| <€ for all a € Q;. Define

Qo =3 "W(a) [ Ulbn,a)o(a)da,
j=1 €
with W(a;) = C(a; + s)U(a; + s, by) being compact operators. By Assumption 6.2
d), the set { [, U(br,a)v(a)da;v € L'(0,¢,Y), [5 [v(a)llda < 1} is bounded. So

the operators @k : L1(0,¢,Y) — Zy are compact. Moreover

| Qe - Guo <§_j L I < W 1t

<e / ool @)de
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By Assumption 6.2 d),
Ay =sup{||U(a,7)|[;0 <r <a<c} < oo,
and _
1Qr — Qull < eAu.

So @i can be approximated by compact operators in the operator norm and is
compact itself.

We next show that, for arbitrary n > 0, Q : [,00) — L(L*(0,¢,Y), Zy) is
continuous. We show that @ is continuous at every s € [n,c), with n € (0,¢). The
other cases can then be done easily. By the boundedness properties of C' and U, it
is sufficient to consider operators

b
Q(s)v = /0 C(a+ s)U(a+ s,a)v(a)da

with a fixed b € [0,¢), b+ s < ¢ and to show that [|Q(s) — Q(r)|| — 0if b+ 7 < ¢,
r > n and 7 — s. Choosing appropriate partitions, it is enough to show this for
operator families Q(-),

~ by

Qr(s)v = / Cla+ s)U(a+ s,a)v(a)da
br—1

with 0 < by — b1 < 4. Since U is an evolutionary system, we can write Qv;g as

by
Qr(s)v = C(a+ s)U(a+ s,b,)U(bg, a)v(a)da.

br—1

For a > [by—1 + 1, ¢) we have

C(a)Ul(a, by) = C(a)U (a,bk + g) U (bk n g bk> .

Applying Proposition 6.5 as before, we find a bounded Borel measurable function
W [br—1 + n,¢) — L(Y, Zy) such that W(a) = C(a)U(a,by) for almost all a €
[bk—1 + 1, c). Hence, if ||v|loo <1,

~ ~ br
|@xtorw = @] < [ WG+ 5) = Weat »)] UGk a)o()da

br_1

by
SAU/ IW(a+s)—W(a+r)|da — 0, r— s.

br—1

We now apply Theorem 5.12.

LEMMA 6.8. Under the assumptions of Theorem 6.3, Assumptions 5.1-5.8, and
Assumptions 5.4 ¢) and d) are satisfied, with

X ={0} x L*®(0,¢,Y)
endowed with the usual norm [|(0,v)|| ¢ = [[vll g (0.cy) -

Proof. Assumption 5.1 is trivially satisfied. To verify Assumption 5.2 it is sufficient
to show that x — Hs(t)To(s)x is compact. But

Ha()To(s)(0,v) = { ({f f;(té.a)U(aaa —s)v(a—s)da, 0< s <c
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So by using Assumption 6.1 a), and Assumption 6.2, the result follows from Propo-
sition 6.7. Assumption 5.3 follows from Lemma 6.4, and the Assumptions 6.1-b).
We now prove Assumption 5.4 ¢) and d). We set

Li(t,2)(0,v) = /OC Bi(t,a, z)v(a)da,
G(t, (0,v)) = L1 (¢, H1(t, (0,v)))(0, v)
Kz = (2,0), z €Y =: Xy,

Then
Fl(t,I) = KlG(t,Ji).

We have (A — A) "' (Kyz) = (0,y) with y(a) = e *2U(.,0)z. Hence (A — A)"' K,
is a compact operator from Y into D(A) = {0} x L(0,¢,Y) by the Arzela-Ascoli
theorem, because all operators U(a,0) with a > 0 are compact. We have

c t
Hi(t)(A—A) 'Kz = / e 2C;(t,a)U(a,0)zda = / e MW (s)xds
0 0

with

W(s) =Cj(t,s)U(s,0), 0<s<¢c, W(s)=0, s>c.
Since U(t,0) is compact for all ¢ > 0 and strongly continuous, it continuously de-
pends on ¢t > 0 in operator norm as U(¢t,0) = U(t,s)U(s,0) for all s € (0,t).
Since Cj(t,s) is strongly Borel measurable in s, W(s) is Borel measurable in s

with respect to the operator norm. A similar representation can be found for
Ly(t,z) (A — A)"" K,z € Z. Further

Hy ()T (5)(0, v) = { é} SClz(tc,.a)U(ma —s)v(a—s)da, 0 <s<c

After a substitution,

5 " Cit,s+a)U(s +a,a)v(a)da, 0 < s <c
0, s>c.

HL(0)To(5)(0, ) = {

Clearly Hy(t)Ty(s) € L(X,Z) for t > 0. By Assumption 6.1 a) and c), and by
Proposition 6.7, we deduce that Assumption 5.4 d) is satisfied. O

The proof of Theorem 6.3 will be complete with the following lemma.

LEMMA 6.9. Under the assumptions of Theorem 6.3, Assumptions 5.4 e) and 5.5
are satisfied with 7* = ¢, 7" = 2c.

Proof. Let us first consider

ur () = (S o fz)(t) +/0 fo(s)K(t — s)ug z(t — s)ds, for x € E,t € [0,7],

with f,(t) = F1(t,us(¢)), and K(t) the operators on Xy defined by

[K(t)o] (a) = B(t,a)o(a)

B(t,a) = By(t,a,us(t)), uQ(t):/OCCQ(t,a)um(t,a)da.
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Then one has

u1 4(t)(a) =U(a,0) fu(t —a) + /Oa U(a,a — S)E(t —s,a—8) [uLs(t—s)] (a — s)ds,

0<a<t<Ta<lc,

ur 4(t)(a) = /0 Ula,a—s)B(t — s,a — s) [u1,+(t — 5)] (a — s)ds,
0<t<a<ec.

Using a fixed point argument, we find a bounded function 4 : [0, 7] x [0, c] — Y with
P(t,a) =0, for all 0 <t < a < ¢, ¢ restricted to A = {(t,a) : 0<a<t<7,a<c}
is continuous, and 1 satisfies the following fixed point problem
Y(t,a) =U(a,0)f(t —a) + / Ula,a— s)B(t — s,a — s)0(t — s,a — s)ds,
0

0<a<t<T,a<c,

t
P(t,a) :/ Ula,a — s)B(t — s,a — s)i(t — s,a — s)ds,
0
0<t<a<ec

By uniqueness, [u1 (t)](a) = ¥(t,a) forall t € [0,7] and a.e. a € [0, ¢]. In particular,
uy 4(t) € L>=(0,¢,Y) for t € [0, 7]. Moreover, if we set

¢(t) = sup [t a)l,
0<a<c
¢ is Borel measurable and satisfies

C(t) < My + M/O C(s)ds,  telo,7]

with a constant M; > 0 that does not depend on ¢t € [0,7] and z € E. A Gronwall
argument implies that supg<;<, [[u1,2(t)[|c < 00. We conclude from the assumption

concerning By in Theorem 6.3 that H (t, (0,uy (t))) (0, u1.(t)) € X and

sup [[H (£, (0, u1,(1))) (0,u1,2(t)) ]| g < oo
0<t<r,zek

We now prove the part of Assumption 5.4 €) concerning us ,(t). Let z = ( S) ) €
E be fixed, let us , : [0,7] — L'((0,¢),Y) be a continuous solution of

us o (t) = To(t)p + /0 To(s)K (t — s)ug o (t — s)ds.

It is sufficient to show that us . (¢)(a) =0 for a < t,a < c.
Then, for a < t,

[ug,z(t)] (a) = /Oa U(a,a —s)B(t —s,a —s) [uso(t — s)] (a — s)ds.

Let 0 <t < 7. We define

oa(t) = / e o (8)) (@) | da,
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with ¢ A ¢ = min{¢, ¢}. Changing the order of integration

tAc

tAc
t)<M =) (a— M“S)d) “hsy
oa(t) < /O (/ [z o (t — 5)] (a— s)]|e 0 ) e~ ds
__ [tAc (tAc)—s
=M / / [us.o(t — 9)] (@)]| e >*da | e*ds
0 0

. tAc
< M/ oAt — s)e_’\sds.
0

Define a := supg<;<, da(t). Then ay < %a)\. Choosing \ > M, we find that
ay = 0. Hence [u3 5(t)] (@) = 0 for ¢t € [0, 7] and almost all a € [0, A c|.

The proof of Assumption 5.5 is similar. O
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