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1 Introduction

In this article we are interested in a state-dependent delay differential equation
modelling the growth of forest. Following Magal and Zhang [7], when the forest
is composed of a single species of trees, we have the following system

J(A®)
Ay

t 0
/t F(A(o))do = | f(p(o))da, ¥t > 0,

—7(t) —T70

A'(t) = —paA(t) + fe o) —7(t)),Vt >0,

(1.1)

with the initial conditions

where ¢ belongs to

Lip, := {¢ € O(—00,0]: e=2Hg() € BUC(~00,0] N Lip(—oo,O]} ,
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which is a Banach space endowed with the norm

IllLip, = ™M) loo,(—00,0) + e A ILip(—oo.0]5

where a > 0, BUC(—00, 0] denotes the space of bounded uniformly continuous
functions from (—o00,0] to R, and Lip(—o00,0] denotes the space of Lipschitz
functions from (—o0, 0] to R.

Equation (1.1) models the dynamics of the adult population of trees. Here
A(t) is the number of adult trees at time ¢, 7(¢) is the time needed by newborns
to become adult at time ¢, pugq > 0 is the mortality rate of the adult trees,
@y > 0 is the mortality rate of the juvenile trees, 3 > 0 is the birth rate. In
the context of forest modelling (see [7]), f(A(t)) describes the growth rate of
juveniles, and the function f is capturing the effect of the competition for light
between adults and juveniles. For mathematical convenience, we will make the
following assumption.

Assumption 1.1 We assume that
(i) The coefficients ua >0, py >0, 8> 0;

(i) The function f : R — (0,+00) is Lipschitz continuous and continuously
differentiable with

f(z) >0, lim f(z)=0 and f'(z) <0,Vz € R.

r— 400

Actually system (1.1) has been first derived by Smith [9] from a size-structured
model of the form

Al(t) = —paA(t) + F(A(2))5(t, %), Yt 2 0,

atj(tv 8) + f(A(t))as](tv S) = _;Uij(tv S),VS € [S*a S*]7
FCA(1))j(t,5-) = BA(t),

A(0) = Ag > 0,

7(0,8) = jo(s) = 0,Vs € [s_, s%),

where 0 < s_ < s* are the minimal and maximal size of juveniles, and j(¢, s)
is the density of juveniles with size s at time ¢. System (1.1) has also been
extensively studied by Smith in [9, 10, 11, 12], where the author introduced a
change of variable to transform this kind of state-dependent delay differential
equation into a constant delay differential equation. The change of variable is
given by

T = /0 f(A(0))do =: ®(t).

Set
0

§ = f(p(o))do >0,

—70



then for z > 4,

t t—7(t)
rmi= [ itatopan— [ satonas = [ faenas = aie- ),

This means that  — ¢ corresponds to ¢ — 7(t) under this change of variable.
Moreover by setting W (z) = A(t) and using the same arguments as in Smith

[9], one also has
/ fw )~ tdr.

Therefore Smith [9] obtained the following constant delay differential equation

oy W) —ps [0 f W (atr))~rdr W (2 = 9) <
W'(x) MAf(W(J?)) + pe W= 5)),Vx >0. (1.2)
Based on the analysis of this equation (1.2), Smith [9, 10, 11, 12] was able to
prove the boundedness of solutions whenever § > 0. Along the same line, he
was also able to analyze the uniform persistence and Hopf bifurcation around
the positive equilibrium.

Let A € C((—o0,r],R) (for some r > 0) be given. Then for each t < r, we
will use the standard notation A; € C((—o0,0],R), which is the map defined by

A(0) = A(t+60),V6 <0
For clarity we will specify the notion of a solution.

Definition 1.2 Let r € (0,400]. A solution of the system (1.1) on [0,7) is a
pair of continuous maps A : (—oo,r) = R and 7: [0,r) — Ry satisfying

A | 20+ [ Fla@).0). A = oot € 0.1),

o(t),vt <0,
and t 0
/t ) f(Alo))do = . f(p(0))do,Vt € [0,7),
where
F(A, 7, Ay) := —puaA+ ﬂeuﬂj{”((i))AL

In this problem the initial distribution is (¢, 79). The semiflow generated by

(1.1) is
UB)(p();70) = (Ar(.), 7(2)),

where A(t) and 7(t) is the solution of (1.1) with the initial distribution (¢, 79).
The existence and uniqueness of a maximal semiflow on Lip, X [0, +00) (with
blowup property when the time gets close to the maximal time of existence
Tpu = Tru(p, 7)) have been studied in [8].



In order to obtain a global existence result for the solution, we now focus on
the positive solution. From the form of the equation we can prove that

"2 2 0= A(t) 2 O7Vt € [OvTBU(QOaTO))'
The number of juvenile individuals at time t € [0, Ty (p, 79)) is given by

t
J(t) = / ) B A(0)do, Vt € [0, Tru (12, 70)),
t—7(t)

and A > 0 implies that
J(t) > O>Vt € [O7TBU(@7TO))‘

Moreover we have

ey — ey FA) ) —
(0 = BA(E) = T =L gy PAL = T0) — ki (@),

By summing the A and J equations we obtain
[A(t) + J(t)] = BA(t) — paA(t) — pyJ(t). (1.3)

Set
U(t) == A(t) + J(t),

then since A > 0 we have
U'(t) < (B—wU(1),
where g := min{pu, ps}. By using a comparison argument we deduce that
U(t) < eP=mU(0), ¥t € [0, Tpu (e, 1)),
and since J > 0 we deduce that
A(t) < PTU(0), 9t € [0, Tru (¢, 70)),

and by using Theorem 1.6 in [8], the maximal time of existence Ty (¢, 7o) is

equal to +00. Therefore the well-posedness and the global existence of solutions

of system (1.1) is guaranteed on M := (Lip, X [0,+00)) N (Cy x [0, +00)).
The result on boundedness of solutions for this case is as follows.

Theorem 1.3 Let Assumption 1.1 be satisfied. Assume that 79 > 0. Then for
each ¢ = 0 and ¢ € Lip,,, the corresponding solution of system (1.1) is bounded.

Remark 1.4 One may observe that the boundedness of solutions might not be
true when 7o = 0. Indeed, by the second equation of (1.1),

T():O:>T(t):0,vt>0,
and in this special case the first equation of (1.1) becomes linear:
A'(t) = (B — pa)A(t),Vt > 0. (1.4)

The solution of (1.4) exists but when 8—pa > 0, every strictly positive solution
is unbounded.



In [7], we also constructed a mathematical model for a forest composed of two
species of trees. And by comparing it with the forest model SORTIE, we find
that it is capable of describing the dynamics of the two-species forest. Inspired
by this, we now take a step forward and consider the following n-species model

fi(Zi(t))
t R 0)
/t fl(ZZ(O'))dO' = fi(Zi@(U))dU, Vt 2 0,

—7i(t) —Ti0

Aj(t) = —pa, Ai(t) + Biem om0 A;(t—7(t)), vt =0,

(1.5)
with the initial conditions

A;(t) = p;(t) € Lip,, i(t) = 0,Vt < 0 and 7;(0) = 750 = 0,

where
n n

Zi(t) = CijAj(t), Zi(t) == Cijp;(t)

j=1 =1

with (;; > 0,43 =1,...,n. We will use the following assumptions.
Assumption 1.5 We assume thatVi=1,...,n,

(i) The coefficients pa, >0, pg, >0, B; >0 and (; > 0;

(i) The function f; satisfies Assumption 1.1-(ii) and

fi(z)
21;13 Jfilex)

< 4o00,¥c > 1. (1.6)

By using the same kind of notion of solutions as in the single species case
(Definition 1.2) and by using the result in [8] the well-posedness of (1.5) and
the global existence of positive solutions follow.

In this article, we will prove the following result for n-species model (1.5).

Theorem 1.6 Let Assumption 1.5 be satisfied. Then for each nonnegative ini-
tial values @; = 0 and ; € Lip, and each 1,0 > 0, the corresponding solution
of equation (1.5) is bounded.

Remark 1.7 The proof of Theorem 1.3 (single species case) uses a similar
argument as the proof of Theorem 1.6 (n-species case), which will be presented
in Section 3. But for the single species case, the condition (1.6) in Assumption
1.5 is no longer needed.

Remark 1.8 For the n-species case we can no longer use the change of variable
employed by Smith in [9, 10] since the delays 7;(t) are different in general.
Nevertheless, in this article we show that the arguments employed to prove the
boundedness of solutions and the dissipativity in [9, 10] can be adapted to the n-
species case. The notion of dissipativity will be described in details in Theorem
3.4 and Theorem 5.2.



Remark 1.9 It is necessary to assume that 7,0 > 0 because we possibly have
Gij = 0,Vi # j.

Hence it is necessary to assume that in the case of species without coupling, the
solution is bounded.

State-dependent delay differential equations have been used by several au-
thors to describe the stage-structured population dynamics. We refer to [1, 2,
3, 4, 5, 6] for more results on this topic. We also refer to Walther [13] for a very
general analysis of the semiflow generated by state-dependent delay differential
equations.

The paper is organized as follows. In section 2 we will present some results
about the delay 7(t). Section 3 is devoted to the single species model (1.1). The
goal is to clarify the arguments of proof that we will extend later in Sections 4
and 5 to the n-species case. Section 4 is devoted to the proof the boundedness
of solutions for the n-species model (1.5). In section 5, we prove a dissipativity
result for such a system.

2 Properties of the integral equation for 7(t)

For simplicity, we focus on the single species model (1.1) in this section. The
same result can be similarly deduced for the m-species model (1.5). We have
the following lemma of the equivalence of the integral equation for 7(¢) and an
ordinary differential equation.

Lemma 2.1 Let A: (—oco,r) = R be a given continuous function with r > 0.
Then there exists a uniquely determined function 7 : [0,r) — [0,400) satisfying

t 0
/t f(A())do = | F(p(0))do,t € [0,7). (21)

—7(t) —70

Moreover this uniquely determined function t — 7(t) is continuously differen-
tiable and satisfies the ordinary differential equation

f(A®))
f(A(E=7(t)))

Conversely if t — 7(t) is a C* function satisfying the above ordinary differential
equation (2.2), then it also satisfies the above integral equation (2.1).

() =1~ ,Vt € [0,7), and 7(0) = 79. (2.2)

Remark 2.2 By using equation (2.2), it is easy to check that
70 >0=7(t) > 0,Vt € [0,r)

and
70=0=7(t) =0,Vt € [0,7).



Proof. Let t € [0,7]. Since by Assumption 1.1, f is strictly positive, then by
t

considering the function 7 / f(A(0))do, and observing that
t—r

0

t 0 t
/ f(A(0))do =0 < f(p(o))do and / f(A(0))do > f(p(0))do,
i—0 t—(t+70)

—7 —To

it follows by the intermediate value theorem that there exists a unique 7(t) €
[0, t+ 7’0].

t
By applying the implicit function theorem to the map ¢ : (¢,v) — / f(A(0))do
2!

0
(which is possible since a—w = —f(A(v)) and by Assumption 1.1, f is strictly
Y

positive), we deduce that ¢t — ¢t — 7(¢) is continuously differentiable, and by
computing the derivative with respect to t on both sides of (2.1), we deduce
that 7(t) is a solution of (2.2).

Conversely, assume that 7(¢) is a solution of (2.2). Then

fA@) = A =7" ) (At = 7())), VE € [0,7).

Integrating both sides with respect to ¢, we have

/ f(A(0))do = / f(A(o = 7(0))) (1 = 7'(0)) do.
0 0

Make the change of variable | = o — 7(0), we have V¢t € [0,7),

t t—7(t)
/ F(A(o))do = / FA@))dI
0 —T0

t=7(t) t—7(t)
& tT(t)f(A(U))dUJr/O f(A(U))dU/TO FIA(D)dl

& F(A(o))do = /

t—7(t) —T70

t—r(t)

t—7(t)
FA@) L~ / F(A(0))do,

this implies that 7(¢) also satisfies the equation (2.1). [

The delay 7(t) can be regarded as a functional of A; € Lip,. Indeed, given
a constant C' > 0, we can define the map 7 : D(7) C C(—o0,0] x [0,4+00) —
[0,4+00) as the solution of the integral equation

/ f(é(0))do = C (23)

—7(¢,C)

and the map 7 is defined on the domain

0
D) = {<¢,c>ec<<—oo,01>>< ooy 0 < [ f(¢(0))do},



0
where the last integral is defined as the limit lim f(@(0))do (which always
r——00

x
exists since f > 0).

0
Lemma 2.3 Set Cy := fle(0))do, then we have the following relation

-
T(As, Co) = 7(t),Vt € (0,7),

where T(t) is the solution of (2.1).

Proof. 1t is sufficient to observe that

/ L (Ao = / L Al =Gy

—7(A¢,Co) —7(A¢,Co)

3 Boundedness and dissipativity of solutions for
single species case
The following property is fundamental in this problem (see [8] for a proof).

Lemma 3.1 Let Assumption 1.1 be satisfied. Then the function t — 7(t) is
strictly increasing with respect to t.

The first step to prove the boundedness is to prove that the map ¢ — t — 7(¢t)
crosses 0.

Lemma 3.2 Let Assumption 1.1 be satisfied. Then there exists t* > 0 such
that t* — 7(t*) = 0. Moreover, if A(t) is a solution of system (1.1), Vt > 0, then
A(t) is bounded on [0,t*].

Proof. Rewrite the first equation of (1.1) as follows:

A1) = FA)[~1aB(AW)) + Be " O B(A(E = (1)), ¥t >0,

is an increasing function and %(x) ' +oo as x — 400, since we have

B(x) = 2 when z > 0.

f(0)

We define  as
t:=sup{t>0:1—7(1) <0, VI €0,¢}.



This is well defined because the set on the right side contains at least one element
0. By Lemma 3.1, we know that the function ¢ — 7(¢) is strictly increasing, then
we can assume by contradiction that ¢ = 400, which means that

t—7(t) <0,Vt >0,

or more precisely,
t— T(t) S [*To,O), Vvt > 0.

Then the equation can be written as
A'(t) = FAWD)[-paB(A)) + Be T B(p(t — (1)), V¢ =0, (3.1)
We define
= 593< sup w(t)> >0,

te[—ﬂ),o]
Then A(t) < A(t),Vt > 0, where A(t) is the solution of

{ A'(t) = —paA(t) + TF(A(t) = gr(A(t)), (3.2)
A(0) = ¢(0) = 0.

Apparently gp(fl) is monotone decreasing with respect to A and we have

gr(0) =Tf(0) >0, lim gr(A)= —oc.
A—+4o0

Fixing A* € [(0), +00) such that gr(A*) < 0, we have
At) < A(t) < A*,vt > 0.

Now

1:[@ﬂﬂﬂw>oﬂﬂﬂw>omezm#)

which is not possible for all t > 0 (since f(A*) > 0). |
Proof of Theorem 1.3. We have that

A'(t) = —paA(t) + Be 70 F(A(L) B(A( — 7(t))) = —paA(t),
and that the solution of
2'(t) = —paz(t), 2(0) =m. (3.3)
: 2(t) = z(t;m) = me M4t t > 0.

Step 1: For each m > 0, we define 7,,, > 0 as the unique solution of the integral
equation

/ " f(e(o)do =1,



which is equivalent to the integral equation

/ f(me™#4%)do = 1.
0

Then one can prove 7, — +00 as m — 400 (see section 4 for a similar detailed
proof).
Step 2: Let m > 0 large enough such that

Be HITm < iy, (3.4)

Step 3: Due to the fact that the function £ is increasing and unbounded and
#(0) =0, we can find N > 0, such that

B(x) = %%(N) =z >m.

Step 4: By Lemma 3.2, we can find K > N, such that
A(t) < K,Vt € [0,t7].
Step 5: Next we will show that V¢ > t*, A(t) < K. Define
trx =sup{t = 0: A(l) < K, VI € [0,1]},

and assume by contradiction that ¢y is finite. Then tx > t* and satisfies the
following properties

A(t) < K,\Vt € [0,tk); Altk) = K, A'(tx) = 0. (3.5)
Now by using (3.1) and the fact that A’(tx) > 0, we obtain
BB(Altk—r(t))) > fe~ ™) B(A(tic—7(tx)) > paB(Altx)) = paB(K) > paB(N),
and by using step 3 we deduce that
Altg —7(tk)) = m.
By using a comparison principle on
A'(t) 2 —paA(t),Vt > tg — 7(tx), Altx — 7(tg)) = m

and the equation (3.3), we have

At) > 2(t — tre + (L)), Vt >t — 7(tg).

Now since x +— f(x) is decreasing we deduce that

tx tr T(tK)
1:[ mwmw<1 .W@%mﬂwmwzl f(2(0))do.

K*T(t}() K*T(t}()

10



By the definition of 7,,,, we must have
T(tK) = Tm. (3.6)

By using (3.4)-(3.6), we obtain

0

N
=
X

I
=
=
~
.—|,—|\_/

= J(A(tK)) [naB(Altic)) + Be 7 B(A(txc ~ (tx)|
HAB () + BT (At - 7(tx))]

(
—pAB(K) + Be ™ B(Altk — 7(tk)))]
F(K) (—paB(K) + Be™ ™ B(K)) < K (—pa + Be™77m) < 0. (3.7)

NN

This contradiction shows that tx can not be finite. By using the definition of
tx we deduce that A(t) < K,Vt > ¢*. |

In the rest of the section we study the dissipativity of the system, namely we
look for an asymptotic uniform bound for solutions starting in some bounded
sets. In order to study this property we need the following lemma.

Lemma 3.3 Let Assumptions 1.1 be satisfied. Suppose that (A(t),7(t)) is the
solution of system (1.1), then

tl}},i-noo[t —7(t)] = +o0.
Proof. If 79 = 0, then 7(¢t) = 0,Vt > 0 and there is nothing to prove. If 75 > 0,

then by Theorem 1.3 we know that ¢ — A(t) is bounded from above by a certain
constant K > 0. Since 7(t) is the unique solution of the integral equation

0
/ FIA(t + ))do = 6,5¢ > 0
(1)

0
where 0 := f(e(o))do > 0, by using the fact that z — f(z) is decreasing

we deduce th;LtDT(t)f(K) < 6,Vt > 0, and it follows that ¢ — 7(¢) is bounded
by f(K)~1§. This completes the proof. ]

Theorem 3.4 (Dissipativity) Let o > 0. Let Assumption 1.1 be satisfied.
Let B C Lip,, be a bounded subset and [Timin, Tmax] C (0, +00) be a fized interval.

Denote
0

Omin 1= inf d

i e ] ] fle(o))do

Then for each initial condition (¢, 7o) € B X [Tmin, Tmax|, there exists a constant
M* = M*(6min) > 0 (independent of the initial condition) such that

limsup A(t) < M*.

t——+oo

11



Proof. Similarly as in step 1 of the proof of Theorem 1.3, we consider 7, the
unique solution of the integral equation

flme™#4%)do = dmin-
0

Then we can find M* > 0 (large enough) such that for each M > M*, the two
following inequalities

paM
B

—pa + Be T <0 with m = (3.8)

and .
—pia + Be MITEH <0 (3.9)

are satisfied.
Now suppose that we can find ¢ — (A(t),7(t)) the solution of system (1.1)
with the initial condition (¢, 79) € B X [Tmin, Tmax] Satisfying

M :=limsup A(t) > M™.

t——+oo

Then we have the following alternatives:
Case 1: There exists a time sequence {t, }nen which satisfies lirf t, = 400
n—-+0oo

and for any t,,

and
A(ty) = M as n — +o0.

Then we have

f(Atn))
f(A(tn = 7(tn)))

By taking the limit on both sides when n — 400, we have

Aty — 7(ts))
—7(tn)))’

0=A'(tp) = —paA(t,) + Be Hr7t)

0< —puaM + M) lim su

1
and since the map = — @) is increasing, we deduce that
x
fM)
0< —puaM +p limsup A(t, — 7(t,)).
FOr) meur ( (tn))
Hence
pabM

limsup A(t, — 7(tn)) =
n—-+4oo B

=m. (3.10)

12



Now by using the same method as in step 5 of the proof of Theorem 1.3 and
noticing that

in

tn T(tn)
S < /t F(A(0))do < / F(e(o—tntr(t)))do = /O F(2(0))do,

n—T(tn) trn—7(tn)
we get 7(t,) = Tm. Thus we can repeat the procedure in (3.7) and get a
contradiction
0= lim A'(ta) < M (—pua + Be ™) <0.
n—-+oo
Case 2: The solution A(t) is eventually monotone. So we can assume that
there exists a time ¢ > 0 such that

Aty =0Vt >t

(the case A'(t) < 0,Vt > t being similar). Since A(t) is eventually increasing,
we deduce that
. ligl Ay =M in C, := {gb € C(—00,0] : e Hp() is bounded}
—+00
where C,, is the Banach space endowed with the norm [|¢||c, := [le™®I"é(.)]|oo-
As A(t) is bounded, A is relatively compact in Lip,, (since oo > 0, A(t) satis-
fies system (1.1) and by applying Arzela-Ascoli theorem locally on the bounded
interval [—6*,0] for each #* > 0 and by using the step method to extend to
(—00,0]), we get
tilgrn A, =0in LY == {gb € C(—00,0] : e () e Loo(foo,O]}
where L3 is the Banach space endowed with the norm ||¢[| e := el ()] poe -
Moreover, we have

t
Omin < / f(A(o))do =: 6,
t—7(t)
and by taking the limit when ¢ — 400 (and since by Lemma 3.3 t —7(t) — +00)
we obtain
lim 7(t) = o > Dmin
ttoo 0 f(M) T f(M)

By taking the limit when ¢ — 400 in the first equation of system (1.1) we obtain
the following contradiction

. _ o Omin f(M)
0= lim A, < —puaM BIFQN 2 M < ().
Jim Ay S —paM A fe font s

Both cases lead to a contradiction, which implies that

limsup A(t) < M*.

t—+oo

13



4 Boundedness of solutions for n-species case

In this section we will investigate the boundedness of a trajectory of system
(1.5) with the initial conditions satisfying
0
fi(Zitp(U))dU >0,Vi=1,..,n.

—Ti0

Multiplying each of the above integrals by a positive constant, we can assume
without loss of generality that

Assumption 4.1

0
fi(Ziw(U))dU = 1,Vi = 1,...,7’L.
—Tio

We have the following lemma from [8].

Lemma 4.2 Let Assumptions 1.5 and 4.1 be satisfied. Then the functions t —
7i(t) are strictly increasing with respect to t, Vi =1,... n.

Next we will prove the following result.

Lemma 4.3 Let Assumptions 1.5 and 4.1 be satisfied. Then for each i =
1,...,n there exists t} > 0 such that t} — 7;(t}) = 0.

Proof. For each i =1,...,n we define
t7 :=sup{t > 0:s—7;(s) <0,Vs €[0,t]}.

Case 1: We assume that all the elements of {¢}}? ; are infinite, and we will
prove that this is not possible. By the above definition of ¢}, we have V¢ > 0,
t — 7;(t) <0, or precisely,

t— Ti(t) S [—Ti070].

Then the equation for A;(t) becomes

A(t) = —pa. A; e im0
i(t) = —pa, Ai(t) + B [i(Zip(t — 7i(1)))

We set

i(t)
Li:=p sup —————=>0.
tel-mi0,0) fi(Zip(t))

Since fi(Zi(t)) < fi(CiiAi(t)), ¥t > 0, then by the comparison principle, we have
A;(t) < Ai(t), ¥t > 0, where A;(t) is the solution of

{ /1 (t) = —pa, Ai(t) + Ti fi( G Ai(t)) =: gr, (As(1)), ¥t > 0,
Ai(0) = ;(0) > 0.

14



As gr, (Az) is decreasing with A; and we have

gr,(0) =T;£i(0) >0, lim gr,(4;) = —o0,
A;—+o0

so fixing A* € [p;(0), +00) such that gp,(A*) < 0, we have
Ai(t) < Ay(t) < Af vt > 0.
Now since by assumption ¢t — 7;(t) < 0,Vt¢ > 0, we obtain for each ¢t > 0
t t n .
1= [ 5o [ >, Sod)

which is impossible.
Case 2: We assume that exactly j elements of {t}? ; are finite, where 1 < j <
n, and we will prove that this is not possible, either. Without loss of generality

we might assume that ¢7,...,¢7 are finite and ¢7,,,...,¢;, are infinite. Firstly
we prove that Ay (¢),..., A,(t) are bounded on [0, +00).
Following a similar argument as in case 1, for each i = 7+ 1,...,n, as t] is

infinite, we can find A* € [;(0), +00) such that
Ai(t) < A%Vt > 0.
For each k =1,...,j, consider
21(t) = 2 (t;my) = mpe 4%t £ >0

where my, > 0 will be fixed later on and as before z;(t) is a solution of the
following ordinary differential equation

2,(t) = —pa, 2 (t), 2(0) = my. (4.2)

We define 74 ,,, > 0 as the unique solution of the integral equation

/oTkYMk fi(Crzi(0))do = 1. (4.3)

By Assumption 1.5-(i), we have (xx > 0 and

/T fi(Crrzi(o))do > /T fr(Crrmy)do = 7 fi(Cermi) > 0 when 7 > 0,
0 0

therefore 7, ,,, > 0 exists and is finite. Next we observe that we have
Thom, — +00 as my — +00. (4.4)

Indeed, assume by contradiction that there exists a subsequence {mg,}i>0 —
400 and a sequence {7y m, , }1>0 bounded by 7* > 0. Then we have

*
T

1= / komp g e (Crrzi(o))do < fe(Ckrzi(o))do — 0 as | — +oo
0 0
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which is impossible.
By Assumption 1.5-(ii), for each ¢ > 1,

- fi(x)
My, (e) = sup 7 ()

< 400
By using (4.4) we can fix my, (large enough) such that

—la, + ﬁke_l”kﬂ"mk Mfk (Ckl + -+ Ckn) <0.

Chk

For a constant K > 0, define
tr :=sup{t > 0: max{A(s),...,4;(s)} < K,Vs € [0,t]}.

Let us now prove that A(t),...,A;(t) are bounded on [0,+00). Assume by
contradiction that tx is finite for each K > 0 large enough. Then at least one
of Ak(t),k =1,...,j reaches K at tx. Assume for example that A;(tx) = K.
Firstly we prove that

tx —T1(tg) =0 (4.6)

for each K > 0 large enough. Otherwise tx — 71(tx) < 0 and thus ¢x must be
smaller than ¢}, then we can use the same comparison principle arguments as
in case 1 on the interval of time [0,#}], and we can find A* > 0 (independent of
K) such that A

K = A(tk) < Af,

which becomes impossible whenever K becomes large enough. We deduce that
(4.6) holds true.

Now we will prove A;(tx — 71 (tx)) = +00 when K — 4o00. By assumption
tx is finite, and by definition of tx we have

Ai(t) < K,Vt € [0, tk]

and we must have

A/l (tK) = 0.
Then

f1(Z1(tk))
[1(Z1(tk —7i(tk)))

Ai(tg —7i(tk)),

0 < Al(tx) = —pa, Ai(tr) + fre tnmte)

f1(Cu K)
fi((Gin+ - +C1n)f()

Ai(tg —1i(tk))

< —pa, K+ 61

where

K::max{K,A;+17...,A;7 max i(t),..., max gpn(t)}.

te[—710,0] 7t€[_7—n070]
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Notice that (i + + Cin)

> 1, we have

kK
pa K fi((Gn+ -+ CGn)K) _ pa, K 1

Ai(tg—71(t > . > . —.

1( K 1( K)) ﬂl fl(CllK) /81 Mf ((<11+"'+<17L)K)

L ¢ K
Now since for all K > 0 large enough K = K, we deduce that
Ai(tg — 11(tk)) — +o0 as K — +o0.
By using (4.6), we can fix K large enough such that
Al(tK — Tl(tK)) 2 mq and tK — Tl(tK) 2 0.
By using the comparison principle on equation (4.2) and
AL(t) = —pa, Ar(), Yt >t — 1 (tx)
with
Ai(tx — mi(tk)) = ma,
we have
Al(t) > Zl(t —tx + Tl(tK)),Vt >t — Tl(tK).
An integration shows that
tr tK
L= [T n@enis [T pudie)ds
tx—T1(tK) tx—T1(tK)
ti T1(tK)
< [T hae -t n)de= [T ficuz(o)d
tK—Tl(tK) 0

By the definition of 7y ,,,, > 0 (defined as the solution of (4.3)), we have

Ti(tK) 2 Tim,-

Now by using (4.5), we have

I —pg, Ti(tK fl(Zl(tK)) _

0 < Ai(tk) = —pa, Ai(tk) + pie ( )f1(Z1(tK — Tl(tK)))Al(tK T1(tk))
Aq(tg) Ai(tk —mi(tk)) }
f1(Z1(tk)) fi(Zi(tx —1i(tk)))

K . K
< filZi(tk)) [MAlfl(CHK)JFBle ' fl((C11+"'+<1n)K):|
SZ )

f1(GuK) ]
fiCuK fi((Gi + -+ Gn)K)

)
)
< W |:_,U/A1 -+ /816_“‘717'1,7“1 Mfl (Cll—’—cn—i_Cln)] <0, (47)

+ Bremnni (b

— A%t [—ml

|:_MA1 _|_ ﬁle—ﬂJlTl,m,l
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which leads to a contradiction. Thus for K > 0 large enough tx is infinite,
namely

Ap() S K NE= 0,k =1,...,].

Observe that by assumption Uigqs-- ., b, are infinite, which means that t—7;(¢) <
0,vt > 0,Vi=j+1,...,n, therefore we deduce that for all ¢ > 0,

H
Il

WV

t

/ fil(Gr+ -+ G K+ Ci,j+1A;+1 + -+ GnA)do
0

= tfi((Ga+ -+ G E + Gjpa Ay + -+ Gnd})

which is impossible when ¢t is large enough. The proof is completed. ]
Proof of Theorem 1.6. For each ¢ =1,...,n, we define 7; ,,,, satisfying

/0 o fi((iizi(d))da =1,

where z;(t) = m;e #4:* t > 0. Same as (4.5) in case 2 of Lemma 4.3, we can
fix m; large enough such that

Bre—raTims M, (<1+C+<n) < fa..
For a constant K > 0, we define
tr = sup{t > 0: max{A;(s),..., A,(s)} < K,Vs € [0,¢]}.

Then similar to the procedure of case 2 in the proof of Lemma 4.3, we can get a
fixed K large enough and we can deduce that ¢ = +00. Thus A4;(¢) is bounded
forallt > 0. [ ]

5 Dissipativity of the system

In this section we will investigate the dissipativity of system (1.5). First, we
have the following lemma similar as Lemma 3.3.

Lemma 5.1 Let Assumptions 1.5 be satisfied. Suppose that (A;(t), 7:i(t)) is the
solution of system (1.5), then

lim [t — 7(t)] = +oo.

t—+oo

Proof. If 1,0 = 0, then again there is nothing to prove. When 7,9 > 0, by
Theorem 1.6 we know that ¢t — A;(¢) is bounded from above by a certain
constant K > 0. Since 7;(¢) is the unique solution of the integral equation

t
/ fi(Zi(0))do = §,¥t > 0
t

—Ti (t)

18



0

where 0 := fi(Z;i,(0))do > 0, then similar as the proof of Lemma 3.3, we
—Tio
deduce that t — 7;(¢) is bounded by f;((¢i1 + ... + (in)K) 9. This completes
the proof. ]
Theorem 5.2 (Dissipativity) Let Assumption 1.5 be satisfied. Let B; C Lip,,
be a bounded subset and [T min, Ti max] C (0, +00) be a fized interval, i =1,..., n.
Let . .
B = HBi and I, := H[Ti’min,nﬁmax].
i=1 =1
Denote 0
Omin == inf i(Zi d
oo, | fi(Zigp(a))do
where ¢ := (p1,...,¢n) and 70 = (T10, - . -, Tno). Then for each initial condition

(¢, 70) € B x I, there exists a constant M* = M*(dyin) > 0 (independent of
the initial condition) such that

limsup max {A4;(t)} < M*.

tostoo i=L,..n

Proof. Similarly as in case 2 of the proof of Lemma 4.3, we consider 7; ,,, the
unique solution of the integral equation

/ o Fi (G2 (0))do = dnin.
0

Then we can find M* > 0 (large enough) such that for each M > M™*, the two
following inequalities

—ia, + Bie” i Tim My, <<“+<+Cm) <0 (5.1)

M 1
with m; := M’% . o and

7 41T in

Mf"’ ( Gii )
Smin , )

—pia, + Bie M T M, (W) <0 (5.2)

are satisfied for any i = 1,...,n.

Now suppose that we can find t — (A(¢), 7(t)) the solution of system (1.5)
with the initial condition (¢, 79) € B x I, satisfying

M :=limsup max {A;(t)} = M™.

t—4oo =1
Without loss of generality we might assume that M = limsup A4;(¢). Then we

t—+oo
have the following alternatives:
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Case 1: There exists a sequence {t, }neny which satisfies lirf t, = +oo and
n—-+oo

for any t,,

and
Ai(t,) = M as n — +oo.

Then we have

f1(Z1(tn))
f1(Z1(tn — 11(tn)))

By taking the limit on both sides when n — +o00, we have

. Al(tn —Tl(tn))
0< —pa, M+ B1fi1(¢1 M) lirgj_lig [1(Z1(tn — 11 ()’

0= Aj(tn) = —pa, A1 (tn) + re T 0n) Ay (tn — T1(tn))-

and since the map = — is increasing, we deduce that

1
f(z)

filcuM) limsup A; (tn, — 71(tn)).

0 < _NAlM—’_Bl fl((cll “+ ... +Cln)M) n—+00

Hence

M 1
limsup A; (t,, — 71 (tn)) = pa 2
n——+o0o ,81 Mfl (Cn-‘r(i“"rCln)

11

Now by using the same method as in case 2 of the proof of Lemma 4.3 and
noticing that

6min

N

/tt" f1(Z1(0))do < /tn £l Ay (0))do

n—T1(tn) tn—T1(tn)

tn T1(tn)
< / Az (0 =t + 71(60)))do = / fi(Cuz(o))do,
t 0

n—T1 (tn)

we get Ti(tn) = Tim,. Thus we can repeat the procedure in (4.7) and get a
contradiction

0= lim Ai(tn.) <M (MAl + Bre”HaTim My, <M)> <0.
e C11

Case 2: The solution A;(t) is eventually monotone. So we can assume that
there exists a time ¢ > 0 such that

Aty =0,vt >t

(the case A} (t) < 0,Vt > t being similar). Since A;(t) is eventually increasing,
we deduce that

lim Ay, =MinC, := {qﬁ € C(—00,0] : e Hp() is bounded}

t——+oo
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where C,, is the Banach space endowed with the norm [|¢[|c, := ||le=®I"é(.)]|so-

As Ay(t) is bounded, A}, is relatively compact in Lip, (since a > 0,
A;(t),i =1,...,n satisfy the system (1.5) and by applying Arzela-Ascoli theo-
rem locally on the bounded interval [—6*,0] for each 8* > 0 and by using the
step method to extend to (—o0,0]), we get

Jim Af, = 0in L = {qs € O(—00,0]: eHg() LOO(—oo,O]}
where L% is the Banach space endowed with the norm ||¢|| L= = [le =/ (.)|| .
Moreover, we have

t
Sonin < / F(Z1(0))do = &,
t

—T1 (t)

and by taking the limit when ¢ — 400 (and since by Lemma 5.1 t —7 (t) — +00)
we obtain

lim 7(t) = 2 2 Omin
totoo T F((Cr e+ C)M) T f(C M)

By taking the limit when ¢ — +oc0 in the first equation of system (1.5) we obtain
the following contradiction

. iy, Dmin_ J1(CuM)
0= lim A}, < —pus M+ Bie "1TimD
A A S A+ O P + - o8]

Both cases lead to a contradiction, which proves that

M < 0.

limsup max {A4;(t)} < M*.

t—+oo t=L,...,n
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