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Let p be a prime number. Let A be an abelian variety defined over
an algebraic number field F.

The p-Selmer group Sel,(A/F) of A over F fits in a short exact
sequence

0— A(F)®z Qp/Z, — Selp(A/F) — III(A/F), — 0.
If v is a place of F, and F, an algebraic closure of the completion
F, of F at v, then
0 — A[p"] — A(F,) 25 A(F,) = 0
induces the Kummer map in Galois cohomology

ke,  A(F,) @ Q,/Z, — HY(F,, A[p™)]).

1 oo
Selp(A/F) = Ker (HI(F,A[POO]) e, T 2 (,I;V(’:F[p) D)
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Let Feyc be the Z,-cyclotomic extension of F (C F((pe)),

= Gal(Fx/F) ~ Zp,.

The p-Selmer group Sel,(A/Feyc) of A over Feyc is equipped with a
structure of co-f.g. Z,[[l']]-module.

Conjecture (Mazur 1972)

If A has good ordinary reduction at all prime of F dividing p, then
the Pontryagin dual of Sely(A/Feyc) is a torsion Z,[[T]]-module.

Theorem (Mazur 1972)

If A has good ordinary reduction at all prime of F dividing p, then
the kernel and cokernel of the restriction map

Sel,(A/F) — Selp(A/Feye)"

are finite.
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» Motivated by non-commutative lwasawa theory, Greenberg
(2003) has generalised this last theorem to more general Galois
extension Fo,/F with Gal(Fs/F) a p-adic Lie group.

» In both situation, the study of the structure of Sel,(A/Fx)
essentially reduces to the study of the Kummer map

kF, : A(F,) @ Qp/Z, — HY(F,, A[p™)).
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Let A be abelian variety defined over K, and let AV be its dual
abelian variety. Then

Compute Im(x)

ﬁTate local duality

Compute the module of universal norms

H \Y% /
ljm A" (K')

norm
where K Cinite K’ C L.

Studied by Mazur (1972), Manin, Vvendeskii, Lubin & Rosen,

Konovalov, Schneider, Hazewinkel, Rubin, Coates & Greenberg
Perrin-Riou, Berger...
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A complete non-archimedean field F of residue characteristic p is a
perfectoid field if its valuation group is non-discrete and the p-th
power Frobenius map x — xP on Of/(p) is surjective.

Examples L perfectoid
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2. Kle, and K(pp=)" the cyclotomic extension

3. L/K a Galois extension whose Galois group is a p-adic Lie
group and in which the inertia subgroup is infinite = L
perfectoid (Sen, 1972)

4. K(pYP™)N (non Galois over K)
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Coates and Greenberg's theorem

Theorem (Coates & Greenberg 1996)

Let A be an abelian variety defined over K. There exists a
sub-Gi-module A[p™]o C A[p>°] such that: if L is perfectoid, then

Im(x.) = Im (H(L, A[p™]o) — HY(L, A[p])) -
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p-adic Galois representations

> Let V be p-adic representation of Gk, that is
Gk — GL(V) ~ GL4(Q))
homomorphism of topological groups.
» Let T C V be a Z,-lattice stable under the action of Gg.
Assumption
V is de Rham (~ « comes from geometry »).
Definition

Vo: the minimal sub-Gg-representation of V such that the
Hodge-Tate weights of V/Vy are all < 0.
To=TnNnW.

A HY(L, Vo/ To) — HY(L, V/T).
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Bloch and Kato (1990) have defined via p-adic Hodge theory
H(L, V/T) C HY(L,V/T)
the exponential Bloch-Kato subgroup.

Example: Abelian variety

Let A be an abelian variety defined over K,
To(A) = I<i_mpX Alp"] ~ Z%dimA " Gy
Vp(A) = Qp ® Tp(A) is de Rham, and V,(A)/ T,(A) = A[p].
Then
Im(1) = He(L, A[p™]).

Moreover, V,(A)o/ Tp(A)o = Alp>]o.
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Theorem (Coates & Greenberg, 1996)

Let A be an abelian variety defined over K. If Lis perfectoid, then

Im(AL) = Im(k.) = HL(L, A[p™]).

Question (Coates & Greenberg)

Does an analogous description of HL(L, V//T) exist when V is a
general de Rham p-adic representation?
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Cyclotomic extension

Theorem (Perrin-Riou 1992, 2000, 2001 - Berger, 2005)
If L= K(up=) and V is de Rham, then the Pontryagin dual of

Im(A)/ Ha(L, V/T)

is torsion over Z,[[Gal(L/K)]].
Moreover, if the Hodge-Tate weights of V are < 1, then

HL(L, V/T) =Im(\).

Their proofs are specific to the cyclotomic extension.
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First result

Theorem 1 (P.)

Assume V is de Rham with Hodge-Tate weights < 1.
If L is perfectoid, then

HL(L, V/T) = Im(\).

Theorem 1 contains Coates and Greenberg's result for abelian
varieties (and p-divisible groups).
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Coates and Greenberg's strategy Im(x;) = Im(A;)

Let A be an abelian variety defined over K. May assume A has
semi-stable reduction.
A : commutative formal group associated to a Néron model of A,

Vo(A) = V,(A)o C Vp(A).

Lo A(my) © @p/Z, — HY(L, A[p™]) —— HY(L,A) —— 0
| I |
0 A(L) © Qp/Z, 5 HI(L, A[p™]) — HY(L, A)[p>] — 0

|

0
2. Theorem (Coates & Greenberg)

Let F be a commutative formal group defined over Ok.
If L is perfectoid, then HY(L, F) = 0.
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0—V/T —(Be®V)/T — Bgr/Bjr®@V —0

H I ! U

0— V)T — Eue(V/T) —— ty(@,) —— 0

Abelian variety

If Ais an abelian variety over K, then

0 — Alp®] — Ease(Alp]) — tu,a)(@p) — 0

H 12 12
0 — A[p] — AP)(@,) —E £4(@,) — .



Almost C,-representations (Fontaine, 2003)

Lemma/Definition

We have

0— Hi(L,V/T) — HY(L,V/T) = HY(L, Egisc(V/T)) — 0.



Almost C,-representations (Fontaine, 2003)

Lemma/Definition

We have

0— Hi(L,V/T) — HY(L,V/T) = HY(L, Egisc(V/T)) — 0.

Eqise(V/T) - “group of points with values in @, associated with
v/T"
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0 — HL(L, Vo/ To) — HY(L, Vo/ To) — HY(L, Egise(Vo/ To)) — O

| D l

0— HY(L,V/T) — HY(L,V/T) — HY(L, Egisc(V/T)) — 0
|
0

~~ We need to compute H(L, Egisc(Vo/ To)).
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If n>1, Ei(n) ~ (B, )¥=P"/Z,(n) and f‘@p(n) = B/ Fil" Bgr.
If n <1, Ey(n) =~ Qp(n)/Zp(n) and tg,, = 0.
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0— V/T — E,(V/T) — ty(Q))

H I f

—0
0— V/T — Egisc(V/T) — ty(Qp) — 0

induces

€L HY(L, Egisc(V/T)) — HYL, EL(V/T)).
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(i
Compute H(L, E;(Vo/ To))
+

0
Control HY(L, Egisc(Vo/ To)) £_L> HY(L, E+(Vo/ To)).
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General result

Proposition

If Lisa perfectoid field, then

HY(L, EL(Vo/To)) = 0.

Theorem (P.)

Assume V is de Rham. If L is perfectoid, then

Im(Ap)

FE v = Ker (HL BV T) 5 (L En(v/T)).

Moreover, if the Hodge-Tate weights of V are < 1, then

HL(L, V/T) = Im(\).
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The Fargues-Fontaine curve (~2009, publ. 2018)

Let XFF be the Fargues-Fontaine curve:
xFF \ {0} = Spec(Be), @pryoo = B(TR.

It is a regular, Noetherian, separated and connected 1-dimensional
scheme defined over Q, with [(XFF, Oyre) = Q,. Morevover, XFF
is complete, and

m(XF) ~ Gal(Q,/Q,).
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Vector bundles over the Fargues-Fontaine curve
Since XFF\ {oo} = Spec(B.) and Ox¢r o, = By,

(ge7 gé‘—Ra Lg)v
E. f.g. torsion free Be-mod,
Efr f.g. torsion free Bjr-mod,
te : B4r @B, €e = Bgr ®Bd+R SCTR
Ee = (X \ {00}, £)
& g(;rR = B(JirR QOyrr Eoo
te glueing data 7

Bunyrr ~

Bunyrr(Gk) : Gk-equivariant vector bundles
p-adic representations
Rep@p(GK) —Bunyrr(Gk)
W —E(W) = Oxrr @, W = (Be ®qg, W, Bj; ®q, W).
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Almost C,-representations and vector bundles
Let EL(V) = I(i_rgxp EL(V/T) (it is an almost C,-representation).

There exists a vector bundle £, (V) over XFF such that

E (V) ~T(XTF,E.(V)),

Explicitly:

E+(V) = (Be® V,Blr ® V + Blz @ Der(V)).

» Fontaine (2020):

{ Almost C,-representations of Gx }

0

{ Gk-equivariant coherent sheaves over X F 1.

Le Bras (2018).
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Harder-Narasimhan filtration

Let £ be a vector bundle over XFF.

degree: deg(£) € Z  rank: rk(€) € N,

slope: u(€) = drigé(gg)) c Q.

& is semi-stable if it is non-trivial, and p(E") < p(&) for every
non-trivial coherent subsheaf & C £.

Theorem
There exists an unique increasing filtration of £ by coherent
subsheaves
0=&Ccé& C---Cép1CéE=E
such that &;/&;_1 is semi-stable for each i € {1,...,n}, and

u(€1/€0) > p(E2/E1) > -+ > p(En-1/En—2) > pu(En/En-1)-

(Ei)o<i<n: the Harder-Narasimhan filtration of &,
(1(&i/&i=1))1<i<n: the Harder-Narasimhan slopes of £.
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Classification of vector bundles over XF
Theorem (Fargues & Fontaine)

Repg,(Gk) = Bun%er(Gk) (:H-N slopes 0).

Theorem (Fargues & Fontaine)

Assume L is perfectoid. The Harder-Narasimhan filtration of

a Gy -equivariant vector bundle over XtF admits a G;-equivariant
splitting.

By-product:
Proposition (Fargues & Fontaine)

Assume L is perfectoid. If € is a Gp-equivariant coherent sheaf
over XFF whose Harder-Narasimhan slopes are > 0, then

HY (L, T(XFF, €)) ~ Extg, (Oxer, £) = 0.
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Application to our problem
Proposition
The Harder-Narasimhan slopes of £,(V) are > 0 if and only
if V=W.
Corollary

If [ is perfectoid, then

HY(L, E4+(Vo/ To)) = 0.

» Define a modification of (de Rham) Gk-equivariant vector
bundles,
<0
THT <0
BunXFF(GK)dR = BunXFF(GK)gR
forget

£ = (Ee,EqR) = (Ees Egr + B @ Dar(€)),
of which £, (V) is a particular case, that is E(V) — E(V).
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General result
Theorem 2 (P.)

Assume V is de Rham. If L is perfectoid, then

0— V/T — E.(V/T) — #/(Q

H I f

p)
0— V/T — Egisc(V/T) — tv(Qp)

—0
—0
induces
0——Im(\)) —— HYL,V/T) — HYL,E.(V/T)) — 0
7 I Tew
0— HY(L,V/T) — HY(L,V/T) — HYL, Egis(V/T)) — 0.
In particular,

Im(Ap)

T Ker (Hl(L, Egisc(V/T)) 5 HY(L, E+(V/T))> :
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Theorem 2 = Theorem 1
Theorem 2 =

HO(L, EL(V/T)) —— HO(L, ty(Q,)) ———— Im(A\) —— 0

1 ! I

HO(L, Egisc(V/T)) — ty(L) = H(L, ty(Qp)) — HL(L, V/T) — 0

> If Hodge-Tate weights of V are < 1, then #,(@,) = ty(C,).

> Ax-Sen-Tate = HO(L, t/(C,)) = ty(L).

> ty(L) is dense in ty(L) and we conclude by a topological
argument. H

General case

@ While @p is dense in BdR, if [ perfectoid, then L is in general
not dense in (BJg)Ct or (Bjg/ Fil" Bgr)®t for n > 1
(lovita & Zaharescu, 1999).
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Conclusion

Theorem (P.)
Assume V is de Rham. If L is perfectoid, then

Im(Ap)

RLV/T) (Hl(La Ease(V/T)) % HA(L, E+(V/T))) :

Moreover, if the Hodge-Tate weights of V are < 1, then

HL(L, V/T) = Im(\).

> Is it possible to recover Berger & Perrin-Riou’s result for the
cyclotomic extension L = K(jp) from this Theorem?

» If L/K is p-adic Lie extension, can we obtain a more precise
result?



Thank You!
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