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Problem decomposition
Assume a bounded integer problem:

[Fl=min cx

Ax > a
xeZ={ Bx > b
x € N' }
Assume that subproblem
[SP]=min{cx: x € Z} (1)

is “relatively easy” to solve compared to problem [F]. Then,

Z = {Z%geq

conv(Z) = {xeR]:> 29, > Ag=1,1>0qcQ}
qeQ qeqQ




Lagrangian Relaxation & Duality

L(r) := glig{c z29+m(a— Az9)}

[LD] := max min{c z9 + n(a— Az9)}
T€RT geQ

L(m)




Lagrangian Dual as an LP

[LD]

max min{r a+ (¢ — TA)z9};
TeRT qeQ

max{n, U
n<cz?+r(a—Az9 qeQqQ,
reRT,neR'Y;

min{} " (cz9)Aq,

geq
S (AZ%A 2 a, L(m)
qeQ

S =1, 4

qeqQ
ANg>0 qeQ}
min{cx : Ax > a, x € conv(Z) }.




Dantzig-Wolfe Reformulation & Restricted Master

min > " (cx)Aq

qgeQ

> (A% > a
qeQ
dAg = 1

geq
)\q

m

{0,1}Vge Q.

MT=min{}  cz9q: Y Az%g>a Y Ag=1,3>0,gcQ'}
geQt qeQt qeQt

[DMt] =max{n:m(Az9-a)+n<cz9 qge Ql:ne ]R_T;n € R1}



Restricted Master, Dual Polyhedra, & Pricing Oracle

» [M{] = min
{ex Ax > a, x € conv({z9} e ) }-

» L) — LY(n) =
mingcqi{ra+ (¢ — nA)z%};

» Solving [LSP(r)] yields:
1. most neg. red. cost col. for [M{]
2. most violated constr. for [DM{]
3. asub-gradient g' = (a— A Z!) of
L(.)

4. the correct value of L(.) at point 7!




Dual Polyhedra: Outer and Inner approximations




Convergence of Column Generation
» A sequence of candidate dual solutions
{n'}y = 7*
» A sequence of candidate primal solutions (a by-product)

{x} — x*

» Dual oscillations
. » Tailing-off effect
W » Primal degeneracy
‘ |
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Penalty functions

7! = argmax {Lt(w) - St(w)}

wERT

min > czg+#p + Si(p)

geQt
Y AN +p > a maxma+n — Syt —#)
geQ! TAz9+n < cZz9
-~ ¢
V] ST g = i DM g ¢ @
geQ (mym) € RT xR
g € Q@

Aq

v
o
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Piecewise linear penalty functions

3—pieces: [du Merle, Villeneuve, Desrosiers, Hansen 99]
5-pieces: [Ben Amor, Desrosiers, Frangioni 09]

4 additional variables per master constraint.
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Dual Price Smoothing (I)

fl=aft+(1—a)r

t

[Wentges 97]

(x" ") := (%, L)

(7O ) = (x' ')

(Wsep’nsep) — o (Winmin) + (1 B a) (Wout’nout)

ouT)
SEP

IN
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Dual Price Smoothing (Il)

Case A: SEP s cut, sois OUT | our
Case B: SEP is not cut, but SEP
OUT is cut
Case C: neither SEP nor OUT
is cut — “mis-price” IN
[2]2] 2] X
7_‘_in 7?1 ﬁ_z ﬁ_s 7_‘_out 7
T~ Loufa T
SEP ~ SE/;& \
IN IN
/ 7
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Smoothing with a static « (1)
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Smoothing with a static « (ll)
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Smoothing: auto-adaptative a-schedule
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Directional smoothing

hybridization with ascent methods

Automatic directional smoothing: 8 = cos~
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Test problems

>

>

Parallel Machine Scheduling: 30 instances generated in
the same way as in the OR-Library with number of
machines in {1,2,4} and jobs in {50, 100,200}.
Generalized Assignment: 18 OR-Library instances of
types D and E with number of agents in {5,10,20,40} and
jobs in {100,200, 400}.

Multi-Echelon Small-Bucket Lot-Sizing: 17 randomly
generated instances varying by the number of echelons in
{1,2,3,5}, items in {10, 20,40}, and periods in

{50,100, 200, 400}.

Bin Packing: 12 randomly generated instances with
number of items in {400,800} and average number of
items per bin in {2, 3, 4}.

Capacitated Vehicle Routing: 21 widely used instances
from the literature of types A, B, E, F, M, P with 50-200
clients and 4-16 vehicles.
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Auto-adaptative Wentges Smoothing

» Tt — number of iterations in column generation

» Col — max. number of columns in master

» Tim — solution time

Geometric means are shown

Ratioa =0 Ratioa =0

vs o = best VS o = auto
Problem It Col Tim It Col Tim
Generalized Assignment | 3.45 358 5.19 | 345 3.83 5.32
Lot-Sizing 216 2.84 3.08 | 240 356 4.26
Machine Scheduling 230 230 3.04 | 229 229 298
Bin Packing 154 148 179|149 145 1.65
Vehicle Routing 1.32 140 137|115 146 1.28
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Directional Wentges Smoothing

Ratio o = best, 5 =0
vs o = best, § = best

Ratio o = best,3 =0
Vs o = auto, 8 = auto

Problem It Col Tim It Col Tim
General. Assignment | 1.11  1.08 1.93 1.48 1.63 2.25
Lot-Sizing 117 1.27 1.50 1.37 1.69 1.83
Machine Scheduling | 0.94 0.86 0.91 1.10 1.10 1.21
Bin Packing 0.95 0.95 0.94 1.04 1.03 0.96
Vehicle Routing 0.90 0.95 0.92 0.83 1.03 0.92
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Penalty function setup
Hard to cover all parameter setting = we concentrate on a
good class of symmetric 5-piece linear functions:

Ainf — 012 LAt : ™

Aext
» AM s multiplied by ~ each time the stability center changes

» ¢ s divided by 3 each time a artificial variable in the optimal
solution

» Exhaustive search for best couple of parameters A%,
(instance dependent)

s
T
!
|
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Smoothing vs. Penalty function stabilization

Are shown ratios of non-stabilized column generation versus x

Smoothing is with a = auto, 5 = auto

X It Col Tim
Machine Scheduling
Smoothing 253 252 3.68
Penalty function 219 219 347
Penalty function + smoothing | 3.08 3.08 6.05
Generalized assignment
Smoothing 5.00 5.70 10.0
Penalty function 8.10 8.62 31.1
Penalty function + smoothing | 7.67 9.94 53.4

« auto
+ tuned
« tuned

< auto
< tuned
<« tuned
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Wentges
smoothing

Wentges
+ directional
smoothing

6000 it
51’600 col
5h

500 it
4’300 col
8m

A\

309it
2’800 col
2mb50 s

4’500x speed-up

Instance GAP - D - 10agents - 400jobs

Non-stabilized

column
generation

161 it
1’500 col
15s

Y

209 it
1’650 col
12 s

Y

122 it
1’000 col
4 s

Penalty
function

Pen. func.
+ Wentges
smoothing

Pen. func.
+ smoothing
+ dir. smooth.
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Wentges
smoothing

Wentges
+ directional
smoothing

6000 it
51’600 col
5h

500 it
4’300 col
8m

Y

309 it
2’800 col
2m50 s

TO DO:
automize this!

Instance GAP - D - 10agents - 400jobs

Non-stabilized

column
generation
161 it \
1'500 co1 | Penalty
function
15 s
A\
™ 209 it | Pen. func.
1’650 col | + Wentges
12 s smoothing
A\
™ 122 it |Pen. func.
1’000 col | + smoothing
4 s + dir. smooth.
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