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Framework

Let (M, g) be a connected and oriented Riemannian manifold of
dimension n.

For any real one-form A on M , define

−∆A = (i d+A)⋆(i d+A) , ((i d + A)u = i du + uA , ∀ u ∈ C∞
0 (M)) .

The magnetic field is the two-form dA .
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dimension n.

For any real one-form A on M , define

−∆A = (i d+A)⋆(i d+A) , ((i d + A)u = i du + uA , ∀ u ∈ C∞
0 (M)) .

The magnetic field is the two-form dA .

To dA is associated the linear operator B defined on the tangent
space by dA(X, Y ) = g(B.X, Y ) ; ∀ X , Y ∈ TM× TM .

The magnetic intensity b is given by b =
1

2
tr
(
(B⋆B)1/2

)
.
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Framework

Let (M, g) be a connected and oriented Riemannian manifold of
dimension n.

For any real one-form A on M , define

−∆A = (i d+A)⋆(i d+A) , ((i d + A)u = i du + uA , ∀ u ∈ C∞
0 (M)) .

The magnetic field is the two-form dA .

To dA is associated the linear operator B defined on the tangent
space by dA(X, Y ) = g(B.X, Y ) ; ∀ X , Y ∈ TM× TM .

The magnetic intensity b is given by b =
1

2
tr
(
(B⋆B)1/2

)
.

If dim(M) = 2, then

dA = b̃ dv , with |b̃| = b ,

dv the Riemannian measure on M.

The magnetic field is constant ⇐⇒ b̃ is constant.
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The Poincaré half-plane

Let M = H be the hyperbolic half-plane :

H = R×]0, +∞[ , g =
dx2 + dy2

y2
.

−∆A = y2(Dx − A1)
2 + y2(Dy − A2)

2 ,

with A = A1(x, y) dx + A2(x, y) dy , and Aj(x, y) ∈ C∞(H; R) ,
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Let M = H be the hyperbolic half-plane :

H = R×]0, +∞[ , g =
dx2 + dy2

y2
.

−∆A = y2(Dx − A1)
2 + y2(Dy − A2)

2 ,

with A = A1(x, y) dx + A2(x, y) dy , and Aj(x, y) ∈ C∞(H; R) ,

b̃ = y2 (∂xA2 − ∂yA1)

b = |b̃| ,

dv = y−2dxdy .
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The Poincaré half-plane

Let M = H be the hyperbolic half-plane :

H = R×]0, +∞[ , g =
dx2 + dy2

y2
.

−∆A = y2(Dx − A1)
2 + y2(Dy − A2)

2 ,

with A = A1(x, y) dx + A2(x, y) dy , and Aj(x, y) ∈ C∞(H; R) ,

b̃ = y2 (∂xA2 − ∂yA1)

b = |b̃| ,

dv = y−2dxdy .

Properties

−∆A is essentially self-adjoint on L2(H) .

We are interested on its spectrum : sp(−∆A).
Gauge invariance:

sp(−∆A) = sp(−∆A+dϕ) ; ∀ ϕ ∈ C∞(H; R) .
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The spectrum for constant magnetic field

The spectrum of −∆Ab is essential:
sp(−∆Ab) = spac(−∆Ab)

⋃
S(b) .

Its absolutely continuous part is given by
spac(−∆Ab) = [b2 + 1

4 , +∞[ .
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The spectrum for constant magnetic field

The spectrum of −∆Ab is essential:
sp(−∆Ab) = spac(−∆Ab)

⋃
S(b) .

Its absolutely continuous part is given by
spac(−∆Ab) = [b2 + 1

4 , +∞[ .

If 0 ≤ b ≤ 1/2 the remaining part S(b) is empty,

if b > 1/2 it is formed by a finite number of eigenvalues of infinite
multiplicity given by

S(b) = {(2j + 1)b − j(j + 1) ; j ∈ N , j < b− 1

2
} .
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Related results : hyperbolic context

Results on the hyperbolic space

Maass Laplacian: Elstrodt(73), Grosche(88), Comtet(87), Ikeda-Matsumoto (99),
Kim-Lee(02)

Asympt. constant magnetic fields ,Pauli operators : Inahama-Shirai (03)

Asymptotic distribution for Schrödinger operators : Inahama-Shirai (04)

Asymptotic distribution for magnetic bottles : Morame-Truc (08)

conformally cusp manifolds :

Asymptotic distribution for Schrödinger operators : Golénia-Moroianu (08)

Spectral analysis of magnetic Laplacians Golénia-Moroianu (08)

Geometrically finite hyperbolic surfaces
Asymptotic distribution for magnetic bottles : Morame-Truc (09)

10/11/11 – p. 8



Geometrically finite hyperbolic surface of infinite area

Definition
(M, g) : a smooth connected Riemannian manifold of dimension

two M =




J1⋃

j=0

Mj



⋃
(

J2⋃

k=1

Fk

)
;

Mj , Fk open sets of M , M0 compact closure,

(j 6= 0: Mj isometric to S×]a2
j , +∞[ , (cuspidal ends)

ds2
j = y−2( L2

j dθ2 + dy2 )

(aj and Lj are strictly positive constants)

Fk isometric to S×]α2
k, +∞[ , (funnel ends)

ds2
k = τ2

k cosh2 t dθ2 + dt2

(αk and τk are strictly positive constants) .
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Constant magnetic field onM

M =




J1⋃

j=0

Mj



⋃
(

J2⋃

k=1

Fk

)
;

It is not always possible to have a constant
magnetic field on M , but
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Constant magnetic field onM

M =




J1⋃

j=0

Mj



⋃
(

J2⋃

k=1

Fk

)
;

It is not always possible to have a constant
magnetic field on M , but

∀(b, β) ∈ R
J1 × R

J2 , ∃ A , s. t. dA satisfies

dA = b̃(z)dm





b̃(z) = bj ∀ z ∈ Mj

b̃(z) = βk ∀ z ∈ Fk
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The essential spectrum of magnetic Laplacians (1)

Theorem 1

If J1 = 0 and J2 > 0 ,

spess(−∆A) = [
1

4
+ inf

k
β2

k , +∞[
⋃
(

J2⋃

k=1

S(βk)

)
.
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The essential spectrum of magnetic Laplacians (1)

Theorem 1

If J1 = 0 and J2 > 0 ,

spess(−∆A) = [
1

4
+ inf

k
β2

k , +∞[
⋃
(

J2⋃

k=1

S(βk)

)
.

If 0 ≤ βk ≤ 1/2 S(βk) is empty,

if βk > 1/2 it is formed by a finite number of eigenvalues of infinite
multiplicity given by

S(βk) = {(2j + 1)βk − j(j + 1) ; j ∈ N , j < βk − 1

2
} .
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The essential spectrum of magnetic Laplacians (2)

If J1 > 0 , then

∀j , 1 ≤ j ≤ J1 and ∀ z ∈ Mj

∃ a unique closed curve Cj,z through z , in ( Mj , g) , not
contractible and with zero g−curvature.

The following limit exists and is finite:

[A]Mj
= lim

d(z)→+∞

∫

Cj,z

A .

Define : JA
1 = {j ∈ N , 1 ≤ j ≤ J1 s.t. [A]Mj

∈ 2πZ } .
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The essential spectrum of magnetic Laplacians (2)

If J1 > 0 , then

∀j , 1 ≤ j ≤ J1 and ∀ z ∈ Mj

∃ a unique closed curve Cj,z through z , in ( Mj , g) , not
contractible and with zero g−curvature.

The following limit exists and is finite:

[A]Mj
= lim

d(z)→+∞

∫

Cj,z

A .

Define : JA
1 = {j ∈ N , 1 ≤ j ≤ J1 s.t. [A]Mj

∈ 2πZ } .

Theorem 2
Assume that J1 > 0 , J2 > 0 , and JA

1 6= ∅ . Then

spess(−∆A) =

[
1

4
+ min{ inf

j∈JA
1

b2
j , inf

1≤k≤J2

β2
k } , +∞[

⋃
(

J2⋃

k=1

S(βk)

)
.
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Weyl law for M of finite area,with a non-integer class 1-formA

Theorem 3
Consider a geometrically finite hyperbolic surface (M, g) of finite
area, (J2 = 0) , and assume that JA

1 = ∅ . Then

(i) spess(−∆A) = ∅ :

−∆A has purely discrete spectrum , (its resolvent is compact).

(ii) N(λ,−∆A) = λ
|M|
4π

+ O(
√

λ ln λ) .
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Weyl law for M of finite area,with a non-integer class 1-formA

Theorem 3
Consider a geometrically finite hyperbolic surface (M, g) of finite
area, (J2 = 0) , and assume that JA

1 = ∅ . Then

(i) spess(−∆A) = ∅ :

−∆A has purely discrete spectrum , (its resolvent is compact).

(ii) N(λ,−∆A) = λ
|M|
4π

+ O(
√

λ ln λ) .

(Definitions) In the case when sp(−∆A) is discrete,

denote by (λj)j the increasing sequence of eigenvalues of −∆A ,

(each eigenvalue repeated according to its multiplicity)

define N(λ,−∆A) =
∑

λj<λ 1 .

Weyl law for the Laplacian on a compact n-dim Riemannian
manifold M

N(λ,−∆M
0 ) = λn/2 |M |

(4π)n/2Γ(n/2 + 1)
+ o(λn/2) .
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Remarks (1)

Theorem 3 relies on the Proposition ( Weyl law for one cusp)

Consider M = S×]α2, +∞[ equipped with the metric
ds2 = L2e−2tdθ2 + dt2 for some α > 0 and L > 0 .

Denote by −∆M
A the Dirichlet op. on M , ass. to −∆A .

N(λ,−∆M
A ) = λ

|M |
4π

+ O(
√

λ lnλ) .

Stability under perturbation of the metric
Theorem 3 still holds if the metric of M is modified in a compact set.
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Remarks (1)

Theorem 3 relies on the Proposition ( Weyl law for one cusp)

Consider M = S×]α2, +∞[ equipped with the metric
ds2 = L2e−2tdθ2 + dt2 for some α > 0 and L > 0 .

Denote by −∆M
A the Dirichlet op. on M , ass. to −∆A .

N(λ,−∆M
A ) = λ

|M |
4π

+ O(
√

λ lnλ) .

Stability under perturbation of the metric
Theorem 3 still holds if the metric of M is modified in a compact set.

One can see the case JA = ∅ as an Aharonov-Bohm phenomenon :

the magnetic field dA is not sufficient to describe −∆A

the use of the magnetic potential A is essential :
one can have magnetic bottle (magnetic Laplacian with compact
resolvent) with null intensity.
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Remarks (2)

When A = 0 , −∆ = −∆0 has embedded eigenvalues in its essential

spectrum : (spess(−∆) = [
1

4
, +∞[) .

Denote by Ness(λ,−∆) the number of these eigenvalues in
[ 14 , λ[ , then

Ness(λ,−∆) ≤ λ
|M|
4π

; (Colin de Verdière, Hejhal)
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Remarks (2)

When A = 0 , −∆ = −∆0 has embedded eigenvalues in its essential

spectrum : (spess(−∆) = [
1

4
, +∞[) .

Denote by Ness(λ,−∆) the number of these eigenvalues in
[ 14 , λ[ , then

Ness(λ,−∆) ≤ λ
|M|
4π

; (Colin de Verdière, Hejhal)

Locally symmetric spaces and automorphic forms
Consider M = Γ(N)\H, with

Γ(N) = {γ ∈ SL(2, Z) : γ = Id mod N}

then (Müller ’07)

Ness(λ,−∆) = λ
|M|
4π

+ O(
√

λ lnλ) .
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Remarks (3)

Definition
A Maass automorphic form is a smooth function H → C s.t.

f(γz) = f(z) ∀γ ∈ Γ(N)

∃λ s.t. ∆f = λf

f is slowly increasing

Exemples : Eisenstein series, cusp forms
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Remarks (3)

Definition
A Maass automorphic form is a smooth function H → C s.t.

f(γz) = f(z) ∀γ ∈ Γ(N)

∃λ s.t. ∆f = λf

f is slowly increasing

Exemples : Eisenstein series, cusp forms

Selberg formula (derived from the trace formula)
For any lattice Γ ∈ SL(2, R):

NΓ(λ,−∆) + MΓ(λ,−∆) ∼ λ
|Γ\H|

4π
.

MΓ(λ,−∆) : winding number of the determinant of the scattering
matrix (given by the zeroth Fourier coefficients of the Eisenstein
series)
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Higher dimensions

(M, g) : a smooth connected n-dim. Riemannian manifold

M = M0 ∪
(⋃J

j=1 Mj

)
;

Mj ∩ Mk = ∅,

Mj open sets of M , M0 compact closure,

∀j > 1, ∃ a closed compact (n − 1)-dim. Riem. manifold (Xj ,hj) s.t.
Mj is isometric to Xj×]a2

j , +∞[ , (aj > 0) ( Mj j 6= 0 cuspidal ends)

ds2
j = y−2δj (hj + dy2 ) ; (1/n < δj ≤ 1)
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Higher dimensions

(M, g) : a smooth connected n-dim. Riemannian manifold

M = M0 ∪
(⋃J

j=1 Mj

)
;

Mj ∩ Mk = ∅,

Mj open sets of M , M0 compact closure,

∀j > 1, ∃ a closed compact (n − 1)-dim. Riem. manifold (Xj ,hj) s.t.
Mj is isometric to Xj×]a2

j , +∞[ , (aj > 0) ( Mj j 6= 0 cuspidal ends)

ds2
j = y−2δj (hj + dy2 ) ; (1/n < δj ≤ 1)

=⇒∀j > 1, ∃ a smooth real one-form Aj ∈ T ⋆(Xj), s.t.

dAj 6= 0 or

dAj = 0 and [Aj ] is not integer

( ∃ a smooth closed curve γ in Xj such that
∫

γ

Aj /∈ 2πZ . )
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One can find A ∈ T ⋆(M) s.t.
∀ j, 1 ≤ j ≤ J, A = Aj on Mj .

Define the magnetic Laplacian,
−∆A = (i d + A)⋆(i d + A) ,

(i d + A)u = i du + uA , ∀ u ∈ C∞
0 (M; C)
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One can find A ∈ T ⋆(M) s.t.
∀ j, 1 ≤ j ≤ J, A = Aj on Mj .

Define the magnetic Laplacian,
−∆A = (i d + A)⋆(i d + A) ,

(i d + A)u = i du + uA , ∀ u ∈ C∞
0 (M; C)

M complete metric space
=⇒ by Hopf-Rinow theorem M is geodesically complete
=⇒−∆A has a unique self-adjoint extension on L2(M) .
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The essential spectrum

Theorem 4 (The case A = 0)
Under the above assumptions on M,
the essential spectrum of −∆ = −∆0 on M is given by

spess(−∆) = [0, +∞[ if 1/n < δ < 1

spess(−∆) = [
(n − 1)2

4
, +∞[ if δ = 1 .

δ = min
1≤j≤J

δj .
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The essential spectrum

Theorem 4 (The case A = 0)
Under the above assumptions on M,
the essential spectrum of −∆ = −∆0 on M is given by

spess(−∆) = [0, +∞[ if 1/n < δ < 1

spess(−∆) = [
(n − 1)2

4
, +∞[ if δ = 1 .

δ = min
1≤j≤J

δj .

Theorem 5 (The case A 6= 0)
Under the above assumptions on M and A,

the magnetic Laplacian −∆A has a compact resolvent.

sp(−∆A) = spd(−∆A) = {λj , j ∈ N
⋆} with

λj ≤ λj+1

limj→+∞ λj = +∞,

λ0 > 0.

the sequence of normalized eigenfunctions (ϕj)j∈N⋆ is a Hilbert
basis of L2(M). 10/11/11 – p. 19



Weyl formula

Theorem 6 (The case A 6= 0)
Under the above assumptions on M and on A,

we have the Weyl formula with remainder as λ → +∞

N(λ,−∆A) = |M| ωn

(2π)n
λn/2 + O(r(λ)) ,

with r(λ) =





λ(n−1)/2 ln(λ), if 1/(n − 1) ≤ δ

λ1/(2δ), if 1/n < δ < 1/(n − 1)
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Weyl formula

Theorem 6 (The case A 6= 0)
Under the above assumptions on M and on A,

we have the Weyl formula with remainder as λ → +∞

N(λ,−∆A) = |M| ωn

(2π)n
λn/2 + O(r(λ)) ,

with r(λ) =





λ(n−1)/2 ln(λ), if 1/(n − 1) ≤ δ

λ1/(2δ), if 1/n < δ < 1/(n − 1)

δ = min
1≤j≤J

δj ,

|M| is the Riemannian measure of M

ωd the euclidian volume of the unit ball of R
d : ωd =

πd/2

Γ(1 + d
2 )

.
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Remarks

The asymptotic formula is given without remainder by Golenia
-Moroianu (in a larger context),

Theorem 3 is a particular case of Theorem 6 ( for n = 2 and
δj = 1 for any 1 ≤ j ≤ J) .
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Remarks

The asymptotic formula is given without remainder by Golenia
-Moroianu (in a larger context),

Theorem 3 is a particular case of Theorem 6 ( for n = 2 and
δj = 1 for any 1 ≤ j ≤ J) .

Consequences

The Laplace-Beltrami operator −∆ = −∆0 may have embedded
eigenvalues in its essential spectrum spess(−∆).

Denote by Ness(λ,−∆) the number of eigenvalues of −∆,

(counted according to their multiplicity), less then λ.

Theorem 6 can be mimicked to get an upperbound for
Ness(λ,−∆) .
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Theorem 7
There exists a constant CM such that, for any λ >> 1,

Ness(λ,−∆) ≤ |M| ωn

(2π)n
λn/2 + CMr0(λ) (∗),

with r0(λ) defined by r0(λ) =





λ
n−1

2 ln(λ), if 2/n ≤ δ ≤ 1

λ
n−(nδ−1)

2 , if 1/n < δ < 2/n
;

δ defined as in Theorem 6 .
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Theorem 7
There exists a constant CM such that, for any λ >> 1,

Ness(λ,−∆) ≤ |M| ωn

(2π)n
λn/2 + CMr0(λ) (∗),

with r0(λ) defined by r0(λ) =





λ
n−1

2 ln(λ), if 2/n ≤ δ ≤ 1

λ
n−(nδ−1)

2 , if 1/n < δ < 2/n
;

δ defined as in Theorem 6 .

Remarks

(∗) =⇒ any eigenvalue of −∆ has finite multiplicity.

(∗) is sharp when n = 2. (Müller ’07: M = Γ(N)\H, with
Γ(N) = {γ ∈ SL(2, Z) : γ = Id mod N})

when n = 2, a compact perturbation of the metric can destroy all
embedded eigenvalues (Colin de Verdière ’83).
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Proof of Theorems 4-5

spess(−∆A) =
J⋃

j=1

spess(−∆
Mj ,D
A ) (The essential spectrum of an

elliptic operator on a manifold is invariant by compact perturbation)

−∆
Mj ,D
A : the self-adjoint operator on L2(Mj) associated to −∆A

with Dirichlet boundary conditions on the boundary ∂Mj of Mj .
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Proof of Theorems 4-5

spess(−∆A) =
J⋃

j=1

spess(−∆
Mj ,D
A ) (The essential spectrum of an

elliptic operator on a manifold is invariant by compact perturbation)

−∆
Mj ,D
A : the self-adjoint operator on L2(Mj) associated to −∆A

with Dirichlet boundary conditions on the boundary ∂Mj of Mj .

Consider a cusp Mj = Xj×]a2
j , +∞[ equipped with the metric

ds2
j = y−2δj (hj + dy2 ) ; (1/n < δj ≤ 1) .

Then for any u ∈ C2(Mj),

−∆
Mj ,D
A u = −y2δj∆

Xj

Aj
u − ynδj ∂y(y(2−n)δj∂yu) ,

∆
Xj

Aj
is the magnetic Laplacian on Xj :

if for local coordinates hj =
∑

k,ℓ Gkℓ dxkdxℓ and

Aj =
∑n−1

k=1 aj,k dxk, then

−∆
Xj

Aj
= 1√

det(G)

∑
k,ℓ(i∂xk

+ aj,k)
(√

det(G)Gkℓ(i∂xℓ
+ aj,ℓ)

)
.
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Perform the change of variables y = et,

define the unitary operator U : L2(Xj×]2 ln(aj), +∞[) → L2(Mj)

U(f) := y(nδj−1)/2f.

−U⋆∆
Mj ,D
A Uf =

−e2δjt∆
Xj

Aj
f +

(nδj − 1)[3 + δj(n − 4)]

4
e2t(δj−1)f − ∂t(e

2t(δj−1)∂tf) .
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Perform the change of variables y = et,

define the unitary operator U : L2(Xj×]2 ln(aj), +∞[) → L2(Mj)

U(f) := y(nδj−1)/2f.

−U⋆∆
Mj ,D
A Uf =

−e2δjt∆
Xj

Aj
f +

(nδj − 1)[3 + δj(n − 4)]

4
e2t(δj−1)f − ∂t(e

2t(δj−1)∂tf) .

(µℓ(j))ℓ∈N : the increasing sequence of eigenvalues of −∆
Xj

Aj

sp(−∆
Mj ,D
A ) = sp(

⊕+∞
ℓ=0 LD

j,ℓ) ,

LD
j,ℓ : the Dirichlet operator on L2(]2 ln(aj), +∞[) associated to

Lj,ℓ = e2δjtµℓ(j) +
(nδj−1)

4 [3 + δj(n− 4)]e2t(δj−1) − ∂t(e
2t(δj−1)∂t) .
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If µℓ(j) = 0 then sp(LD
j,ℓ) = spess(L

D
j,ℓ) = [αn, +∞[,

αn = 0 if δj < 1,

αn = (n − 1)2/4 if δj = 1.

A = 0, =⇒ µ0(j) = 0 =⇒ spess(−∆0) = [αn, +∞[.
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If µℓ(j) = 0 then sp(LD
j,ℓ) = spess(L

D
j,ℓ) = [αn, +∞[,

αn = 0 if δj < 1,

αn = (n − 1)2/4 if δj = 1.

A = 0, =⇒ µ0(j) = 0 =⇒ spess(−∆0) = [αn, +∞[.

If µℓ(j) > 0 then sp(LD
j,ℓ) = spd(L

D
j,ℓ) = {µℓ,k(j); k ∈ N},

(µℓ,k(j))k∈N the increasing sequence of eigenvalues of
LD

j,ℓ, lim
k→+∞

µℓ,k(j) = +∞.

If A satisfies the previous assumptions, then 0 < µ0(j) ≤ µℓ(j) for all
j and ℓ, , =⇒

sp(−∆
Mj ,D
A ) = {µℓ,k(j); (ℓ, k) ∈ N2}.

lim
ℓ→+∞

µℓ,k(j) = +∞, =⇒ each µℓ,k(j) is an eigenvalue of

−∆
Mj ,D
A of finite multiplicity,

=⇒ sp(−∆
Mj ,D
A ) = spd(−∆

Mj ,D
A ) =⇒ spess(−∆A) = ∅ �
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Proof of Theorem 6

=⇒ wanted: Weyl formula for Mj , with −∆
Mj ,D
A instead of −∆A.

δj = 1 =⇒ same change of variables and functions as before

1/n < δj < 1, =⇒ set y = [(1 − δj)t]
1/(1−δj), and define the unitary

operator

U : L2(Xj×]αj , +∞[) → L2(Mj), ( αj =
a
2(1−δj)

j

1−δj
)

U(f) = y(n−1)δj/2f.

sp(−∆
Mj ,D
A ) = sp(

⊕+∞
ℓ=0 LD

j,ℓ) ,
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Proof of Theorem 6

=⇒ wanted: Weyl formula for Mj , with −∆
Mj ,D
A instead of −∆A.

δj = 1 =⇒ same change of variables and functions as before

1/n < δj < 1, =⇒ set y = [(1 − δj)t]
1/(1−δj), and define the unitary

operator

U : L2(Xj×]αj , +∞[) → L2(Mj), ( αj =
a
2(1−δj)

j

1−δj
)

U(f) = y(n−1)δj/2f.

sp(−∆
Mj ,D
A ) = sp(

⊕+∞
ℓ=0 LD

j,ℓ) ,

LD
j,ℓ : the Dirichlet operator on L2(]a2(1−δj)

1−δj
, +∞[) associated to

Lj,ℓ = Vj,ℓ − ∂2
t .

Vj,ℓ(t) = µℓ(j)[(1 − δj)t]
2δj

1−δj +
(n − 1)δj [(n − 3)δj + 2]

4(1 − δj)2t2
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Titchmarsh’s method =⇒ there exists C > 1 so that for any λ >> 1

and any ℓ ∈ Kλ = {l ∈ N; µℓ(j) ∈ [0, λ/a2
j [} ,

|N(λ, LD
j,ℓ) − 1

π
wj,ℓ(λ)| ≤ C ln(λ) , with

wj,ℓ(µ) =

∫ +∞

αj

[µ − Vj,ℓ(t)]
1/2
+ dt
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Titchmarsh’s method =⇒ there exists C > 1 so that for any λ >> 1

and any ℓ ∈ Kλ = {l ∈ N; µℓ(j) ∈ [0, λ/a2
j [} ,

|N(λ, LD
j,ℓ) − 1

π
wj,ℓ(λ)| ≤ C ln(λ) , with

wj,ℓ(µ) =

∫ +∞

αj

[µ − Vj,ℓ(t)]
1/2
+ dt

Use

the sharp asymptotic Weyl formula of L. Hörmander (SAWFH)

+ the fact that N(λ, LD
j,ℓ) = 0 when ℓ /∈ Kλ,

+ the formula N(λ,−∆
Mj ,D
A ) =

∑+∞
ℓ=0 N(λ, LD

j,ℓ)

to get |N(λ,−∆
Mj ,D
A ) −∑+∞

ℓ=0
1
π wj,ℓ(λ)| ≤ Cλ(n−1)/2 ln(λ) .

(SAWFH) There exists C > 0 so that for any µ >> 1

|N(µ,−∆
Xj

Aj
) − ωn−1

(2π)n−1 |Xj |µ(n−1)/2| ≤ Cµ(n−2)/2 .

10/11/11 – p. 27



Estimate onΘj(λ) =
∑

+∞

ℓ=0
1

π
wj,ℓ(λ)

Write Vj,ℓ(t) = µℓ(j)Vj(t) + Wj(t)

=⇒ Θj(λ) =
1

π

∫ Tj(λ)

αj

V
1/2
j (t)Rj(

λ − Wj(t)

Vj(t)
)dt . with

Rj(µ) =
∑+∞

ℓ=0 [µ − µℓ(j)]
1/2
+ .
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Estimate onΘj(λ) =
∑

+∞

ℓ=0
1

π
wj,ℓ(λ)

Write Vj,ℓ(t) = µℓ(j)Vj(t) + Wj(t)

=⇒ Θj(λ) =
1

π

∫ Tj(λ)

αj

V
1/2
j (t)Rj(

λ − Wj(t)

Vj(t)
)dt . with

Rj(µ) =
∑+∞

ℓ=0 [µ − µℓ(j)]
1/2
+ .

Use then

(SAWFH) and

Rj(µ) =
1

2

∫ +∞

0

[µ − s]
−1/2
+ N(s,−∆

Xj

Aj
)ds,

to get that

There exists a constant C > 0 such that, for any µ >> 1,

|Rj(µ) − ωn−1

2(2π)n−1
|Xj |

∫ +∞

0

[µ − s]
−1/2
+ s(n−1)/2ds| ≤ Cµ(n−1)/2 .

and use the definitions of Vj and Wj to conclude.
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Proof of Theorem 7

Proposition 1 When A satisfies the previous assumptions (A) and if
Aj verifies property (P) for any j ∈ {1, . . . , J}, , then as λ → +∞,

N(λ,−∆(λ−ρA)) = |M| ωn

(2π)n
λn/2 + O(r0(λ)) ,

with ρ =





1/2, if 2/n ≤ δ ≤ 1

(nδ − 1)/2, if 1/n < δ < 2/n
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Proof of Theorem 7

Proposition 1 When A satisfies the previous assumptions (A) and if
Aj verifies property (P) for any j ∈ {1, . . . , J}, , then as λ → +∞,

N(λ,−∆(λ−ρA)) = |M| ωn

(2π)n
λn/2 + O(r0(λ)) ,

with ρ =





1/2, if 2/n ≤ δ ≤ 1

(nδ − 1)/2, if 1/n < δ < 2/n

Property (P)
There exists τ0 = τ0(Aj) > 0 and C = C(Aj) > 0 such that, if e(τ , j)

denotes the first eigenvalue of −∆
Xj

τAj
, then

e(τ , j) ≥ Cτ2 ; ∀ τ ∈]0, τ0] .

Proposition 2 For any j ∈ {1, . . . , J}, there exists a one-form Aj

verifying assumptions (A) and property (P).
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Proof of Proposition 1

A satisfies (P) =⇒ C/λ2ρ ≤ µ0(j) and C ≤ µ1(j) .

(µℓ(j))ℓ∈N : the increasing sequence of eigenvalues of −∆
Xj

λ−ρAj
.

mimick the proof of Theorem 6.

Titchmarsh’s method holds for any ℓ ∈ Kλ, ℓ 6= 0

it remains to prove that N(λ, LD
j,0) = O(r0(λ)) .
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Proof of Proposition 1

A satisfies (P) =⇒ C/λ2ρ ≤ µ0(j) and C ≤ µ1(j) .

(µℓ(j))ℓ∈N : the increasing sequence of eigenvalues of −∆
Xj

λ−ρAj
.

mimick the proof of Theorem 6.

Titchmarsh’s method holds for any ℓ ∈ Kλ, ℓ 6= 0

it remains to prove that N(λ, LD
j,0) = O(r0(λ)) .

δj = 1 (ρ = 1/2) =⇒ N(λ, LD
j,0) ≤ N(λ + C, LD,λ) ≤ Cλ1/2 ln(λ) ,

where LD,λ is the Dirichlet operator on ]0, +∞[ associated to
C

λ
e2t − ∂2

t .

0 < δj < 1 =⇒
N(λ, LD

j,0) ≤ N((λ + C)1+2ρ(1−δj), LD) ≤ Cλ(1+2ρ(1−δj))/(2δj) ,

where LD is the Dirichlet operator on ]0, +∞[ associated to
1

C2
t

2δj
1−δj − ∂2

t .
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End of proof of Theorem 7

Take a one-form A satisfying the assumptions (A) and (P).

any eigenfunction u of −∆ on M associated to an eigenvalue in
] inf spess(−∆), +∞[, verifies

∀j = 1, . . . , J,

∫

Xj

u(xj , y)dxj = 0 , ∀y ∈]a2
j , +∞[ ,

this implies that

‖u‖2
L2(Xj)

≤ 1

µ1(j)
‖idu‖2

L2(Xj)
, =⇒

‖idu + τuA‖2
L2(M) ≤ (1 + τCA)‖idu‖2

L2(M) + CA‖u‖2
L2(M) .

Denote by Hλ is the subspace of L2(M) spanned by eigenfunctions
of −∆ associated to eigenvalues in ]0, +∞[ . Do τ = 1/λρ,
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End of proof of Theorem 7

Take a one-form A satisfying the assumptions (A) and (P).

any eigenfunction u of −∆ on M associated to an eigenvalue in
] inf spess(−∆), +∞[, verifies

∀j = 1, . . . , J,

∫

Xj

u(xj , y)dxj = 0 , ∀y ∈]a2
j , +∞[ ,

this implies that

‖u‖2
L2(Xj)

≤ 1

µ1(j)
‖idu‖2

L2(Xj)
, =⇒

‖idu + τuA‖2
L2(M) ≤ (1 + τCA)‖idu‖2

L2(M) + CA‖u‖2
L2(M) .

Denote by Hλ is the subspace of L2(M) spanned by eigenfunctions
of −∆ associated to eigenvalues in ]0, +∞[ . Do τ = 1/λρ,

∀u ∈ Hλ, ‖idu+
1

λρ
uA‖2

L2(M) ≤ (1+
CA

λρ
)‖du‖2

L2(M) +CA‖u‖2
L2(M)

=⇒
dim(Hλ) ≤ N((1 +

CA

λρ
)λ + CA,−∆(λ−ρA)) .

finally notice that λn/2/λρ = O(r0(λ)) 10/11/11 – p. 31
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Proof of Theorems 1,2, 3(i)

spess(−∆A) =




J1⋃

j=1

spess(−∆
Mj

A )



⋃
(

J2⋃

k=1

spess(−∆Fk

A )

)
;
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Proof of Theorems 1,2, 3(i)

spess(−∆A) =




J1⋃

j=1

spess(−∆
Mj

A )



⋃
(

J2⋃

k=1

spess(−∆Fk

A )

)
;

Lemma 1

spess(−∆Fk

A ) = [
1

4
+ β2

k , +∞[
⋃
(

J2⋃

k=1

S(βk)

)
.

Lemma 2
If 1 ≤ j ≤ J1 and j /∈ JA

1 , then

spess(−∆
Mj

A ) = ∅ .

If j ∈ JA
1 , then

spess(−∆
Mj

A ) = [
1

4
+ b2

j , +∞[ .
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Proof of Lemma 2 (1)

Mj isometric to S×]a2
j , +∞[ , (cuspidal ends)

ds2
j = y−2( L2

j dθ2 + dy2 ) (aj > 0 and Lj > 0 )

Use the coordinate t = ln y instead of y , so

Mj = S×]α2
j , +∞[ and ds2

j = L2
je

−2tdθ2 + dt2 ;

(αj = eaj ) .
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Proof of Lemma 2 (1)

Mj isometric to S×]a2
j , +∞[ , (cuspidal ends)

ds2
j = y−2( L2

j dθ2 + dy2 ) (aj > 0 and Lj > 0 )

Use the coordinate t = ln y instead of y , so

Mj = S×]α2
j , +∞[ and ds2

j = L2
je

−2tdθ2 + dt2 ;

(αj = eaj ) .

−∆
Mj

A = L−2
j e2t(Dθ − A1)

2 + et(Dt − A2)(e
−t(Dt − A2)) ,

b̃ = bj = L−1
j et(∂θA2 − ∂tA1) and dm = Lje

−tdθdt .
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Proof of Lemma 2 (1)

Mj isometric to S×]a2
j , +∞[ , (cuspidal ends)

ds2
j = y−2( L2

j dθ2 + dy2 ) (aj > 0 and Lj > 0 )

Use the coordinate t = ln y instead of y , so

Mj = S×]α2
j , +∞[ and ds2

j = L2
je

−2tdθ2 + dt2 ;

(αj = eaj ) .

−∆
Mj

A = L−2
j e2t(Dθ − A1)

2 + et(Dt − A2)(e
−t(Dt − A2)) ,

b̃ = bj = L−1
j et(∂θA2 − ∂tA1) and dm = Lje

−tdθdt .

we have

A − Ã = dϕ if Ã = (ξ + Ljbje
−t)dθ , (for some constant ξ) .

=⇒ we can assume that A = Ã .
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Proof of Lemma 2 (2)

Define Uf =
√

Lje
−t/2f ,

=⇒P = −U∆
Mj

A U⋆ = L−2
j e2t(Dθ − A1)

2 + D2
t +

1

4
.
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Proof of Lemma 2 (2)

Define Uf =
√

Lje
−t/2f ,

=⇒P = −U∆
Mj

A U⋆ = L−2
j e2t(Dθ − A1)

2 + D2
t +

1

4
.

=⇒sp(−∆
Mj

A ) = sp(P ) =
⋃

ℓ∈Z

sp(Pℓ)

Pℓ = D2
t +

1

4
+

(
et (ℓ + ξ)

Lj
+ bj

)2

,

for the Dirichlet condition on L2(I; dt) ; I =]α2
j , +∞[ .
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Proof of Lemma 2 (2)

Define Uf =
√

Lje
−t/2f ,

=⇒P = −U∆
Mj

A U⋆ = L−2
j e2t(Dθ − A1)

2 + D2
t +

1

4
.

=⇒sp(−∆
Mj

A ) = sp(P ) =
⋃

ℓ∈Z

sp(Pℓ)

Pℓ = D2
t +

1

4
+

(
et (ℓ + ξ)

Lj
+ bj

)2

,

for the Dirichlet condition on L2(I; dt) ; I =]α2
j , +∞[ .

When ℓ + ξ 6= 0 , the spectrum of Pℓ is discrete.

More precisely : sp(Pℓ) = sp(P±) P± = D2
t +

1

4
+ (±et + bj)

2

for the Dirichlet condition on

L2(Ij,ℓ; dt) ; Ij,ℓ =]α2
j + ln(|ℓ + ξ|/Lj), +∞[ , and ± =

ℓ + ξ

|ℓ + ξ| .
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Proof of Lemma 2 (3)

=⇒ if ℓ + ξ 6= 0 ∀ℓ ∈ Z, lim|ℓ|→∞ inf sp(Pℓ) = +∞ ,

=⇒ the spectrum of −∆
Mj

A is discrete.
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Proof of Lemma 2 (3)

=⇒ if ℓ + ξ 6= 0 ∀ℓ ∈ Z, lim|ℓ|→∞ inf sp(Pℓ) = +∞ ,

=⇒ the spectrum of −∆
Mj

A is discrete.

What means this condition ? Recall

A = (ξ + Ljbje
−t)dθ ,

[A]Mj
= lim

d(z)→+∞

∫

Cj,z

A

=⇒[A]Mj
= lim

t→+∞

∫ 2π

0

(ξ + Ljbje
−t)dθ = 2πξ, so

ℓ + ξ 6= 0 ∀ℓ ∈ Z ⇐⇒ [A]Mj
/∈ 2πZ ⇐⇒ JA

1 = ∅ .
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Proof of Lemma 2 (3)

=⇒ if ℓ + ξ 6= 0 ∀ℓ ∈ Z, lim|ℓ|→∞ inf sp(Pℓ) = +∞ ,

=⇒ the spectrum of −∆
Mj

A is discrete.

What means this condition ? Recall

A = (ξ + Ljbje
−t)dθ ,

[A]Mj
= lim

d(z)→+∞

∫

Cj,z

A

=⇒[A]Mj
= lim

t→+∞

∫ 2π

0

(ξ + Ljbje
−t)dθ = 2πξ, so

ℓ + ξ 6= 0 ∀ℓ ∈ Z ⇐⇒ [A]Mj
/∈ 2πZ ⇐⇒ JA

1 = ∅ .

If ℓ + ξ = 0 , the spectrum of Pℓ is absolutely continuous :

sp(P−ξ) = spess(P−ξ) = spac(P−ξ) = [
1

4
+ b2

j , +∞[ ;

=⇒ if [A]Mj
∈ 2πZ , spess(−∆

Mj

A ) = [ 14 + b2
j , +∞[ .
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Proof of Proposition (1)

M = S×]α2, +∞[ a cusp
ds2 = L2e−2tdθ2 + dt2 the metric on M ( α > 0 and L > 0).

A = (ξ + Lbe−t)dθ , (for some constant ξ) .

N(λ,−∆M
A ) =

∑

ℓ∈Z

N(λ, Pℓ)

with Pℓ = D2
t +

1

4
+

(
et (ℓ + ξ)

L
± b

)2

,

for the Dirichlet condition on L2(I; dt) ; I =]α2, +∞[ .
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Proof of Proposition (1)

M = S×]α2, +∞[ a cusp
ds2 = L2e−2tdθ2 + dt2 the metric on M ( α > 0 and L > 0).

A = (ξ + Lbe−t)dθ , (for some constant ξ) .

N(λ,−∆M
A ) =

∑

ℓ∈Z

N(λ, Pℓ)

with Pℓ = D2
t +

1

4
+

(
et (ℓ + ξ)

L
± b

)2

,

for the Dirichlet condition on L2(I; dt) ; I =]α2, +∞[ .

Define Qℓ = D2
t +

1

4
+

(ℓ + ξ)2

L2
e2t , for the D. C. on L2(I; dt) .

Then Qℓ − C
√

Qℓ ≤ Pℓ ≤ Qℓ + C
√

Qℓ .
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Proof of Proposition (1)

M = S×]α2, +∞[ a cusp
ds2 = L2e−2tdθ2 + dt2 the metric on M ( α > 0 and L > 0).

A = (ξ + Lbe−t)dθ , (for some constant ξ) .

N(λ,−∆M
A ) =

∑

ℓ∈Z

N(λ, Pℓ)

with Pℓ = D2
t +

1

4
+

(
et (ℓ + ξ)

L
± b

)2

,

for the Dirichlet condition on L2(I; dt) ; I =]α2, +∞[ .

Define Qℓ = D2
t +

1

4
+

(ℓ + ξ)2

L2
e2t , for the D. C. on L2(I; dt) .

Then Qℓ − C
√

Qℓ ≤ Pℓ ≤ Qℓ + C
√

Qℓ .

=⇒ ∃ a constant C(b) , s. t. for any λ >> 1 ,

N(λ −
√

λC(b), Qℓ) ≤ N(λ, Pℓ) ≤ N(λ +
√

λC(b), Qℓ) ;
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Proof of Proposition (2)

Lemma
∃C > 1 s. t. ∀µ >> 1 and ∀ℓ ∈ Xµ ,

wℓ(µ) − π ≤ πN(µ − 1

4
, Qℓ) ≤ wℓ(µ) +

1

12
lnµ + C
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Proof of Proposition (2)

Lemma
∃C > 1 s. t. ∀µ >> 1 and ∀ℓ ∈ Xµ ,

wℓ(µ) − π ≤ πN(µ − 1

4
, Qℓ) ≤ wℓ(µ) +

1

12
lnµ + C

wℓ(µ) =

∫ +∞

α2

[
µ − (ℓ + ξ)2

L2
e2t

]1/2

+

dt

Xµ = {ℓ / eα2 |ℓ + ξ|
L

<
√

µ − 1/4 − b } .
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Proof of Proposition (2)

Lemma
∃C > 1 s. t. ∀µ >> 1 and ∀ℓ ∈ Xµ ,

wℓ(µ) − π ≤ πN(µ − 1

4
, Qℓ) ≤ wℓ(µ) +

1

12
lnµ + C

wℓ(µ) =

∫ +∞

α2

[
µ − (ℓ + ξ)2

L2
e2t

]1/2

+

dt

Xµ = {ℓ / eα2 |ℓ + ξ|
L

<
√

µ − 1/4 − b } .

Proof of Lemma (Titchmarsh ’s method)

define Vℓ = (ℓ+ξ)2

L2 e2t , φℓ
µ : a solution of Qℓφ = (µ − 1

4 )φ.

Consider xℓ and yℓ s. t. Vℓ(xℓ) = µ and Vℓ(yℓ) = ν, 0 < ν < µ to
be determined later.

n (resp. m ): number of zeros of φℓ
µ on ]α2, xℓ[ (resp. on ]α2, yℓ[)

recall: n = N(µ − 1
4 , Qℓ).
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Proof of Proposition (3)

(Titchmarsh ’s lemma)

mπ =

∫ yℓ

α2

[µ − Vℓ]
1/2

dt + Rℓ

with Rℓ ≤ 1
4 ln(µ − Vℓ(α

2)) − 1
4 ln(µ − Vℓ(yℓ)) + π,

=⇒|nπ −
∫ xℓ

α2

[µ − Vℓ]
1/2 dt| ≤ (xℓ − yℓ)(µ − ν)1/2 + Rℓ + (n − m)π
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Proof of Proposition (3)

(Titchmarsh ’s lemma)

mπ =

∫ yℓ

α2

[µ − Vℓ]
1/2

dt + Rℓ

with Rℓ ≤ 1
4 ln(µ − Vℓ(α

2)) − 1
4 ln(µ − Vℓ(yℓ)) + π,

=⇒|nπ −
∫ xℓ

α2

[µ − Vℓ]
1/2 dt| ≤ (xℓ − yℓ)(µ − ν)1/2 + Rℓ + (n − m)π

Sturm comparison theorem =⇒ (n − m)π ≤ (xℓ − yℓ)(µ − ν)1/2 + π

So since xℓ − yℓ = (1/2) ln(µ
ν )

|nπ −
∫ xℓ

α2

[µ − Vℓ]
1/2

dt| ≤ ln(
µ

ν
)(µ − ν)1/2 +

1

4
lnµ − 1

4
ln(µ − ν) + 2π

Now take ν = µ − µ2/3 to get the Lemma.
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Proof of Proposition (4)

We want to compute
∑

ℓ∈Z
wℓ(µ) with

wℓ(µ) =

∫ +∞

α2

[
µ − (ℓ + ξ)2

L2
e2t

]1/2

+

dt.
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Proof of Proposition (4)

We want to compute
∑

ℓ∈Z
wℓ(µ) with

wℓ(µ) =

∫ +∞

α2

[
µ − (ℓ + ξ)2

L2
e2t

]1/2

+

dt.

=⇒ it is enough to compute I =

∫ +∞

α2

∫

R

[
µ − (x + ξ)2

L2
e2t

]1/2

+

dxdt ,

I is equivalent to µLe−α2

∫

R

[
1 − x2

]1/2

+
dx

Use |M | = 2πLe−α2

to conclude.
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