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Abstract: We consider the 3-D Navier-Stokes equations with Coriolis force of order %
and vanishing vertical viscosity of order €. For suitable initial data, we prove some long-time
existence results. Moreover, we obtain convergence as € goes to 0 to the 2-D Navier-Stokes
equations. We deal with periodic boundary conditions and non-homogeneous stress. In this
case, we compute and justify the corrector.
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1 Introduction and setting of the problem

The aim of this work is to study the following 3-D Navier-Stokes equations

1 1
U +UVU + gk x U + ng —eU,, — A, ,U =0,

V.U =0, (1.1)
U(t = 0) - U(),

where U is the 3-D velocity vector field, p the pressure and k£ the unit vertical
vector k = (0,0,1)". The operator A,, denotes the 2-D laplace operator
2t 2

This model occurs in geophysical fluid dynamics. It is introduced in order
to study large-scale motions in the ocean. Of course, one has to add some
boundary conditions. Before we precise these conditions, let us make some
comments on the physical meaning of the model. This system is a simplified
model for the primitive equations of the atmosphere that have been studied in
[9]. See also [6] for a detailled study of gravity waves in geophysical systems.

In what follows, one writes U = (uy, ug, ug)".

1.1 Justification of the model and formal asymptotic
expansion
The motivation of the introduction of this model is to caracterize large-scale

motions at high Rossby number with the presence of friction at the surface.
After adimensionalization, the model reads ([10] p. 201)

!This work was partially supported by a grant from the CEA, Centre d’études de Limeil-
Valenton, 94195 Villeneuve St-Georges cedex, grant DAM/CEL-V No W003871/370.



1 1
U +UVU + gk x U+ ng —alU,, — A, ,U=0.

The parameter « is a priori small. We will now explain why this parameter
a has to be taken equal to € . This fact is linked with the boundary conditions
that we precise now. For simplicity, we work with (x,y) € T? where T? denotes
the 2-D torus and with z € [0,1]. The boundary conditions are:

0
At z=0: u3 =0, &(Ul,UQ)IO, (1.2)

at z=1: uz3 =0, aaz(ulm) = B1(z,y), (1.3)

where 7 is a 2-D vector field which amplitude is O(1). The relationships (1.2)
are those used in [8], while (1.3) corresponds to the rigid lid assumption with
an applied stress. The aim of the following formal expansion is to precise the
order of magnitude a and 3 with respect to € in order to obtain a correct
description of these large-scale motions.

First at all, the scaling ék x U corresponds to a large Rossby number and
is quite natural. We therefore rescale the pressure field in %Vp in order to
cancel the Coriolis acceleration by the horizontal part of the gradient of the
pressure. At this step, one can begin the expansion.

At the leading order, one gets if (u},u,u3, p°) denotes the formal limit:

. _%]?:’ (1.4)

. = _%zj (1.5)

0 _%p;, (1.6)

%1;? %uy% 381;8 o (1.7)

Equation (1.6) implies that p° does not depend on z. Therefore (1.4) and
(1.5) give that u{ and u$ do not depend on z neither. On the other hand (1.4)

and (1.5) show that it %1;8 = 0 and therefore (1.7) leads to the fact that u}

ox
does not depend on z. In order to obtain the equation satisfied by (u?, u3, u3),

we need to introduce the second order expansion, i.e.

0 1 0 1 0 1 0 1
Uy = Uy T EU, Ug = Uy + EUY, U3 = U3+ EUF, P=DP +EpP .

One gets as (u), u), u3, p°) do not depend on z

ou? ouY ou? op?
I T TV R (8)



Oy 0 Ou3 0 U3 1 op'

E U1%+U287y+u1 = —@+Ax,y“g7 (1.9)
oul oul oul op?
8253 u(l) ax3 —+ ug ay?’ — _87 + Ax yu37 (110)
1 1 1
Ouy | Ouy | Ous _ (1.11)

ox oy 0z

Note that at this step, we do not have used the sizes of « and (5.

Computing (1 8 _ (1 9) yields
ago 1 ) o au;{ 8u§
ot (ug Vaylo = Bagylo = | 5+ o ) (1.12)
where
Lo g
"oy o
Using (1.11) in (1.12) yields:
aCO 1 . aué
at + (Ug) ‘vr,yCO - Am,yCO — _g' (113)

Since (o and (u,u3) do not depend on z, it is clear that aa—uj is a constant
function in z, so that z — ul(z) is affine. It follows that in order to compute

—é, we just have to know the correct boundary values for u}. Of course, since
(uf, ul, uy, p°) do not depend on z, we can not use (1.2) and (1.3) for this
vector field. The only way, in order to obtain a coherent model, is to introduce
a boundary layer.

We first deal with z = 1. Denoting by [ the size of the boundary layer and
by (a9, a9, a3, %) (2, y,¢;t) = (uf, uy, ud, p°)(z,y, 55 t), we get at the leading
order:

o 0P’ | ead’u)

—Uy = 1.14
UZ 81' + = l2 8{2’ ( )
. op’ e 0w
@ = — o + 5 8422’ (1.15)

op’ a0l
=—+4 = 1.1
0 ac + R (1.16)

ou)  ouy 10(ad+euy)
5 T o 1o = 0. (1.17)




In order to achieve a cancelation between the Coriolis force, the horizontal
pressure gradient and the viscous force in the boundary layer, (1.14) and (1.15)
impose =5 = O(1) (see [10] p. 212) and for the sake of simplicity, we take

Ex

o =L (1.18)

It follows that at the leading order, (1.16) becomes %—’? = 0, and therefore

p° is equal to its value p° outside the boundary layer thanks to the matching
principle [12], which states that (hrf 7°(¢) has to be equal to hH(l) P°(2).

On the other hand, (1.17) implies that %—ig = 0, and since @3(¢ = 0) = 0,
one gets 3(¢) = 0 The matching principle again implies that uJ(z) = 0, since

u3 does not depend on z.
We next rewrite the continuity equation (1.17)

ou) N ouy eduy
ox dy 1 Oo¢C
Moreover, the boundary conditions on @ and 43 are:
o(uy, @)

9¢

0. (1.19)

(C=0)=—IpT.

Therefore, in order to impose that the fluid is driven by the stress at its
surface, one takes (see [10] p 235)

=1, (1.20)
and the boundary condition becomes:
o(ay, i)
=0)= —7. 1.21
=0 = (1.21)

We can now solve (1.14) - (1.15) and (1.21) with (1.18) and (1.20) and we
get:

(Zg) (z,y,(t) = (Zg) (m,y;t)—i—e*% (TCOS (\55 -+ Z) — Ltcos (\55 - Z)) ;

fi —fa
e () = ()

Let us now recall that we want to find the correct boundary value for u}
and since the goal of this expansion is to see how the stress at the surface can
drive the flow, the driving term in (1.3) must be —aa—lf’ and has to be computed
from (1.19). We have therefore to take = O(1) in order to obtain a non
trivial information from (1.19) ; for simplicity, we take

7= 1. (1.22)



Relationships (1.18)-(1.20) and (1.22) imply that both e in (1.1) are the
same and that the boundary conditions (1.3) in z = 1 are

(9(u1,u2)‘ T
9z '«

These assumptions ensure that we deal with a viscous flow at high Rossby
number, driven by a stress applied at its surface.

. ul
We can now end the computation of %|Z:1:

We use (1.19) with (1.22) and get
duy 0}  0uy
o O0xr Oy’

and an explicit computation yields

iy = curlt (e_jicos(é) — 1> :

so that
lim @ = —curlt = % — %
(—+oo O ~ox Oy’
where 7 = (71, T2).
All these calculations show that there is no boundary layer at z = 0.
Equation (1.13) therefore becomes
0 u?
;to + (ué) VayCo — A = curlr. (1.23)

Coming back to (u{,u9) , (1.23) means that (u?, u3) satisfy the 2-D Navier-
Stokes equations:

0 (uf uf uf uf _
&t(ug>+(u8>'vm’y(u8)_A‘”’y<ug>+vqT' (1.24)

The remaining of this paper is devoted to the mathematical justification of
the above asymptotic expansion.

1.2 Statement of the results

For the mathematical justification, we will begin by the purely periodic case,
i.e. (x,y,2) € T? and then we treat the physical case.

The periodic case is academic, and if we replace 8(%22 by 88—;, one gets
instead of (1.1)

1 1
a—U+U.VU+fk XU —DyyU+=-Vp=0,
at g e g (125)

V.U =0.



This problem has been studied by Grenier [7] and Babin and all [1]. In these
works, the authors show that the solution of (1.25) can be splitted in two parts:
U + U,s. and they give the system of equations satisfied asymptoticaly by U
and U,s.. More precisely, they introduce

¢ t
VE= e U = L=V,
where L denotes the operator f — k x f and P is the projector on the diver-
gence free vector fields in (L2(T?))®. One can then write the P.D.E. satisfied
by V.

ove
ot

Standard energy estimates give some bounds for U® (and hence for V¢ in
L*(R*; L) N L2(IR*; H') while (1.26) gives a bound for 9;V¢ which allows to
obtain strong convergence in L*(IR"; L?) for example. However, this method
does not work for (1.1) since we cannot obtain, because of the term 688—;2, a
uniform bound in € of U¢ in L*(IR™"; H'), and therefore we do not recover some
strong convergence of the equivalent of V¢ in L?(IR*; L?).

Moreover this method (as notice in [7]) is inoperant in the case of non-
periodic boundary conditions in the z variable. We therefore choose another
strategy, which is that of Chemin [3]: we force the oscillatory part of U to
be small at ¢ = 0 and show that this property propagate through the time.
In the periodic case we will be able to do that directly, while for the physical
boundary data, the boudary layer has to be introduced as a corrector for the
solution in order to achieve this goal. This technics will enable us to prove the
existence of global strong solutions to (1.1) in the periodic case, while in the
physical case we show that the oscillatory part remains small on time interval
of length Kin(1).

We now precise how we split the solution. Since the formal expansion
shows that the limit solution does not depend on z, we introduce the vertical

+£(—Z)PV. (c(i)ve ®£<z>ve) CAVE—0. (1.26)

1
average of the unknowns; for j = 1,2 we denote by @; = / uj(2)dz = ][uj
0
1
and p = / p(z)dz = ][p.
0
The oscillatory part is then @; = u; —u; for j = 1,2 and p = p—p. Since the
above formal expansion gives that ul = 0, we also will impose that u3 is small.
Therefore denoting by U = (uy, t2) and U = (1y, @9, u3z) and Uy = (s, Uz), we
integrate the two first equations of (1.1) with respect to z and we get in the
periodic case

ou T D )
S+ OVauT + Vi, (][U2 ® UQ) $oLU+-Vp— Ay, 0 =0, (1.27)

Vey U =0, (1.28)



Ut=0)= ][(U01,U02)t- (1.29)
Substracting (1.27) from (1.1) leads to:

U, + U.V,,U — (vx y-(][UQ ® UQ)) INA (UQ.VI’yU>

0 0
(1.30)
1 O*U -~ 1
+- ka—eW AyU +-VH =0,
ViyU=0, (1.31)
U
0(t=0) = UozU—(O), (1.32)

where we have used that ][Ug = 0. We next impose that U, is small and the

main result that we obtain is the following.

Theorem Let us suppose that Uy is given in H'(T?), then there exists a con-
stant D (which depends only on \(70|H1(T2)), g0 > 0 and K such that for any
e < g, if |U§|%{1(T3) < DeP with 3 > 3/2, then (1.25)-(1.30) has a unique
global strong solution satisfying

- t 5
Vo U5 (1) 22 + / D20 [2.dr < K<P,
0

O+ [ (9ea0l + 5 ) tr < 1
and
VOO + [ AT Radr < K.
where |D2f e = [ f2+ 2,4 % 202, + (1 + )2+ f2).
Moreover U¢ — V in LP(IRT; HY) strongly for all 2 < p < +o0, and in

L*(R™; H?) strongly, where V is the solution of the 2-D periodic Navier-Stokes
equations:

Vi+ V.V, V+Vi—A,, V=0 V,,V=0and V(0) = Up.

This result is proved in the next section (theorem 2). Note that we also
prove a theorem for weak solutions: Uy € L?, Uy € L* (theorem 1).



For the case of physical boundary conditions, we use the same splitting,
but due to the condition at z = 1, (1.27) and (1.30) becomes:

_ _ _ ~ ~ 1 - 1 _
U, + U.V,,U + vgg,y.(][U2 ®U) + LU +-Vp— Ay, U =7,  (133)

and

We see that the averaging process introduce a source term in (1.31). The
solution to this equation therefore converges formally to

Vi+ V., V+Vgi—A,V =r1,

since Us will be force to be small and éLU is a gradient because U is a 2-D
divergence free vector field.

On the other hand, there also exists a source term in (1.34), it will therefore
not be possible to show directly that U is small. We will need to introduce the
boundary layer computed in the first part of this introduction. Namely, let

1—=2

" —( ) 1—2 ™ 1—2 ™
Ry =e ‘<2’ [ Tcos(—= + —) — L7cos -1,
: (reost L5 4 - treos L2 = )

4 /2 4

R;
0
Theorem Let Uy given in H*(T?) and T € W**(T?) such that V.7 = 0.
Let Uy € L*(T? x (0,1)), then for any § < 2 such that |Uy — R*|7, < Be”,
there exists K depending only on |Ug|ws, |T|wa~ and B such that for every

a < 3, there exists a time T, > 5_7“111(%) and €9 > 0 such that Ve < €q, the
solution of (1.33)-(1.84) given by the Galerkin approzimation satisfies:

and R* = ( > The main result gives (theorem 4):

’UE - W‘%OO(D,TS;H)QL?(D,TS;Hl) < Ke°,
and VT < T,
g % 2 T 7 D+ |2 d - D+ |2 o
(O = BT+ [ (Va0 = BB + 2l 5 (0 — ROt < Kee,
where W is the solution to:
Wi+ WV, W —-A, W+VqG=r,

8



Vey W =0, and W(t =0) = Up.

This result is proved in the last section. Note that in section 3 we give the
same type of theorem only assuming

Uo7 < B” with B < 1,

i.e without ”well-preparing” the initial data.

Note also that in all these theorems, there are no temporal oscillations since
our strategy precisely consists in ”killing” these oscillations when we impose
that |Up| << 1.

The results of this paper were announced in [5].

The plan of the remaining of this paper is the following.
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2 Periodic case

In this section, we deal with the three-dimensional Navier-Stokes equations
with periodic boundary conditions:

1 2 1

U +UNVU + -k x U—sg—U—AmyU—%—Vp:O, (2.1)
€ 022 ’ €

V.U =0, (2.2)

U(t=0)=U,. (2.3)

Recall that k is the unit vertical vector and that A, is the 2-D Laplace
operator ;—;2 + 88—;2.



Let us denote, as usually, by H the following functions space
H={V e (LXT*)*/V.V = 0 and / v =ol,
T
where T? is the 3-dimensional torus in the x,y, z variables, and

V =Hn (HY(T?)>.
Concerning system (2.1)-(2.3), we have the classical result [11]:

Theorem
i) Weak solutions:
Let Uy be given in H, then there exists at least one global solution to (2.1)-(2.3)
satisfying
Uec L®R"H)NL*(IRY; V).

it) Strong solutions:
Suppose that Uy € V,then there exists a constant C independent of € and a

time T, > |5O€|i, and a unique solution U to (2.1)-(2.3) belonging to

c([0,T]; V) N L2([0,T); V N HX(T3)) VT < T..

Remark 1 i) Without loss of generality, one takes the viscosity coefficient of
A, equal to 1. It is clear, that one could take any other constant.

it) The Coriolis term %k x U in (2.1) is shew-symmetric, and therefore does
not contribute to the energy estimates. Therefore the limitation on T. comes
from the vanishing vertical viscosity.

iii) In order to impose the previous result, it is sufficient to obtain a priori
estimates independent of € for € small enough.

2.1 Splitting

As explained in the introduction, the solution U of (2.1) - (2.3) tends to become
2-dimensional. It is therefore natural to ir}troduce the vertical averagle of the
unknowns. For j = 1,2, we denote u; = /0 uj(2)dz = ][uj, and p = /0 p(z)dz.
We then need to take @; = u; — @; for j = 1,2 and p = p — p. Moreover, we
denote by U = (ﬂl,ﬂg), 0 = (121,@27163) and 02 = (111,1]2).

In this case, U takes into account the oscillatory part of U ; we are going
to force U to be small. This kind of decomposition was used by Chemin in 3]
in the context of the quasigeostrophic approximation.

Averaging the two first equations of (2.1), we get the system governing the
evolution of U:

L B L 1 1 _
U, + U.V,,U + Vx,y.(][UQ ©Us) + LU +-Vp—2,,U =0, (24)

VeyU=0, (2.5)

10



Ult=0)= ][(Um; ug2)", (2.6)

where LU = (g, U1 ).

Remark 2 In order to obtain these equations, we used the periodicity along
the vertical axis and the facts that V,,.U =0, ][UQ =0.

Now, by substraction of (2.4) from (2.1), one has

U+ UV, U~ (Vf’y'<][gz @ U2)> +U.V,.,U

) ) (2.7)
2-vm7yU) } T _ i _ J 1 5 —
() sk O -5 AL T+ SV =0
ViyU=0, (2.8)
Ut =0) = U,. (2.9)

As said above, we use this decomposition to perform the limit € — 0.

2.2 Weak solutions

The main result of this subsection is:

Theorem 1 For |U(0)]2. < p and |U(0)]2, < ue®, o > 0, there exists an
intrinsic constant C and gy > 0 such that, if C p?e€0+We2* < 1/2 and e < &,
then any weak solution given by the Galerkin approximation satisfies:

_ t _
OO + | Ve Ua(r)fadr < (e + 1)
.. i t aﬁa ind o
i1)| UL (t)|3 —i—/o €|E|i2 + |V Uel2e < pe€UFmee,
From this result, we deduce

Corollary 1 Let V be the solution of the 2-D Navier-Stokes equations with
periodic boundary conditions in x,y variables:
Vi+ V..,V —A,V+V3=0,
Vey V=0, V(t=0)="0U,.

The solution U, to (2.4)-(2.6) converges, as € goes to zero, to V in LP(IR™; L?)
strongly for any p, 2 < p < 400 and in L*(IRT; HY) strongly.

11



Remark 3 In the sequel, all the constants wich are independant of € will be
denoted by C and can change from one line to another.

Proof of theorem 1: Since we deal with weak solutions, we would have
to work on the Galerkin approximation of U. Nevertheless, we shall present
the computations directly on equations (2.4)- (2.5) and (2.7)-(2.8).

Taking the L? inner product of (1.4) with U leads to

1d - _ L _
§%IUI%2 + Vo, Ul2 = —/ <][Ug ® U2> L Vo, Udzdy. (2.10)

In order to estimate the right-hand side of (2.10), we need the following
lemma, that we will use all along this paper.

Lemma 1 For any f and g given in H'(T?), one has:

‘][fg - /xy fg

Proof of lemma 1: According to the classical Sobolev imbedding, one

obtains
‘][fg—/ fg SC‘][fg—/ fg‘ :
x,Y,z L2(T2) x,Y,z Wl,l(TQ)

On the other hand, Poincaré’s inequality for zero average functions of
WH(T?) leads to

fto= [ foluern <Oy (19— [ f9) lrcas,
T,Y,z Y,z

from which (2.11) follows. ]
Going back to (2.10), one has

<C (|f|L2(T3)|vm,y9|L2(T3) + |9|L2(T3)|Vac,yf|L2(T3)) :
L2(T?)
(2.11)

1d - 7 o o 7
SN0+ VU == [{{ (C20 ) - [ 2@ 0s}: ., Odody

2dt
_ / ( / 0, @) V., Udzdy.
TS

As this last term vanishes, one gets according to lemma 1:
1d
2dt

We now have to obtain a similar estimate for U. This is performed by

taking the L? inner product of (2.7) with U:

|U|%2 + |Vm,yU|%2 < C’U|L2|V$7yU|L2|vw,yﬁ|L2' (2'12>

12



1 - _\ -
D08+ o2+ (9.0 = - [ (02V,,0) T

[ (fte @) s Vuslo - [ (0.9.,0) 0.

As ][UQ =0 and V,,.U = 0, the two last terms of the right-hand side of

(2.12) are zero and lemma 1 implies:

(2.13)

1d
2dt
Remark 4 The main interest of lemma 1, is to estimate the nonlinear terms

in (2.12) without using the vertical derivative of U that we would not be able
to control by the left-hand side of (2.12) as € goes to zero.

|U|L2 + 8| |L2 + |V$ yU|L2 < C’|U2|L2|vac yU2|L2|vﬂc yU|L2 (2'14>

We now go one proving theorem 1 by using a dynamical argument.
We suppose

\U(t))22 < Ae®. (2.15)

One first absorbs the term |V, ,U|z2 of the right-hand side of (2.12) in

the left-hand side in the following way. We first apply Young’s inequality to
obtain:

1d

2dt

which yields according to (2.15):

|U|L2 + |vw yU|L2 < C|U|L2|Vx yU|L2 +3 |vx,yU|%2a

d _ _ -
%|U‘%2 + |vx,yU|%2 S CA&O‘]V%yUFLz. (216)

The same manipulation on (2.14) leads to the estimate

|U|L2 +e | |L2 + |Vx yU|L2 < CAe|V, yU|L2 (2.17)

By integratlon of (2.16) from 0 to t, one gets

_ t _ _ t -
T(8)[2 + /0 V., O2adr < [U(0)22 + C A /O V., 02.dr.  (2.18)

We do the same with (2.17) to obtain:

O+ [ (A58 + 9200 ) dr < 00O
(2.19)

t _
LA / IV, U 2adr.
0

13



t -
Plugging the bound of/ V., Ul72dT given by (2.19) in equation (2.18) yields
0

~ ¢ - ~ t _ .

|U(t)|%2+ |Vx,yU|%2dT S |U(O)|%2+02A262a |vx7yU|%2dT+OA€a‘U(O)|%2.
0 0

If we suppose that

C?A%* < (2.20)

l\U\H

the above inequality gives

1 - _
ﬁw(o)&? +1U(0)|72. (2.21)
This is exactly, the first estimate of theorem 1.

Absorbing the term |V, ,U|2 of the right-hand side of (2.14) in the left-
hand side leads to

_ 1 ft _
OO+ | Ve, Uliadr <

d -~ ou 8 5 _
%\U\%z + s\gliz + Vo Ul < ClU[72| Ve, Uli2,

which gives by Gronwall’s lemma:

Using the estimate (2.21), we finally obtain

)32 +/ ( 2, + |VWU|L2> dr < |U(0)[2,eC0+m. (2.22)

We still have to check (2.15), i.e

M8a60(1+y) < A€a7

so that (2.15) is true as soon as A = pe®*1 and C?p2e?C0Fm2e < 1
This ends the proof of theorem 1. [ |

We now deal with Corollary 1. We first remark that 2
L*(IR*; V), where

8t is bounded in

V, = {f/ € H(T?),V,, V=0, V= 0} .

T2

Aubin’s lemma therefore implies that (U¢). is compact in LP(0,T; L?(T?)) for
every finite p and finite 7.

14



Since, according to lemma 1 and theorem 1
T ~ ~
/ ’][UQ (9 UQ‘LQ(T?)dt < C€2a,
0
and as L{j is a gradient, the equation satisfied by the limit V of any subse-
quence (U®k)y is

Vi+ V.YV -A,,V-Vi=0,
) i ) (2.23)
Vey V=0, V(t=0) =10

Moreover, since the solution of (2.23) is unique, all the sequence (U®).
converges to V. In order to obtain the convergence in LP(IR™; L?) for any
finite p, it is sufficient to prove it for p = 2 as we have an L estimate.
Applying Poincaré’s inequality to (2.16), one has

d - _ .
%|Uli2 + 7|U|%2 < Cga’vx,yU&?’
which becomes after time integration:
_ _ t .
U ()72 < e |U(0)[32 + Ce® /0 e =9 |v, ,U(s)|%ds.

Now, Fubini’s theorem implies:

Ce®

+oo  _ 1 _ +o0 ~
J, 0@t < e OO+ = [ Ve, U(5)Pds,

that is . .
/T U (t)|52dt < 56—7T|U(0)|§2 + Ce*.

1
On the other hand, / () [72dt < —e"T|U(0)]32
~

It is therefore clear that

oo r7e [/ 2
|05 0 = Vo adi—o0,

thereby proving corollary 1 for 2 < p < 4-o00. B
Now, we deal with p = 400. Let us write the equation satisfied by W =
U-V:

1
Wi+ UNW + W.VV +V,,. (fU2®U2)+ SLO+V(h =) — Auy W =0,

which gives by taking the L? inner product with W:

2dt|W|L2+|nyW|2 < |/WVVW| + |/(][U2®U2) V., W,

15



< C (W22 Vay W22 | Vay Ve + | Vay Wi |Us] 12| Ve, Ul 12) -
That is, absorbing the terms |V, ,W|.2:

d - _ _ _ ~ -~
%lwﬁ‘ﬂ + |v$,yW|i2 < C|W|%2|VV|%2 + |U2’%2|vﬂc,yU2|%2'

After integration, this gives since W (0) = 0:
_ t _ t t 712 drir ~
WO+ [ 190k < [l TVt |0y(5) 3V, Oa(5) Fads,

S A2€20¢€C”

too
since / |VV|32dr < C and thanks to theorem 1. ]
0

2.3 Strong solutions

The goal of this subsection is to extend the previous theorem to strong solu-
tions.

Theorem 2 Let us suppose that Ug_ is given in H'(T?), then there exists a
constant D which depends only on |Uy| g1 (12), €0 > 0 and K such that for any

e < e, if U512 < DeP with 3 > 3, then(2.4)-(2.6) and (2.7) -(2.9) has a

unique global strong solution satisfying

~ t N
Vg U (8) 22 + / \D20°2udr < K&°,
0

~ 2
~ t - aUa
U= (t)]7 +/ (|Vz,yU£|%2 +e ) dr < K&°
0 L2
and )
VOO + [ |AUfadr < K,
where

D2l = [+ 12, + e f2 + 202, + (L+ ) (2 + )}
Moreover Us — V in LP(RT; H') strongly for all 2 < p < 400 and in

L*(R*; H?) strongly, where V is the solution of 2-D Navier-Stokes equations
introduced in corollary 1.

16



Proof: We follow the same lines as for theorem 1. We first need an estimate

on U which follows from taking the L? inner product of (2.24) by A, ,U.
Namely:

ld _ - — R ~ ~ _
~ VTR, + |ATZ. = / U.VUAU+/ Vo ][U2 © 0, AT.
2dt T2 T2 Y

Moreover, in 2-D case with periodic boundary conditions, one has

UNUAU =0,
T2

see [11].
Therefore, one obtains:

thyvmm HATR: = [V (][U2 ® U2> AT, (2.24)

In order to estimate the right-hand side of (2.24), we have to deal with
terms of the form ][(&Eﬁz) Uj or ][(ayai) @; for i, j = 1 or 2. This is done using
lemma 1 in the following way:

|4 @i an = [ (][axaiuj - [,o uzuj)

< C (|Vx,yawﬂi|L2‘ﬂj|L2 + |a£ﬂi|L2|Vw’yﬂj|L2) |AU|L2.

Hence(2.24) becomes

d _ _ - - -
VO +[AUf: < C (180, Oal32|0a]32 + [Vay Ua 12 ) (2.25)

We now deal with U by multiplying (2.7) by Am’WU . Let us introduce
A, = 588722 + A,,. We emphazise that we do not multiply (2.7) by A. but by

Ax,y,zU which allows us to obtain an estimate independent of ¢ of g g , gzg
yOz

2dt|VU|L2+|D2U|L2 /UVUAMZU

_ / Vo <][Ug ® (72> A,y Us (2.26)

—|—/ U.V%yUAx’y’ZU+/U2-Vx,yﬁAx,y,zﬁa

since | D2U|2, = /AEUA%WU.

Moreover, we note that, since ][AM,ZUQ = 0, the term

17



/vay. <][UQ ® Ug) Ax,y7202 vanishes.
We still have to estimate the other terms of the right-hand side of (2.26):

. The term / U.VUAU has to be splitted in the following way:

S - N N . oU -
| [ UNOAD| < (0o o] Vo U5 | AT |12 + [ 0] |25 AT |12 = a +-.

Since one has / U = 0, Poincaré’s inequality leads to |i;|s < C|Vi;|z2 for

i=1t03, and |V, , Ul < C|Vay U2 Vg Ve, UlLL.
Therefore
a < CIVU12[ VU] 5| D207 Ay 20 12

since va,yﬁszU |2 is controlled by |D2U|.>. Note that we kept the term
|VyUlpz which lies in L?*(IR") by theorem 1. This will be usefull in the
sequel in order to obtain global estimates.

Moreover |A,, .Ul < %\D?U |12 and therefore

a< f\vwmyvx U2\ D2U 3.
\/_ )

The same kind of manipulation for b leads to

(9U 1/2

b < |Vi 3|3/2|v IAU |2 < |v 5|32\ DU

23/4

We remark that ]Vu3|3/2 < C’|Vx,y(7|i/2 since V..U = 0 ; this implies

3/2 3/2
b< 3/4|VMU| DU

Finally, one has

/U.VUAU\ < C VT2V, T2 D202, (2.27)
e The term /U.wa]AU has also to be splitted in two parts:

27

/U Vo, UAT = /U vaUAsz+/U Ve U5 (2:28)
The first term of the right-hand side of (2.28) is easily bounded by
|/U V., U, 0| < CIVU Y2 AT Y2V T 2| D2T | 2. (2.29)

The second one is more difficult ; we integrate by parts with respect to z in
order to take into account that there is no z derivative in U.V, ,U:

oUu  oU
< |U|L°°|ny EP |L2| |L2a

~a2
|/Uv“’ e 8

|/U 8U oU

18



< C|VU AU VU 12| DU | 12,
which yields with (2.28) and (2.29)

/U V., UAT| < O[T Y2\ AT Y2V T 12| D20 e (2.30)
e The term
020,
/U2 Vo, OAT, = /U2 nyUAnyqu/Ug VaU%5 7 = c+d

The term c is easily controlled by

C S |A$7yﬁ|L2|UQ|L6|szyU|L3,

that is
¢ < A0y Ul 2|V U 12|V U2 A U2 (2.31)
e The term d has to be integrated by parts as for (2.28):
O*U, oU, oU,
— [0V, 053 = [ 29,052

In order to use the fact that |U|.~ is bounded, we integrate by part in the z,y
variables. This gives terms of the following form:

for i,j = 1 or 2; they are controlled by |D2Us| 2|V Us||U| .
Finally with (2.31), one gets

|/U2 V., UAD,| < C|D20 ||V | 12|V, U2 AT 2. (2.32)

Plugging (2.27), (2.30) and (2.32) in (2.26) yields

1d

52|V + D203 <

3/4|VUrLz|vsz|”2rD2U|3/2

(2.33)
+C|VU AT VU 12| DU | 2.

Absorbing |D2U |2 from the right-hand side of (2.33), one has:

d,_- - C .~ - _ _ -
%yvmiz +|DU3; < g\vm‘,{zm,ymiz + C|VU| 2| AU| 12| VU |22, (2.34)

We then apply the same dynamical argument as for theorem 1, assuming
that

19



|VU|2. < BEP. (2.35)

Plugging this bound in (2.25), one has with Poincaré’s inequality applied
to UQZ

d - _ - N
VUL + A0 < © (180, 0sl72 + |VayUal72) Be”.

After time integration, it follows that

_ t _ _
VU ()2 +/O AT [2adr < VO (0)[2,
(2.36)
t - -~
+Be’ /0 (180 Dl + [V Uaf22) dr.

The same manipulation on (2.34) gives according to (2.35)

~ t ~ ~
VU@ + [ D0 Radr < [VO(0)]2:
0

t - t _
(23 g2 / IV, U2dr + C<PB / INu
0 0
Now, remark that theorem 1 gives
t .
/ V., U[2.dr < C<B.
0

This is why, we needed to keep terms in |V, ,U|.> in (2.27).
Equation (2.36) becomes

_ t _ _ -
V2, +/0 AT 2odr < [VU(0)[2, + BO? + BEP|VT(0)[2
(2.37)
t _
LOB% / AT |22dr + B39-3C.
0

Taking

CB** < —, (2.38)

N | —

equation(2.37) implies

_ 1t _ _
VO + 5 /0 AT [2adr < [VU(0)2 + C, (2.39)

as soon as 43 — 3 > 0. Plugging (2.35) in (2.34) yields
d - 3 3 3 ~ 3
ayVU|2L2 + |D2U3, < CeP3B|IVU|3: |V, Ul + ClAU 3| VU 2.
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By Gronwall’s lemma, one has

~ i - ~ t - 7712 712
IVN7&2+3/Ilﬁcﬂiﬂh-glkuoﬂiﬂJ;C&ﬁ3BﬁhwquHAUu2wf
0

VOOl BT )
thanks to (2.39) and theorem 1. )
Therefore, if 26 —3 > 0, (2.35) is fulfilled as soon as [VU(0)|2, < Ae” with

)\e{CB+C(WU(O)|iQ+1)} < B, thereby proving the first part of theorem 2. The
convergence part follows exactly the same lines as for corollary 1. ]

Y

3 Boundary value problem

3.1 Boundary value problem: first order expansion

We now deal with equations (2.1)-(2.3) with (z,y) € T? and 2 € [0;1]. In all
the sequel of this paper, the boundary conditions are the following:

8u1 1 8u2 T2

At z=1: =0and — = —, — = — 3.1
© s e e (3:1)
8%1 8u2
tz=0: ug=0and — = — = 0. 3.2
at z U3 and —- o (3.2)

The conditions at z = 0 are those considered in [8] at the bottom of the
ocean. At z = 1, the conditions correspond to the rigid lid assumption with
a stress due to the wind, see [10]. Here 7 = (7, 72)(x,y) is a divergence-
free vector field such that [p.7 = 0. For the sake of simplicity, we take 7
independent of time ¢. The splitting introduced in the periodic case now reads
with (3.1)-(3.2):

Vp

L _ L 1 . _
O+ 0.V,,U + V., (][U2 ® Uz) $o10+ LA, T =1 (33)

Vx,y.U = O, U(t = O) - Uo.
Substracting (3.3) to (3.1) gives the equation for U

i+ U.V,,.0 - (V (foe00:) ) + UV, 0+ ()
0

Vp E@ - _(7)7 (3.4)



The main result of this section is:

Theorem 3 Let Uy € L*(T?),Uy € L*(T? x (0,1)) and 7 € W?>*(T?) such
that V. = 0. Let a < 1 and |Up|7. < Ae®, then there ewists a constant
K which depends only on |T|w2.c, |Us|rz and A such that for all § < «, there
erists .

O‘[_(ﬁ In(-)

3

1. >

and g such that for any € < gy one has

‘U5|L°°(O,TE;L2) < KeP/?,

1. N o -~ (3.5)
/0 (\vz,ym; + g|@ZU€|§2> dt < KeP/?
and
U° = Wl nr2)nr2 o101 < KPP, (3.6)
where W is the solution to
Wi+ WV, W — A, W+ Vi=r,
(3.7)

Vaey W =0, W(t=0)="U,.

Remark 5 As explain in the introduction, the boundary data at z = 1 leads
to a source term in the limit Navier-Stokes equations.

A direct energy estimate of equation (2.1) with boundary conditions (3.1)-
(3.2) yields

1d
P [ 19.,0p 20 P (] [rudedy) |y,

< rlee (Ul + [VayUlze +1%2]12) -

Therefore, the bound obtained from the above inequality blows-up as e — 0,
even on finite time interval [0,T).

We will see during the proof, that the introduction of the corrector gives
some source terms which L? size is of order \/e; this explain why o < 1 in
theorem 3.

In the sequel V. will denote the differential operator ( 5 ay> Ve 82)
Proof: The method is the same as for the periodic case ; but here it is not
possible to show directly that U is small since there is a source term in (3.4).
We need therefore to introduce a corrector to eliminate this source term and
to obtain homogeneous boundary data. We first search the corrector R; for
(72 as the solution to

LR} 82R2

€ 3z2

_0 6R§:z
’ 5

P at z = 1. (3.8)

22



One finds

R ,(1};)[ 1—z+7r I l—2z m ]
=€ = TCOS | —— — | — LTCOS | ——F— — — .
2 V2 4 V2 4

Obviously, Rj does not verify the correct boundary condition at z = 0; but

£ L
this is not a serious problem since %L:O is of order %6_5\/5 . We now find the
third component of this corrector by imposing that it is divergence-free ; one
obtains:

_1l=z 1—=z
ecurlt e =V2 cos( ) — ecurlT.

eV2

It is clear that this expression does not vanish at z = 0 because of the term

—ecurlt. We replace this term by —ezcurlr. The value of the third component
of the corrector is then

" _ (1—2) 1 i
ry —ezcurlt = ecurlte V2 cos(

Z) — ezcurlr.

eV2

It is now clear that (R5, 75 — ez curlT) is not divergence free; we therefore
add to R; the quantity e L7 and the principal part of the corrector becomes

( el + R} )
—ezeurlt +15 )’

We still have to fix up the boundary value at z = 0 and we moreover impose
that the complete corrector has a vanishing mean value in z. More precisely,
one obtains:

N L+ R+ le 23R
U:Q+Fz(§;>+( SET T T ce 2 ) (3.9)

—ezeurlt + 1} + L€ oy

with

Q2 = (q1,q2), Ry = (r1,72), RS = (r],75), F = (F, f3),

where the different terms are given by

1 0y 1 1
2% crsin( = eale) (n< \ﬂLT—cos(gﬁ)r) o (2),

Ry = £2Lrcos( 5
z

ry = — (5202”’[7- 008(6\1/5)802( z) — curlr sm(g\/_) /1 1(s )d‘S) )




. ,<1—fz) ) (l—z)
ro =ce V2 curit cos(—-—=).
’ ev/2

The functions ¢, @9, @3 are smooth and satisfy:

e The support of ¢; is included in [0, 1/2],

%(
0z
e The support of ¢, is included in [0,1/2], o9 =1 on [0, %]

1
e The support of ¢ is included in [, 2], and / p3(z)dz = 1.
0

1
z=0)=1and / 1(z)dz = 0.
0

Note that one has

Vaye(eLT, —czcurlr) = 0,

V:B,y,z.R = O, Vx,y,z.R* =0 and ][F2 = 07

OF:
at =0, —2 =0, f3=0,
0z
F.
at z =1, Q:Z’ f3=0.
0z €
The conditions obtained on () are therefore:
0
at z=20: &:0, q3 =0,
0z
0
atz=1: 992 g 0, (3.10)
0z
v.Q=0, f@ =0

Note that R* is just the computation of the Ekman boundary layer (see
[10]). The term (—ezcurlt)|.—; is called the Ekman pumping. We now write
the equations satisfied by U and Q.

Equation (3.3) becomes with (3.9):

U+ UV, U + vx,y.fczz ® Qs+ vx,y.][QQ % F,
(3.11)
- _ 1
+V$7y.][F2 ® Q2 + Vx,y.][}«} ® Fy+ 1LU — A, U + “Vp=r,

while equation (3.4) leads to
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22Q 1_ .
Qi +0Q.VQ — A, ,Q — eqm T v =—-FVQ-QVF—-FVF

f ; QY. U\ (FaNa,0
Uy Q = Uy F = (O ) = ()

(Ve fla0 D)) 1 (LQ2> - (L%) g (LR2>
0 € 0 0 g2 0
1 (LR} -1 O’°R 9* (R; T
‘5(o>+“ &ﬂ+éw< )‘(J*AWF

Let us note that L? = -Id, therefore the source terms in (3.12) vanish and
thanks to (3.8) one has

(3.12)

LRy | O'Ry
€ 02?2
Multiplying (3.12) by @ and integrating yields with ][Qg =0,V,,.U=0
and Vg, ..F' = 0:

=0.

1d

5 719l + Ve, QUi+ | |L2 — - [@VFQ- [FVFQ

_ / 0.V, ,FQ— / Q2.V0, UQs — / FV,, 00, (3.13)

e [eru e [P s [ L [an,ra

Let us now estimate each term of the right-hand side of (3.13).
e The term [ Q.VF(Q has to be splitted in the following way:

/Q VFQ = /Q2 Vay FoQ +/CJ3 Q2+/Q Vouzlats (3.14)

=L+ 1+ Is.

* We easily have

|]1| + |]3| < |Q2|%2|Vx,yF2|L°° + |Q|%2|Vx,y,zf3|lz°° < O|Q|%27 (315>

by the explicit value of F.
* For I, it is more subtle: we first integrate by parts with respect to z:

0Q
0z

0
IQ = 43 (Fg — €LT Qg /Q3 F2 — €LT>

= . 1
5 — S+ (3.16)
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Then

g3 |

1| < \ 2|(Fy — eL7)| 1 |Q2lr2 < C|V4,Q|12|Q) L2, (3.17)

since Vg, ..QQ = 0.
On the other hand

/// (Fy — Lt a{%/z %f’( )dsdzdady,

where we have used that ¢3(z = 1) = 0.
Fubini’s theorem then yields

///1 Ods </ (Fy — 5LT)aanz> dsdxdy.

We notice that

s Q2
0 (Fg — ELT)gdZ

S(/OS(FQ—&LT)ZdZ>1/2 (/1(%@;) ) "

By the exact expression of F5,, one has

s 1/2 _ 3
(/0 (FZ—SLT)de) < OVE(e™E0-9) _ 212

therefore

A <c/// |aq3 ( =B(-s) _ =L )”2 (/0 (%22) z>l/2dxdyds.

Cauchy-Schwartz’s inequality for fol ds gives

|J5|< Cf//{(/ |(9Q3 ) </01(€_\§(1_8) _e—f)ds)l/g

) 2\ /2 3.18
(/ (aQ) dz) }dwdywe o821 222, (315)
0 0z 0z

< CVelVeyQlr2|VoQ| 12,

since
dqs

82’ - —Vl,,y.Qg.

Plugging (3.17) and (3.18) in (3.16) gives
’[2’ S C‘V:p,yQ’LQIQ‘LQ + C\/glvx,yQ’Lz‘st‘L27
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which leads to with (3.15):

| [@VFQI < C(1QB: + V. QlrelQles + VAT, Q1uel 9.Qli2) - (3.19)

e The term

[FvFrQ = [RV.,FQ+ [ fggFQ

oF
S <|F2|L°°|Vm7yF|L2|Q|L2 + |f3|Lw|az‘L2’Q|L2> , (320)

S C\/E|Q|L2a

since |Fo|pe < C, [VuyFlr2 < CVE, | falre < Ce, |95 12 <
e The term [U.V,,FQ is bounded by:

<
Ve

\/U.vwF@ < O|U|L2|][vx,yFQ|W1,1(T2),

since U does not depend on z.
Therefore

| [09.,FQ
< C|U’L2 (|V9679F‘L2‘Q’L2 + |D92c,yF‘L2‘Q’L2 + |Vx,yF‘L2‘vx,yQ’L2> (321)

< CU|r2ve (IQl2 + [ VayQlr2)
since |V, F|2, |D3,Fl2 < Cy/e.
e The term /QQ.VJ;’yUQQ is controlled as in the periodic case by

| [ Q2VaulUQs] < CIV2y U2l Q121 Vay Q2. (3.22)

e The term /F.Vx,yUQg is treated as in (3.21):

| [ FVau0Qs] < 192, OV (1Qliz + VauQliz) . (323)

e The following term is easy:

-1 = - r0’R
= eeﬁ/LRgQQ +eeﬁ/wQ| < C|Q| 222 (3.24)
e The term ¢ [ %q:g is first integrated by parts:

ors 0q 87" dq
|/82q3|_ |/a3a; — 3|L2| 3|L27
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< €|V B3| 12|V y Qal 12,
since Vg, .. R* =0 and V,, ..Q) = 0, therefore

0%r} 3/2
e [ Gl < <2CIV0,Q e, (3.25)

e The last term
/ V., FQ is bounded by vZ|Q| 2. (3.26)

Plugging (3.19), (3.20), (3.21), (3.26) in (3.13) yields:

QP + 1Vay QP+l 22 < C{1Qfs + 192, Qi llus

VeV y Q2| VeQ| 2 + 1/€|Q) 2
(3.27)
+ve (|U|L2 + |vw,yU|L2) (1@l + |VeyQl12)

IV U122 Q12 [V Qliz + €2V, Q12

Absorbing the terms |V.Q|r2 of the right-hand side of (3.27) into the left
side, one gets:

d _ _
ngliz +[VeQlL> < C{IQIL: +e[VU[L2 + [VU[12|Qf1: + ¢} (3.28)

In order to estimate U, we take the L? inner product of (3.11) with U to
get:

2dt|U|L2 + |vﬂc yU|L2

< CO|VayUlp2 (‘][QQ ® Q2 — [1“3 Q2 ® Qo -

+‘/][F2®Q2—/FBF2®Q2

+\fF2®F2—/ oy
T3

+‘][Q2®F2—/ Q2 ® Fy
T3 w

Wil

) + ‘T’L2|U|L2,
Wil

as in the periodic case, one has

2dt‘U|L2 + ’VUlLQ

< OV Ulr2 (1Q2l12VayQalre + VE(IQal12 + |VayQalr2) + &) + 722Ul 12,
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which leads to
d = 12
£|U|L2 +|VU|i=
(3.29)
< C{|Q2]721VayQalz + € (1Qal72 + | VayQaliz) + €% + |77}

As in the previous section, we use a dynamical argument by supposing that
Q72 < Be”. (3.30)

Plugging this estimate in (3.29), one gets

_ t _ _ t
O+ [ 190 <10(0)3 + C(Be” +¢) [ V.l
‘ ‘ (3.31)

+t (2 + |r|* + Be™).
Integrating (3.28) using (3.30) yields
QI + [ 19:Q1 < QO + C{(e + Bt + (e + B) [ [VOLa).
Plugging this last estimate in (3.31), one obtains

_ t _ _
U7 +/ VUL < U(0)]Z2 + t(e® + |7 + Be™) + C*(Be” + €)%t
0

t _
1 O%( + BP)? /0 VU2, + C(B® 4 £)|Q(0)[2..

We now choose € such that C?(s + Bef)? < 1 in order to get

1
2
_ 1 rt _ _
U3+ [ 190 < |0©)F2 + Ct + ClQO0) 2. (3.32)
The Gronwall lemma applied to (3.28) yields

t t _
QU+ [ 1V-Qfadr < 1Q(O) 2" b iar

t t = _
+C€/ eC L AHNUL (19T 2, ds;
0

according to (3.32), we get
t _
Q) + [ 1V.QIRadr < [Q(O)[2e 171+
0

+Csec(t+|Uo|2Lg+|Q(0)\ig)(t + |To)22 + |Q(0)]22).

This last expression is simplified in the following way:

t
Qe+ [ 19.Qladr < [QUO) e 4 c?0+0(1 + 1),
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that is (possibly changing the value of C' in e“(1+9),

‘ ’
QU+ | 1V-Qffadr < (IQ(0)[F +2)e” ),

where this constant €’ depends on |Up| 2.
We assume that |Q(0)]3, < Ae®, with 8 < a < 1, and (3.30) is satisfied on
[0, 7] as soon as

a—03 1
1. = —.
: c ln8
In order to obtain (3.6), we substract (3.7) from (3.11):
gtw Y — AT = W) 4 (T — W).NW + T.V(0 — W)

p LU .
e -g+ ==V, (e l).
Taking the L? - inner product with (U — W) yields

1d - - o
§%|U—W|%2+|V(U—W)|iz

< /(U—W)2|vW|+|/(fUQ®UQ V(0 — W),

since LU is a gradient.
As one has

|][Uz @ Uy — [FS U, ® UZ|L2(T2) < CWz\L2|Vx,y02|L2>

one gets

Ld

ST = W+ [V = W) < CIVW a0 = W52l 9T = W)l

+C|Us| 12|V Ua| 12| V(U — W) 2,
absorbing the terms |V (U — W)|L2, one obtains
d = 2 SRR FND)
d—t|U — Wit + V(U — W)|72
(3.33)
< CIVWIL|T = Wi + ClUs[1:] V. Ul

Applying Gronwall’s lemma to this inequality gives

_ _ t _ _ t [ ~ ~
U - W3 +/ V(U = W)[jzdr < O/ € L VWU | 0, 2,9, , U 2. d,
0 0
t - t -
< CeC Iy 19WEadr p s /O Vo, Ua[22ds,
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T 7712
< Cecfo |VW|L2dTBQEw’

as long as t < T,. We finally obtain
o t o
0 — W2 +/ V(U — W)[2adr < CeCt B2:2,
0

o—

Let us now recall that T, = C,ﬁ ln%, one gets, possibly increasing the value

of C":

_ _ t _ _
U — W2, +/ V(U — W)2adr < CBeP,
0

which ends the proof of theorem 3. [ |

Remark 6 As noticed in remark 5, we cannot improve the estimates (3.5)
and (3.6) since the source terms are of order /. In order to obtain a precised
result, we have to introduce the corrector at a higher order ; this is the aim of
the next section.

3.2 Boundary value problem: second order expansion.

The aim of this section is to precise the asymptotic expansion given in the

previous part. Indeed we show, denoting by R* = (%2 ):

Theorem 4 Let Uy given in H*(T?) and Uy € L*(T? x (0;1)). For 7 €
W42(T?) such that V.1 = 0, then for any § < 2 such that |Uy — R*|%, < Be?,
there exists a constant k depending only on |Ug|gs, |T|we and B such that for
every a < [3, there exists a time T, > %ln(%) and €y > 0 such that Ve < g,
the solution to (3.3)-(3.4) given by the Galerkin approzimation satisfies:

‘UE - W’%OO(O,TE;LQ)OLQ(O,TE;Hl) < ke%,
and VT < T,
T % 2 r 7 %\ |2 9 = %\ |2
(U = B*)(T)|2 +/0 Vay(Us = ROz + el o (Us = RO)|2dl < 5%,
where W is the solution to (3.7).

Remark 7 This result enables us to obtain a better rate of convergence for U:
\Us — W| < ke*'? for any a < 2. This rate is (allmost) the one used in the
introduction for the formal expansion. It is done through the utilization of R;.

Proof of the theorem: As noticed in remark 6, in order to improve the
rate of convergence, we have to expand U to higher order. Namely, let
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L
U:(Q2>+ 5L7+R;+§esﬂg
43 —ezeurlt 4+ 15+ Le=V7rg

S5 + €55
te ( 55 + €53

(3.34)
) = Q+F+eG,

where V., ..5* = 0 and V., ..5 = 0. We now precise how to obtain S*
and S. In this direction let us recall that W denotes the solution to

I/T/t + W.Vx’yW - Am,yW + vq = '7'7
VW =0, W(t=0)=U(t=0)=U.
The vector field S5 is by definition the solution to

0253
¢ 022

— LS; = W.VR, + R,.VW + R,.VR;
(3.35)

*

822 ~ Aaylty

and satisfies %Sﬂz:l = 0 with S5 bounded as ¢ — 0.
This term S; is the resolution of the boundary layer at z = 1 at the order .
Some tedious computations give that S5 is a sum of terms of the form:

+ (r3 — ez curlr)

(=2)

5 (o + o (5) + 5+ g (59)
—a-2)v3
+yeT =,

where the coefficients o, as, 31, 32 and v depend only on 7 and W. We do not
precise the global expression of these functions. We obtain sj by solving the
continuity equation:

0sj
0z

As in the previous part, we introduce Sy and sz in order to ensure the

— —V.,,.S.

boundary conditions at z = 0 and ][Gde = 0. Finally we have the following

estimates on G:

08 S ~ L 08
‘sz 5 ﬂ2|L2 < K51/2 ﬁ’ |szWSZ|L2 < KE,
5 (3.36)
0P st
Ve, 5 B3|L2 < Ke3/2 P, vaa ,6’83|L2 < Ke,

while @ still satisfies (3.10) i-e:
][QQdZ = Oa Vm,y,Z'Q = Oa
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tz=0: — =0 =

at z 82 , 43 )
0

at z =1 &—O, q3 =

—Apy (U —W)+V (Z - q> + iLU — V., <][Q2 2 QQ)
—Vay- <][(F2 +eGh) ® Qg) — Vg (7[@2 ® (Fy + 5G2)> (3.37)

V., <][(F2 +eGo) @ (Fy + 8G2)) ;

with V.(U — W) =0, (U~ W)= = 0.

Plugging (3.34) in equation (3.4) yields the equation satisfied by ) namely

0 (92
(;f— ApyQ — Q—l—Q Q—i-f —(F+eG).VQ — Q.V(F +eG)
- (( eLr ) Ll ARy 5G> V(F+eG)—R*V [( elr ) R o gg]
—ezeurlr € —ezeurlr €

7 1 P — —
_RVR -0V, K eLt ) LRy EG} OV, R —U.V,,Q
’ —ezeurlT 15 ’ ’

. <Q2-vz,yU) . ((ELT -+ %6%]%2 -+ 5G2).Vx7y(7> . (R;vx,y0>
0 0 0

B Vx,y.(][f]z @)\ 1 (LQ2> 1= (LR2> . <L52)
0 e\ 0 g2 0 0
1 LR;) ~ (LS;) LR | OPRT 08"
5( 0 0 T 022 +€822 te 022

,0°8 cLr 1 e
+SD A, ((_mum) + 8esﬁR+5G) AR =

We simplify this equation using (3.8) and (3.1) and we get

oQ

i) ﬁz
ot

~8,,Q -5 = QVQ— (F+:G).VQ — Q.V(F +<G)
(€LT + —eang + 8G2) NVauy(F +€G)
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1
( ez curlt + *effrg + 5g3>
€

0z f3+¢eg3

1 =
—R*.V[( elr >+€esﬁR+aG]

—ezeurlr
1 - 9 (R 0
- (f”“’ +5g3> 02 ( 0 ) - (R*.Vr;j)
= 1 -1 _ _
+U.VW(< ebr )+es¢1§R+sG> (U — W)V, R,
' —ezeurlr €

~(0.905) - T 500 (#5)
U-—

_ <(5L7- + %e%Rg + 5G2).Vx,yU) _ (Rg AV
0 0

0 <€LT + %e%Rg + €G2>

W))

_ Vz,y.f@@@ _1(LQZ)_1€€—¢15 (LR2>
0 € 0 € 0

() () (o)
0 02 " \eh) T\

;08 elt

1 =1
+e8—— + A, (< >+6N§R+5G—I—<O*>>—
022 —ezeurlt € T4

06
ot

(3.38)

We now write the energy estimate for ) by multiplying (3.38) by @. Each
term of the right-hand side is now bounded in the following way. These bounds
are very similar to that in the previous part except that the source terms of
L? size /2 were cancelled by the second order corrector. We now give the list

of these bounds:
o / Q.-VQE = 0 since @ is divergence free.

o /(F +eG).VQQ = 0 since (F + ¢G) is also divergence free.

o |/QV(F +e@)Q)| is estimated as in (3.19) by

’/Q.V(F L eG)Q

< C(1QI72 + | VayQlr2|Qlz2 + VEIVay Q12| VeQlr2) -

e The term 1
J(eLT + €7 Ry + £G2) V., (F +G)Q),

< Ce|Vyy(F +€Q)|2|Q) L2,

S C153/2|CQ|LQ?

=1
since |eLT + %eﬂa Ry + eGalpe < Ce.
e On the same way, one has:
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—ezeurlt + —e =V2rs + £gs3)
€

’/< 1 o0 ( eLt + §6_$R2+5G2
0

[+ €gs
S 053/2|Q|L27
since |92 + %2 |,. < Cel/? and |992| . < Ce71/2,

e The term
/R* [( el >+ie!¢%R+eG}Q

—czeurlt
has to be splitted in

1 -1
/R;.Vw K_ ekr ) + gefﬁRﬁ-EG} Q

czeurlT

T 1 =1
—l—/ 33, K 5zcurl7> + Eesz—l—sG} Q.

The first part is bounded by Ce|R5|.2|Q|r2 < Ce¥/2|Q)| 2.
The second part is smaller since |r5|. < Ce3/?
Therefore

1 =
‘/R* ( o >+€esﬂR+sG]Q‘ < C¥2(Q| 2.

—ezeurlr

e The term

1 -1 0
‘/ (gegﬁrs + 593) $R§Q2

S 053/2|Q|L2.

e The following one is:

[ rria] <[ [ mwursa] | 155

< C€‘R;‘L2|Q|L2 + CS’

ors:
a; |L2‘Q’L27

< C32|Q| 2

e In the term

’/U.Vx,y ((_ el >+ies¢1§R+aG> Q‘,

ezeurlt

we replace U by U — W + W to get

J05 () s )

ezeurlt
< O€(|U - W|L2 + |W|L2)|Q|L2.
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(3.43)
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e In order to estimate

(@ =)V, 50

9

we use lemma 1:

| [0 = W)y R3Qal < CIU = W2 | f VRl o,

< ClU = W2 (|Vay B3| 12|V y Qa2 + Q22| Vi Rs| 12 + [Vay RS 12]Qa] ),

< C]U - W|Lz\/§(|Vx,yQ2|Lz + Q2| 12)- (3.46)
e The term

| [ 09,30
is estimated directly by

|/U.vx,yrg,:@2| < Ce(|U = Wlge + [W]12)Q) 2. (3.47)

e Since U is divergence free, on has [ U.VzﬁyQQ =0.
e Again using lemma 1, one gets

|/Q2-vx,yUQ2| S |/Q2vx,y(U_ W)Q2| + | /Q2~Vx,yWQ2|7

< Vg (T = W) 121 QaQalwrs + 19y W1 |Qal2,

< C|Vay(U = W)12]Q2|12|Vay Q212 + C|Qal7- (3.48)
e Directly:

1 =L _
| [(eLr + ZeS5 Ry + £G2) V., UQs|
c (3.49)

< O€(|V(U — W)|L2 + |VW|L2)|Q2|L2-
e The next one: | [ R3.V,,(U — W)Q,| is estimated thanks to lemma 1:
| [ B 900 = W)Qul < CIV (0 = W) 2 R Qo
(3.50)
< CVEVay (U = W)|L2(|Qzl2 + [VayQal12)-

e Since ][Qg = 0, one has

/vx,y'(][UQ ® Us)Qa = 0.
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The following terms are estimated directly without comment:

e L [10:0: =0

1 =
.\/ ~eSALRyQa| < C'|Q) . (3.51)
.|/€LSQQ2’ S 063/2‘Q2‘L2' (352)
.|/ Rol< c=01,.. (3.53)
e Asin (3.25), on gets
[ 9., Qlie, (3.54)
e and
[ 225 < 09l (3.55)
028
.|/g3@cgy < C2|Q) . (3.56)

e Moreover

\/Aw« eLr )+1eefR+gG+< )) Q| < CelQ|re. (357

—ezeurlr 5

e The last term:
|/ 901 < Qe (3.58)

Summing estimates (3.39)—(3.58), on obtains after absorbing the terms
|V5Q‘%22

‘Q’LQ—i_’szQ‘LQ"—E‘ ‘LQ
CIQB: + (U — W + [V (U — W)[22) (3.59)

+ [V (0 = W)Ral@als + 2%}

In order to obtain the energy estimate on U — W, let us recall (3.33):
d = 2 T2 T2 17T T2 12 712
£|U =Wl + V(U = W)|i2 S CIVW|3|U = Wiz + C|Us|12 Ve Us 72

Replacing Uy by Qo + F, 4 Gs, one gets:
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d . L
&w — W3, + V(U — W)|3,

(3.60)
< C(U = Wlia + Q272 Vay Q27> + (1Q2]72 + [Vay@2l72) + 7).

Inequalities (3.59) and (3.60) are the equivalents of (3.28) and (3.33) except
that the source term in (3.59) is €2 instead of € in (3.28). Therefore, the end
of the proof follows the same line as for theorem 3 and we omit it. [ |

Remark 8 i) We are not able to prove some results for strong solutions since
we can not estimate correctly the term [ qg%AQ which would be the equivalent
of Iy in (3.14). Therefore, one can not obtain the equivalent of (3.19).

i1) We are also unable to deal with the case of homogeneous Dirichlet bound-
ary conditions. Indeed, in this case the corrector would involve U and is for

U=0atz=0:

—U(e = cos(Z5) — 1) — LUe =3 sin(-25)

—curlUs((eiﬁ cos(z5) — 1)

We see that the third component of this corrector is less reqular that the two
first ones, and therefore, plugging this corrector in the equations does not enable
us to obtain some bounds.

We could, on the other hand, use W instead of U as above, but in this case,
the boundary condition on Q) at z = 0 is not zero.
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